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Abstract

In this paper, we discuss a hyperbolic-parabolic system modeling biological phe-
nomena evolving on a network. The global existence of the is obtained by using
energy estimates with suitable the transmission conditions at interior. Moreover,
for the case of acyclic network, the existence and uniqueness of stationary solution
to the system is proposed and it is proved that these ones are asymptotic profiles
for a class of global solutions
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1 Introduction

Chemotaxis is a phenomenon of collective movement of microorganisms in the direction of
increasing chemical concentration. The classical PDE model of chemotaxis was introduced
in the 1970 and it was named the Keller-Segel model [22, 23]. A lot of adapted and
expanded versions of the Keller-Segel models [1, 7, 19, 18] in the last decades.

By contrast, different from the classical Keller-Segel model, the evolution of the density
of cells is described by a hyperbolic system coupled with a parabolic equation (or elliptic)
equation for the chemoattractant in [28, 29], which in one dimension reads

up — Ay, = p (f, pp,u uT), in I x (0,00), (1.1)
Thy = Gue + f(ut +u") —h(d), 7>0, D>0,\>0,

where the cells v = u™ +u~ has been split into densities for right and left moving cells,
represents the turning the cell moving speed, and p* are turning rates (rates of change of
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direction from + to —), the external chemical signal ¢ is produced or consumed by the cell
species itself. This is modeled by the precise form of the reaction term S(u*™ + u™), h(¢),
respectively. In fact, hyperbolic models have been recently introduced [9, 10, 21, 20, 12]
since they yield a more realistic finite speed of propagation, in contrast to the parabolic
ones, and allow better observation of the phenomena during the initial phase.

Models like (1.1) on network were proposed in [16], these models originated from tissue
engineering, when human’s tissue is injured, fibroblasts play a very important role in the
process of repair which create a new extracellular matrix, essentially made by collagen,
and move along it to fill the wound driven by chemotaxis. To accelerate this process, tissue
engineers use artificial scaffolds, constituted by a network of crossed polymeric threads,
which are inserted within the wound [8, 24].

In this paper, we mainly consider (1.1) which cast on a network formed by n nodes and
m oriented arcs connecting the nodes. Each arc is characterized by a typical velocity A;,
and then, we consider the triple of unknowns (u;", u; , ¢;) on each arc I;. Our mathematical
model on networks reproduce this configuration: the arcs mimic the fibers of the scaffold,
the nodes the contact points between the fibers, and functions u;t,gbz are the densities
of fibroblasts and chemoattractant on each of them. We should note that the literature
[31] has been experimentally observed that material composition, fiber structure and fiber
diameter of scaffolds and so on affect proliferation, cellular organization, and subsequent
tissue morphogenesis. The aim of this paper is to propose the global existence and the
asymptotic behaviour of solutions to the system (1.1) on the network complemented with
initial, boundary, and transmission conditions at nodes. The direct relation between our
model and existing experiments will be further considered since the experimental setting
was not thought to measure the relevant data needed in our framework.

Before this, let us mention some previous contribution in this direction. The hyperbolic
models on networks which were mentioned above, have been previously researched in
[26, 15, 30, 3, 2], with different kinds of transmission conditions. In [4], the authors
treated the following hyperbolic chemotaxis model on network from a numerical point of
view with suitable transmission conditions,

Uit + Aivig = 0,

Vit + Azuz:p = uz¢m: - ﬁiv’b T € Ii7 t Z 07 1= ]-7 ey T, )\Z > 07 (12)

Git = DiGizx + aju; — by,
where u; stands for the concentration in each arc I;, v; is average flux and ¢; is the chemat-
tractant concentration in each arc I;. Inspiration from numerical results, Guarguaglini et
al proved the global existence and the asymptotic behaviour of solutions to the system
(1.2) both for the homogeneous boundary conditions and for nonhomogeneous boundary

conditions in [13, 17, 11]. Moreover, in [14], Guarguaglini et al considered the chemotaxis
model (1.1) with 7 = 0 (hyperbolic-elliptic) on network,

Uy — Ny, = py (&g, Gi, uy s uy ), in I; x (0, 00), (1.3)

_¢i11 + h(¢1> = B(Uj_’uz_)? in ]i X (07 OO):

complemented with the suitable transmission conditions, and in case of the function u*
satisfies some assumed conditions, they proved local and global existence of nonnegative



solutions with small (in the L!'-norm )initial values. Finally, in [5], the authors treated the
same as our model from a numerical point of view with homogeneous Neumann boundary
conditions and non-homogeneous Neumann boundary conditions. But subject to the
homogeneous Neumann boundary conditions, the chemotaxis model (1.1) on network with
7 > O(hyperbolic-parabolic system) without corresponding theoretical research, hence
motivated by [5, 13, 17, 14], we are concerned with the global existence and the asymptotic
behaviour of solutions to the following hyperbolic-parabolic chemotaxis system on the
oriented graph(network),

u + Nu = (6, diwy u w7 ) in I x (0, 00),
¢it = ¢zxm - h<¢l) + ﬂ(uj-a uz_)? in [z X (07 OO))

complemented with the transmission conditions introduced in [14] at each inner node
of the oriented graph G(N,.A), and homogeneous Neumann conditions at the external
node. To go a step further, we introduce symbols and related definitions about our model,
where G(N, A) is a finite connected graph with vertex set A of n nodes (vertices) and
a set A of m oriented arcs, A = {[; : i € M = {1,2,...,m}}. More precisely, a set A
is divided into A;, = {fi,i =1,...,m} with all 7 oriented arcs connecting two internal
nodes and a set A,, = {I;,i = 1,...,m} with all 7m oriented arcs incoming or outgoing
from the external points, naturally, A = A;, U A.., m = m +m. In addition, a vertex set
N = N, UN,, is divided into the external point set N, = {N;,j = 1,...,7} and the
internal point set N, = {N,,p = 1,...,7}. Moreover, for each (internal or external) node
N we shall denote by Iy and Oy the sets of the arcs incoming or outing from the node
N, respectively. For every (internal or external) node N we shall also My = Iy U Oy.

Every arc I; is considered as a one dimensional interval [0, L;], L; is the abscissa of the
node N if I; € Iy (i € Iy) whereas, it is 0 if [; € On(i € Oy). On the other hand, in this
paper of section 4 and 5, we mainly consider the acyclic graph G(N,.A) which does not
contain cycles. More specifically, for each couple of vertices, there exists a unique path
with no repeated arcs connecting them. On this basis, we define the Banach space and
the Hilbert space on the orient graph,

LP(A) ={f: fie LP(L;)}, for 1 <p < oo; H(A)={f: fie H(;)}, fors=1,2

with norm

1Ay = D Lfilles 1 lleo = D W illoo (1 F ascay = D Il

1EM ieEM ieEM

and let X = (L*(A))?, Y = (H*(A))? endowed with the inner products

(V) =% [+, @ = o), v =00

iem Vi

HS(Ii)7

and
<U, V> = E / ((ujv:r +u; vy ) + (uf vl + umvm)>, (U, V eY).
Y 1;

iem i
For the sake of brevity, we shall also use the following notations

Mi(¢i>¢ixvu;_7ui_) = :u;t(gblvgbwauj_vuz_)?

3



pH(0, bt uT) = { i (0, Gayu™ U7}y
and
h(¢z) = hi(¢z’)a h<¢) = {h(¢‘)}ieM ’
Biluf uy) = Bluf,u;), Blu” {B Ui Uy }zeM’

for all ¢, ¢, u* : A — R and for every i € M. For more detail information on notations,
notions, and conventions, we refer the reader to [14, 13].

Based on the above basic theory, we introduce the following the boundary conditions
and the transmission condition of system (1.4)

(I) for every external node N € N,

u; (Liyt) = uf (Liyt), i € In, ul(0,t) =u; (0,t), i € Oy, (1.5)
and
(IT) for every internal node N € N,

up (Lo t) = Y seq, &t (L t) + Y0, &ty (0,1), i i € Iy,

(1.7)
u?_(()?t) = ZjeIN &ju;—( Js )Jf_ ZjeON &juj (O,t), if ©€ O,

where the constant §;; € [0,1] are the transmission coefficients, they represent the proba-
bility that a cell at a node decide to move from the ith to the jth arc of the network, also
including the turnabout on same arc. Using transmission condition (1.7) and Proposition
2.1 in [4], then &; satisfies

Z )\1613 = >\j; Z fij = 1, for every ] S MN. (18)
1IEMpN 1EMN

Specially, the transmission condition implies the continuity of the fluxes at node, meaning
that we cannot loose nor gain any cells, which yields

> Ni(uf (Lit) = ug (L) = Y A —u;(0,1)) =0,
i€l i€0N

with correspond to the conservation of the total mass

;g;;ﬁ/ﬁ ( ) ;g;;u/p ( ub (@) + ug(x )) (1.9)

Now let us consider the transmission condition ¢. Also in this case, we only consider the
continuity of the flux at node N. Using the Kedem-Katchalsky permability conditions
[25], which has been first propose in case of fluxes at membranes.

(ITI) for every internal node N € N,

¢1x Ll7t Z alj (b] ¢1(Ll7t))
Tl (1.10)
+ Z aij(¢j(0;t) — ¢Z(L’L;t))7 if 7€ [N;
JEON



—i(0,8) = Y aij(¢(Ly, 1) — ¢i(0, 1))

JEIN

+ 3 @i(95(0,) — 6:(0,1)), if i€ Oy,

JjEON

(1.11)

where «;; > 0 and the condition o;; = ay; for every 7,5 € M yields the conservation of
the fluxes at node N, that is to say

Z Gie(Liy t) — Z ¢ix(0,) = 0.

i€IN 1€On

Besides, the system (1.4) satisfies the initial condition
(ug,ug) € (H(A))?, ¢o € H*(A) satisfy (1.5) — (1.11). (1.12)

Finally, in order to obtain the global existence and the asymptotic behaviour of solu-
tions to (1.4) — (1.12), we introduce some reasonable basic assumptions, pi : R* — R,
B;i:R? - R and h; : R2 - R, i € M are summarized below:

(Hy) p; € C2(RY) and 1 (i, i, 0,0) = 0 for all (¢, ¢i,) € R? and i € M;

(Hy) B; € C*(R?*) N Lip(R?) and f3;(0,0) = 0 for all 1 € M;

(H3) for every i € M, h; € C*R) N Lip(R), h;(0) = 0 and there 7;1,m,2 € R,
0 < m;1 < m;2 such that

M1 < h;(S) <o forevery seR.

Let us observe that by the substitution u; = u} + u; and v; = uj — u;, then the
model (1.2) can be turn into a special case of the our chemotaxis model (1.4)(the model
(1.2) is obviously satisfied assumptions (H;) — (H3) of the function u*, h(¢), B(u™,u™)).
However, the methods in the literature [13, 17, 14] are not enough to solve this problems.
In order to deal with our problem, we need some innovation in methods and handling
skills in this paper. To go a step further, we emphasize that the methods of proof in this
paper, and consequently the results obtained, differ from those in [13, 17, 14}, particularly
due to the following facts:

(1)The structure of system (1.4) is different from [14], (hyperbolic-parabolic instead
of hyperbolic-elliptic).

(2) The transmission conditions for the hyperbolic part, which are different from those
in [13, 17], and strongly influence the problem.

(3) In particular, the approach in the proof of Proposition 4.2 pointed out in section
4 is deeply different from the one followed in [17]. In fact, in the case of acyclic net-
work, Guarguaglini et al proved the question of existence and uniqueness of stationary
solutions of problem (1.2) with fixed mass © = >"._,, |, 1, Wi(z)dz using the Banach Fixed
point Theorem in [17]. Obviously, the existence and uniqueness of stationary solutions of
problem (1.2) imply that v is constant on each arcs and has to be null on the external
edges. Moreover, for the case of acyclic graph, the flux v; = 0 for all z € [, i € M.
Hence, the first equation of stationary problem to the problem (1.2) is a variables sep-
arated ordinary differential equation, it’s easy to get uw;(z) = C; exp(%). In this case,
it is easy to verify that the function w;, ¢; satisfies the transmission condition and the
fix mass © = >\, . 1, Ci exp(%). Moreover, using the Banach fixed point theorem, it

show that the problem (1.2) has a unique stationary solution (C;exp(£:),0,¢:(z)), and
if ¥ = @, where @ is a positive constant, then the unique stationary solution to (1.2) is
the constant solution without any restrictions on the structure of the network, and also
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gets the same theoretical result on general network (in details, please refer to Theorem
3.1 and Proposition 3.1 of [17]). In addition, Theorem 4.2 of [17] is devote to study the
unique constant solution to problem (1.2) which are asymptotic profiles for a class of
global solutions. The theoretical results are very beautiful.

Because, for our model has strong nonlinearity and the transmission conditions for
the hyperbolic part, which are different from those in [13], it is very difficult to achieve
such a satisfactory result. In order to prove the existence and unique solution to the
stationary problem of problem (1.4) on the acyclic network by using the contraction
mapping principle and the Banach fixed point theorem (see Theorem 1.3). The key to
transform the first two equation of stationary problem into an integral operator. Moreover,
we show that the operator is contraction mapping, and also verify that the operator
satisfies the transmission condition in each interior vertices which is equivalent to solving
a system of equations consisting of the number of m equations. This is the difficulty
in dealing with this problem (see Proposition 4.2) comparing with the literature [17].
Besides, the stationary solution of our mold is a constant solution, which requires us to
have strict requirements on the function u*, S(u™,u~), h(¢). Hence, for general network,
we only give the decision condition that the unique stationary solution of problem (1.4)
is a constant solution(see Remark 1.1). Our results stated as follows:

Theorem 1.1. (Local existence) Let assumptions (Hy) — (H3) hold. Then, there exists
To > 0 such that problem (1.4) — (1.12) has unique local solution (u™,u™, ¢),

(ut,u™) € CH([0, Ty); X) N C([0,Tp); Y),
¢ € C([0, Tp); H*(A)) N CH([0, Ty]; L*(A)).
Moreover, ¢ € H* ([0, Tp); H(A)).

Theorem 1.2. (Global existence) Let assumptions (Hy) — (H3) hold. There exists a
positive constant €y such that, if

[lug s Mg |z, ol < e, (1.13)

then there exists a unique global solution (u™,u™, ) to problem (1.4) — (1.12),
(u*,u”) € C'([0,00); X) N C([0,00):Y), (1.14)
¢ € C([0,00); H*(A)) N C([0,00); L*(A)) N H' ([0, 00); H' (A)). (1.15)

Next, we restrict our attention to acyclic graphs, and approach the results of existence
of stationary solution of (1.4) — (1.12) with fixed mass

O = |[u" (@)l L2 () + [lu (@) L) (1.16)
in the content of the following theorem.

Theorem 1.3. Let G(N,A) be an acyclic graph and assumptions (Hy) — (Hs) hold,
there exists € > 0 such that, if 0 < © < e where © is fixed mass which defines in
(1.16), then problem (1.4)—(1.12) has a unique stationary solution (U (z), U~ (x), ¥(z)) €
(HY(A))? x H*(A) satisfying (1.16).



Remark 1.1: Theorem 1.3 ensures the existence and uniqueness stationary solution
to the problem (1.4). At this abasia, we discuss the unique stationary solution of the
problem (1.4) which is the constant solutions (U, U, ¥.). To do this, we need to add
conditions for the function pu*,

(H}) pF € C?(RY) and pi (¢, 0,u;,u; ) = 0 for all (¢, u;”,u;7) € R® and i € M.

P )

Notice that, if (¥, U}, U.) satisfies
p= (U, 0,UF, U7) =0 ,h(¥,) = B(US,US) and (1.16), (1.17)

then the unique stationary solution to the problem (1.4) is constant solutions (U}, U, ¥,)
without any restrictions on the structure of the network. Hence, on general network, we
also can obtain the same theoretical results.

Theorem 1.4. (Asymptotic behavior) Let G(N, A) be an acyclic graph and assump-
tions (Hy) — (Hs) hold, let (UT(x), U (z),V(x)) be a stationary solution to problem
(1.4) — (1.12). There exists €, €1 > 0 such that, if

WU ey + U [y, 1912 < €0 (1.18)
and
lug = UMy, llug = U llmay, lldo — Pl < e, (1.19)
then the problem (1.4) — (1.12) has a unique global solution (ut,u™, @),

(u*,u™) € C'([0,00); X) N C([0,0); V),
¢ € C([0,00); H*(A)) N C*([0,00); L*(A)) N H' ([0, 00); H'(A)).

Moreover

tin Jlf ()= U lleqy, Jim e ()= U lloay, lim (167 (5= Willowy = 0. (1.20)

t—+o0

The paper is organized as follows: In section 2, we establish the existence and unique-
ness of local solution result by the fixed point technique. The section 3 is devoted to the
consequent the proof of global existence of solutions of the problem (1.4) — (1.12) under
small (in a suitable norm) initial data. In section 4 and 5, for the case of acyclic graphs,
we prove that there exist a unique stationary solution of the problem (1.4) — (1.12) under
suitable condition and show that these ones are asymptotic profiles for a class of global
solutions.

2 Local existence

In this section, we prove the existence and uniqueness of the local solution of the system
(1.4) — (1.12). First, we consider the linear operator A; : D(A;) — L*(A),

D(A)) = {¢ € H*(A) : (1.6), (1.10) — (1.11) hold},

and the linear operator A, : D(Ay) — L*(A),

D(Ay) ={U = (u",u”) € (H'(A))*: (1.5), (1.7) — (1.8) hold},



AU = {—Aiuiz, )\iui_gc}iEM-

Next, we are going to prove the existence of unique local solution of (1.4) — (1.12) by the
fixed point technique, combining the local solutions of the two disjointed problems

¢ € C([0,T]; H*(A)) N CH([0, T]; L*(A)) N HY([0, TT]; H' (A)),
Qb,(t) = Ao+ g(t)a A x [07T]7 (2'1)
(1.6) and (1.10) — (1.11) hold for every ¢t € [0,T],

where g € C*([0,T]; L*(A)) N C([0,T], H'(A)) and

U= (u",u) € CY([0,T}; X) N C([0,T]; D(A2)),
U'(t)y=AU(t)+ F(t,U(t)), tel0,T], (2.2)
U(0) = (ug,ug ) € D(Ay),

where F(t,U(t)) € C'([0,T], X).

Before proving the existence of local solution to the problem (1.4) — (1.12), we shall
show the following lemmas.

Lemma 2.1 ([14]). Let ¢ € H?*(A) satisfy (1.6) and (1.10) — (1.11). Then, for every
nondecreasing Lipschitz continuous function F': R — R there holds

—Z/% ¢de>2/¢” V2F (1) da

ieEM ieEM

Lemma 2.2 ([14]). Let U = (u",u™) € Y satisfy (1.5) and (1.7) — (1.8). Then, for every
convez function G € C*(R) there holds

Ai [G(u;)].} > 0.
> /1{ }

Proposition 2.1. Let assumption (H3) holds and g € C([0,T]; H'(A))NC*([0,T], L*(A)),
there exist M, K > 0 such that , if M > supjo 7y ||g(t)[|m1a) and K > ||¢ol 24y + 4M,
then there ezists a unique solution to problem (2.1) with

sup o ()] 2 (a) < K. (2.3)
(0,77

Moreover, ¢ € H*([0,T], H*(A)) and
Zan+Z/H¢H%<K (2.4
ieM ieEM

Proof. Due to the fact that A; generates a contraction semigroup in X in [14], we
obtain

¢®=ﬂ@%+[ﬂwﬂM@w (2.5)

1w=4ﬂ@wwa (2.6)

Moreover, we set



since F(t) € C'([0,T); L*(A)), then we have

/ Ti(s)g'(t — s)ds + T1g(0). (2.7)

Moreover, F; € C([0,T]; D(A1)) and Ay Fi(t) = Fi(t) — g(t), hence, we obtain

He@Ipan < llollpean + [[F1(B)]lx + [[AF ()] x

t
< lolloiay + [ llollxds + IF D] + o0l 29
Now, using (2.5) we obtain
160 e < 16olloea + g llx + la(®)lx
" t(t;%,% IOl -+ s Hg(tmx), (29)

ie supyeo 1 ||¢]|m2 < K.
To prove the last claim, letting A*f = f(z,t + k) — f(z,t), employing the equation
(2.1), for all k € R with |k| < min{d,T — 7}, we have

/ ' / (A%itM@ — AR ARy 4+ AFR () Al gy + A%iAkgi) drdt = 0. (2.10)
1 I;

Moreover, using the Lemma 2.1 we conclude J; < 0, then there holds

Z {/Ii<Ak¢i)2dI + i1 /; /Ii(Akgzﬁmfdxdt}

iEM

< /5 t /1 AkgzsmA’“gbida:deng/l ( /Ii(Akgbi(é))deJr /5 t /[i(A"’gi)dedt) .
T

gcg(/ (A*¢,(0) dx+/ / (AFg,) d:vdt)

where C' > 0 is constant, we divide the equalities (2.11) by k%, and letting h,§ — 0, since
¢,9 € C([0,T]; L*(A)), then the inequality (2.11) implies that ¢ € H'([0,T]; H'(A))
and (2.4).

Next, we prove the well-posedness results of problem (2.2), the operator A, generates
a contraction semigroup in Y in [14, 6], then F(¢,U(t)) € C*([0,T]; X), the problem (2.2)
has a unique solution U

U(t) = Ta(t)Up + /t’E(t — $)F(s,U(s))ds, (2.12)

where T5(t) is the contraction semigroup generated by As.
Let X and Y be the Hilbert spaces defined in the first part of this paper. For T' > 0,
we set

Hy,r = C([0, T; H*(A)) N C([0, T]; L*(A)) 0 H'([0, T); H' (A))

and

X =CY[0,T],X), Y=0C(0,T,Y), Hyr=XNY,
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with the norm

|Ully = sup [[U@]ly, IU]lx = sup (IUH]x + U (@)]]x),

+€[0,T] t€(0,77]
Ut = sup (JU@]ly + [[U'(1)]Ix)-
te[0,7

We introduce the function F': [0,7] — X,

PLU®) = (W (0. L0t b 0,000 ),
Moreover, given K,Q > 0, for all f € Hyr with supgq|[f(t)||m2) < K, and Uy =

(uf uy), Uy = (u3,uy) € Hyr with |[U]|s, 0, [|U2]]m,, < @, then there exist positive
constants R(K), R(Q), such that

sup || f(£)||z(a), sup, e ()| oo ) < R(K), (2.13)
t€[0,T] te(0,T
sup [|ug (8)|1=a) < R(Q), sup ||uy (t)][z=a) < R(Q), (2.14)
te[0,7 te[0,7)

using the assumption (H;), then the following inequality holds

sup [|F(t, Us(1)) — F(t, Us(1))|[x < C1(K, Q) sup [|Ur = Us|x, (2.15)

te[0,T] t€[0,7]

where C (K, @) is positive constant depending on D,,, and

D, = max up (1wt + 191 ) - 216)
€M | [-R(K),R(K)]x[-R(Q),R(Q)]

Let A"f = f(t +h) — f(t), |h| < min{d, T — 7}, using (2.15) we obtain

/:_T % (AhF(t, Ui(1) = AP (2, UQ(tD)
<

/TT
19

Since F(t) € C'([0,T); X) and Uy, Uy € Hy 7, letting h, 0, 7 — 0 yields

sup [|[F'(t,Ur(t)) = F'(t, U2(1))||x < C2(K, Q) Sup 1UL1(t) = Ua (D)l (2:18)

te[0,7

dt
X (2.17)

dt.
X

% (AhU1 () — AhUQ(t)>

where Cy(K, () is positive constant depending on D, K, Q.

Proposition 2.2. If assumption (Hy) holds. Then for every Uy = (ug ,uy ) € D(Ay) and
for every T >0, f € Hyr, v € Hyp, there exists a unique solution U to problem (2.2),
where F(t) is given in (2.12). Moreover, Q1 > 2||Us||p(a,) + || F(0)||x and Q, K > 0 there
exists T' > 0 such that

1
1Ullx < @1 and |[Ully < (1+ )@ for all Ty € [0,T), (2.19)
wherever supepo.ry || f (0|24 < K, [[0]lnyr < Q@ and A = mingep A

10



Proof. Let @, K > 0 be fixed arbitrarily and sup,e(o 7y |[f (0| m2(1) < K, [J0[|m,,» < @,
using (2.15) and (2.18) with Uy (t) = v(t), F(Us(t)) = 0, we derive

sup [[F(t)][x < Ci(K,Q) sup [[v(®)]|x, sup [[F"(t)][x < Co(K, Q)IV][my, (220)
te[0,To) te[0,To) te(0,To]

with C1 (K, Q), C2(K, Q) are positive constants. Thanks to (2.12), we see that
t
U@ x < [T2(6)Uol| +/ I T2(t = s)F(s)]|xds. (2.21)
0

Since T3(t) is contraction semigroup, then ||72(¢)|| < 1, thus for all ¢ € [0, Tp], we obtain

|wumxswmu+lnwumﬂk

(2.22)
< [I0ol[x +tC1(K, Q) sup [|v]|x.
te[0,To)
Moreover, we have
t
Fo(t) = / To(t — s)F(s)ds. (2.23)
0
The regularity of F' implies F, € C'([0,Tp]; X) N C([0, Tp); D(As)),
AyFy = Fo(t) — F(t) (2.24)
and .
Fy(t) = / T(t — s)F'(s)ds + T2(t)F(0). (2.25)
0
Then, using Lemma 2.1 and (2.24), for all ¢ € [0, T,] we have
t
U ()] x < [[A2Uol|x +/ (F(s)lxds + || F(0)]|x
0 (2.26)
< [|A2Uol|x + tCL(K, Q)[v] |y 0, + [[F(0)]]x-
Combining (2.22) and (2.26), by choosing Tj is small enough, we get
sup ([[U()[]x + [[U'(1)]]x) < Q1 (2.27)
te[0,T
By direct calculations, for every t € [0, Ty], there holds
14U ()] x < [|A2T2(8)Uol|x + [|A2Fa(t)]]x
t
< 4illx + [ I1F)lxds + [F(0) - BEEO)x
0
(2.28)

SH@%M+AHF®WHWH®—B®NWM

+[F(@) — FO)l]x
< [[A2Uol[x + 2tCo(K, Q)| [v][iy 7, + [[F(0)]]x-

Taking Tj sufficiently small and setting A = min;epq A;. Combining (2.21) and (2.28) give
(2.19).
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Proof of Theorem 1.1.(i)(Uniqueness) Suppose that (U, ¢) and (U, ¢E) are two
solutions to problem (1.4) — (1.12) in [0,7] with the same initial date Uy = (ug,uy) €

D(As), such that
sup [[u(t)]|p=ay,  sup [[a*(t)][z=a) < R
te[0,T] t€[0,T]

sup [[¢(t)|[L=a),  sup [[@(E)[zoecay;  sup [[@a(t)|[Loeay, sup [|¢o(t)|[Lea) < R,
t€[0,T] te[0,T] te[0,T] t€[0,T
then, arguing as in Lemma 2.2, we obtain

(Ay(U(s) = U(s)),U(s) — U(s))x < 0,for all s € [0,T], (2.29)

where U = (ut,u™), U = (a*,07). A
In view of the above inequality, multiplying the first two equations in (1.4) by U — U
and then integrating in [0, 7], we show

u* () = @ (8) By + lu™(6) = & (8) By
<C(R) / (r|¢<s> — By + Nl () = " () By (2,30

() - a—<s>||zzw)ds

for some C1(R) > 0 only depending on ), ,, <max[_R,R]4 V| + maxq_p g [V |
Moreover, from (2.1) it follows that for every ¢ € [0,7] and i € M there holds
(6:(t) = i) =(6i(t) — Gs(1))a — (h(5) — h(1))

2.31
+ (B(UT(t),UZ(t)) - ﬁ(ﬁ?(t),ﬁ{(t))) 230

Multiplying the above equation by ¢; — (;BZ and then integrating in [0, 7], we obtain

ot - e+ [ (r|¢<t> BN+ lu(t) @(th)
< Cy(R) (I (t) — i (1) oy + Il (8) — 07 (1) o).

for some Cy(R) > 0 independent on ¢. Then the uniqueness results follow from (2.30) and
(2.32) by the Gronwall Lemma.

(ii) (Existence) Now we are going to prove existence results. Let Uy = (uf,uy) €
D(A3) and ¢ be the solution to problem (2.1) with g(t) = B(uj, u;) and let Q; be a
quantity such that

(2.32)

Q1 > [|Uolp(az) + (o, Gow ug , ug )||x- (2.33)
Moreover, let T' > 0 to be chosen below and let R(Q);) be a quantity such that

1
sup ||U||(zee(ay2 < R(Q1), forall U € Hyp such that ||Ully < (1+ )\)Q . (2.34)
[0,7]

By arguing as in Proposition 2.1, we know that there exists a constant K > 0 such that

sup [|¢(t)|[m2a) < K (2.35)
te[0,7
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and

S ligat m+ZJWw ()] 2dt < K. (2.36)

ieM ieEM

whenever ¢ € Hy 7 is the solution of problem (2.1) with g; = Bi(ut(¢),u"(¢)) and U =
(ut,u™) € X satistying ||U||x < Q1. Moreover, let R(K) be a quantity such that

Sup [0 (1)|| o) < R(K), sup [[o(t)|[ =) < R(K)
[0,7] [0,7]

for all ¢ € Hy 7 such that |[¢[|m, , < K. Now, we consider

¢(0)) = (Uo, ¢0),
)Q1,

(U, ¢) € Hyr x Hyr, (U(0
Ullx < @1, |[U]ly < (1+

T
sup {16/ 24y, Y (H¢it(t>”§+/o H%(f)]@dt) < K.

\ t€[0.T] ieEM

),
1
BQ1K = A

We equip Bg, x with the distance generated by the norms of Hyr and Hy 7 and define
a map G on Bg, ik in the following way: (V,¢) = (v,v™,¢) € Bg, k, then (U,¢) =
G(V, 1), such that ¢ is the solution to problem (2.1) where g; = B;(u;",u; ) and U is the
solution to problem (2.2) where F(t,U(t)) = {u (¢, do,u™, u™), i (¢, ot u*,u*)}ieM.
Proposition 2.1 and Proposition 2. 2 ensure that the map is well defined on By,
Moreover, we are going to prove that the operator GG is contraction mapping. In view of
(2.12),2.15) and (2.18), for t € [0, Tp], there holds

HW@—WWMS/HEWﬂmW@—F@H

(2.37)
<T001(K Ql)supHV VHX,
(0,7]
A t A
U'(t) = U'()]]x < / | Ta(t = s)I[|1F7(s) — F'(s)||ds
0 . (2.38)
< ToCo(K, Q1) sup ||V = V|ay
[O,T()}
and
14U (8) — AU (1) [x < [[U(1) = U@)lIx + |[F'(8) = F'(1)]|x
< TyCs(K, Q1) sup [|V = Vlay (2:39)
[0,70)]
where O (K, Q1), Co(K, Qy) are suitable positive constants depending on K, Q.
Next, by discussing about the previous estimates for ¢, we have
") — G O|lr2a = : — B'(a; (t),a 2
19/6) = Ol = 18/ () = B0 (0,7 0 o o)

S DU = U3 + DSV’ (1) — ( )%
and

sup ||¢(t) — (1) w24y < DiTo(sup [|U () = U(t)[|y + sup 1U'(6) = U'(D)]1x),  (2.41)

[0,To] [0,To]
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where D?l and ﬁ?l are suitable positive constant depending on ()1, D; only depends

Dy =2 icp [Vl r2)-
From (2.41) and the above discussion, we obtain

Lsup 16(6) — F )12 + / 1dar(t) — Gurlt) Bt

2 [0,T0o]

< DQTO( sup |[U(t) — U (1) + sup ||U7(t) U’<t>rr§<),

[0,To] [0,T0]

(2.42)

10— Ullityz, < ToCalE, QUIV — Vst

for a suitable constant Cy(K, Q) independent of Tp. If Ty is suitable small, then the
operator G is a contraction mapping on By, k, then the unique fixed point (U, ¢) € Bg, k
is the solution to the problem (1.4) — (1.12).

3 Global existence

In this section, we mainly prove the existence of the global solution to the problem (1.4) —
(1.12). The local solution to problem (1.4) — (1.12) is given by Theorem 1.1,
(u,u”) € CY([0, T X) N C([0. T]:Y),

o € C([0,T); H2(A)) N C1([0, T): L2(A)) n H([0, T H'(A)), (3.

which can be extended to time interval [0, +00) by the Continuation Principle [27]. First
we introduce the functional

N2, u™,0)

_;(supnu s+ sup o ()1 -+ supller 0] )

+ZM/ (I O + 1 O + @B+ lgoR) 2
23 [ (ittte + 16ttt

If we prove that the functional satisfies the following inequality
N2 (u*,ut, ¢) < CiNZ (u*, ut, ¢) + CoNi(ut,u™, ¢), (3.3)

then according to Nishida’s Lemma in [27], this fact proves Theorem 1.2. Hence, in order
to get (3.3), we need some prior estimates.

Proposition 3.1. Let assumption (Hy) holds and (ut,ut, ¢) be a local solution (3.1) to
problem (1.4) — (1.12). Then

3 (supnur(tm% +sup||u;*<t>||3)
[0,1]

’ieM [OvT]

T
<Gy {I!%H%H\%H%/O (115 + [y [3)dt (3.4)

1eEM

aup (s @l + 1 @l ) | ' (o + ||%<t>||§)dt} ,
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for a suitable positive constant C1.

Proof. Multiplying the first equation and the second equation in (1.4) by u;
respectively, and summing up I;, i € M; after by (H;) we have estimated

T
%Z/o /I% (ufh) }dxdt—i—Z/ /{/\sz u; U, Z}dmdt
iEM @

J/

177,7

g

J1
—162/\4/ / {'u ¢Z7¢Zz7uz7 ) )U +:u (qbwgbzz,ul, z }dlEdt

dxdt,

{(#i + i) (u +uy) +2(uf)? 4 2(u; )}

S;M/o /

<Y {sup (1t Ol + 11 @l ) [ (s + oo )

ieM

n / (et 112 + Hu{H%)dt},

where D, is the coefficient in (2.16). Due to Lemma 2.2, it implies that J; > 0. By above
discussion, we obtain (3.4). This completes the proof.

Proposition 3.2. Let assumption (Hy) holds and (ut,u™t, ¢) be a local solution (3.1) to
problem (1.4) — (1.12). Then

Zsup(nun IR + e 0

ieEM 0,1

<Co ) {Iluipllin + lillzr + |l (3.6)
ieM

+f [<\|u;<t>r|§+ ||uit<t>r|§>+<||¢it<t>|r§+H%(tm%)] dt},

for a suitable positive constant Cs.

Proof. Let AMuf = uf(z,t +h) —uf(x,t), i € M, we have

Ahu; + )\Z-Ahu;; Ahu+ (qbz,gbm,ul ,U; )Ahu*,

)

(3.7)
Ahui’t — AiAhui; Ahy = Ah,ul (G4, Piwy ui, u; )Ahu;.

Summing the above two equations and integrating over I; x (9, 7), for 0 <7 < T, |h| <
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min{d, 7" — 7}; after using Lemma 2.2 yields

O e ) e

ieM
J2
-3 / / (AP (65, G U7 YAMUF + AM (61, i uid 07 ) A} v
1eM
< Z / / {‘ (AMp + Al ) (At + Ahu;)‘ + 2(AMu)? + Q(Ahu[)Q} dxdt.
ieM

(3.8)

Now we divide the inequality (3.8) by h?, and letting h and § go to zero, we obtain the
claim.

Proposition 3.3. Let assumption (Hy) holds and (ut,ut, ¢) be a local solution (3.1) to
problem (1.4) — (1.12). Then

> [ (o + g

ieEM

< { [ (OB + Il + 1 Ol + e Ol Jar 69

ieM

N / ' (Haﬁm(t)ng T ||¢i<t>\|3)dt}>

for a suitable positive constant Cs.

Proof. Multiplying the first and the second equation in (1.4) by u;
and summing up i € M; after using assumption (H;) we obtain

;// <uu —i—uu)dmdt

—Z//< ¢¢mz?z)u1x+u(¢¢w,l,z);ﬁ)d:pdt

-, respectively,

1) Z$’

1EM
<Z// ( -)(uw+u;)+\uu|+|uu|+|u+u]—Huuodxdt
iEM
<Y {/ (1 O + IO + 1+ )
ieM

+/OT (H%(t)ug + H@-(t)!\%) dt}’

where D, is the coefficients in (2.16), we obtain the claim.

(3.10)

Proposition 3.4. Let assumption (Hy) holds and (ut,u™, ¢) be a local solution (3.1) to
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problem (1.4) — (1.12). Then

> sup (Huw IR + luz(0)13)

16./\/1

<y su (IO + [z Ol + 1 @l + e Ol) 3

1eM [OvT}

# ¢ (w0l + IR )
ZEM Tl
for a suitable positive constant Cy.
Proof. Multiplying the first and the second equation in (1.4) by u;, u;, , respectively,

and summing up ¢ € M. Moreover, using the Cauchy-Schwarz inequality, we obtain the
claim.

Proposition 3.5. Let assumptions (Hz),(Hs) hold and (u™,u™,¢) be a local solution
(3.1) to problem (1.4) — (1.12). Then

> sup 6l O+ [ Qo0+ o 0B

ieM [0.T ieM

T
< Cs(z [1biol 72 + 1wl [ + [zl [ +/O (w15 + Hui’t(t)H%)dt),

iEM

(3.12)

for a suitable positive constant Cs.

Proof. Using the same notation as in the proof of Proposition 3.2, by the third
equation in (1.4) and assumptions (Hs), (H3), we get

Z/ / (A"9); (BN gt

1eEM

<> / / (AP i) A" psddt

1eEM (313)

_Z/ /nu (A" 2dxdt+2/ /D (A" + Atuy )| A" sl dadt,

1eM
where Dg = maxiem(||VBi|| 1o (r2))-
Using Lemma 2.1, we see that

> / / Ah¢tdxdt+z / / (A" )2 dadt

ieEM ieM (314)
<Z/ /{D (AP + AT ARG | — i (Ah6,)?) dadt.
iEM

Moreover, we divide the inequality (3.14) by h%, by the Cauchy-Schwarz inequality and
letting h,d — 0, there holds

Sl + 3 [ (outos + [ouwto))a

ieEM 1EM

<o} {H@t(O)H% +/Ot (Hu;(t)H% + Huit(tW%)},

ieEM

(3.15)
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which implies (3.12). This completes the proof of Proposition 3.5.

Proposition 3.6. Let assumptions (Hs),(Hs) hold and (u™,ut, @) be a local solution
(3.1) to problem (1.4) — (1.12). Then

ZSHI? (H%m( )2+t >H2) < Cs Zsu% (H%( I+ (¢ )”2+’|ui(t)‘|2>7 (3.16)

zEM ’LGM

for a suitable positive constant Cg.

Proof. Multiplying the third equation in (1.4) by ¢;.., and summing i € M; after,
by Lemma 2.2 and assumptions (Hj), (Hs) we show that

3 / Bitieadls

ieEM

—Z/Bu u; gbmda:JrZ/ Pizz) d:c—Z/ i) bizadr (3.17)
<Z/Dﬁ (uf | + |u; ) |<;5m|dx+2/ml Gix) dx+Z/ Dize)d,

iEM 1EM ieEM

where Dg = maxe m(||VBi|| oo (r2))-
From (3.17) it follows that

5= sl 11 + 1 01

ZEM

<@Zm&MMBm<MHmw@

ZEM
we obtain the estimate (3.16).

Proposition 3.7. Let assumptions (Hz),(Hs) hold and (u™,u™, @) be a local solution
(3.1) to problem (1.4) — (1.12). Then

5 [ (16wl + st )a

ieEM

<a2/0wwmﬂmmmﬂmm@

1EM

(3.18)

(3.19)

for a suitable positive constant C7.

Proof. Multiplying the third equation in (1.4) by ¢z, and summing i € M, we

obtain
Z / / ¢zt¢zzz d!Edt

ieM

—23//)w 7 Ve — ()G + (B} dudh

: / / ( (ut,u; %) dxdt—z / / i) Gizedrdt (8:20)
—Z//I <;Smdxdt+ //Im )2dadt.
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Dealing with J4 by (1.7) and (1.6), we find

J4_Z/ /{5 ul up )i b, dwdt
—Z/ {B(u (L, t), uy (Liy 1) din(Liy t) — Bluf (0,8), 17 (0,4))¢1(0,1) } dt

iEM
=5 [ oa{ (et o ioutn}
e (3.21)
3 [ o (1t 00+ w0 o001}
1EM
< Z/ (HU HLOO(I + Hu ( )||L°° I))||¢m¢”L°°(I
ieEM
<3 [ ol e+ o s + ol ),
ieM
where Dg = maxe m(||VBi|| oo (r2))-
Hence, combining (3.20), (3.21) and using Lemma 2.1 entails that
S [ (I6ulol + ool )
e (3.22)
<< 3 [ (It Ol + @1+ lou13),
ieM

we obtain the claim.

Proof of Theorem 1.2. Collecting all the energy estimates of Proposition 3.1-
Proposition 3.7, we obtain the inequality (3.3) holding for the functional Ny introduced
at the beginning of the section. Applying Lemma 4.4.1 in [16] and [27], then we can
conclude that for suitably small Ny, Ny remains bounded for all 7" > 0; this fact proves
Theorem 1.2.

4 Stationary solution on acyclic network

In this section, we restrict our attention to acyclic graphs and research the question of
the existence and uniqueness of stationary solutions to problem (1.4) — (1.12), with fixed
mass (1.16). Let v; = \;(u] — u; ), then the flux conservation at node N,

D o(Lit) = > v(0,t) =0, (4.1)

i€ln 1€0ON

and the existence and uniqueness of stationary solutions of problem (1.4) — (1.12) imply
that v is constant on each arcs and has to be null on the external edges. Moreover, for
the case of the acyclic graph, the above equality reduces to

vi(x) =0, x €I, i e M. (4.2)
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Next, we consider the stationary problem to problem (1.4) — (1.12)
Nud, = il (¢iy i v uy),  x € Lyi € M,
—Gize + M(Ps) = By uy), x€I,ieM,

with the boundary conditions and the transmission conditions:
(I) for every external node N € N,

Gir(Li) =0, if i € Iy; ¢(0) =0, if i €Oy

and
u; (Ly) = uf (Ly), if i€ Iy, u(0)=u;(0), if i € Oy;

(IT) for every internal node N € N;,
u (Li) = Y sery &iud (L) + Y je0y Sty (0), if i € Iy,
u:r(()) = ZjEIN fzguj(LJ) + ZjEON fzju;(()), if 7€ ON,

where ;; are the coeflicients in (1.8);
(IIT) for every internal node N € N,

Gia(Li) =Y ij(95(L;) — ¢i( L))

jelN
+ 3 ai(¢;(0) = ¢ilLy), if i € Iy,
j€ON
—0(0) = > ai(d5(Ly) — ¢:(0))
JEIN
+ Z a;j(¢;(0) — ¢:(0), if 7 € Oy,
JjEON

(4.3)

(4.6)

(4.7)

(4.8)

where a;; > 0 and «;; = «j; for every 7,j € M. Then again, by the definition of v; and

(4.2), we obtain

pH (i), Gia(), uf (2), v () = =1 (¢i(2), fia (), v (2), 7 (x))

and
ZjeIN 51’3'“;([/3‘) + ZjeON fijuj_(o) —uf (L;) =0, if i€ Iy,
> jely &ijuy (L) + > jeon Sigt; (0) —u; (0) =0, if i€ O.
Moreover, by (4.6), (4.10) and (1.8), which imply that
uf (Li) + vy (L) = u; (0) +u; (0), i € I, j € Op.

Now, we consider the linear operator £ : D(L£) — L?*(A),

D(L) ={U = (u] (v),u; (z)) € (H'(A))*: (4.5), (4.6) hold},

3 »
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LU = {\uf, —Niug, biem.

In order to obtain the existence of solutions to problem (4.3) by the fixed point technique,
combining the solutions of two disjoint problems

LU(z) = Fi(z,U(x)), x€l;ieM,

(4.12)
(4.5) and (4.6) hold for every z € I,
where F(z) € (H'(A))?, and
— iz + I(di) = gi(x), € ;i e M,
b+ 1(6) = i(0), € Iy i

(4.4) and (4.7) — (4.8) hold.

where g(z) € L*(A).

Proposition 4.1. Let G be an acyclic graph and assumption (Hs) holds, let g(x) € L*(A)
there exists a unique solution ¢ € H?*(A) which solves problem (4.13). Moreover, there
exists a constant Dy > 0 such that

¢l < Dallg()]] L2 (4.14)

Proof. Notice that, the existence and uniqueness of the solution ¢ € H?(A) to the
problem (4.13) (for a general g(z) € L*(A) and a general network ) is showed by the
Lax-Milgram theorem in [14].

Finally, we only need to prove last claim. Multiplying the equation in (4.13) by ¢;
and applying Lemma 2.1, we obtain

Z/I {08 +madi} de <Y llgillzalléll2a. (4.15)

iEMY iEM
whence
> [ o+ 6% < Cullg@lazcalollmen, (4.16)
iem VL
ie
D ay < Collg(2)|]r2(a), (4.17)

where C', Cy are positive constants.
Using (4.13), for every ¢ € M, there also holds

[Biaa)® < 2[R(9))* + 2[g:]* < Cslg()]|2()- (4.18)
Hence there exists Cy > 0 such
| @azllz2a) < Cullg(x)|r2a)- (4.19)

This completes the proof of Proposition 4.1.
Next, we prove the well-posedness results of problem (4.12). To do this, we define the
following the Banach space and the operator T

My = {U = (u*,u”) € (H'(A))* with ||U]| 1 (a2 < M}
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and
(TU)(x) = Uy +/ F(z,U(x))dz, (4.20)
A

where F(l’, U(l‘)) = (M+(f7 fz,u+,u_),u_(f, f:vau+7u_)>

Moreover, given K, M > 0, for f € H*(A) with || f||g24) < K and Vi = (v, 07), Vo =
(v3,vy) € (H'(A))? with

[Villcanzs Vel ay,): < M.

using assumption (Hy), we know that the Lipschitz continuity of F' € (H'(.A))?, then there

exists a positive constant C(K, M) depending also on K, M, and C(K, M) non-decreasing
with K, M such that

[ Fy (2, Vi) — Fi(z, Va(@)|| a2 < CU M)|Vi() = Va(@) ] arayz- (4.21)

Proposition 4.2. Let G be a acyclic graph and assumption (H,), for f € H?*(A), there
exists K > 0 such that, if || f||m2(a) < K, then there exists a unique solution U to problem
(4.12) and

U1l a2 < Me, (4.22)

where Mg is constant depending on © and © gives in (1.16).
Proof. Firstly, we prove the existence a unique solution to problem (4.12). This is
divided into two steps.

Step 1. We show that operator 7" maps M, into M. By (4.20) and (4.21), there
holds

(TU)(x) = Uol|(ar (a2

(4.23)
Thus, the operator T is continuous for any = € [, i € M.
Moreover, for x € I;, U(x),V(x) € My, we have
I TU =TV |1y

< Co(K, M)||U () — V()] (r1 ay)2-

Letting Cy (K, M), Co(K, M) < %, then the nonlinear operator 7" is a strict contraction in
M. We conclude that there exists a unique U(z) € M, such that TU(z) = U(z).

Step 2. We need to verify the operator T satisfying the transmission condition (4.6)
and the boundary condition (4.5), for every I, = [0, L;] € A, i € M,

uly = s (fi(@), fia() (@), w7 (), (4.25)

and

uyy = = soti (fil@), fial@) 20 (2), 7 (), (4.26)
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Moreover, we obtain

U+( = qu _/ f27f1x7u2 , Uy ) (427)

and

ui ( - qu - _/ fz;fz:ruuz y Uy ) (428)

To this purpose, fix any edge I; = [0, L;] connecting two (internal or external)nodes N;
and N,, we obtain
Ii € ON17 and IZ € INZ' (429)

We distinguish three cases:
case(i) Np, Ny € N, are internal vertices of the graph. Since i € Oy,, we impose that

= > &y (0)+ ) é}]( - 1]/1 (s fiouf j)d:c) (4.30)

JEONI JEINI N J /

uf (Ly)

Rewriting the equation (4.30), we get
- Z gij Z Ezg zzn’ (2 € ON1>N1 € Mn)a (431)

JEON, JE€IN,

where B:rzn:ZJEINl Aj 51] f] f]7f]$7 30 ])dll?
Similarity, we obtain

(uz(o) - )%[ (fzafzm,uz , Uy )diC)

u;TL»
1 (4.32)
= Z fij Z fz] ( i / (f]af]xa ]7 J)dl')
J€EON, J€lny, ] I; 5
uf (Lj)
consequently
= Y Gui(0) = Y &iuf(0) = By, (i € In,, Na € Nyp), (4.33)
JEON, JEIN,
where
_ 1
Bi,m = Z )\_fzj/ (f]afm> Uy, ] dx+ _/ f“fm’uz » Ui )d:L". (4'34)
j€In, Y
Case(il) Let Ny € Ny, I; € Iy,, by the boundary condition (4.5), we have
1
(1w )+ 5 [ 0 fort i)
i J1,
] s () (4.35)
= (U;(O) - )\_/ (fzvfz:m U; ,U; )de) .
1 JI;
UZ‘(rLi)
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Moreover, we get
u; (0) — i (0) = B

i,ex)

(4.36)
using (4.9) yields B;,, = 0.

1,eT

Case(iii) Let N; € /\/'ex, I; € Oy, by the boundary condition, we get
u+(0) = UZ_(()), [Nl € ONl' (437)

Moreover, by u; (L;) — u; (L;) 0) —u; (0),i € Iy, j € Oy and (4.11), we obtain

Il
£
ot

u; (Li) + u; (Li) = u; (0) +u) (0), i € Iy, j € On, (4.38)
uf (Li) — u; (L) = u] (0) —uj (0), i € I, j € On.
Consequently,
1
)\—/ w5 (fis fiwsui uy )de = uf(0) —u(0), i € Iy, j € On (4.39)
v JI;
and )
X “(fi, fiwsui u u; )de = uy; (0) — uj_(O), 1€ In, 7€ O0y. (4.40)
7 [Z
Using (4.39) and (4.40), one has
B, = Z &ij (u:r(O) — uj(())), i € Opy. (4.41)

Hence, we see that
(1= (D &) (0)= D> ui(0) =0, (i €On, N1 €Npy). (4.42)
Je€ln, JEON,

Similarity, we have

zzn = Z 52]/ fz,fm,uj, j )d.ﬁlf

JEIN,
—/ (fis fiar iy )dx (4.43)
Z &ij (1}, (0) = u} (0)) 4+ u; (0) — uj,(0), 5 € On,.
JE€IN,

By (4.43), we write

(1= &u (00— > &uy (0) = () &ju (4.44)

J#jx€EO0N, JE€IN,

where i € In,, j« € On,, Na € Nip.
Therefore, we derive

(1= (XCjeny, &i))ui (0) — 2 jeon, Sigtty (0) =0, i € Ony, Ny € Nip,

(1= &)y (0) = 22 2j.con, Sisty (0) = (Xjery, Si)uy. (0) =0,

i €Iy, ,j« € On,, No € Nip, (4.45)
u; (0) —u;(0) =0, ifi€ Iy,, Ng € Ny,

u; (0) —uf(0) =0, ifi€ Oy, Ni € N,.

(
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The rest of the proof is devote to show that (4.45) is uniquely solvable. In the literature
[14] of Lemma 5.3, authors proved that the operator A, is m-dissipative operator, it

has involved the proof that the similarity equation system (4.45) has a unique solution.
Consequently, we omit this proof here.

Now, we only need to prove last claim. Multiplying the first and the second equation
in (4.12) by u;, u, respectively, and summing up [;, i € M, we have

3, (b s

— Z / ( fmfzac;uz, z) U;o (fz,fm,uz, U, )uz_x)daj

16./\/1

<— * 1x (2 d
< ey 2, (w1 \+\f|)!u da (440
D,
bty 2o (1 1 Ll 151
minge (A

ieM
2D _
< 2P S (Il 108 + (1 + D 1B)
i) 2

where D,, gives in (2.16).
In addition, by the first two equation (4.3) and assumption (H;), there holds

Z/ (u;;jtum)d:c
ieM

_Z/ <lu7, fzafwm U , z) Fi <f“f“"’ Ui s 1))dx

ieM

<Z/ mw (lu+|+lu |+|fz|+|fw|)dm

ieEM (447)
1

<—(2D,0 +2|A|D oo || Lo

< (200 + 2D (Ul + 1)
2D 2 A|D

< K S} k S@ 1 x||Le°

< 2D o D) iy + e )
2D,u 4|A|D#m&XZ’€M(S@1>K

< O
~ minge () * mine (As)

and

[ [l ay 4 [Ju™ [l

2D 4| A| D, max;ep (Si1) K
< (———E _+1)06 K : 4.48
- (minieM()\i) +1)6+ mine a(As) ’ ( )

< (050 + Cg,

2D,
min;e a(Ai)

Using (4.48), we obtain

where Cys =

_ AJA|Dy maxie m(Si1) K
+ 1 and Cﬁ - minge pm(As) '

3 / {0 + (a7 )2} dr < 21 Almax(5.2)](C50 + G (4.49)

ieEM
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Moreover,

S [, (s e

. K | A H[.maxieM( i) (C50 + Cy)?,
mlnzeM()\ ) mine g(Ai)
. 2DN 2 4|.A|Dy.[maxz M(Sl 2)]
where C7 = mimen (v )K and C - mmle/\j()\ )
and
wl ||y + ||
g [ ay + [ [ a) (4.51)

< 2/C7 + Cs(C50 + Cs)? = Mo.

Proof of Theorem 1.3. (i) (Uniqueness) It’s easy to prove a uniqueness results for
solution to the problem (4.3) — (4.8) by similar method of the proof of Theorem 1.1.
Hence, we omit the proof here.

(i) (Existence) By arguing as in Proposition 4.1 and 4.2, we known that exists Ky > 0,
such that

]| 2cay < Dil|Bu™, w™)]|r2a)
sma{mwmm+mwmm) (152)
< KgMp = Ko,

whenever ¢ € H?(A) is the solution of problem (4.13) with ¢;(u;f,u; ) and U = (u*,u™) €
(H'(A))? satisfying ||U|| 14y < Me and where Dg =Y. ||V 3i[|1(R?). Based on the
above discussion, we consider following the set

B _ | U@) = (u' (), u”(2)) € (H'(A)*, (x) € H*(A),
Hentte U]z ay2 < Me, ||0|| 24y < Ko,

equipped with the distance generated by the norms of (H'(A))?> and H%(A). We de-

fine a map G on By, i, as follow: (V(z),¢(z)) = (vF(z),v"(x),0(x)) € B ke

then (U,¢) = G(V,v) is such that U(x) is the solution to problem (4.13) where F' =

(ut (Y, g, v 07), 1w (U, 1,07, 07)) and @(x) is the solution to problem (4.12) where

9i = B(uj7 uz )
Proposition 4.1 and Proposition 4.2 ensure that the map G is well defined on By k-

Next, we are going to prove that G is contraction B, kg, then

(V(2),9(2)), (V(2),¥(x)) € Basg,ko,
(U(x), 6(x)) = G(V(2),¢(x)), (U(x),6(x)) = G(V(2),9(x)). (4.53)
By (4.21) and (4.14), we have

1) = T @l < 1F = Fln e o
S C(M@, K@)HV — VH(Hl(.A))Q

and
ll¢(z) — (@) < [1B(uf (), uf (2)) — BE; (x), 6@ (x)))||x
< Dg||U(x) — U(2)||x (4.55)
< C(Me, Ke)||V = V|| ay)2
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where C' (Mg, Kg) is positive constants depending on ©, and C (Mg, Kg) increases with
©. If C(Me, Ko) is suitable small, then the map G is a contraction mapping on By, ko,
then there exists unique fixed point (U(z), ¢(x)) € Barg ke Which is the solution to the
problem (4.3) — (4.8).

5 Asymptotic behaviour

In this section, in case of acyclic oriented graphs, we are going to show that the stationary
solution previous introduced, provide the asymptotic profiles for a class of solution to
problem (1.4) — (1.12).

If (u*,u™,¢) is the solution to problem (1.4) — (1.12) with initial data (u}, us, i)
and the (U*(z), U™ (z),¥(x)) is the stationary solution to the problem (1.4) — (1.12).
Then we set following the triple

(@ (z,t), 0 (2,0), §lx, 1)) = (u* (2,8) = UT (), u” (,0) = U~ (2), 6(z,1) = U(x)), (5.1)

which is the local solution of the following problem

(

T+ A, = 1 (6 + W, (6 + W), @ + U 0 + U7) = MU,
Uy — Nty = i (95 + Wi, (6 4+ )i, @ + UT a7 + U7 ) + U,
Git = Giza — WS+ U3) + B0 + U 67 + U ) + Vi,

i (z,0) =ty = v (2,0) = U (2), 4; (2,0) = Uy = uf (,0) = U; (),
$i(2,0) = ¢y = ¢y(x,0) — V;(2),
xel,t>0,1e M,

(5.2)

complemented with the condition (1.5) — (1.11) and (@, iy, ¢io) defined above.

The existence and uniqueness of local solution to problem (5.2) can be achieved by
means of semigroup theory, following the similar method used in the section 2, with a
little modifications.

Proposition 5.1. Let G(N, A) be an acyclic graph and assumptions (Hy) — (Hs) hold,
let (UM (x), U~ (x),¥(x)) be a stationary solution to problem (1.4) — (1.12) and (4™, a ", ¢)
be the local solution to (5.2),(1.5) — (1.11),

(@h a7) € C([0,T]; H'(A)) N CH([0, T]; L*(A)), (5-3)
¢ € C([0,T]; H*(A)) N C'([0,T]; L*(A)) N H'([0, T); H'(A)). (5.4)
There exists € > 0 such that, if ||{UT||gray + U™ || a1y, || V]| m20a) < €, then

(a)
sup ||u; %—i—su u; 3
E ( || (@) [O,ITH Il )

’ieM [OvT]

T
<Ci) {Hﬁ&l|§+ i I3 +/0 (@113 + lla; (@©)l[2)d (5.5)

1eM

aup (@l -+ 1 @l ) | ' (1601 + ||¢3m<t>||3)dt} ,
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»)
>~ s (015 + 17 01

16./\/1

<Co >~ {11Bulle + il + a5 (5.6)
1eEM

T / [(Huzt( W2+ a1 + (1603 + ||¢,~mt<t>||3>} dt},

S (g o))

< Cs [ (0115 + [l Oz + 1|5 O + lla; Ol )t (5.7)
S )

+/OT[(||¢W<>||2+||¢z<>||2)} ).

Zsup(uum I+l 0)12)

16./\/1

<Y {sup (M(t)H% aa@IR + 1l 6] + |\ai<t>||%p>
iem \[0T]

s (||¢m< W3+ ||ész»<t>\|3) } |

(c)

(d)

(5.8)

(e)
g\:/t[supHﬁbzt ||2+Z/ (||¢>zt ||2+||gbm()||2)dt

ieM

(5.9)
<Cs > (H@on + [ [+ [luiol 7 +/ (g )15 + Hﬂﬁ(t)Hg)dt),
ieM
(f)

5= sup (110 + 1012

16./\/1

(5.10)
<CoY sy (10018 + 01 + 1 1R )

ieM

(9)
2 / (H% I3+ NG >r|2)dt

ieM

(5.11)
<c72/ <H O3+ i <>||%,1+r|<5it<t>u3)dt,

ieEM

where él,ég, 03,6’4, 05,6’6, C’7 are positive constants
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Proposition 5.2. Let G(N,A) be an acyclic graph and assumptions (Hy) — (Hs) hold,
let (UM (x), U™ (x),¥(x)) be a stationary solution to problem (1.4) — (1.12). There exist
positive constants €y, €1 such that, if

WU ey + 11U s 1920y < €0, g ey, g |y, (1@l < e, (5.12)
then there exists a unique global solution (4,7, $) to problem (5.2),(1.5) — (1.11),

(@*,a7) € C([0,00); H'(A)) N C([0, 00); L*(A)), (5.13)

¢ € C([0,00); H*(A)) N C*([0,00); L*(A)) N H' ([0, 00); H' (A)). (5.14)

Moreover, Np(at, @™, ¢) is bounded, uniformly in T.
Proof. This proof is similar with Theorem 1.2. Hence, we omit the proof here.

Proof of Theorem 1.4. Combining Proposition 5.1 and Proposition 5.2, we easily
prove Theorem 1.4. This proof is similar with [17] of Theorem 4.2, we omit the proof
here.
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