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Abstract. In the present manuscript, we present a new sequence of oper-
ators, i.e., a-Bernstein-Schurer-Kantorovich operators depending on two
parameters a € [0,1] and p > 0 foe one and two variables to approxi-
mate measurable functions on [0.1+¢], ¢ > 0. Next, we give basic results
and discuss the rapidity of convergence and order of approximation for
univariate and bivariate of these sequences in their respective sections .
Further, Graphical and numerical analysis are presented. Moreover, local
and global approximation properties are discussed in terms of first and
second order modulus of smoothness, Peetre’s K-functional and weight
functions for these sequences in different spaces of functions.
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1. Introduction

Bernstein (1912) [1] proposed the Bernstein polynomials as:

!
Bi(h;v) = P, (v)h v , LeN, (1.1)
(h50) = 32 P (%)

where P, ,(v) = (i)v”(l —v)?~L. For the operators given by (1.1), he showed
that B(g;v) converges to g uniformly where g € C[0,1]. In 1962, Schurer [2]
modified operators given in (1.1) as: for ¢ > 0, a real number

l+q
l v
Ba(in) =3 (1) o e tg(F) vepaed, ()
=\ v l

where g € C[0,1+ g]. One can note that for ¢ = 0, the polynomials presented
in (1.2) reduces to polynomials given by (1.1). The operators are introduced
in (1.1) and (1.2) are restricted for continuous functions only and are different
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in respect to the domain of function f. Several researchers, e.g., Mursaleen
et al. ([3], [1],) Acar et al. ([5], [6]), Mohiuddine et al. [7], Ana et al. [3],
I¢oz et al. ([9]), [10]), Kajla et al. ([11], [12]) constructed new sequences of
linear positive operators to investigate the rapidity of convergence and order
of approximation in different functional spaces in terms of several generating
functions. In the recent past, for g € [0,1],m € N and A € [—1,1], Chen et
al. [ ] constructed a sequence of new linear positive operators as:

Tor(9:1) Zg( )pmn (v € 0.1]), (13)

where pY‘g =1-y, pg)‘l) =y and

Phaly) = [ (") - (7)) e -n(7))

—y)" "t (m>2). (1.4)

The operators defined in (1.3) are named as A—Berstein operator of or-
der m.

Remark 1.1. One can not that for A = 1, the relation (1.3) reduces to classical
Bernstein operators [1].

Later, Aral and Erbay [14] introduced a parametric extension of Baskakov
operators. Recently, Ozger et al. [15] constructed a sequence A-Bernstein-
Schurer operators as: For every g € Cg[0, 00) where Cg[0, c0) stands for the
continuous and bounded function,

n+v
\I/nu)\ g,u ngqnyk (15)

w(s)

Now, we construct the A— Bernstein- Schurer kantorovich operators and their
moments

n+v kil

n+1
Vooalgsu) = (n+1) Z qn o / g(s)ds (1.6)
n+1
k—1
Quilw) = (1+u)n+k1{1+u< k (T=NA+ul =)

+ (1—)\)u<n+:_1)},
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with (":23) = (":12) = 0. Motivating by the above development, we introduce

positive linear operators as follows:

m+q 1 .
) - N 1+t
Kiaio) = 3ok [ o(55) @ (1.7)

7 P — 2

P = | —)\)y(m+_(]_2> Fa-na _y)<m{rq—2>

+ Ay(ly)(qu)]y“uy)m*q“ (m>2).

where p > 0 and Qi)‘,)e(u) is given by (1.7).
In the subsequent sections, we investigate basic Lemmas, rate of convergence,
order of approximation results. Locally and globally approximation results in
terms of modulus of continuity, Peetre‘s K-functional, second order modulus
of smoothness, Lipschitz class and Lipschitz maximal function, weight func-
tions. Further, A-Bivariate Schurer Kantorovich operators are constructed
and their pointwise and uniform approximation results are investigated.

2. Basic Estimates

Lemma 2.1. [15]For the operator defined in (1.5), one has

\Iln,l/,)\(eo; u) =1,
14

\I/n,u,)\(el; 'LL) =u-+ nua

2, (n+v+2(1—-X\)(u—u?) n V(V—|—2n)u2.

\IIH,V,A(GQ; u) =u 2 2

n n

Lemma 2.2. Let ex(s) = s¥, k € {0,1,2}. Then, for the operators defined in
(1.6), we have

Oy aleosu) =1,

Frualerie) = (Zi:)“ - 2(n1+ 1)

Fraleat) = {(n fl)2 - 12)2)] 2
2(1 — 1

i {H(V”i i)2 : (::IV)Q} RIS VEN
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Lemma 2.3. For the operator defined in (1.7), we have
K] \(eo;u) =1,
n+20—1)  A+D(p+1)+1

Kilenu) = =29 20+ 1)(n+1)
. n2u2
KﬁA(ez;u) = (1 + 4)\71 3) CESIE
n [(p+1D)mEA+3)+ A =1)2A+7)] +4(\ — 1)u

(p+1)(n+1)?
L 2020+ D+A+D2p+1D)(A+2)(p+1)+2) +p+1
20+ 1)(p+1)(n+1)2 '

Proof. Using Lemma 2.3, one can easily prove Lemma 2.3. O

Lemma 2.4. Let ex(s) = (e1(s) —u)® = ¢k (s), k € N be the central moments
of Kf;/\(.; .) constructed in (1.7). Then, we have

P oy 223 A+ D(p+1)+1
Kn,)\((€1<s>_u)7u>_ Tl+1u (p+1)(n+1)
_ n2 n _
[(p+1)(n(2/\+3)+(/\—1)(2A+7)—2(/\+1))}+)\—6u
(p+1)(n+1)
N m2p+ 1)+ A+ D2+ D)((A+2)(p+1)+2)+p+1
2p+1)(p+1)(n+1)2 '

Proof. Using Lemma 2.2, Lemma 2.3 can easily be proved. (Il

)

+1|u?

+

3. Convergence behaviour of K ,(.;.)

Definition 3.1. [7] For g € C[0,1 + ¢, ¢ > 0, the modulus of continuity for a
uniformly continuous function g is defined as:

w(g;0) = sup [g(r1) — g(r2)l, r1,7m2 € [0,1+pl,q > 0.

I’I‘1 _TQIS(S

Let g be a uniformly continuous function in C[0,1 4 ¢],¢ > 0 and § > 0.
Then, one get

r — 1T 2
o) — g0 < (14 P52 Yt (3.1)

Theorem 3.1. Let K \(.;.) be sequence of operators proposed by (1.7). Then,
KZ’A converges uniformly to f on each bounded subset of [0,1 + ¢l,q > 0

where f € C[0,1+q],q >0 {f cu >0, 1’1222 converges as u — oo}.
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Proof. To prove this result, it is adequate to prove that

K} y(eisu) — ei(u), forie {0,1,2}.

n

Using Lemma 2.3, it is clear that K7, , (e;;u) — e;(u) for i = 0,1,2 asn — oo.
Hence, Theorem 3.1 is proved. (I

Ezample. One can note that, for the following set of parameters ¢ = 5,
p = 0.1 and A\ = 0.5, the operator K ,(f;x) converges uniformly to the
function f(y) = 3> — 5y + 6y + 2 as n increases which is illustrated in the
figurel.

40

Operator
5

| 204

0.0 02 04 0.6 08 10

X

FIGURE 1. Approximation by operator K ,(;,;)
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FIGURE 2. Error estimation of operators K}, ,(;,;) for the
different values of n

The figure 2 and Table 1 are also demonstrated our analytical results.

Theorem 3.2. (See [16]) Let L : C([a,b]) — B([a,b]) be a linear and positive
operator and let @, be the function defined by
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Ego A(f?x)

Ego,x(f% )

EZO ,\(f;ff)

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.2717372121
0.2677254718
0.2412358918
0.1951644878
0.1324072752
0.0558602697
0.0315805132
0.1270190580
0.2275593491
0.3303053711

0.1887446733
0.1886482134
0.1732429202
0.1444179547
0.1040624783
0.0540656519
0.0036833631
0.0672954058
0.134881315

0.2045519293

0.1445360958
0.1455017073
0.1348677403
0.1140349291
0.0844040078
0.0473757106
0.0043507716
0.0432700748
0.0940860947
0.1466965539

TABLE 1. Error estimation table

o (t) = |t — x|, (x,t) € [a,b] X [a,b)].

If f € Cp([a,b]) for any x € [a,b] and any 6 > 0, the operator L verifies:
(L)) = f(@)] < |f(z)]|(Leo)(x) — 1]

+{(Leo)(x) + 0~/ (Leo) () (L2) () }wr ().

Theorem 3.3. Let the operators K" \(.;.) be introduced by (1.7) and f €
Cg[0,14 p|,q > 0, we have

K7, 5 (fiu) = f(u)] < 2w(f;9),

where § =

Proof. In view of Theorem 3.2, Lemma 2.3 and Lemma 2.4, one has

KL\ (Fiu) = F)] < {1+ 07 KD L (Fiw) (625 u) Yoo £9).
On choosing § = |/ K}, ,(42;u), we completes the proof of this result.

Ky W% u).

4. Pointwise Approximation results

Here, we consider the Lipschitz type space |

Lighy* (3):={  €CBl0,1+pl.q > 01 | ()= F(w)] <M

| as

|t—ul”

(t+ki1u+kou?)

O

tu,t € (0,00)},

where M > 0 is a real valued constant number, ki1,k; > 0, p > 0 and

~v € (0,1].

Theorem 4.1. For f € Lz’plf\}f’k2 (7), one yield

K 5\ (fu) = f(u)

()

a
2
<M ——
- <k1u+k2u2>
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where u > 0 and 1y, (u) = K, \ (5 u).
Proof. For v =1, we have
(Ko A (f5u) = fu)] < K\ (LF(E) = f(w)]) ()

§MKZ)\( [t~ ul l;u).
TNt kru A kau?)?

> for all t,u € (0,00), we get

: 1 1
Slnce t+kiutkou? < kiu+kou

M
(kyu + kou?)2

1

mw) \°

<M|———— | .
- <k1u+k2u2>

This implies that for v = 1, this result stand good. Now, for v € (0,1) and
using Holder’s inequality with p = % and ¢ = one obtain

Nl

(K5 A (fru) = fu)] < (KAt = u)* )

_2

2—7?
ol
2

K0 (F3) = F)] < (KEA(F@) = F@))F5u))

< M| K° iu 5.
- A (t + kiu + k:qu)’

for all t,u € (0,00), we obtain

: 1 1
Slnce t+kiut+kou? < kiutkou?

M£xﬁw—fw”§M<P#%v—M%@>2

kiu + kou?
< M( 1 (1) )*
- klu —+ k2u2
Hence, we arrive at the desired result. (I
5. Global Approximation
From [17], we recall some notation to prove the global approximation results.

For the weight function 1 + u? and 0 < u < oo, we have

Bi4u2[0,14p],q > 0 = {f(u) : | f(u)] < Ms(14+u?), My is constant depending
on f}.

C1442[0,1 +p],qg > 0 C By4,2[0,1 + p|,q > 0 space of continuous functions

|f]
14+u2 -

endowed with the norm || f|11.2 = sup
u€[0,14p],¢>0
and

k _ BT f(u)
C(l-‘ru2 [07 1+p}7q >0= {f € C(1+uQ . ulgrolo 1+ u2

= k, where k is a constant}.
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Theorem 5.1. Let the K, ,(.;.) be the operators given by (1.7) and K \(;.) :
Ol+u2 [0,14p],g>0— By,,2][0,1+p|,q > 0. Then, we have

Jim K Palfiu) = flligu =0,
where f € Cl+u2 [0,1+p],q > 0.
Proof. To prove this result, it is sufficient to show that
Jim K7 (e55u) = u'[l1402 =0, i =0,1,2

From Lemma 2.3, we get

|Kp A (Lu) =1
| K7 (eo;u)—u0||1 2 = sup —— =0fori=0.
mA o u€[0,14p],q>0 1 +u?
Fori=1

n420-1) ) QkD(prD+1

1 2(p+1)(n+1)

KD s(ersu) —u |1 w2 = Sup -
n,A u ue[071+p],q>0 1 + U2

:<n+2()\—1)_1) [Sup u

n+1 uel0,1+p],q>0 1 + u?
GRS VR - 1
200+ 1)(n+1) yueoi4p)g0 L +u?

Which implies that || K7 ,(e1;u) — u' |12 — 0 an n — oo.
Similarly, we see that ||K} \(e2;u) — u?[[11y2 — 0 as n — oo. O

6. Construction of bivariate Szasz-Durrmeyer-Operators

Hy ..(;.) and their Basic Estimates

Take Z2 = {(y1,42) : 0 <y1 <1+¢q, 0 <ys <1+ ¢} and C’(IQ) is the
class of all continuous functions on Z? equipped with the norm ||g||c(z2) =

SUP(y, yo)ez2 |9(¥1,y2)|. Then for all h € C (IQ) and ni,ns € N, we construct
sequence of bivariate bivariate generalized baskakov operators as follows:

mi1+q1 ma+qz
KON (frynye) = > ook () Y P2, (v2) (6.1)
11 =0 19=0
) 174
/ / (114’ 12+ 2>dt1dt2,
mg +1
where
i Mg + qr — 2 mg + qr — 2
Pt ) = F—M%( 20 e (M)

my +
+ Ayk(l—yk)( kik Qk)

Y L = ) (g mg > 2).
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Lemma 6.1. Let e; ; = y{yg be the central moments. Then, for the operators

(6.1), we have

P2 (0,05 Ui y2) = 1,
+2()\1—1> (/\1+1)(,0+1)+1
Kp,/\l,kz Y — m
mi,ma (61,07 Yy 7y2) my + 1 Y1+ ( 1)(77’11 + 1) ’
+2(M —1) A+ D(p+1)+1
K PALA2 Sy — m
mi,msa (60717 Yy ay2) mo + 1 Y2 + ( 1)(m2 + ]_) ’
oA - _ my +2(A — 1) M+Dp+1)+1
mi,mo (61,15 ylayQ) my + 1 Y1 + ( 1)<m1 + 1)
o Al Ot Doty
met1 27 20+ Dima+ 1)

Kﬁ{f‘ﬁ%’"(ezo;yi,yz) = (1 +

[(p+ 1)(my(2X\; +3) +

4h -3 miy?
mq (m1 —+ 1)2

(M =12+ 7))+ 4N — 1)y1

_|_
(p+1)(my + 1)

n 2mi2p+ 1)+ M+ D)2+ 1D)(M+2)(p+ 1) +2)+p+ 1

(204 1)(p+1)(myg + 1)2
K&I\%\;’(eo,%ymm) = (1 + 4)\72”2 3) (m?f21)2

i [(p+ 1)(m2(2Xa +3) + (A2 — 1)(2A2 + 7)) + 4(A2 — 1)y
(p+1)(me + 1) ’

L 2@+ 1)+ 0e+ DR+ DO+ Do+ 1) +2) +p+ ]

@p+ Dp+ 1)(ms + 1)2

Proof. In the light of Lemma (2.3) and linearity property, we have

/) A1,A2 l) A1,A2

P2

ml,mQ (60 oyywyz) = ml,mQ (€o,yuy2) mi,mo (eo,ywyz),
Kpe(en0iyinya) = K2 (en; yi, y2) K502 (eo; v o),
K2 (eq 130, y2) = KEM(eos yin y2) KON (e 9i, y2),
Krpn’ilrh/\f(elg;yu Y2) = fd?fm/\f(el;yz, Q)Kﬁ{f‘f,;,’\f(el;yu Y2),
Kp2(ea0iyiya) = Khiin2(eas yi, y2) KO 02 (eo; vir o),
Kﬁii\lﬁ{;z (60 27y17y2) = Kﬁﬂzilﬁzéz (607y27y2)K7€721\1r;1A22 (627y17y2)7
which proves Lemma (6.1). O
Lemma 6.2. Let U7 (t,s) =, ;(t,s) = (t—y1) (s—y2)?, 4,5 €{0,1,2} be

the central moments functions. Then from the operators Kf,;f‘},;{\;(.; .) defined
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by (6.1) satisfies the following identities
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LA (10,0 Yisy2) = 1
2A1 — 3 M+D(p+1)+1
Kﬁii\lr}{\; (11,05Yi,y2) = o+ 1 Y1 ) t1)
2\ — 3 (A2 +1)(p+1)+1
PsAL, A2 . _ 1 2
Kmhmg (770,17 ywa) My + 1 Y2 (p T ]_)(m2 n 1)
2M1 — 3 M+D(p+1)+1
A1, A2 o _ 1 1
my,mo (771,1,%73/2) iy + 1 Y1 (p n 1)(m1 n 1)
o 2)\1—3y M+1D(p+1)+1
my+17° " (p+1)(ma+1)
4)\1 -3 m2 277’2,1 + 4)\1 —1
Kﬁi;\%\; (772,o;yi,y2) B [(1 * my ) (ml -i} 1)2 ; my + 1 +1 yf

[(p+ D (m1(2A1 +3) + (M =DM\ +7) —2(M + 1)) + M1 — 6

’ (p+ 1)(mr + 12 "
L 2m@et D)+ M DRp+ D+ 2)(p+ 1) +2) +p+ 1
20+ 1)(p+ 1)(m1 +1)2 ’
2
Kﬁii\,%? (Uo,z;yi,y2) = [(1 + 4/\;2_ 3) (m;f 1)2 - 2m2ﬂj—24f:\21 -1 + 1} y%
4 D@ +3)+ (e = DA +7) =200 + D)+ A2 — 9
(p+1)(mz + 1)
N 2ma(2p+ 1)+ M+ 1D)2p+ (M2 +2)(p+ 1) +2)+p+ 1.
2o+ 1)(p+ 1)(mz + 1)
Proof. In the light of Lemma (6.1) and linearity property, we have
i (0,03 Y1, y2) = KON (103 yi y2) KD (03 i, y2),
KoM (i oiyiy2) = KRNG02 (005 v y2) K02 (003 i ),
Kﬁzﬁ%? (Mo,15YisY2) = Kﬁii\lrh/\; (Uo;yi,yz)Kﬁif\,%/\Qz (15 Y5 y2),
Kﬁli\%\f (Mm,15Yi,92) = Kﬁii\%\f (771§yi7y2)K£{I\1n’z>;2 (15 Y, y2),
K212 (05,0391, 42) K222 (o3 i, y2) K222 (003 92, y2),
KM (005 yisy2) = KON2(00; yi, y2) K02 (n2: i y2),
which proves Lemma (6.2). O

7. Degree of Convergence

For any g € C(Z?) and 6 > 0 modulus of continuity of order second is given
by

w (g§5n175n2) = sup{| g(t,s) - g(ylny) ‘: (t78)7 (yhy2> € IQ}
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with | t —y1 |< ;s | 8 — Y2 |< 0y, with the partial modulus of continuity
defined as:

wi (g;0) = sup sup {| g(x1,y2) — g(x2,2) |},
0<y2<0o0 |x1—x2|<d

wo(g;6) = sup  sup {|g(y1,y1) — 9(y1,v2) [}
0<y1 <00 |y1 —y2|<6

Theorem 7.1. For any g € C(Z?) we have

| Kﬁz’;\%\f (g591,92) — 9(y1,92) |< 2<w1(9;5y1,n1) +W2(9§5n27y2)>~

Proof. In order to give the prove of Theorem 7.1, in general we use well-known
Cauchy-Schwarz inequality. Thus we see that

| KE22(giyn,y2) —  g(yn,ye) 1S KEM02 (| g(t,s) — g(yr, v2) | w1, v2)

< Kpvnz(La(t,s) = gy, s) [yi,y2)

+ KL (] 9(yiss) — 9(y1,92) |91, 92)

< fnf\lv;v,);z (wl( | t— D ylayQ)

+ KL (wa(gs | s — w2 )5y, ye)

< w 97 1)( +§ 1K7€73f\,1'r;1);2(|t_y1 |§i‘/1»y2))

+ w295 0ny) (140, K022 (s — ya [, 92))

1
< wilgion,) |1+ *\/Kﬁif%?((t - y1)% yl,yg))
14+ — va\l,)\z _ 2.
+  w2(g;0n,) + s (8 = v2)%y1,92) | -
If we choose 07, =67, = Kﬁlf%?((t—yl)% y1,y2) and O, =05, . =

511\1773;2((8 —42)?%:91,%2), then we easily to reach our desired results. (I

Here, we find convergence in terms of the Lipschitz class for bivariate
function. For M > 0 and 7,7 € [0,1 + p],¢ > 0, Lipschitz maximal function
space on E x E C I? defined by

L;-(EXE) = {g ssup(L+8)7(1+5)" (gr+(t, ) — grr (Y1, Y2))

1 1
< M ,
- (1 +y1)" (1+y2)7}

where g is continuous and bounded on 7?2, and

| g(t,s) —g(y1,y2) |
[t—y [Tl s —y2 |7’

g.,-ﬂ-(t, 3) - gT,‘r(yla y2) = (tv 5)7 (y17 y2) €1’ (7'1)
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Theorem 7.2. Let g € L, .(E x E), then for any 7,7 € [0,1+pl,q > 0, there
exists M > 0 such that

A

| Kp a2 (g:91,92) — 9(yn,y2) | < M{ ( (d(y1, E) + (2,,,)¢ )
<(d(y2, E) +(52,,,)° )

L (dy B)Y (d(y2, B) }

X

where 6p, , and Op, 4, defined by Theorem 7.1.

Proof. Take | y1 —xo |= d(y1, F) and | y2 —yo |= d(y2, E). For any (y1,42) €
72, and (7o,y0) € E x E we let d(y1, E) = inf{| y1 — y2 |: y2 € E}. Thus we
can write here

| g(t,s)—g(y1,92) |< M | g(t,s)—g(x0,y0) | + | g(w0,v0)—9(y1,92) | . (7.2)

Apply KPA1A2 e obtain

my,m2 ?

| Kot (g 92) — 9(y1,2) |
< K50 (Ll yz) — 9(zo o) | + | 9(2o,90) — g(y1,92) 1)

MELM ([t =20 |7 s = yo [591,2)

miy,msa

+ IA

‘ T

M|y —xzo "] y2 — vo

For all A,B > 0 and 7 € [0,1+ p],q > 0 we know inequality (A + B)™ <
AT + B7, thus

[t =z "<|t—w "+ 1 —20 |,

| T

ls—yo |"<|s—y2|" + | v2— %0

Therefore
| K222 (giyn,y0) — g(yn,ye) | < MESMA ([t —yy [T s — 2 [T3y1,2)
+ My —=zo|" Krl;{f\,l’r;z)f (| s=v2|"591,92)
+ My —yo | Kotz (It —u1 7591, 92)
+ 2M |yr — 2o |"| Y2 —yo |” Kﬁii\,%éz (H0,03 Y1, Y2) -

On apply Hélder inequality on Kfn’f‘l’)‘Z

s s We get
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Kpde ([ t—y Tl s— w2 Tyn,y2) = U (=1 |71, 02)
x V2 (s —v2 |71, 02)
< (KP JAL,A2

mi,ma

(MR

[t —y1 %91, 92))

2—T1
K PALA2 2

mi,ma

( MO,O;y17y2))
X ( K PALA2
(K

[ME)

s —y2 %91, 92))
2—T1

Mo,o;y17y2)) 2

mi,ma

P7>\1 A2

my,ma

(
(
(
(

Thus, we can obtain

| KB gy, ) — g(ge) | < (myl)%(w)%

+ 2M (d(y1, B))" (d(ye, E))”

+ M(d(yl, E) (82, ,,)% +L(d(y2, B) (62, )% .
We have complete the proof. (I

Example. It is observed that in this example that for the following set of
parameters ¢ = 5, p = 0.9 and A = 0.5, the operator Kﬁ;)‘l*/\z(, ;,) converges
uniformly to the function f(y) = y3y5 (Blue) as mj = my = 10 (Green) and
my1 = mg = 20 (Red) increases which is shown in the Figure 3.

FIGURE 3. K£ A2( 1) converges to f(z) = yiy?

my,m2
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