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Abstract17

Unsteady transit time distribution (TTD) theory is a promising new approach for merg-18

ing hydrologic and water quality models at the catchment scale. A major obstacle to widespread19

adoption of the theory, however, has been the specification of the StorAge Selection (SAS)20

function, which describes how the selection of water for outflow is biased by age. In this21

paper we hypothesize that some unsteady hydrologic systems of practical interest can22

be described, to first-order, by a “shifted-uniform” SAS that falls along a continuum be-23

tween plug flow sampling (for which only the oldest water in storage is sampled for out-24

flow) and uniform sampling (for which water in storage is sampled randomly for outflow).25

For this choice of SAS function, explicit formulae are derived for the evolving: (1) age26

distribution of water in storage; (2) age distribution of water in outflow; and (3) break-27

through concentration of a conservative solute under either continuous or impulsive ad-28

dition. Model predictions conform closely to chloride and deuterium breakthrough curves29

measured previously in a sloping lysimeter subject to periodic wetting, although refine-30

ments of the model are needed to account for the reconfiguration of flow paths at high31

storage levels (the so-called inverse storage effect). The analytical results derived in this32

paper should lower the barrier to applying TTD theory in practice, ease the computa-33

tional demands associated with simulating solute transport through complex hydrologic34

systems, open up new opportunities for real-time control, and provide physical insights35

that might not be apparent from traditional numerical solutions of the governing equa-36

tions.37

Plain Language Summary38

Many hydrologic systems, from hillslopes to water distribution systems, are intrin-39

sically unsteady, by which we mean the flow of water and solutes varies continuously as40

a function of time. Historically, water quality models of such systems start by resolving41

the unsteady flow field first, and then “layering on” mass conservation laws in one-, two-42

or three-dimensions. A promising new approach, unsteady transit time distribution (TTD)43

theory, takes an entirely different tack, by tracking the flux and age distribution of wa-44

ter and solute moving into and out of a control volume drawn around the system of in-45

terest. Practical implementation of the theory requires choosing a storAge selection (SAS)46

function appropriate for the system under study. In this paper we propose a SAS func-47

tion, which we call a “shifted-uniform SAS”, that captures a continuum of physical be-48
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havior and thus may provide a first-order description of many natural and engineered49

hydrologic systems. This choice of SAS function also leads to data-tested formulae for50

predicting water quality outcomes.51

1 Introduction52

Transit Time Distribution (TTD) theory elegantly addresses many long-standing53

challenges associated with modeling solute transport through complex and heterogeneous54

hydrologic systems (Kirchner (2016)). Recently the theory has been extended to rigor-55

ously account for unsteady flow, and the consequent temporal evolution of TTDs, through56

the use of StorAge Selection (SAS) functions (Botter et al. (2011), Rinaldo et al. (2015)).57

This new approach is typically implemented in five steps: (1) a control volume is drawn58

around the system of interest (e.g., the vadose zone in Figure (1a)); (2) an unsteady wa-59

ter balance is performed over the control volume accounting for inflows, J(t) [L T−1],60

discharge and evapotranspiration, Q(t) and ET (t) [L T−1] and the change of water vol-61

ume in storage, S(t) [L], over time t (note that all flows and volumes are normalized by62

the surface area of the system); (3) a SAS function (i.e., a probability distribution and63

its parameters) is chosen to approximate how water selected from storage for outflow is64

biased by age; (4) the age conservation equation (ACE) is solved to yield the age dis-65

tributions of water in storage and outflow; and (5) the solute concentration leaving the66

control volume, CQ(t) [M L−3], is calculated from these preceding results, by convolv-67

ing the time history of inflow solute concentration, CJ(t) [M L−3], with the age distri-68

bution of water in outflow, after accounting for any age-dependent reactions.69

Key strengths of this transient version of TTD theory include its conceptual sim-70

plicity, parsimony and the relative ease with which the theory can be upscaled to nat-71

ural catchments (Rodriguez et al. (2018)). A significant challenge, at present, is the se-72

lection of the SAS function (step 3). This function, which gives the fraction of outflow73

drawn from each age-ranked volume-increment of water in storage, is an emergent prop-74

erty of the physics underlying water and solute transport through the control volume.75

In principal, the SAS function can be evaluated by volume averaging the advection-dispersion76

equation, although such an approach is practical only for the simplest of flow fields; e.g.,77

one-dimensional, uniform and steady-state advection (Benettin et al. (2013)). In prac-78

tice, one of several flexible parameterized probability distributions are often adopted, such79

as the uniform, Dirac delta (for plug-flow), Beta, or Gamma distributions (Hrachowitz80

–3–



manuscript submitted to Water Resources Research

Vadose
Zone 

Control 
Volume

(a)
Plug Flow SAS

Shifted-
Uniform SAS

Fig. 1, Grant et al.

1

0

1

0

Uniform SAS
1

0

(b)

𝑆(𝑡)

𝐽 𝑡 , 𝐶!(𝑡)

ET 𝑡
𝑆" 𝑡 = 𝑝𝑆(𝑡)

𝑆# 𝑡 = (1 − 𝑝)𝑆(𝑡)

𝐽 𝑡 ,
𝐶!(𝑡)

𝑄 𝑡 ,
𝐶$(𝑡)

𝑄 𝑡 ,
𝐶$(𝑡)

𝑆" 𝑡

𝑆# 𝑡

𝑝𝑆(𝑡) 𝑆 𝑡
𝑆%

𝑆%"

𝑆%#
𝑆#(𝑡)

𝑆"(𝑡)

Ω
"(
𝑆 %

",
𝑡)

Ω
#(
𝑆 %

#,
𝑡)

Ω
(𝑆
%
,𝑡
)

𝑄&(𝑡)

Figure 1: Application of transient TTD Theory to unsteady solute transport through a

control volume drawn around the vadose zone. (a) All water balance terms (J(t), Q(t),

ET (t), and S(t)) and solute concentrations (CJ(t) and CQ(t)) vary with time. Unsteady

solute transport through the vadose zone is assumed to follow a shifted uniform SAS

function, Ω(ST (t), t), expressed here as a CDF, where p is the system-specific percentile

of age-ranked storage that is not sampled for outflow. (b) The system illustrated in (a)

can be represented equivalently by two tanks in series of volumes S1(t) = pS(t) and

S2(t) = (1 − p)S(t), respectively. Water leaves the first tank by plug flow sampling

(Ω1(ST1(t), t)), while water leaves the second tank by uniform sampling (Ω2(ST2(t), t)).

The transfer of water volume between tanks is represented by the variable Q∆. In this

first implementation of the theory, water leaves the vadose zone by discharge only (i.e.,

ET (t) = 0).

et al. (2016)). A major impediment to the broad application of TTD theory is the ab-81

sence of a general framework for selecting the SAS function that best represents solute82

transport through a particular hydrologic system.83

Here we propose and discuss a SAS functional form that has the advantages of be-84

ing: (1) parsimonious (it has only one free parameter); (2) able to capture key emergent85

structural properties of certain hydrologic systems; (3) solvable analytically in terms of86

simple integrals of the time-varying fluxes and storage; and (4) a generalization to tran-87

sient conditions of commonly-assumed steady-state transit time distributions. This new88
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functional form, which we call a shifted-uniform SAS, is capable of representing mass trans-89

port along a continuum from pure plug flow sampling (for which only the oldest water90

in storage is selected for outflow) to pure random or “uniform” sampling (for which all91

water in storage has an equal probability of being selected for outflow regardless of its92

age). These two end-members represent conceptual limits for solute transport by, respec-93

tively, advection (plug flow sampling) or dispersive spreading (uniform sampling). Be-94

cause advection and dispersive spreading are universal controls on solute transport through95

environmental matrices, we hypothesize that many unsteady hydrologic systems can be96

situated along a continuum between these two limits. The fact that our analysis yields97

explicit solutions for the evolving age structure of water in storage and outflow, as well98

as solute breakthrough concentration, lowers the barrier to applying the theory in prac-99

tice, opens up the possibility of real-time control of non-linear hydrologic systems (Haber100

et al. (2021)), and provides physical insights that might not be apparent from numer-101

ical solutions alone.102

As a first test, we apply the framework to a canonical problem in unsteady hydrol-103

ogy: solute transport through a vadose zone above a perched water table. Predictive mod-104

els of solute transport through such systems must contend with extreme temporal and105

spatial variability in flow and soil saturation, arising from the stochastic nature of wa-106

ter movement into the vadose zone during rain events, the unsteady transfer of water out107

of the vadose zone by evapotranspiration and discharge, and the three-dimensional na-108

ture of internal flow paths (Simunek et al. (2008), Parker et al. (2021)). We demonstrate109

that a shifted-uniform representation of such systems is mathematically equivalent two110

storage zones or tanks arranged in series. The first tank is assigned a plug-flow SAS to111

represent the unsteady advection of solutes along the fastest flow paths through a sys-112

tem (e.g., due to soil piping (Hester and Fox (2020))). The second tank is assigned a uni-113

form SAS to capture the spreading and dilution of solutes by geomorphic dispersion (as-114

sociated with large-scale variations in the flow field along with variability in where so-115

lutes enters the system (Rinaldo et al. (1991))) and kinematic or mechanical dispersion116

(associated with pore-scale variations in the flow field (Botter and Rinaldo (2003))). The117

model’s single parameter indicates the partitioning of storage volume between the two118

tanks, and thus determines where along the plug flow-to-uniform SAS continuum a par-119

ticular hydrologic system falls.120
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The paper is organized as follows. In Section 2 we demonstrate that the shifted-121

uniform SAS is mathematically equivalent to two-tanks in series, and use this insight to122

solve the underlying age conservation equations analytically, leading to explicit formu-123

lae for the age structure of water in storage and outflow, as well as solute breakthrough124

under various assumptions about the nature of solute loading. In Section 3 the model’s125

single parameter (reflecting the partitioning of storage volume between the two tanks)126

is inferred from previously published measurements of conservative tracer transport through127

a sloping lysimeter with a vadose zone and perched water table (Kim et al., 2018). Dis-128

cussion and conclusions are presented in Sections 4 and 5, respectively.129

2 Model Set-up and Solution130

Following the steps outlined in the introduction, we begin by drawing a control vol-131

ume around a portion of a vadose zone with a perched water table (Step 1) (Figure 1a).132

Water balance over the control volume (Step 2) is then determined by measuring inflows133

and outflows (as was done in the experiments described later) or by solving physics-based134

models of flow through transiently saturated porous media subject to rainfall forcing;135

e.g., by numerically solving the Richards equation and associated hydraulic relationships136

for unsteady flow through partially saturated porous media (Simunek et al. (2008)), and137

using the Penman-Monteith equation to estimate evapotranspiration from measurements138

of temperature, relative humidity, solar radiation and pressure deficit (Allen et al. (1998)).139

Outcomes of Step 2 include time series for J(t), ET (t), Q(t), and S(t).140

The evolving age structure of water in the control volume is then estimated by solv-141

ing the age conservation equation (ACE), where the dependent variable ST (T, t) [L T−1],142

called the age-ranked storage function, is defined as the area-normalized volume of wa-143

ter in storage at time, t, with ages less than or equal to T :144

∂ST
∂t

= J(t)−Q(t)PQ(T, t)− ET (t)PET (T, t)− ∂ST
∂T

(1a)145

ST (T = 0, t) = 0 (1b)146

ST (T, t = 0) = S0H(T − T0) (1c)147

H(x) =


0, x < 0

1, x ≥ 0

(1d)148

149
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Mathematically, the age-ranked storage function can be written as the product of150

the area-normalized volume of water in storage, S(t), and the cumulative distribution151

function (CDF) form of its age distribution or “residence time distribution”, PRTD(T, t):152

ST (T, t) = S(t)×PRTD(T, t). As written here, the ACE equates the time rate of change153

of the age-ranked storage function (left hand side) to the inflow of water of age T = 0154

(first term on right hand side); discharge of water by drainage and evapotranspiration155

with age distributions PQ(T, t) (second term) and PET (T, t) (third term), respectively;156

and aging of water in storage (fourth term). The boundary condition ((equation (1b))157

ensures that no water in storage has an age less than T = 0. The initial condition (equa-158

tion (1c)) implies that, at time t = 0, all water in storage, S0, has a single age, T =159

T0. In general, the age distribution of this original water is unknown (and likely unknow-160

able), but by mathematically tagging it with an age of T = T0 we can evaluate how quickly161

the initial condition’s influence on age-ranked storage fades away with time (as demon-162

strated below). The age distributions, PRTD(T, t), PQ(T, t) and PET (T, t), are all expressed163

as CDFs, and thus represent the fraction of water with age less than or equal to, T at164

time t in, respectively, storage, discharge, or ET. The function H(·) is a unit step or Heav-165

iside function.166

Equation (1a) is a single equation in three unknown functions: the age-ranked stor-167

age function, ST (T, t), and CDFs for the age distribution of water leaving the control168

volume by discharge and evapotranspiration, PQ(T, t) and PET (T, t). This closure prob-169

lem can be addressed by introducing a new CDF, the SAS function, Ω(ST , t) [-]. The SAS170

function captures the physics of water and solute transport through unsteady hydrologic171

systems by mapping the fraction of discharge with ages less than or equal to T to the172

fraction of age-ranked water in storage with that age or younger selected for discharge:173

PQ(T, t) = ΩQ(ST , t) and PET (T, t) = ΩET (ST , t). Thus, before the ACE can be solved174

(Step 4 in the introduction), a SAS function appropriate to the system under study must175

be selected (Step 3). In this study we hypothesize that a SAS function for the vadose176

zone must capture two key physical processes: (1) younger water travels some (storage-177

dependent) distance through the system before it can be sampled for discharge; and (2)178

older water in the system is sampled more-or-less randomly by age, reflecting the var-179

ious paths by which water can travel through a hydrologic system before arriving at the180

outlet. The shifted-uniform SAS function meets both requirements, where the fraction181
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p ∈ [0,1] is the percentile of the youngest age-ranked storage not sampled for discharge:182

PQ(T, t) = Ω(ST , t) = H(ST (T, t)− pS(t))
ST (T, t)− pS(t)

(1− p)S(t)
(2)183

The value of p, which in general must be inferred (e.g., by fitting the model to measured184

solute breakthrough data, as described later), determines where a particular system falls185

along the continuum between pure uniform sampling (p→ 0) and pure plug flow sam-186

pling (p → 1). In the next section we derive an exact solution for age-ranked storage187

under shifted-uniform selection, by representing the vadose zone as two tanks in series.188

Without loss of generality and for consistency with the experimental data presented later,189

in the analysis presented below we will assume that water leaves the vadose zone by drainage190

alone; i.e., evapotranspiration is neglected.191

2.1 Age-Ranked Storage Under Shifted-Uniform Selection192

2.1.1 Conceptualizing the Problem as Two Tanks-in-Series193

The shifted-uniform SAS function can be represented conceptually and mathemat-194

ically as two tanks in series (Figure 1b). Tank 1 has volume S1(t) = pS(t), intercepts195

all inflow, J(t), of age T = 0 across the vadose zone’s upper boundary, and discharges196

to the next tank only its oldest water under plug flow sampling. Tank 2 has volume S2(t) =197

(1−p)S(t), receives only the oldest water from Tank 1, and selects water uniformly for198

discharge across the vadose zone’s lower boundary. The transfer of water volume between199

tanks, Q∆(t) [L T−1], is prescribed so as to ensure that water balance over the vadose200

zone is maintained.201

Q∆(t) = (1− p)J(t) + pQ(t) (3)202

The age-ranked storage function for the vadose zone as a whole is then the sum of the203

individual age-ranked storage functions for Tanks 1 and 2:204

ST (T, t) = ST1(T, t) + ST2(T, t) (4)205

It is easy to demonstrate that, when these two tanks are placed in series, the overall sys-206

tem conforms to a shifted-uniform SAS. The age distribution of water discharged from207

the vadose zone is the age distribution of water discharged from Tank 2 (PQ(T, t) = PQ2(T, t))208

which, under uniform sampling, is equal to the age distribution of water stored in Tank209

2. Therefore, from the definition of age-ranked storage (see equation (1a) and discussion210

thereof), the age distribution of water discharged from the vadose zone is the ratio of211
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the Tank 2 age-ranked storage function and the water volume stored in Tank 2 at any212

time t: PQ(T, t) = PQ2(T, t) = ST2(T,t)
(1−p)S(t) . Substituting this result into the SAS clo-213

sure relationship, Ω(ST (T, t), t) = PQ(T, t) (see equation 14 in Kim et al. (2016)), we214

obtain: Ω(ST (T, t), t) = ST2(T,t)
(1−p)S(t) . Because all water in Tank 1 is younger than the youngest215

water in Tank 2, the age-ranked storage function for Tank 2 can be expressed as the dif-216

ference between the overall age-ranked storage function, ST (T, t), and the volume of wa-217

ter stored in Tank 1 , pS(t): ST2(T, t) = ST (T, t) − pS(t) for ST (T, t) > pS(t). Com-218

bining these results we arrive at equation (2), proving that our tank-in-series model is219

mathematically equivalent to a shifted-uniform SAS for the vadose zone as a whole.220

The age structure of water in Tanks 1 and 2 can be determined by solving the ACE221

separately for each tank, provided that the age distribution of water flowing out of Tank222

1 equals the age distribution of water flowing into Tank 2. An important benefit of con-223

ceptualizing the problem in this way is that the ACE for each individual tank is linear,224

even though the ACE for the vadose zone as a whole is non-linear (i.e., the shifted-uniform225

SAS introduces non-linearity through the appearance of the dependent variable, ST (T, t),226

inside the Heaviside argument, see equation (2)). Because the ACE for each individual227

tank is linear, explicit solutions for each tank’s age-ranked storage function can be de-228

rived, as described next.229

2.1.2 Age-Ranked Storage in Tank 1230

By transferring equation (1a) into the Laplace domain, the following solution for231

age-ranked storage in Tank 1 can be derived (Text 1, supplemental information):232

ST1(T, t) =


pS0 − Q̄∆(t) + J̄(t), T = T0 + t

J̄(t), t ≤ T < T0 + t

J̄(t)− J̄(t− T ), 0 ≤ T < t

0 ≤ t ≤ tc (5a)233

ST1(T, t) = J̄(t)− J̄(t− T ), 0 ≤ T ≤ Tm1(t), t > tc (5b)234
235

The new functions J̄(t) [L], Q̄(t) [L] and Q̄∆(t) [L] represent the cumulative area-normalized236

volume of water, as of time t, added to the vadose zone by inflow, discharged from the237
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vadose zone, and transferred between Tanks 1 and 2, respectively:238

J̄(t) =

∫ t

0

J(ν) dν (6a)239

Q̄(t) =

∫ t

0

Q(ν) dν (6b)240

Q̄∆(t) = (1− p)J̄(t) + pQ̄(t) (6c)241
242

The solution for age-ranked storage in Tank 1 takes on different functional forms243

depending on the choice of the age variable, T , and whether the elapsed time, t, is be-244

fore or after a critical time, tc [T]. The critical time is defined as the elapsed time at which245

all original water (i.e., water that was initially present in the vadose zone at time, t =246

0) has been drained from Tank 1. It plays an important role in our solution by directly247

influencing the maximum age of water in Tank 1, which we denote by the variable Tm1(t)248

[T]. In our two-tank representation of the vadose zone (Figure 1b), only the oldest wa-249

ter in Tank 1 (i.e., water with age Tm1(t)) is transferred from Tank 1 to Tank 2. Before250

the critical time, t ≤ tc, the oldest water in Tank 1 is original water. Because this orig-251

inal water is mathematically tagged with an age of T0 at time t = 0 (see equation (1c)252

and discussion thereof), its age at any later time is: Tm1(t ≤ tc) = T0 + t. After the253

critical time, t > tc, an expression for the maximum age of water in Tank 1 can be de-254

rived by noting that, when the age variable is set equal to the maximum age, the age-255

ranked storage function must equal the total volume of water in Tank 1: ST1(Tm1(t), t) =256

S1(t) = pS(t). Substituting equation (5b), we arrive at the following implicit solution257

for the maximum age of water in Tank 1 after the critical time:258

pS(t) = J̄(t)− J̄(t− Tm1(t)), t > tc (7)259

The critical time tc, in turn, can be estimated directly from the vadose zone water bal-260

ance, as the time required to drain all original water from Tank 1:261

pS0 = Q̄∆(tc) (8)262

263

2.1.3 Graphical Interpretation of the Solution for Tank 1264

Age-ranked storage can be represented graphically as a vertical water column with265

height equal to the area-normalized volume of water in storage, ordered by age from youngest266

at the top to oldest at the bottom (Figure 2). The age-ranked storage function for Tank267
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Figure 2: A graphical representation of the Tank 1 solution for age-ranked storage under

plug flow sampling. The vertical columns with a solid border represent the total volume

of water (per unit area) present in Tank 1 at any time t, S1(t) = pS(t). Age-ranked

storage in Tank 1, ST1(T, t), is defined as the volume of water (per unit area) in Tank 1

storage of age T or younger at time, t (grey arrow). Cumulative and instantaneous flows

are represented, respectively, with and without an overbar. (a) Prior to the critical time,

t ≤ tc, the storage in Tank 1 consists of both original water (of age T = T0 + t) and new

water (of age T < t) that entered the vadose zone as inflow. The solution for age-ranked

storage in this time range (equation (5a)) depends on four separate cumulative volumes

represented graphically by vertical columns with dashed borders (labeled (i), (ii), (iii) and

(iv)). (b) After the critical time, t > tc, the storage in Tank 1 consists only of new water

(of age T < t). The solution for age-ranked storage (equation (5b)) and implicit relation-

ship for the maximum age (equation (7)) depend on three cumulative volumes (vertical

columns with dashed borders labeled (v), (vi) and (vii)).
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1, ST1(T, t), then represents the portion of storage in Tank 1 at time t with ages T or268

younger (gray vertical arrow in Figures (2a) and (2b)). Different functional forms for the269

Tank 1 age-ranked storage function apply before and after the critical time (equation270

(5a) and (5b), respectively) and depending on the choice of the age variable, T . Prior271

to the critical time tc, the age-ranked storage function consists of three separate solu-272

tions that apply over different ranges of T (Figure 2a). When the age variable is set equal273

to the maximum age of water in storage, T = T0 + t (top solution in equation (5a)),274

age-ranked storage includes all water in Tank 1 storage, including all new water that flowed275

into the vadose zone up to time t (volume (i), Figure (2a)) plus the volume of original276

water that is still in Tank 1 (volume (iii) minus volume (iv), Figure (2a)). When the age277

variable falls in the range, t ≤ T < T0 + t (middle solution in equation (5a)), the age-278

ranked storage function includes all new water that flowed into the vadose zone up to279

time t (volume (i), Figure (2a)). When the age variable falls in the range, 0 ≤ T < t280

(bottom solution in equation (5a)), the age-ranked storage function includes only the por-281

tion of new water in storage with ages T or younger (volume (i) minus volume (ii), Fig-282

ure (2a)).283

Past the critical time, t > tc, all original water has been discharged to Tank 2,284

and therefore Tank 1 storage consists only of new water (Figure (2b)). The correspond-285

ing solution for the Tank 1 age ranked storage function (equation (5b)) equals the to-286

tal volume of new water that flowed into the vadose zone up to time t (volume (v), Fig-287

ure (2b)), minus the portion of that new water that flowed into the vadose zone up to288

time t− T (volume (vi), Figure (2b)).289

A graphical interpretation can also be ascribed to the implicit solution for the max-290

imum age of water in Tank 1 after the critical time (equation (7)). The total storage present291

in Tank 1 at time t (left hand side of equation (7) and solid bordered box in Figure (2b))292

equals the cumulative volume of new water added up to time t (first term on the right293

hand side of equation (7) and volume (v) in Figure (2b)) minus the cumulative volume294

of new water added up to time t−Tm1(t) (second term on right hand side of equation295

(7) and volume (vii) in Figure (2b)).296

In summary, while the mathematics required to solve the ACE for Tank 1 are some-297

what involved (Text 1 in supplemental information), the final result (equations (5a) and298

(5b)) can be easily understood graphically as a kinematic problem involving the inflow299
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and discharge of age-ranked water. Provided that the water balance over the vadose zone300

is known (i.e., time series for inflow J(t), discharge Q(t) and storage S(t) are given), nu-301

merical implementation of the age-ranked storage function for Tank 1 involves three steps:302

(1) the critical time, tc, is determined by solving for the root of equation (8); (2) for elapsed303

times less than the critical time, the maximum age of water in Tank 1 storage, Tm1(t),304

is set equal to the sum of the initial age of original water plus elapsed time (Tm1(t) =305

T0+t), while past the critical time the maximum age of water in Tank 1 storage is ob-306

tained for any elapsed time of interest by solving for the root of equation (7); and (3)307

with these results, the age-ranked storage function can be calculated from the algebraic308

expressions listed in equations (5a) or (5b).309

2.1.4 Solution for Age-Ranked Storage in Tank 2310

The solution for age-ranked storage in Tank 2 is as follows (derivation in Text 2,311

supplemental information):312

ST2(T, t) =


(1− p)S0e

−τ̄(t) +
∫ t

0
e−τ̄(t,ν)Q∆(ν) dν, T = T0 + t

0, 0 ≤ T < T0 + t

0 ≤ t ≤ tc (9a)313

ST2(T, t) =



(1− p)S0e
−τ̄(t) +

∫ t
0
e−τ̄(t,ν)Q∆(ν) dν, T = T0 + t∫ t

tc
e−τ̄(t,ν)Q∆(ν) dν, t ≤ T < T0 + t∫ t

ti,2(t−T )
e−τ̄(t,ν)Q∆(ν) dν, Tm1(t) ≤ T < t

0, 0 ≤ T < Tm1(t)

t > tc (9b)314

315

The new functions τ̄(t) and τ̄(t, ν) represent discharge-weighted time over the time in-316

tervals [0,t] and [ν,t], respectively.317

τ̄(t) =

∫ t

0

Q(x)

(1− p)S(x)
dx (10a)318

τ̄(t, ν) = τ̄(t)− τ̄(ν) (10b)319
320

Under steady-state hydrology, these expressions reduce to the ratio of elapsed time and321

the mean hydraulic residence time of Tank 2: τ̄(t) and τ̄(t, ν) → tQss
(1−p)Sss and (t−ν)Qss

(1−p)Sss ,322

respectively, where the subscript “ss” denotes steady-state conditions.323

The lower limit appearing in equation (9b), ti,2(t − T ) = ti,2(ti), represents the324

elapsed time at which a water parcel entered Tank 2 from Tank 1, conditioned on the325

same water parcel entering the vadose zone at time ti = t−T . An implicit expression326
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for ti,2(t − T ) can be derived by noting that, after the critical time tc, a water parcel327

entering Tank 2 at time ti,2 must have entered the vadose zone (or Tank 1) at time, ti =328

ti,2−Tm1(ti,2) (because Tank 1’s plug flow SAS selects only the oldest water from stor-329

age for transfer to Tank 2). Likewise, a water parcel in Tank 2 with age T at time t must330

have entered the vadose zone (or Tank 1) at time, ti = t− T . Equating these two va-331

dose zone entrance times yields the following implicit relationship for the integral’s lower-332

limit ti,2:333

ti,2 − Tm1(ti,2) = t− T = ti, t > tc, Tm1(t) ≤ T < t (11)334

A more formal derivation of this implicit solution for ti,2(t−T ) is presented in Text 2335

(supplemental information). According to equation (11), given a time series for the max-336

imum age of water in Tank 1 storage (Tm1(t), see equation (7)), the Tank 2 entrance time337

ti,2 is solely a function of the time at which a water parcel entered the vadose zone across338

its upper boundary, ti.339

2.1.5 Graphical Interpretation of Solution for Tank 2340

A graphical interpretation of the Tank 2 age-ranked storage function is presented341

in Figure 3. Prior to the critical time, t ≤ tc, water in Tank 2 consists solely of origi-342

nal water of age T = T0 + t (Figure 3a). This original water can be divided into the343

portion that was initially present in Tank 2 at time t = 0, S0,2(t), and the portion that344

was initially present in Tank 1 but transferred to Tank 2 over time t, S0,1(t). A solution345

for the function, S0,2(t), can be derived by noting that, under uniform sampling, the dis-346

charge rate of original water initially present in Tank 2 is proportional to both the to-347

tal discharge rate, Q(t), and the fraction of Tank 2 storage still occupied by that orig-348

inal water (Figure 3a):349

dS0,2

dt
=

S0,2(t)

(1− p)S(t)
Q(t) (12)350

Applying the initial condition, S0,2(t = 0) = (1−p)S0, equation (12) can be integrated351

to yield the first term on the right hand side of the upper solution in equation (9a): S0,2(t) =352

S0(1− p)e−τ̄(t) (see lower portion of age-ranked storage in Figure 3a). Thus, the por-353

tion of original water that was initially present in Tank 2 at time t = 0 decays expo-354

nentially with discharge-weighted time.355

A solution for the function, S0,1(t), can be derived by noting that the product Q∆(ν)dν356

represents the differential volume of water transferred from Tank 1 to 2 over the time357
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Figure 3: A graphical representation of the Tank 2 solution for age-ranked storage. (a)

Before the critical time, only original water of age T = T0 + t is present in Tank 2 stor-

age, including original water initially present in Tank 1 (S0,1(t)) and original water that

was initially present in Tank 2 (S0,2(t)). (b) After the critical time, age-ranked storage in

Tank 2 will always include some original water of age T = T0 + t (dark blue) plus new

water that entered Tank 2 after elapsed time t = tc. The time ti,2(ti), which represents

the Tank 2 entrance time of a water parcel that entered Tank 1 at time ti = t − T , can be

estimated by solving for the root of equation (11).
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increment dν. Furthermore, by reference to the above solution for S0,2(t), following its358

introduction to Tank 2 at time ν, the portion of this differential volume of water remain-359

ing in Tank 2 will decay exponentially with discharge-weighted time, dS0,1 = Q∆(ν)dνe−τ̄(t,ν).360

Integrating over all differential volumes of original water entering Tank 2 up to time t,361

we arrive at the second term on the right hand side of the upper solution in equation (9a):362

S0,1(t) =
∫ t

0
e−τ̄(t,ν)Q∆(ν) dν. The boundary between S0,1(t) and S0,2(t) in Figure (3a)363

marks the location, in age-ranked storage, of the first parcel of original water that was364

transferred from Tank 1 to Tank 2 at time t = 0.365

The bottom solution in equation (9a), ST (T < T0 + t, t) = 0 can be understood366

as follows. Prior to the critical time, all water in Tank 2 is original water. Therefore, by367

definition the age-ranked storage in Tank 2 is zero for any choice of the age variable less368

than the age of original water, 0 ≤ T < T0 + t.369

A similar line of reasoning can be used to derive the four separate solutions for age-370

ranked storage in Tank 2 after the critical time, t > tc (equation (9b) and Figure (3b)).371

The top solution in equation (9b) applies when the age variable is set equal to the max-372

imum age of water in the vadose zone, T = T0 + t. In this case, the age-ranked stor-373

age for Tank 2 includes all water in Tank 2 (S2(t) in Figure (3b)), including contribu-374

tions from original water initially present in Tank 2 (first term on right hand side of equa-375

tion (9b)) and all original and new water transferred into Tank 2 from Tank 1 up to time376

t (second term on right hand side of equation (9b)).377

The second solution in equation (9b) applies when the age variable falls in the range378

t ≤ T < T0 + t. In this case the age-ranked storage function excludes all original wa-379

ter (of age T = T0 + t) but includes all new water transferred into Tank 2 from Tank380

1 of age T ≤ t. The lower integration limit is therefore the critical time, tc, when new381

water first entered Tank 2 from Tank 1 (Figure (3b)).382

The third solution in equation (9b) applies when the age variable falls in the range383

Tm1(t) ≤ T < t. In this case, age-ranked storage for Tank 2, ST2(T, t), includes only384

the portion of new water in Tank 2 that is of age T or younger at time t (i.e., the por-385

tion of age-ranked storage above the grey horizontal dashed line, Figure (3b)). The lower386

integration limit is therefore the Tank 2 entrance time, ti,2(ti), of a water parcel that en-387

tered the vadose zone (or Tank 1) at time ti = t − T (see equation (11) and discus-388

sion thereof).389
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Finally, at time t all water in Tank 2 will be older than the maximum age of wa-390

ter in Tank 1, Tm1(t). Therefore the Tank 2 age-ranked storage function is equal to zero391

for any choice of the age variable less than the maximum age of water in Tank 1 (fourth392

solution in equation (9b)).393

Practical implementation of the age-ranked storage solution for Tank 2 entails four394

steps: (1) integrate equation (10a) to obtain a time series of discharge-weighted time,395

τ̄(t), over the elapsed time interval [0,t]; (2) using the result from step (1), calculate the396

discharge-weighted time over any elapsed time interval [ν,t] (equation (10b)); (3) if the397

elapsed time of interest is past the critical time, find the root of equation (11) to obtain398

the elapsed time a water parcel enters Tank 2, ti,2(ti), conditioned on the same water399

parcel entering the vadose zone at elapsed time, ti = t − T ; and (4) given the results400

from steps (1) through (3), numerically evaluate the appropriate solution for age-ranked401

storage depending on whether the elapsed time is before (equation (9a)) or after (equa-402

tion (9b)) the critical time, and the choice of the age variable T .403

2.2 Predicted Solute Breakthrough Concentration404

2.2.1 Solute Breakthrough under Shifted Uniform Selection405

The solute concentration leaving the vadose zone, CQ(t) [M L−3], can be calculated

from the foregoing results by convolving the solute concentration entering the vadose zone

with new water, CJ(t) [M L−3], with the probability density function (PDF) form of the

age distribution of new water leaving Tank 2, pnew
Q2 (T, t) [T−1]:

CQ(t) =

∫ t

0

CJ(t− T )pnew
Q2 (T, t)dT, t > tc (13a)

pnew
Q2 (T, t) =

∂PQ2

∂T
=

1

(1− p)S(t)

∂ST2

∂T
(13b)

Recall the term “new water” refers to water that entered the vadose zone across its up-

per boundary at some time t > 0 (in contrast to “original water” that was present in

the vadose zone at time t = 0). Thus, the superscript “new” on the age distribution

(equation (13b)) indicates that this is the age distribution of new water discharged from

the vadose zone at any time t. Within the context of our model, new water cannot be

discharged from the vadose zone until it enters Tank 2, which is why the upper limit on

the convolution integral is restricted to elapsed times greater than the critical time, t >

tc. Combining equations (9b) and (13b) yields, after some manipulation (see Text 3, sup-
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plemental information), the following solution for the PDF form of the age distribution

of new water discharged from the vadose zone as a function of time t:

pnew
Q2 (T, t) =

J(t− T )

(1− p)S(t)
e−τ̄(t, ti,2(t−T )), Tm1(t) ≤ T < t, t > tc (14)

The lower bound on the age variable, Tm1(t) ≤ T is imposed because, as water is trans-

ferred from Tank 1 to 2 after the critical time, the oldest water in Tank 1 becomes the

youngest water in Tank 2. The upper bound, T < t, is imposed because, as noted above,

we are interested in the age distribution of new water discharged from the vadose zone,

and by definition all new water entered the vadose zone for times, t > 0. Substituting

the age distribution of new water discharged from the vadose zone (equation (14)) into

the convolution integral (equation (13a)) we arrive at the following solution for the so-

lute breakthrough concentration under shifted uniform selection:

CQ(t) =


0, 0 ≤ t ≤ tc

1
(1−p)S(t)

∫ t−Tm1(t)

0
CJ(ti)J(ti)e

−τ̄(t, ti,2(ti))dti, t > tc

(15)

The dummy integration variable, ti = t−T , is the time a water parcel entered the va-406

dose zone conditioned on it having age T at time t, and the function, ti,2(ti), is the time407

that same water parcel entered Tank 2 (see equation (11) and discussion thereof).408

2.2.2 Impulse-Response under Shifted-Uniform Selection409

Under steady-state flow conditions, much can be inferred about a chemical reac-

tor by observing its response to the impulsive application of a conservative tracer (Hill

and Root (2014)). Here we demonstrate the same is true for an unsteady hydrologic sys-

tem, at least one that is well-described by a shifted-uniform SAS. An impulsive input

of solute to the vadose zone can be represented mathematically as follows: CJ(ti) = M ′′

J(tpulse)δ(ti−

tpulse). Here, the variable tpulse is the time at which the pulse entered the vadose zone

with new water, the function δ(·) is the Dirac Delta function and the variables M ′′ and

J(tpulse) represent, respectively, the mass per unit area and inflow entering the vadose

zone at time, ti = tpulse. Substituting this expression into the shifted-uniform solution

for solute breakthrough (equation (15)) we arrive at a remarkably simple expression for

solute breakthrough, where discharge-weighted elapsed time, τ̄(t, tlag), is given by equa-

tion (10b):

CQ(t,M ′′, tlag) =


0, 0 ≤ t < tlag

M ′′e−τ̄(t,tlag)

(1−p)S(t) , t ≥ tlag

(16)
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The new variable, tlag, represents the time at which solute breakthrough begins; it is re-

lated to tpulse through the implicit expression for the entrance time to Tank 2, where Tm1(t)

is the maximum age of water in Tank 1 at time t (see equations (7) and (11)):

tlag − Tm1(tlag) = tpulse (17)

In the event the pulse enters the vadose zone at time tpulse = 0, the time lag reduces410

to the critical time, tlag = tc; i.e., the time at which all original water is drained from411

Tank 1 (see equation (8) and discussion thereof).412

Equation (16) predicts that, following the impulsive addition of a conservative so-

lute to an unsteady hydrologic system at time t = tpulse, the breakthrough concentra-

tion is zero for t < tlag. At t = tlag, the breakthrough concentration increases from

zero to C(t = tlag) = M ′′

(1−p)S(tlag) , and thereafter declines more-or-less monotonically

with discharge-weighted time (the inclusion of “more-or-less” here reflects the fact that,

if storage were to decline, the breakthrough concentration could temporarily increase,

all else being equal). The fraction p, which represents where along the plug flow to uni-

form sampling spectrum a particular hydrologic system falls, influences solute breakthrough

in three ways, by appearing in: (1) the denominator on the right hand side of equation

(16); (2) the definition of discharge-weighted time, τ̄(t, tlag) (see equation (10b)); and (3)

the expression for the maximum age of water in Tank 1 (see equation (7) which, in turn,

influences the lag time (equation (17)). Using linear superposition, a solution can also

be written for N pulses, where M ′′i and tpulse,i are, respectively, the mass per unit area

and input time for the i-th pulse:

CQ(t) =

N∑
i=1

CQ(t,M ′′i , tlag,i) (18a)

tlag,i − Tm1(tlag,i) = tpulse,i (18b)

2.2.3 Solute Breakthrough under Plug Flow and Uniform Selection413

We can also derive explicit expressions for solute breakthrough under pure plug flow

and pure uniform sampling, corresponding to limits p→ 1 and 0, respectively. As out-

lined in supplemental information (Text 4), the predicted breakthrough solute concen-
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tration under pure plug flow sampling is as follows:

CPF
Q (t) =


0, 0 ≤ t ≤ tPF

c

CJ(t− TPF
m (t)), 0 ≤ TPF

m < t, t > tPF
c

(19a)

S0 = Q̄(tPF
c ) (19b)

S(t) = J̄(t)− J̄(t− TPF
m ), t > tPF

c , 0 ≤ TPF
m ≤ t (19c)

The critical time at which all original water is drained from the vadose zone, tPF
c , and414

the maximum age of water in storage after the critical time, TPF
m (t) are given implicitly415

by the vadose zone water balance (equations (19b) and (19c), respectively).416

Equation (20a) is the corresponding expression for solute breakthrough under uni-

form sampling (see Text 5 in supplemental information for derivation):

CU
Q(t) =

1

S(t)

∫ t

0

CJ(ti)J(ti)e
−τ̄U(t,ti) dti (20a)

τ̄U(t, ti) =

∫ t

ti

Q(ν)

S(ν)
d ν (20b)

3 Application to Solute Transport through the Vadose Zone417

3.1 Experimental System and Unsteady Water Balance418

As a first test of the above modeling framework, we turned to a previously pub-419

lished laboratory study of solute transport through an experimental model of a vadose420

zone with a perched water table (Kim et al., 2016). These experiments were conducted421

in a 1 m3 sloping sand lysimeter irrigated twice per day for 28 days to simulate periodic422

rainfall events. Select rainfall events were spiked with chloride or deuterium tracers. The423

concentration of chloride and deuterium in water draining from the lysimeter (or tracer424

breakthrough curves) was measured over time at a nominal sampling frequency of 1 h−1.425

Our model was applied to these data in three steps as follows. First, hourly estimates426

of discharge were calculated from hourly measurements of water storage (estimated from427

continuous measurements of the lysimeter’s weight and fifteen frequency-domain reflec-428

tometry probes) and inflow to the lysimeter (measured with a magnetic flow meter): Q(t) =429

J(t)− dS
dt . Second, with the water balance in hand and knowledge of which irrigation430

pulses were spiked with either chloride or deuterium (at fixed concentrations of 6915 µ431

mol l−1 and 743.3 per mil, respectively), the two exact solutions for solute breakthrough432

under plug flow and uniform sampling (equations (19a) and (20a)) were numerically in-433
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Figure 4: Comparison of measured and predicted breakthrough of either (a) chloride or

(b) deuterium tracer in a model experimental hill slope system (bottom plots in each

panel) subject to periodic irrigation (top plots in each panel) (data from Kim et al.

(2016)). Predicted breakthrough concentrations are shown for plug flow sampling (thin

dashed black curves), uniform sampling (thin solid black curves) and shifted uniform sam-

pling with either the continuous solution (thick solid blue curve curves) or impulsive solu-

tion (thick dashed black curve). For the latter two simulations the inferred p values were

0.24 ±0.05 and 0.23 ±0.07 for, respectively, the chloride and deuterium breakthrough

curves.
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tegrated (Mathematica v.12, Wolfram Research, Inc.) to yield predicted breakthrough434

concentrations for the two tracers as a function of time. Third, to ascertain where along435

the plug flow-to-uniform sampling continuum Kim et al.’s experimental lysimeter falls,436

separate values for the fraction p were inferred from the chloride and deuterium break-437

through measurements by minimizing the root-mean-square-error (RMSE) between ex-438

perimental data and breakthrough concentrations predicted by the shifted-uniform so-439

lution.440

3.2 Testing the Integral Form of the Breakthrough Solution441

The integral form of the shifted-uniform solution (equation (15)) closely tracks the442

breakthrough of both chloride and deuterium tracers over the 56 irrigation cycles mon-443

itored by Kim et al. (2016) (compare blue curve with orange and green circles, Figure444

4). The inferred p−values (0.24 ±0.05 and 0.23 ±0.07, respectively), imply that at any445

given time roughly 24% of the youngest water is transiting through Tank 1, while 76%446

of the oldest water is uniformly sampled for discharge from Tank 2. Also shown in Fig-447

ure 4 are model predictions for solute breakthrough in the limits of pure uniform and448

pure plug flow sampling. In the uniform sampling limit (equation (20a), thin solid black449

curve in Figure 4) model predicted solute breakthrough occurs prematurely (relative to450

the measured solute breakthrough) consistent with the fact that, in this limit, any so-451

lute entering the system is immediately subject to random sampling for discharge. In452

the plug flow sampling limit (equation ((19a), thin dashed black curve in figure 4), on453

the other hand, the predicted breakthrough curves are delayed between 17 and 39 hours454

(relative to the measured solute breakthrough) and the peak breakthrough tracer con-455

centration equals the inflow tracer concentration. These last two observations can be ex-456

plained by noting that, under pure plug flow sampling, solutes experience no spreading457

or dilution as they are transported through the control volume.458

3.3 Testing the Impulsive Form of the Breakthrough Solution459

In Kim et al.’s experiments, each tracer pulse was added to the irrigation water over460

some finite period of time. For the purposes of testing the impulsive model we can as-461

sume the tracer mass associated with each pulse was released all at once at the mid-point462

of the pulse. The mass per unit area for the i-th pulse was estimated as follows, M ′′i =463

Ci
∫ tend,i

tstart,i
J(ν) dν, where Ci is the concentration of the i-th pulse (assumed to be con-464
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Table 1: The timing and magnitude of Kim et al.’s chloride or deuterium pulses.

Pulse tstart, h tend, h tpulse, h tlag, h
Chloride,

M ′′, mole m−2

Deuterium,

M ′′, m

1 0 4.5 2.3 14.3 0.558 60.0

2 12 16.5 14.25 28.3 0.585 62.9

3 192 195 193.5 206 0.261 n.a.

4 315 316.5 315.8 330.2 0.263 n.a.

5 444 445.5 444.75 459 0.203 n.a.

6 565.5 568.5 567 580.7 0.273 n.a.

stant and equal to 6915 µ mol l−1 or 743.3 per mil for chloride or deuterium, respectively),465

tstart,i and tend,i are the start and end times of the i-th pulse and J(t) is inflow to the466

lysimeter. The timing of the i-th pulse was taken as: tpulse,i = tstart,i+
(
tend,i−tstart,i

)
/2.467

Values of M ′′i and tpulse,i estimated for each chloride and deuterium pulse in Kim et al.’s468

experiments are summarized in Table 1. Substituting these values into equation (18a)469

and setting p = 0.24, we find that the predicted breakthrough curves for the impulsive470

solution (thick black dashed curves in Figure 4) closely track both the integral form of471

the breakthrough solution (blue curves) and the measured chloride and deuterium break-472

through measurements (orange and green circles). Compared to the integral solution,473

the impulsive solution often predicts a higher solute concentration just as the solute is474

first breaking through, consistent with the impulsive model’s underlying assumption that475

all of the tracer mass enters the control volume at a single point in time. Indeed, the de-476

gree of concordance between the integral and impulsive breakthrough curves is remark-477

able considering the relatively small volume (1 m3) of the experimental lysimeter uti-478

lized in Kim et al.’s study. Based on these results, the simple impulsive solution for so-479

lute breakthrough under shifted-uniform sampling (equation (18a)) may be sufficient for480

many practical applications.481
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Figure 5: A comparison of (a) chloride and (b) deuterium model-data residuals (upper

panel) and the cumulative mass entering and exiting the experimental system (lower

panel). Residuals and predicted cumulative mass results were generated from the opti-

mized shifted-uniform solution (blue curves in Figure 4).
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3.4 Model Bias and the Inverse Storage Effect482

An examination of the difference between predicted and measured breakthrough483

concentrations, or model residuals, reveals model bias at two timescales (Figure 5). Fol-484

lowing the first two chloride and deuterium tracer pulses (time range 100 to 150 hours)485

breakthrough concentrations predicted by the shifted-uniform model consistently exceed486

measured values (i.e., the residuals are consistently positive). This long-period bias, which487

is also evident in Figure 4, could signal an underlying problem with the shifted-uniform488

SAS function or uncertainties associated with the overall volume balance. Relative to489

the latter, all three terms of the water balance (inflow, discharge and storage) were si-490

multaneously measured by Kim et al. at an hourly time step, but errors in the discharge491

and irrigation rate measurements, along with unaccounted for evaporation and tank leak-492

age, resulted in roughly 143 mm of “missing” water (personal communication). For our493

TTD analysis, we closed volume balance by calculating discharge from measured inflow494

and storage data, but in so doing may have introduced systematic biases in the volume495

balance that could account for these long-period positive residuals (e.g., by artificially496

concentrating solute discharged from the system).497

A short period bias is also evident in Figure 5, that manifests as either negative498

or positive residuals during periods of high storage. Negative residuals occur at high stor-499

age immediately following the application of either chloride or deuterium tracers, while500

positive residuals occur at high storage in the intervals between tracer applications. This501

pattern indicates that the shifted-uniform SAS tends to under-sample young water dur-502

ing periods of high storage. That is, during periods of high storage following the appli-503

cation of a tracer-tagged pulse the solution tends to under-sample tracer-tagged water,504

while during periods of high storage following the application of a tracer-free pulse the505

solution tends to under-sample tracer-free water.506

In their original analysis of these data, Kim et al. noted a similar pattern, whereby507

“younger water is released in greater proportion under wetter conditions than drier.” This508

so-called inverse storage effect (ISE) appears to be associated with storage-dependent509

changes in the arrangement of, and partitioning between, internal flow pathways; for ex-510

ample, when water previously trapped in the unsaturated zone is mobilized as the wa-511

ter table rises during an irrigation event. In the context of our modeling framework, the512

ISE implies that the fraction p is not constant (as assumed here), but instead varies in-513
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Figure 6: Age-ranked storage calculated from equations (5) and (9) during the first 80

hours of the lysimeter experiment under (a) shifted-uniform selection (assuming an op-

timized value of p = 0.24); (b) pure plug-flow selection (p = 1); and (c) pure uniform

selection p = 0. The heavy black dashed curve in each panel denotes the boundary be-

tween new water (above the curve) and original water (below the curve). The lower black

solid curve in each panel indicates total storage at any particular time. In panel (a), the

upper solid black curve denotes the boundary between water stored in Tank 1 (above the

curve) and Tank 2 (below the curve). For these simulations we marked original water with

an initial age of T0 = 10 hours.

versely with the volume of water present in storage, S(t). Studies are presently under-514

way to extend the shifted-uniform solution presented in this paper to account for the ISE.515

Even in its current form (with p constant), however, the shifted-uniform provides pro-516

vides a very good first-order approximation of the measured solute breakthrough pat-517

terns (Figure 4) as well as the cumulative mass of solute discharged from the lysimeter518

over time (bottom panels, Figure 5a and 5b).519

3.5 Time Evolution of Age-Ranked Storage520

In addition to predicting solute transport through unsteady hydrologic systems (see521

last section), our solution for age-ranked storage under shifted-uniform selection (equa-522
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tions (5) and (9)) allows us to examine how the age structure of water in storage and523

outflow evolves over time (Figure (6a)). The thick dashed curve in each panel of this fig-524

ure marks the boundary between original water that was present in the vadose zone at525

time t = 0 (below the curve) and new water that entered the vadose zone after t = 0526

(above the curve). In these simulations we marked original water with an initial age of527

T0 = 10 hours, and thus all age-ranked storage below the thick dashed curve ages lin-528

early with time, T = 10h+t. The upper thin black curve in Figure (6a) represents the529

boundary between age-ranked water stored in Tank 1 (above the curve) and age-ranked530

water in Tank 2 (below the curve). Under plug flow sampling, only the oldest water in531

Tank 1 is selected for transfer to Tank 2. Consequently, original water in Tank 1 is pro-532

gressively depleted until, at the critical time (tc =12.6 hours), all original water has been533

transferred to Tank 2 and Tank 1 storage consists exclusively of new water (the criti-534

cal time coincides with the cross-over of the upper solid curve and the thick dashed curve535

in Figure 6a). By contrast, under shifted-uniform selection original water is never en-536

tirely removed from Tank 2, although its proportion of Tank 2 storage declines over time.537

Because the total volume of water added to the vadose zone during each irrigation event538

is less than the average storage in Tank 1, a finite volume of water from the penultimate539

irrigation event is retained in Tank 1 during each irrigation cycle. This observation, to-540

gether with the periodic irrigation schedule adopted for the experiment explains why,541

after the critical time, new water injected from Tank 1 into Tank 2 tends to be about542

17 hours old (denoted by the orange color, Figure 6a). By the end of the 80 hour sim-543

ulation, water discharged from the vadose zone is an approximately 1:3 mixture of orig-544

inal water with a single age of 90 hours and new water ranging in age from 20 to 70 hours545

(under shifted uniform sampling, the age distribution of water discharged from the va-546

dose zone is equal to the age distribution of water stored in Tank 2, which in Figure (6a)547

corresponds to all age-ranked storage between the upper and lower solid black curves).548

The predicted age distributions of water in the vadose zone in the plug-flow and549

uniform SAS limits are presented in Figures 6b and 6c, respectively. Under plug flow sam-550

pling only the oldest water stored in the vadose zone is selected for discharge, with the551

result that all original water is removed from the vadose zone by around 58 hours (de-552

noted by the crossover of the thick dashed and solid curves near the bottom of Figure553

6b). Compared to the shifted-uniform case described above, age-ranked storage in the554

plug-flow limit is substantially enriched in young water (compare Figures 6a and 6b).555
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In the uniform SAS limit, on the other hand, there is substantially more original water556

in storage at the end of the 80 hour simulation and the age distribution as a whole skews557

older (compare Figures 6a and 6c). This last result can be rationalized by noting that,558

in the uniform SAS limit, original water is removed from storage at a slower rate, all else559

being equal, because original water constitutes a smaller fraction of the total volume of560

water being uniformly sampled for discharge (see equation (12) and discussion thereof).561

4 Discussion562

4.1 Physical Interpretation of the Shifted-Uniform Solution563

In this study we hypothesized that a shifted-uniform SAS might provide a first-order564

accurate assessment of mass transport through unsteady hydrologic systems. Applica-565

tion of the shifted-uniform solution to experimental measurements previously reported566

by Kim et al. (2016) supports this hypothesis with the caveat that, in its present form567

(i.e., with p constant) the model does not capture second-order effects associated with568

the storage-dependent rearrangement of internal flow paths. The relative success of the569

shifted-uniform solution begs the question: why does this simple model work so well?570

One possible answer lies in the solution’s series representation of two universal so-

lute mass transport processes in porous media: advection along the fastest flow paths

through a system (as represented by plug flow sampling of water and solute in Tank 1)

and dispersive spreading and dilution (as represented by uniform sampling of water and

solute in Tank 2). An estimate for the plug flow velocity through Tank 1, v1(t) [L T−1],

can be obtained from the ratio of the tank’s depth, pS(t), and the maximum age of wa-

ter in the tank, Tm1(t). Likewise, a dispersion coefficient for Tank 2, D2(t) [L2 T−1], can

be estimated by dividing the mean residence time in Tank 2, µ2(t) [T], into the square

of the tank’s depth, (1− p)S(t).

v1(t) =
pS(t)

Tm1(t)
(21a)

D2(t) =
(1− p)2S2(t)

µ2(t)
(21b)

µ2(t) =
S0

S(t)
te−τ̄(t) +

1

(1− p)S(t)

∫ t

0

(t− u)Q∆(u)e−τ̄(t,u) du (21c)

The expression adopted here for the mean residence time in Tank 2 (equation (21c)) is571

the mean age of water in Tank 2 assuming that: (1) water entering the tank has an age572
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Figure 7: A physical interpretation of the shifted-uniform solution as applied to tracer
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in Tank 2 (fourth graph).

of T = 0h and (2) water initially present in the tank at time t = 0 has an age of T0 =573

0h (compare with equation (7c) in Parker et al. (2021)).574

When these formulae are applied to Kim et al.’s data (Figure 7), we find that, af-575

ter a start-up period of roughly 100 hours, the maximum age in Tank 1 (equation (7))576

and the mean residence time in Tank 2 (equation (21c)) fluctuate around 15.9 ± 2.7 and577

47.6 ± 2.3 hours, respectively. The plug flow velocity estimated from equation (21a) (6.1578

± 1.2 mm h−1) closely approximates the average infiltration rate into the lysimeter (6.7579

± 9.6 mm h−1), consistent with our hypothesis that plug flow sampling of water and so-580

lutes in Tank 1 represents advective transport through the lysimeter. The dispersion co-581

efficient inferred from equation (21b) (5.1 ± 0.53×10−7 m2 s−1) is roughly 370 times larger582

than the molecular diffusion coefficient for chloride in water at 25◦C (2.03×10−9 m2 s−1)583

(Rumble (2022)). When the inferred dispersion coefficient is divided by the average dis-584

charge velocity from Tank 2 (6.31 ± 3.82 mm h−1) the resulting dispersivity (0.29 ± 0.18585

m) is within the range, although at the high end, of values reported previously for sandy586

media over similar transport distances (O(1m)) (Gelhar et al. (1992)), not accounting587

for source dispersion which is likely operating here as well (Kim et al. (2016)). Thus, as588
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hypothesized, uniform sampling from Tank 2 approximates solute spreading through the589

vadose zone by mechanical and source dispersion. In summary, the apparent success of590

the shifted-uniform solution likely stems from its series representation of two universal591

mass transport mechanisms, including advection along fast flow paths (Tank 1) and spread-592

ing by mechanical (kinematic) and source (geomorphic) dispersion (Tank 2).593

4.2 Capturing Evapotranspiration and Age-Dependent Reactions594

The exact solutions presented above for age-ranked storage and solute breakthrough595

can be amended to include evapotranspiration, conditioned on some theory for how wa-596

ter selected for ET is biased by age. For example, if plant roots preferentially sample the597

oldest water in vadose zone storage (as might occur at the end of a wet season, see Fig-598

ure 6b in Hrachowitz et al. (2016)) it may be appropriate to incorporate ET as an ad-599

ditional outflow mechanism from Tank 2 under plug flow selection (which removes only600

the oldest water in storage). Following the same solution procedure outlined above for601

Tank 1 (see Section 2.1.2), this can be accomplished mathematically by setting the age602

distribution of water leaving by ET equal to, PET = H(T−Tm2(t)), where Tm2(t) [T]603

is the maximum age of water in Tank 2 as a function of time. As with Tank 1, the max-604

imum age in Tank 2 will be equal to the age of original water, Tm2(t) = t+T0, up un-605

til a critical time for Tank 2, tc2 [T]. After the critical time, the maximum age in Tank606

2 is determined from the following implicit expression, which follows from the fact that607

the age ranked storage in Tank 2, evaluated at T = Tm2(t), must equal the total stor-608

age in Tank 2: ST2(Tm2(t), t) = (1− p)S(t).609

Likewise, our solution for solute breakthrough under shifted-uniform selection can610

be easily amended to capture age-dependent reactions, by letting the input concentra-611

tion, CJ(ti = t − T, T ), encode both the time at which the solute of interest entered612

the vadose zone (as reflected in the functional dependence on ti), as well as how the non-613

conservative solute either increases or decreases with age as it transits through the sys-614

tem of interest (as reflected in the functional dependence on T ): CQ(t) =
∫ t

0
CJ(ti =615

t− T, T )pnew
Q2 (T, t)dT where t > tc (compare with equation (13a)).616
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5 Conclusions617

Unsteady TTD theory provides a powerful approach for understanding, and pre-618

dicting, the transport and transformation of solutes through complex and time-varying619

natural and engineered hydrologic systems. At its core, the theory assumes that water620

leaving a hydrologic system is composed of a collection of water parcels of different ages621

that all reached the system outlet at the same time, and were consequently combined622

to yield the observed solute concentration discharged from the system. In the context623

of TTD theory, the “combining process” is carried out by the SAS function, which stip-624

ulates how the sampling of water in storage for outflow is biased by age. As noted by625

Hrachowitz et al. (2016), the SAS function therefore integrates two universal transport626

mechanisms that control solute transport and transformation in environmental matri-627

ces: (1) where and when a solute enters the system, which determines along which flow628

path the solute transits through the system (source or geomorphic dispersion) and (2)629

local variation in flow velocities along any particular flow path (kinematic or mechan-630

ical dispersion). Put another way, the SAS function is an emergent property of the physics631

(and depending on context, chemistry and biology) governing solute transport through632

a particular system, although general rules for its selection in practice remain elusive.633

In this paper we propose and test what we call a shifted-uniform SAS, as a pos-634

sible generic first-order description of solute transport through unsteady hydrologic sys-635

tems. This SAS function, which can be represented conceptually and mathematically by636

two-tanks in series, captures the combined influence of geomorphic and kinematic dis-637

persion by imposing a storage-dependent minimum transit time through the system (up-638

stream tank under plug flow sampling) and then randomly sampling the water and so-639

lutes that pass through the first step for outflow (downstream tank under uniform sam-640

pling). The SAS function’s single parameter, p, determines how water stored in the sys-641

tem at any given time is partitioned between the upstream and downstream tanks, and642

thus where a particular hydrologic system falls along the plug-flow (p→ 1) to uniform643

(p→ 0) sampling continuum. In addition to providing a compelling conceptual frame-644

work, the two tank representation of the shifted-uniform SAS also opens the door to the645

derivation of explicit formulae for the age-structure of water in storage (equations (4),646

(5) and (9)) and outflow (equation (5)), and for the solute breakthrough concentration647

under both continuous (equation (15)) and impulsive (equation (18a)) solute loading to648

the system.649
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Fitting equation (15) to previously published breakthrough measurements of chlo-650

ride and deuterium in a sloping lysimeter subject to periodic wetting, we obtain an op-651

timized value of about p = 0.24. The implied range of advective velocities and disper-652

sivities (in Tanks 1 and 2, respectively) are very close to what we would expect for this653

experimental vadose zone (see Figure 7 and discussion thereof). It is important to stress654

that, although the shifted-uniform SAS is time-invariant, the residence time distribution655

of water in storage and the age distribution of water in outflow are both strongly time656

varying, as is evident from the predicted age-ranked storage in Tanks 1 and 2 over the657

first 80 hours of the lysimeter’s operation (Figure 6a). Indeed, a weakness of the shifted-658

uniform SAS in its current form is precisely its time-invariance, specifically its inabil-659

ity to account for the enrichment of young water in outflow during periods of high stor-660

age. Allowing the fraction p to vary inversely with storage might address this so-called661

inverse storage effect, and efforts are currently underway to explore this possibility.662
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