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Abstract: Based on the Lie-symmetric method, we study the solutions of dissipative hyperbolic
geometric flows on Riemann surfaces; In the process of simplification, the mixed equations are
produced. And the hyperbolic equations are obtained under limited conditions. Considering the
Cauchy problem of the hyperbolic equation, the existence and uniqueness conditions of the global

solutions are obtained. Finally, the phenomenon of blow up is discussed.
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1. Introduction
Hyperbolic geometric flows are of particular importance to the understanding of manifold
structure, space-time geometry, modern physics, general relativity and gravity theory. The

hyperbolic geometric flow was first proposed by Kong and Liu [1],

029y dg
2R;; 7—"( ,—>=O, 1.1
in which g;; is the surface metric, F is the smooth function of g,%, R;j 1s the Ricci
curvature tensor.
Liu studied the model [2]:
azgij agij
= —2R;: — f—=, 1.2
at? T (1.2)

in which S is a positive constant. The classical global solution to the Cauchy problem of
dissipative hyperbolic geometric flows is obtained, and it is discussed that the solution brows up.
Meanwhile Liu [3] study the mixed initial boundary value problem of hyperbolic geometric flow
and proved the global existence of classical solutions.

The lifetimes of classical solutions of hyperbolic geometric flows with two spatial variables

with slow decay initial data were studied by Kong, Liu et al [4]. Dai et al. [5] studied hyperbolic
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geometric flow about the ephemeral existence and uniqueness theorem, and the nonlinear stability
of hyperbolic geometric flow which is larger than 4D of Euclidean space was demonstrated. And
they derived wave equations satisfied by the curvatures. They also obtained the relation that it is
hyper geometric flow with the Einstein equation and the Ricci flow. Kong and Wang [6] studied
the Einstein's hyperbolic geometric flow, which provides a natural tool to deform the shape of a
manifold and to understand the wave character of metrics, the wave phenomenon of the curvature
for evolutionary manifolds. The global existence of classical solutions for dissipative hyperbolic
geometry flow in accord with the time was studied by Kong et al. [7]. Then Kong et al. [8]
discussed the lower bound of life-span which is classical solutions for hyperbolic geometry flow
equations with “small” initial data in several space dimensions. And they [9] obtained classical
solutions of a dissipative hyperbolic geometry flow that has two spatial variates.

In [10], Zhu studied a class of hyperbolic geometric flows defined on N-dimensional
Riemannian manifolds. Later, Huo introduced three typical hyperbolic geometric flows on
Riemann surface proposed by Kong et al in [11]: standard hyperbolic geometric flows, Einstein
hyperbolic geometric flows and dissipative hyperbolic geometric flows.

Wang studied the model [12]:

029;;
at';] = —2R;; = —Rgyj, (1.3)

she investigates group-invariant solutions to hyperbolic geometric flow on Riemann surfaces and

discussed the blow up of the solution.
In this article, we will study a special case in eq (1.2). When £ = 1, namely

%9 _ _yp,, 294,
ot? ot

First of all, referring to a paper by Gao [13], we obtain a five-dimensional symmetric group of Lie

(1.4)

points and a one-dimensional optimal system, and then further obtain the group-invariant solutions.
After simplification and solution, many kinds of equations are obtained. It is found that the mixed
equation is hyperbolic under limited conditions. Next, we consider the Cauchy problem of
hyperbolic equation. Then the existence and uniqueness of the global solution is proved. Finally,
blow up of the solution are investigates.

Suppose that the Riemann surface is the topological type R?, let the initial metric be

t = 0:ds? = uy(x)(dx? + dy?), (1.5)
in which uy(x) € C2, with bounded C? norm and it satisfies
1<H<up(x) <M< o, (1.6)

in which H, M are positive constant.



Theorem 1.1 Suppose the initial metric (1.5) satisfies (1.6) and any smooth function u, (x)
with bounded C! norm, if one of the following conditions holds:

(i)Forany x € R,

ul(x)+%—(x)>0, ul(x)—%—(x)< 0, (1.7)
Jiue(x) —1 V() —1
4; Uy (x) — u’o—(x) +z(u0(x) - 1)% > 0. (1.8)
Jiuo(x) —1 Jiuo(x) —1 3
(ii)For any x € R,
u(x) + uo—(x) <0, u;(x)— uo—(x) >0, (1.9)
Juox) —1 Juex) —1
4; up (x) + M@ +z(u0(x) - 1)% > 0. (1.10)
Vuolx) —1 V() —1 3
Then the Cauchy problem
(ew - 1)th T Wyx = _eW(WZ + Wt)’
{t =0:e” =uy(x), (%), = 111(x), (1.11)

has a unique global classical solution on t > 0.
Theorem 1.2 Suppose (1.7) holds, and there is a point x, € R, such that
1 o (%)
Vuo (o) — 1 Vo () =1
or (1.9) holds, and there is a point x, € R, which make
1 Uy (%)
Vo (o) = 1 Vo (o) =1

then the classical solution of the Cauchy problem (1.11) blows up on a local scale.

2. Group-invariant solutions of dissipative hyperbolic geometric flows [14]

2 3 4 3
<u1(x0) — ) + §(u0(x0) -1 < —§MZ, (1.12)

<u1(x0) + > +§(u0(x0) - 1)% < —gM%, (1.13)

For any surface (M2, g), the scalar curvature R = 2K, in which K is Gauss curvature of
the surface, since
1
The surface metric is locally conformal to the Euclidean metric,

gij = u(x, y,t)8;j,
in which u(x, y, t) > 0 is the conformal factor of g;;, 6;;is Kronecker symbol. So

R Alnu 21
=—— (21)
Thus, dissipative hyperbolic geometric flow eq (1.4) can become as follows:

utt + ut = A ln u. (22)
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Make w = lnu, eq (2.2) becomes
eVwy + eVwi + e¥wp — wyy, —wy,, = 0. (2.3)
Suppose the one-parameter group of infinitesimal transformations (x,y,t,w) is given by
x*=x+ & (x,y,t,w) + o(e?),
y* =y +&&(x,y,t,w) + o(e?), (2.4)

t* =t+e&(x,y,t,w) + o(e?),
w*=w+en(x, y, t,w) + o(e?),

in which ¢ is a group parameter.
The decision equations of the equation (2.3) can be settled as follows:
(3. =0, &3, =0, &, =0, &, =0,
f1t =0, f1u =0, €1xx = _513,3,'
szt =0, fzu =0, fzx = _513,' fzy = €1x'
n= —251,5-
So, if we go further,
§1=6(xy), & =85KYy),
§3=c¢, N = —251,5,
$1, =82, =0, &, +&,=0.

From the last two equations we can see that &; + ié, = F(x + iy). Here we let F(x + iy) =

kyi(x + iy) + k, be linear, in which k4, k, are complex constants, namely

{53 =c1, § =0+ X+ Gy, (2.5)
$2 =C5 — Cux + 3y, N = —2¢3, '
in which ¢4, ¢, ¢3, ¢4, C5 are real constants. Then the vector field is known as:
d d d
V= El£+§2@+f3§+”ﬁ
d d d d
= (c, + c3x + cw)a + (cs — c4x + c3y) @ +c e + (—2C3)%.
(2.6)
Hence the vector field of the Lie symmetric group of all vector fields in eq (2.3) is given:
v, = 0t
V, = ox,
Vs = 0y, (2.7)
V, = x0x + ydy — 20w,
Vs = ydx — x0y.

Theorem 2.1: Generators in (2.7) generate an optimal system S:
{VS i Vl i V4’ VS i V4—) VS i V1’V51 V4- i Vl! V4-' VZ i Vl! VZ’ V3 i Vl! V3,V1}.
Next, we will consider the solution to the equation (2.3).
QV=Vs+V;+V,=(x+y)dx+ (y —x)dy + dt — 20w.

The corresponding characteristic equations are



dx  dy dt dw
x+y y—-x 1 =2

by solving the above equations, we get the invariances
z; = 2 arctan (g) + In(x? + y?), z, = w + 2t,
the invariant solution is

w=-2t+ ln(h(zl)),

then eq (2.3) can be reduced as
8 (hh" —h'? _
x? + y? h? -
QV=Vs+V,=(x+y)ox+ (y —x)dy — 20w.
The corresponding characteristic equations are
dx dy dt dw

2he™?t — 0.

x+y y—-x 0 =2’
the invariances are
_ Y 2 2
z = 2 arctan (x) + In(x* +y°), t,
the invariant solution is given by

w=-2In(x+y)+ ln(h(z, t)),

then eq (2.3) can be reduced as
8 (hhzz B h;) _

h h,) — —
(hee + he) x+y x?+y? h?

(x +y)?
(3)V = Vs = yox — xdy.
The corresponding characteristic equations are
dx dy dt dw

y —x 0 0’

the invariances are
z=x*+vy?% t
the invariant solution is
w=w(z1t),
then eq (2.3) can be reduced as
eV Wy + w2 + wy) — 222w, — 4w, = 0.

4)V =V, +V, =x0x + ydy + 9t — 20w.
The corresponding characteristic equations are

dx dy dt dw

x oy 1 =2
the invariances are

z =xy7 1, z, =w+ 2t

the invariant solution is



w=-2t+ ln(h(zl)),

then eq (2.3) can be reduced as
~ hh'" —h'?  —x?hh" — 2xyhh' + x*h'?
2he™?t — — + =0
y hZ y4h2

The corresponding characteristic equations are
dx dy dt dw
10 1 0

the invariances are

y, Z=t—x,
the invariant solution is
w=w(y,2),
then eq (2.3) can be reduced as
Wz + Wyy, = eV (W, + Wi +wy). (2.8)

Look for travelling wave solution to eq (2.8), suppose ¢ = z + 8y, and A = 1 + §2, then eq
(2.8) becomes
(1+8)woe = € (Wog + W3 + o),

namely

AWso = (e")gs + €75
Let’s integrate above equation twice with respect to @, the implicit solution of eq (2.8) is given
by

Aw =e" + f edo + ci0 + ¢y,

where ¢y, c, are arbitrary constants.
6)V = V3=V, =0y —ot.
The corresponding characteristic equations are

dx dy dt dw

0 1 1 0’

the invariances are

z=y+¢t x,
the invariant solution is

w =w(z,x),
then eq (2.3) can be reduced as
eV (Wyy + W2 + W,) = Wy + Wy, (2.9)
Look for travelling wave solution to the above equation, suppose p = z + éx,and 1 =1+

82, then equation becomes



eV (Wpp + W2 +w,) = w,,,
namely
(€")pp + (") = Aw,p,.
Let’s integrate above equation twice with respect to p, the solution of eq (2.9) satisfies
eV + f eVdp = Aw + c1p + ¢y,
in which ¢y, c, are arbitrary constants.
3. Global solution and blow up
3.1 Preliminaries
Eq (2.8) is equivalent to (e — )w,, —w,,, = —e¥ (w7 + w,), Let's replace z with t, and
replace y with x, we have
(e — Dwy — Wy = —eV(WE + wyp), (3.1)
if e” —1>0,eq(3.1)is hyperbolic; if e” —1 < 0,eq (3.1) is elliptic. Next, Let's talk about the

hyperbolic case. Make v =w;, h =w,, then eq (3.1) is able to become to a first order

quasilinear equations set:

Wt=‘l7,
ht_vx=0,

L e (32)
Ve T T x——ew_l(v + v).

The eigenvalue of eq (3.2) can be easily calculated as 4, = =4, 1, =0, 43 =4, inwhichd =
/ew—l_l, the matrix L(U)(U = (w, h,v)T) of left eigenvectors and the matrix R(U) of right

L)) (0 1 A
L) =\ 1,(v) =<1 0 0).

L (U) 0 1 -2

eigenvectors are respectively,

01 0
R(WU) = (T1(U);T2(U),7'3(U)) = (1 0 1 >
A 0 -2
Since VA;(U)r;(U) =0 (i = 1,2,3), so the system (3.2) is a linearly degenerate hyperbolic

system. Set p =v+ 1h, g =v—Ah,and pu = — then we have the following lemma.

e
4(ew-1)

Lemma 3.1 p and g satisfy

3.3
Pe — Apx = ul(p +3q + 2)p + 24|, (3:3)

qe + Aq, = u[(q + 3p + 2)q + 2p].



Because of Cauchy problem
{(ew — Dwy — Wy = eV (WE +wy), (3.4)
t=0:e" =uy(x), (") =u (x), '

is equivalent to

Pt — Apx = ul(p + 39 + 2)p + 241, (3.5)
q: + A9, = pl(q + 3p + 2)q + 2p],
t=0:w= ln(uo(x)), p =1po(x), q=qo(x),

in which

( uy (%) 1 uy(x)

o) = o ,/uo(x) T’

Wl |1 w0
U0 o) — L)’

1= 1 _ e
T e =1 T T A -y

Lemma 3.2 Letr = p,, s = q,, then r and s satisfy
{rt — A, = Air + Ays + hy,
St + As, = Bys + B,r + h,,

(3.5)

190(x) =

(3.6)
in which
ul
Ay =u@Bp+2q+2), A, =u@Bp+2), hy = —7(10 -l +3q+2)p + 2q],

ul
B, =uBq+2p+2), B,=uB8q+2), h, = —7(p—q)[(q + 3p + 2)q + 2p].

Theorem 3.1 In the existence domain G(T) of the classical solutions of Cauchy problems
(3.5) and (3.5"), if there is a constant M, > 0, such that
lp(x, )] < Mo, |q(x, )] < Mo, (3.7)
so, in the region G(T),
[uCx, O < N(T), |ux(x, )] < N(T), |uyx| < N(T), (3.8)
in which N(T) is a positive constant that depends on T, G(T) = {(x,t)|[x e R,O<t <T,VT >
0}.Thus, from the local existence results of classical solutions of quasilinear hyperbolic equations
[14], the Cauchy problem (3.4) has a unique global solution for all ¢ > 0.
Proof: At any point (t, x), denote
x =x1(8,B1), x =x5(t,B2), x = x3(t, B3),

they are the characteristic lines of 1;, A4, and A;respectively, and satisfy

dx; dx, dxs
_:A]_:_A, E:AZZO' W:/"G:/’L
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x1(0,81) = 1, x2(0,B;) = B2, x3(0,B3) = ps.

It is calculated that

pP—q

Wy = —o (3.9)
1
Wyx = 5(7‘—8) _%(p_Q)Z- (3.10)
Thus, by the first formula of (3.5), (3.6) and (3.7), we can get
InH - Myt <w<InM + M,t, (3.11)

—MyyHe Mot —1 < w, < Myy/MeMot —1, (3.12)
|A;| < Ny, |Bi]l <N, i=12,
in which Nj is a positive constant. From Theorem 2.3 in [15],
|r| < M(T), |s| < M(T). (3.13)
From (3.10) - (3.13), we have
[Wyx| < M(T). (3.14)
By u = e", from (3.11) - (3.12) and (3.14), we can prove (3.8).
3.2 Proof of Theorem 1.1 and Theorem 1.2
In this section, we study the brow up of the classical solutions to the initial-value problem for
(3.5) — (3.5".
If want to prove Theorem 1.1, in term of the local existence theorem of classical solutions of
quasilinear hyperbolic equations [14], it is only necessary to prove that C2norm of u(x,t) hasa
consistent prior estimation in the existence domain of the smooth solutions.

We know from the previous, w = Inu and

3 3 3
—7Pa=—7plw = —7qlow, (3.15)
in which
9 9 d d
Li=g-—Azm Ly=o+ 15
Let
3 3
p=u—-1Dp, g=u—1)4«q, (3.16)
SO
_ _ I -, _
Lip =D = Ay =———=p " +2k(@+ 9,
(u(x)u— 1) (3.17)
L =G + Gy = ———q° + 2k(p + Q).
(u(x) — 1=

By calculation,



Ly (u(x) — 1)7 = —3u(u(x) — 1iq,

3 3 (3.18)
Ly(u(x) — 1)* = =3u(ulx) — 1)+p.
Lemma 3.3 For any x € R, if
Po(x) <0, Go(x) >0, (3.19)
or
Po(x) >0, go(x) <0, (3.20)

then in the existence domain of the classical solution to Cauchy problem (3.17) with initial
condition (3.21), for any (x,t) € R X R*, the following inequalities
L 1 U (%)
D =Do(x) = W(M(@ + m)

t=0: o ; () (3.21)
q=qo(x) = —W <u1(x) - —m>
p(x,t) <0, q(x,t) >0, (3.22)
or
p(x,t) >0, q(xt) <O0. (3.23)

Proof: If (3.19) or (3.20) holds, then by the continuity of p(x,t) and g(x,t), there exists § >
0, such that for any (x,t) € R X [0, 6], (3.22) or (3.23) holds.
Let's prove that (3.22) or (3.23) holds for any (x,t) € R X R*. If (3.22) or (3.23) does not

hold for (x,t) € R X R*, then thereis a (xy,ty)(t, > 0) such that
ﬁ(xi t) < OI C_I(xl t) > 0: tERX [OI tO);

<15(750,750) =0, q(xo,to) >0, (3.24)
or

p(x,t) <0, q(x,t) >0, t € R X|[0,t,), (3.25)

p(x0,tp) <0, q(xo,to) = 0. '

If (3.24) holds, then by the first one in (3.17), we have,

_ u(xo)
2(ulxo) — 1)

however, because of p(x,t) <0 (t € R X [0, to)) and p(xy,ty) =0, so Lip(xg, ty) = 0, this

L1p(xo, to) = q(xo,ty) <O,

is a contradiction.
Similarly, we can get (3.23) holds forany (x,t) € R X R*. Therefore, the proof'is completed.

Denote

m = (u(x) — 1)% (p + ;), n= (u(x) — 1)% (q + %), (3.26)

the following lemma is readily available.

Lemma 3.4 m and n satisfy

10



u

Lym = it (m —my)(m — my),
u(x)—1)4
(3.27)
Lyn=——m-n)(n—-ny),
(u(x)-1)4
in which
3 3
m; =n; = —g(u(x) —1):<0,m, =n, = g(u(x) —1)+>0. (3.28)
Lemma 3.5 [16,17] If there is
z'(t) = —h(t)(z - Zl(t))(z - Zz(t)), (3.29)
Z(O) = ZO; '

in which h(t), z,(t), z,(t) € C[0,+), h(t) > 0,
z,(t) < 0 < z,(t), (3.30)
(1) If zy = 0, then the continuous solution z(t) of the problem (3.29) satisfies

0<z(t) <supz,(t);
20

@) If

Zy < ianl(t),
t=0

then there is a finite 7 > 0, such that as t — tF, the continuous solution z(t) to the problem
(3.29) satisfies z(t) - —oo.
If (1.7) or (1.9) holds, then (3.19) or (3.20) holds. And (3.22) or (3.23) is satisfied. Therefore,
according to Lemma 3.3, (1.6), (3.16) and (3.18), we have
(H—1)7 < (u(x) — )i < (M — 1)a. (3.31)
From (3.28) and (3.31), we get

4 3 4 3
—§(M — 1)4 < mq, Ny < _§(H - 1)41 (332)

2(M=1)1 <my, n, <2(M—1)s. 3.33
3 3

Proof of Theorem 1.1: It is easily known that at t = 0,

_ _ 1 ug(x) 2 _ 3
m= mo(x) - W(ul (x) + m) + 3 (uo(x) 1)4:

, 5 (3.34)
n = 1900 = T (1 (0) — 22 + 2 g () — D)%
Therefore, based on the assumptions, if (1.7) holds, then we have
my(x) = g(uo(x) — 1)% > 0.
According to (1.7), (1.8), Lemma 3.3 and Lemma 3.5, we have
;(H—l)%Smsg(M—l)z, OSnsg(M—l)%. (3.35)

11



By (3.16) and (3.26), we get

3 2 3 2
p=(ukx)—1)"+m-— 3 4= (u(x) —1)"an— 3 (3.36)
Then we have
0< <2(M_1)% 1 2 <0 <0 3.37
N = , —3=49<0. (3.37)
Similarly, if condition (1.9) holds, then
0< <2(M_1)% 1 2 <0 3.38
1=3\\F=71 , —3=p<0 (3.38)

Based on Theorem 3.1, Theorem 1.1 proved.

Proof of Theorem 1.2: If (1.12) holds, then

1o (x) < lg{ nq(t),

and from Lemma 3.5, there is a finite 7 > 0, as t — 71,we have n(x,t) - —oo.

Similarly, if (1.13) holds, there is also a finite 7 > 0, when t - t*, m(x,t) - —oo.
4. Conclusion

This paper includes three parts: the first part recommended the background knowledge of
dissipative hyperbolic geometric flow; In the second part, symmetric group of dissipative
hyperbolic flows, one-dimensional optimal system and exact solutions are given. Finally, we
proved the main results.
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