1

RD-SYSTEMS WITH CHEMOTAXIS: GLOBAL EXISTENCE, BOUNDEDNESS
AND BLOW-UP OF SOLUTIONS

XU XUE, SEN-ZHONG HUANG

ABSTRACT. We study the finite time blow-up of solutions to general RD-systems with chemotaxis for
multi-species. Our result shows that the blow-up is equivalent to the blow-up of the L™ —norms of the
solutions for r exceeding some critical value r.. Under very loose conditions we give the estimation of
T, relying on a variant of Gagliardo-Nirenberg inequality, and a kind of bootstrap method which is very
similar to the Alikakos-Moser iteration procedure.

1. THE CHEMOTAXIS RD-MODEL AND RESULTS

Our model has the form:

Ut:DlAU—Fg(U,V), re, t>0,
" Vi = DoAV + h(U,V) — CT(U, V'), e, t>0,
%:0:%7 re o, t>0,

U(z,0) =Uy(z) >0, V(z,0) =Vo(z) >0, ze€Q,

where U = (uq,...,un) (resp.,, V = (v1,v9,...,0,)) are the population densities of m prey (resp., n
predator) species; € is a bounded domain in R (N > 1) with a smooth boundary d€; n is the unit outer
normal, and no flux boundary condition (homogeneous Neumann boundary condition) is imposed. The
diffusion matrices

2) Dy = diag(dy, ., dy), Dy = diag(d), ... d,,)

are assumed to be strictly positive, i.e., d; > 0 and d} > 0 for all 7,j. Finally, the chemotaxis term
CT(U,V) has the form

(3) CT(U,V); = V(Zqij(U, V)vuj) (i=1,..,n).

j=1

Biologically, g(U, V) (resp., h(U,V)) represents the growth rates of the preys (resp., predators). It is
assumed that the predators V are attracted/repulsed by the preys U, so that they move in the direction
proportional to the negative/positive gradients (g;; > 0 or ¢;; < 0) of the prey populations, and the
movement is decided also by the predator’s density. We model such chemotaxis effects by the terms
—CT(U,V) given as above, cf. [9, 8, 10]. It is valuable to mention that we do not assume that each of the
function ¢;;(U, V') should keep only one sign. In fact, they are allowed to change their signs according to
some realistic rules, for instance, they can change their signs if the densities of the preys/predators have
been above some levels, cf. [10].

We impose the following conditions (H1)-(H3):
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(H1) Both mappings g : R x R — R and h : R x R — R’} are of C'! class, and satisfy
A gU,V); >0 VYU, V>0 with w;=0(=1,..,m),
@ WU,V); >0 YU,V >0 with v;=0(j=1,...,n).

Moreover, there exists a strictly positive constant vector Ko € R, Ko > 0 with the following
property: For all (U,V) € R" x R} there holds

(H2) Each ¢;; : R7 x R — R is a C'*' function satisfying ¢;;(U,0) = 0 for all 0 < U € R7", and there
exist a positive constant C; > 0 and non-negative constants {a;,1 < i < n} such that

(6) 3 g (U V)] < Cy(1+ 0 Y(U,V) € R x RY (i =1,...,n).

Jj=1

Moreover, there exist non-negative constants {3;,1 < i < n} and a continuous positive function
0o : R = R, such that

(7) STIgU V)l < eo(U) x 1+ 3" 0)) VU, V) € RT x R
j=1

i=1
(H3) There exist constants {v;,i = 1,...,n} and a continuous positive function ¢; : R — R, such
that for all (U, V) > 0 and each ¢, 1 <i < n, there holds
(8) ’77;21, h(U,V)Z Sgl(U)(l—V—v;“)

Note that we need for the components of h in (8) only the control of growth from above, and the
control of growth from below is not required. Roughly speaking, conditions (H2)-(H3) are concerned
with the control of the growth of the predators given by the constants {(a;, B:,7i), 1 <i < n}:

(1) The «; values control the chemotaxis effects of the predators.
(2) The S; values control of the predator growths within the preys.
(3) The ~; values control the intrinsic growth of the predators.

(4) All growths are at most power type.

We will consider the following condition (H4) which ensures the L!—boundedness of the solutions.
(H4) There exist a strictly positive vector B € R* x R} and positive constants by, bz, « < 1 such that

(9) (B, (9:m)(U,V)) < b1 +b1(B, (U, V))* = b2(B, (U, V)) V(U,V) € R} x RY.

Equivalently, (H4) says that the function 0 < (U, V) + (B, (g, h)(U,V)) grows at most sublinearly .
Our main result goes as follows.

Theorem 1.1. Assume (H1)-(H3). Let
(10) re := N x max max{83; +a; — 1, (v, — 1)/2}.
1<i<n

Let 0 < (Ug, Vo) € WEP(Q)™F™ for p > N. Then there exists Tmax > 0 (mazimal existence time) such
that (1) has a unique non-negative classical solution (U, V') satisfying

(11) 0<UegG™, 0<Veg™ G:=0C(0,Tmax); WHP(2)) N CHHQ x (0, Tinax)),
and for each 1,1 <i<m,
(12) 0< U'(f)z < max{(Ko)i, HUZ()”OO} V0 <t < Tax-

Furthermore, we have the following assertions (i)-(ii).
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(i) (Global existence and boundedness) Assume that there exists r > r. such that If there holds
(13) L(T):= sup [|[V@)|r <00 YT < Thmax,
0<t<T

then Thax = 00 and

(14) sup ([U(E)[l1,00 + IV (t)lloc) <00 VT < oo.
0<t<T
Moreover, if L(T) is uniformly bounded for T > 0, then
(15) tim sup([[U (#)]1,00 + [V (#)lloc) < 0.
—00

(ii) (L' —boundedness and global existence) Assume (H4). If r. < 1, then Tyax = 00, and (14)
holds true. Moreover, if either by > 0 or by = 0, then (15) is valid.

Remark 1.2. (a) Our result in Theorem 1.1 covers the most part of known results, cf. [10, 11] and
references therein. It shows that the finite time blow-up of solutions to (1) is equivalent to the blow-up
of the L"—norms of the solutions for r > r.. Certainly, the weakest norm condition for avoiding blow-up
is the L' —boundedness. The condition (H4) gives a such simple condition ensuring the L'—boundeness
of the solutions. (b) The asymptotic behavior of solutions to (1) remains unknown. We would like to
tackle it in the future.

We organize the present article as follows. In §2 we give an application of our Theorem 1.1 to improve
previous results concerning simple chemotaxis prey-predator systems, which has been studied by several
authors, cf. [10, 11]. We will prove in §4 the global existence and boundedness of non-negative solutions
of (1) under conditions (H1)-(H3), by a bootstrap method. Our estimations are subtle and based on
an inequality given in §3 which is itself interesting. It is valuable to mention that we do not need the
boundedness of the density functions g;;. This point is certainly useful for the practical applications.

2. AN APPLICATION TO SIMPLE CHEMOTAXIS PREY-PREDATOR SYSTEMS

We consider the model:

uy = d1Au + g(u,v), e, t>0,
(16) vy = daAv + h(u,v) — V(p(u)q(v)Vu), reQ, t>0,
%:0:%, r e, t>0,

u(z,0) = up(x) >0, v(z,0) =vo(x) >0, z €,

where the density of prey and predator is given by u and v, respectively. As before, 2 is a bounded
domain in RY (N > 1) with a smooth boundary 952, and n is the unit outer normal; dy, dz, ¢ are positive
constants. Moreover, the prey-taxis effect, given by —V(q(v)Vu), shows the tendency of predator moving
toward the increasing prey gradient direction.

We assume that all functions g, h and p,q are continuously differentiable, and there exist positive
constants cg, cq, @, 3,7 and a continuous function pg : Ry — R4 such that

(17) g(u,O) Z 07 h(o,’t)) Z 07 |q(’U)| S Cq(l =+ Ua)v
(18) l9(u,v)| < po(w)(1+07),  h(u,v) < po(u)(1+07)
for all u,v > 0, and

(19) g(u,v) <0 Yu > e¢g,v>0.

Under conditions (17)-(19), we see that assumptions (H2)-(H3) in §1 are satisfied with the following
choices:

m=1=n, ay=0a, p=8 m=7
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The corresponding exponent r. is give by
(20) re:= N xmax{a+ 8 -1, (y—1)/2}.

Therefore, an application of Theorem 1.1 yields that a solution (u,v) of (16) exists globally, if the norms
[[o(®)|]- for some r > r. do not blow up in finite time.
A special case of (16) is the following system

ug = diAu + fi(u) — ¢1(u,v), zcQ, t>0,

o 0 = da0 + fofv) + 6(u,0) ~ V(p(u)a(0)Vu), x €D, 150,
gu—0=2 zed, t>0,
u(z,0) = up(z) >0, v(z,0) = vo(x) >0, x €,

corresponding to the choice of g and h in (16):
(22) g(u7 U) = fl (u) - d)l (ua U)a h(ua U) = fz(’U) + ¢2(u7 U)'

Here, the term ¢(u,v) represents the moving rate of prey to the predator.

We assume that all of the functions {fi, fa, p, ¢} are continuously differentiable functions on R, and
f1(0) =0, f2(0) = 0. Moreover, there exist positive constants c1, ¢, ¢, and « such that

(23) fi(u) <0 Yu>ep, folv) <0 Yo> ey,

(24) lg(v)| < ¢q(14+0v%) Yo >0.

We assume that both functions ¢ ¢s is continuously differentiable on R, x R, and there exist constants
v > 0,0 < d < 1,c and non-negative constants b1, by, and a continuous positive function pg such that

(25) $1(0,0) = 0 < ¢1(u,v) < po(u)(1+0Y) Vu,v >0,

(26) 0 < ¢o(u,v) < chr(u,v) +bi(1+u+v)° —by(u+v) Yu,v>0.

Under (23)-(25), we see that the conditions (17)-(19) are satisfied with the choices 8 = v. Hence, r, is
given by

(27) re:=Nx (a+v—1).
Set B := (1, ¢). We have for all u,v > 0 that
(28) (B, (g, h)(u,v)) = [f1(u) = d1(u, v)]+c[fa(v) +d2(u,v)] < fi(uw) +cfo(v) +bi(1+utv)’ —by(utv)

by (26). It is routine to use condition (23) to establish that both functions f; and f; are uniformly
bounded from above. Hence, condition (H4) is satisfied, and Theorem 1.1 is applicable. In particular, if

(29) a+vy<1+1/N,

then r. < 1 and thus all non-negative solutions of (21) exists globally.

The system (21) is a very general prey-predator model for studying prey-taxis and has been studied
by a lot of authors, cf. [11] and references therein. In particular, the result in [11] states that a solution
to (21) exists globally if the term ¢ is sufficiently small by comparing to certain constants as well as the
L —norm of the initial values ug. However, our requirements (23)-(25) and (29) involve only the growth
conditions on the functions f1, f2, ¢ and ¢, which will be satisfied by many known models, see [11, 10]
for more details. In fact, the crucial condition for the global existence of solutions is &+ v < 1+ 1/N,
which yields a balance between the growth for prey-taxis (giving by ¢) and the moving rate of prey to
predator (giving by ¢1,¢2). For the usual case where p = 1, ¢(v) = xv, we have that & = 1, and thus
the corresponding growth restriction on ¢ reads as v < 1/N. Such a condition can be considered as the
case that the moving of prey to predator is restricted by the dimension N of the underlying space (2, a
requirement coinciding very well with the practical uses [10].
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3. AN INEQUALITY

We recall the following result as a consequence of applying the classical inequality of Gagliardo-
Nirenberg combined with Poincare’s inequality, cf. [6, 7, 8, 4].

Lemma 3.1. (Gagliardo-Nirenberg inequality) Let N be the dimension of Q. There holds
(30) lully < C - (IVullg + llull)* - [lulli ™ Yu € LP(Q) N WH(Q)

forallp > 1,q > 1 satisfying (p — ¢)N < pq and all r € (0,p), where
1

1
(31) A=1—5"7 €(0,1)

1

q N
The following lemma, as a consequence of the above Gagliardo-Nirenberg inequality, is crucial for our

proof of the main result (Theorem 1.1), and itself also interesting.

Lemma 3.2. For each k > 1, and (r,p) > 0 satisfying

(32) p(1—2/N)<1<2p, r<pk,

there exists a constant c; > 0, depending on k,p and 2, such that

(33) Va3 > er - flulle - [[uP™|1] = llullf - Yu € WH2PE(Q),u > 0,
where

(34) 0:=(k/r—14+2/N)/(pk/r —1), co:=(pd—1)k.

Proof. We see that the pair (2p,2) satisfies the condition (2p — 2)N < 4p in Lemma 3.1 and r/k < p
whenever p(N — 2) < N. Hence, we are in the position to apply Lemma 3.1 to the triplet (2p, 2, 2r/k). It
yields for any u € WH2PF(Q), u > 0, that

(35) 12 l2p < C - (IVa 2]z + 02l 1) - 1421571

where

(36) A= (k/r—1/p)/(k/r—1+2/N) € (0,1).

Equivalently,

(37) IVt 213 > C - fuf O P13~ Jully,

where § := 1/(pA) is given by (34). This completes the proof. O

4. THE PROOF OF THEOREM 1.1
We begin some more preparations.

Lemma 4.1. (Divergence Theorem and Green’s First Identity)
1. (Divergence Theorem) For any C'(Q) vector field w there holds

(38) /V'wdm: w - ndz.
Q o0
2. (Green’s First Identity) Let u € W12(Q), v € W22(Q). Then

(39) /uAvda::—/Vu-Vvdx—i—/ v@dm.
Q Q o0 On

Particularly, if g— =0, then

u
n|69

(40) / uAvdr = —/ Vu-Vudez.
Q Q
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3. Letu,g € WH2(Q), v € W22(Q) and %bﬂ =0= %k’m' Then
(41) / uV - (gVv)de = —/ gVu - Vudz.
Q Q

Proof. For the Divergence Theorem, one compares [7, p.13]. The Green First Identity is the result of
applying the Divergence Theorem to the C'! vector w := uVwv. To prove (41), we note that

0(vg) v dg
(42) vV - (gVu) = (vg)Au 4+ vVyg - Vu, n |aQ = <98n + U@n) |BQ =0

by assumptions. It follows that

/QUV-(gVu) :/Q(vg)Au—k/ vVg - Vu

Q
= / [vVg - Vu — V(vg)Vu] = —/ gVv-Vu, (by(40), (42)),
completing the proof. ’ ! O
For p € (1, 00) we define
(43) Au:=—Au for we D(A):= {w € W2P(Q) : Z—Z =0on GQ} .

It is well-known (cf. [5]) that —A generates a contractive Co—semigroup {T'(t) := et : t > 0} of
positive linear operators on each LP(2) for p € [1,00). Moreover, —A is symmetric and thus each T'(¢) is
a contraction on L*>(Q). More precisely, there holds

IT@fllp <l and f=0 = T(t)f =0

for all t > 0 and f € LP(Q) for p € [1, 00].
We use also the following estimates, cf. [8].

Lemma 4.2. Assume that m € {0,1}, p € [1,00] and q € (1,00). Then there exists a positive constant
C4 such that

(44) [ullmp < CLI(A+1D)ully  Vu e D(A+1)%),

where 6 € (0,1) satisfies
20>m—N<1—1>.

P q
If, in addition q > p, then there exists constant Cy and ~v > 0 such that

45 A+ 1)l Ay < Cot 036D e |y Yu € LP(2), t > 0.
qg > Y2 P )
Moreover, for any p € (1,00) and € > 0, there exists a constant C3 and p > 0 such that,
(46) (A4 1)0e ™V -, < Cst "7 % ||u|l, Vue LP(),t> 0.
We will use freely Young’s inequality saying that

1 1 1 1
ab< =a? +=b?, Va,b>0,p,g>1and - + - = 1.

p q p g
In the sequel, we fix a constant k > N and three constants {6, 61, 6>} such that
(47) (1+N/k)/2<0<1, N/2k)<b <1, 1/24+6; <6y <]1.

As direct consequences of Lemma 4.2, we have the following estimates:
(48) lullico < C- A+ 1)l VYu € D((A+1)),
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(49) oo < C - I(A+ 1) ul Vu € D((A+1)M),
and
(50) [(A+1)%e A0y + (A4 1D e AV - ull, < C - 7% |u|x

for all t > 0,u € L*(2). In the above, C' > 0,7 > 0 are some constants.

Below we consider a non-negative classical local solution 0 < (U, V) of (1), with the maximal existence
time Tax. In the sequel, we fix 7 € (0, Tiax), and let

(51) M(7) = || Ko + Uoll1,o0 + IV (7)lloc + [1(A+ DU (7)1
(52) Wi(t) == sup ||vi(s)|lk, H(@):= sup |U(s)|1,00 Vt€E [T, Tmax)-
T<s<t T7<s<

By definition, H(-) as well as W;(-) are non-decreasing. This monotonicity will be used later. Denote

(53) Vi(t) = /Q vi(, 1) da.

Our first result gives a way for estimating the bound of ||V (-)||o by virtue of H(-) combining with
k—norms of V.

Lemma 4.3. Assume (H3). Then

(54) [0i()loc < 0i(T)]loo +C - [L+ HWi ()™ 93] Vi € [7, Tinax),
where C > 0 is some constant.

Proof. Let

(55) ¢(t) = djvi(t) + h(U,V)i(t) (< Tinax)-

By (H3) we can find a constant C > 0 such that

(56) P(t) < Cr+ Cro(t)" VYt € [1, Tiax)-

Consider t € [T, Tinax)- Using the usual variation of constants formula to (1), we obtain that
(57) 0 < v(t) = Tyt — 7)vi(7) + X1(t) + Xa(t),

where Tj(s) := e~ (A+Ds — ¢=disT(d/s), and

(58) X1 (t) ;:f/ T}-(pS)V(Zqij(U,V)vuj(s))ds, X, (t) ;:/ Ti(t — s)¢(s) ds.

Since each Tj(-) is a contraction on L>(Q), we have that

(59) IT5(t = 7)oi()lloo < Vi(T) oo
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Moreover,

X1l < C - [(A+ 1) X2 ()]l (by (49))

<C- / [(A+1)"T;(t — s) quZJUV)vuj())des

j=1

<C- / (t— )2 (=9 Zqij(U, V)Vu;(s)|| ds (by (50))
T j=1

(60) <C. / (t — 5)P2e=7(t=9) (Z lgi; (U, V)V, (s )k) ds

Jj=1

<O [ =9 P I HE L 4 vl s (by (H2)
¢
<C-(1+ H(t)Wi(t)ai)/ (t —s)%2e 7= ds (by monotonicity of H, W;)

< C-T(1—0y) - (14 H(H)W;(t)*),

where I'(+) is the usual Gamma function.
On the other hand, we have by (56) that

(61) Xo(t) < Oy Xs(t),  Xs(t) = / Tt — $)d(s)ds, s) =1+ vi(s)™
Note that
[X5(t)loo <C - [(A+ 1) X3(t)[&  (by (49))

<C- / II( A+1)91T(t75) o(8)||k ds
<c. / )~02e= 1) G(t — ) ds (by (50))
<c. / (t— )% 1) (1 1 og(s)[F)ds  (by (56))

<C-(14+W;(t)") /t(t — 5)7%2¢77(=9) g5 (by monotonicity of W;)
<OT(-6) - (1H Wilt)").
By (57) and (61) we have that
(63) 0 < vi(t) < Ti(t — 1)vil(T) + X1 (t) + C1X3(t).
Combining (59), (60) and (62), we find from (63) that
loi(®)lloo < l[vi(m)loc +C - (1 + H{OWy(t)mexted),
giving (54). This completes the proof.
Our next result reveals that we can control H using the k—norms of V.
Lemma 4.4. There holds
(64) H(t) < C-[1+ max W;(t)%] Vt € [, Tmax)-

1<i<n
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Proof. On the one hand, we have by using the variation of constants formula that

(65) ui(t) = Ti(t — T)ui(7) + Ui (t), Ui(t) := / Ti(t — s)p(s)ds
where
(66) Ti(s) := e~ A0S — o=disP(qis) o(s) == dsus(s) + g(U, V)i(s).

For s > 7 we have that
()l < dillui(s)llk + l9(U, V)i(s)llk
<C-(M(r)+ max. [v;(5)% (%) (by (12) and (H2))

(67
< C-(M(r) + max Wi(s)%).
Therefore, o
IOl < C- A+ DT (by (48))
<o [ 1A 0TG- et s
<0 [t - e pls)las by (50)
(68) /

<C- /t(di(t _ S))_ee_"Ydi(t_s) - (M(1) + max Wl(s)ﬂb) ds (by (67))

1<i<n

< C - (M(7) + max W;(t)%)- / (dis)~e 4% ds
1<i<n 0
(by monotonicity of each W;)
< C-T(1=0)(M(7) + max W;(t)™),
In the above, the constant C' may change from line to line, but it depends only on k and M (7).
On the other hand, we have that
(69) ITi(t = Tyus(T)l1.00 < C - |T5(t = 7)(A+ 1) us(7) [l < C - [[(A + 1) 2 (7).

For the last inequality we have used the fact that each T;(-) is a contraction on L¥(2). Combining (68),
(69) and (65), we obtain (64). O

For the proof of Theorem 1.1 we need also the following estimation result.

Lemma 4.5. Fiz T < Ta.x and an index i. Let

(70) 0; = ay; — 1.

Assume r > 0 and k > N to be such that

(71) r/N > {0, (vi = 1)/2},  (1+2r/(kN))(1 - 2/N) <1,
and

(72) S, [oi (B)[l < oo

Then there holds the estimate:
(73) [vi(®)[lx < C - max{1 + [lv;(0) ||, H(t)*} Vt<T,
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where
(74) Ri = 1/(7‘/N—(57;)>0
Proof. We have that
Vi(t)/k = / vF N (v;)e = By + By + Es,
Q

where

E, ::d;/ VP A de, By = —/ VTV (Y 45U V) V) da

Q Q =
E3 ::/ VWU, V), de.
Q

We have that
E, = —d / (VoY) . Vo, dz (using (40) to the pair (vF ™1, v;))

(75)
= —4dj(k /|v VR,
E, = /Q(Z ¢i; (U, V)Vu;) - Vot da (using (41) to triples (vF ™1, qi; (U, V), u;))
(76) o Vs - [VoE 1) de
g/ﬁ(jz_;qu,vn V|- (Vb)) d
SC’q(kfl)H(t)/Q vF 2 (1 4 vf) (by (H2) and (52)).
Since

CoH(t)(1+v) Vi < CZH(6)*(1 + v )2 /d} + (d;/2)|Vvi|?
< 2CTH() (1407 /d; + (d}/2)| Vv,

we have that

(77) Vi(t)/k < Gi+ B3 + Zi,

where

(78) Gi = p(t)||vF=2 4 oF 7222 with  p(t) == [2(k — 1 JCZH(t)?/dy),
and

(79) Zy = —2d}(k — 1)/4*2/ Vol 22 da.

To estimate E3, we use (H3) to find constant C; > 0 such that h(U,V); < C + Cyv]". It follows that
(80) E5 < / vF T (Cy + C)) dae
Q
On the other hand, we choose p := 1+ 2r/(kN) > 1, ie., r = EN(p — 1)/2. It follows that
(81) 0:=(k/r—14+2/N)/(pk/r —1)=1.
Moreover, we infer from condition (71) that p(1 — 2/N) < 1, and there holds
(82) pk =k +2r/N > k4 max{2d;,v; — 1}
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by (71) again. Hence, we obtain by Lemma 3.2 combining condition (72) that
(83) Zi <er—cp- o,

where ¢; > 0,2 > 0 are some constants (also depending on the value L).
Taking together (77), (80) and (83), we find that there exist two positive constants Cs, C3 such that

(84) Vi(t) < Co- [[140f o] 7% [+ p(0)[Jof =2 4 o 722 |y — C - ol 1.

Under condition (82) we are able to use Young’s inequality. For example, we obtain that
p(O)[[f 722 |y < Oy - ()t~ R IDER) (O - 0P 1) /8

with some appropriate constant C} > 0. Finally, we obtain from (84) that

(85) Vi(t) < Call + p(1)7] = Cs - [0,

where Cy > 0,C5 > 0 are two constants, and o; = pk/[pk — (k+2(c; —1))] > 0. Using Holder’s inequality
we have that

Vi(t) = [[of [l < |17 - lol% )17
Therefore,
(86) Vi(t) < Cull + p(t)7] — Cg - Vi(t)P,

with some constant Cs > 0. The above implies that V;(¢) is decreasing if CsV;(t)? > C4[1+ p(¢)°?]. Hence,
it is routine to derive from (86) the following estimate:

(87) loi(®)l = Vi(&)/* < C - max{1 + [|vi(0)l|x, p(t)™/?},
where k; = 20;/(pk) = 1/(r/N + 1 — a;) is given by (74). Since p(t) = [2(k — 1)CZH(t)?/d;] (see (78)),
we find from (87) the desired result in (73). O

Proof of Theorem 1.1. The local existence of solutions results from an application of Theorem 14.6
in [2]. Fix i and let w := 0,w := max{K, |luj||oc} and define two vectors W and U by W; = 0,U; := w
and Wy, = Uy, := Uy, if k # i. We have that g(U,V); <0 < g(W,V); by (H1) and thus

Oy — [diAw + g(U, V)] = 0 > 0w — [d; Aw + g(W, V)]

It follows from the Comparison Principle [3] that 0 = w < u; < @. This is just the estimate in (12). The
non-negativity of each v; results also from the Comparison Principle and (H1).
To prove Theorem 1.1-(i), we assume that there exists a constant r > r. such that

(88) L(T)= sup |[V@)|lr <oo VYT < Thmax-
0<t<T

We take k > N to be so large that (1 + 2r/(kN))(1 —2/N) < 1. We want to prove the boundedness of
H(t). Our proof idea is based on the following bootstrap method, which is similar to the Alikakos-Moser
iteration procedure [1]: First we estimate the k—norm of V by virtue of the function H(-). Then we
estimate H (-) using the obtained estimation for all k—norms of V, and finally we derive the desired result
using an elementary argument.

Fix 7 € (0, Timax), and T, 7 < T < Tyax- Let t € [, T)]. First, we are in the position to Lemma 4.5 and
it yields that
(89) Wi(t) = sup flvi(s)llx <C- (1 +H(#)™) Vi <T,

T<s<t
where k; = 1/(r/N + 1 — ;) > 0. Second, we have by Lemma 4.4 combining with (89) that
(90) Ht)<Cr-(1+H@®)*) Yt<T,
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where Cr is a constant which depends on L(T'), and

(91) o= 11;1235){”(61,‘61) = 1?%Xnﬁl/(r/N +1-— Oéi) < 1,

since r > r.. By considering both cases H(¢t) <1 and H(t) > 1 separably, we derive from (90) that
H(t) < max{1,(2Cr)"/0 "} vt <T.

It follows, by using Lemma 4.5 again, that W;(¢) is uniformly bounded, and so is ||V (t)||c by Lemma 4.3
for all ¢ < T. The assertion Ty,ax = 400 follows from [3, Theorem 15.5], proving Theorem 1.1-(i).

To prove Theorem 1.1-(ii), we assume (H4). By Theorem 1.1-(i) we need only to establish the
boundedness of the L' —norms of the V —components. To this end, we consider

(92) X(t) = /Qf(t,x) de, f(t,z):=(B,(U,V)(t,z)) (z€Qt< Tuu)-

Since the vector B is strictly positive, we can find a positive constant ¢; such that
(93) IV(t2) < a1 X(t) Yt < T

We will establish the boundedness of X (¢). A calculation using (40) (see the proof of Lemma 4.5)
yields that

(94) X< [ (B an) U2V (ta) do
We have (B, (g, h)(U(t,x),V(t,x))) < by +baf(t,x)* — baf(¢,x) by (9) in (H4). This implies that
(95) X(t) < by|Q| + by / ft,x) de — b X (t) < bz(1 4+ X (1)) — b2 X (t),

Q

where b3 := b1|Q| + b1|Q|1’°‘.' For the last estimation we have used Holder’s inequality, since o < 1. If
by = 0, then b3 = 0 and thus X (¢) < 0. This implies that X (¢) < X(0) for all ¢ < Tinax. Consider the case
by > 0. Let yo > 0 be such that

ba(14+y%) — by <0 Vy > yo.

It is routine to show that
(96) X(t) < X(0)+yo Yt < Thax-

Therefore, we have shown that X (¢) is uniformly bounded if either by = 0 or bs > 0.
Consider the rest case by = 0. If X(t) > 1, then we find from (95) that X () < 2b3X (¢)®. It follows
that
d

ZX(M7=(1-a)X(1) " X(1) < 2bs

and thus there holds X (t) < X(0) + 1 + 2bst for all ¢ < Tyax. This completes the proof of Theorem
1.1. g
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