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In this paper, a stochastic phytoplankton-toxic phytoplankton-zooplankton system with Beddington-
DeAngelis functional response, where both the white noise and regime switching are taken into account,
is studied analytically and numerically. The aim of this research is to study the combined effects of the
white noise, regime switching and toxin-producing phytoplankton (TPP) on the dynamics of the system.
Firstly, the existence and uniqueness of global positive solution of the system is investigated. Then some
sufficient conditions for the extinction, persistence in the mean and the existence of a unique ergidoc
stationary distribution of the system are derived. Significantly, some numerical simulations are carried
to verify our analytical results, and show that high intensity of white noise is harmful to the survival of
plankton populations, but regime switching can balance the different survival states of plankton populations
and decrease the risk of extinction. Additionally, it is found that an increase in the toxin liberation rate
produced by TPP will increase the survival change of phytoplankton, while it will reduce the biomass of
zooplankton. All these results may provide some insightful understanding on the dynamics of phytoplankton-
zooplankton system in randomly disturbed aquatic environments. Copyright (© 0000 John Wiley & Sons,
Ltd.
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1. Introduction

Plankton are the basis of the freshwater and seawater food chains, and their importance for the wealth of aquatic ecosystems
and ultimately for the planet itself is nowadays widely recognized [1]. Phytoplankton, particularly, can create energy for
the aquatic life through photosynthesis and produce large amounts of oxygen by absorbing carbon dioxide from their
surroundings. However, the rapid growth of phytoplankton can cause large-scale blooms in one area and the occurrences of
harmful phytoplankton blooms have been reported globally with an increasing frequency in the past decades [2], which are
detrimental to the public health, fisheries, tourisms as well as the balance of ecosystems [3]. For example, some freshwater
lakes in China, such as Lake Taihu, Lake Poyanghu, Lake Chaohu, etc., have suffered varying degrees of toxic cyanobacterial
blooms in recent years. In 2011, Lake Erie experienced the largest harmful algal blooms (HABs) in its recorded history, with a
peak intensity over three times greater than any previously observed bloom [4]. Based on the huge effects of planktonic blooms
and the mechanisms behind them are not yet clearly understood, therefore, it is necessary and important to understand the
dynamic mechanisms of changes in plankton populations.

Many researchers have attempted different approaches to explain the dynamic mechanisms of planktonic blooms in the
past decades. The results from experiments suggested the toxic or noxious chemicals produced by blue-green algae may
reduce the grazing pressure of zooplankton population and even cause their mortality for a long time [5, 6], which could be
one of the key parameters for planktonic blooms [7]. Some experimental evidence demonstrated that the grazing pressure
by microzooplankton can represent an important factor for the controlling and regulation of HABs [8, 9]. In addition, there
is an experiment revealing that under some suitable conditions, the formation of Microcystis blooms is closely related to
the presence or absence of zooplankton population and to its selective grazing of the naturally occurring zooplankton [10].
Another approach the researchers are trying to explain the bloom phenomenon is the role of toxicity. The result that toxicity
may be as a strong mediator in the zooplankton feeding rate is found in the field observation [11], as well as the laboratory
experiment [12]. Moreover, the experimental findings and field study revealed that TPP can suppress the grazing pressure of
zooplankton and may act as a biological control way for the termination of planktonic blooms [13, 14]. All these results imply
that the toxin production plays a significant role in the interaction between phytoplankton and zooplankton populations,
which may greatly stimulate researchers to explore the way how these toxin production affects the coexistence and survival
prospect of plankton populations in the presence of non-toxic and toxic phytoplankton.

Due to the complexity and openness of the real aquatic ecosystems, establishing mathematical models is now classical
way to study the planktonic blooms [15], which can provide quantitative insights into the dynamic mechanisms of changes in
plankton populations. In recent years, many deterministic mathematical models for plankton dynamics, such as the delayed
nutrient-phytoplankton models [16, 17], a diffusive nutrient-toxic phytoplankton model [18], the viral infection nutrient-
phytoplankton models [19, 20], a phytoplankton-toxin producing phytoplankton-zooplankton model [13], and so on, have
been developed and studied extensively, and many interesting results have been shown. However, plankton populations in
the real aquatic environments often fluctuate unpredictably because of the unpredictability of environmental stochasticity,
and these deterministic models did not capture the random environmental fluctuations which is important feature of aquatic
ecosystems. In fact, some experiments shown that the environmental noise has a significantly effect on population systems in
ecology [21, 22]. For example, the work of Reichwaldt et al. [23] demonstrated that the wind can be as the most likely driver
to control the biomass of cyanobacteria. In addition, the growth rate of toxic Microcystis and environmental biomass rely
heavily on the temperature and nutrient concentration [24, 25]. Thus, plankton systems with environmental fluctuations are
significantly more reasonable, and the issue on how the environmental fluctuations affect plankton systems have attracted
increasing attention and great effort has been made towards the study of the dynamics of stochastic plankton systems recently
[26, 27, 28, 29, 30, 31, 32]. But the study of stochastic phytoplankton-toxic phytoplankton-zooplankton system still in its
infancy, especially the dynamics of the phytoplankton-toxin producing-phytoplankton-zooplankton system with white noise
and regime switching is not very clear currently. Thus, we mainly present the effects of white noise, regime switching and
toxic substances produced by TPP on the stochastic phytoplankton-toxic phytoplankton-zooplankton system in this paper.

The rest of this paper is organized as follows. The model is presented in section 2. Section 3 introduces some preliminaries
firstly, and then we give the main results, including the existence and uniqueness of the global positive solution, extinction
and persistence in the mean as well as the stationary distribution and ergodicity of the system. Some numerical simulations
are carried out to study the dynamics of the system in section 4. We summarize the results and present our conclusions in

section 5.
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2. Model formation

In this section, we will establish a stochastic two preys-predator model in which the zooplankton feeds on two types of
phytoplankton species, including a non-toxic phytoplankton (NTP) and a toxic one. The construction of the stochastic
phytoplankton-toxic phytoplankton-zooplankton system is based on the following assumptions:

- It is assumed that Pi(t), P2(t), Z(t) are the population densities of NTP, TPP and zooplankton, respectively; m is the
natural death rate of zooplankton.

- It is considered that the growths of NTP and TPP in the absence of the grazer zooplankton are generally considered
as logistic type with the intrinsic growth rates r1 and ra2, respectively, and their corresponding environmental carrying
capacities K1 and Ko.

- Assuming that a1 and as measure the competitive effects of TPP on NTP and NTP on TPP, respectively. In fact, these
competitions have been introduced into ecological systems to explore the properties of plankton dynamics, such as stability
[29], oscillation and chaos [33], etc.

- Behavior of the entire community is assumed to arise from the coupling of these interacting species. Both groups of

phytoplankton exhibit Beddington-DeAngelis functional response to the grazer zooplankton as given by ﬁ%w

and ﬁﬁ)@%’ where a and ( are the attack rates of zooplankton on NTP and TPP, respectively; b1 and b2 are
the product of attack rate and handling time on NTP and TPP, respectively. In addition, the term — 22 which

1+b1 Py +b2 P2
describes the resultant reduction for the growth of zooplankton due to the ingestion of TPP, where ~ is the inhibition rate

of zooplankton growth, while the term can be regarded as the growth form of zooplankton in the present of

5P Z

116, P1+b2P;
NTP, where § is the conversion efficiency. The Beddington-DeAngelis functional response [34, 35] here provides a more
appropriate in case of plankton population due to the fact that the predator individuals either search, consume or interfere
with each other [29].

- It is assumed that the environmental noise exists in the realistic aquatic ecosystems because of the unpredictability of the
environmental stochasticity, such as nutrients supply, water temperature, and some other small environmental fluctuations,
which may affect population growths of the system. Actually, the work of May [36] have pointed out that these small
environmental fluctuations can affect the ecological parameters of a model more or less, which can be described by white
noise. Thus, following the idea of [26, 27, 30, 31], the convenient formulations, which describe the intrinsic growth rates
of phytoplankton populations and the death rate of zooplankton population that are influenced by white noise, are taken
as r; = 1 +04dB;(t)(i = 1,2) and —d — —d + 03dBs(t), respectively. Here the terms dB;(t) denote the white noises and
o2 > 0 are their intensities of white noises, i = 1,2, 3.

- We further consider the regime switching into the model, where the biomass of plankton often suffer switching abruptly
to a contrasting alternative stable state in the real world due to some kinds of moderate environmental fluctuations, for
example, environmental pollution, rain falls [37, 38] and biotic exploitation [39]. The plankton population models in this
case can be characterised by the telegraph noise or colored noise [40], which may cause the population systems switching
from one environmental regime to any other regimes [41, 42]. In addition, the switching is generally memoryless and the
waiting time between two shifts follows exponential distribution. The convenient formulation here is to take £(t),t > 0 as
regime switching, which is a continuous-time Markov chain with state space R = {1,2,...,n},1 <n < co.

- It is assumed that the Markov chain £(t) and the Brownian motions B;(t),7 = 1,2, 3 are defined on a completed probability
space (Q, £¢,{£i}+>0,P) with a filtration {£;} satisfying the usual normal conditions, and £(t) is independent of
B;(t),1 =1,2,3.
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Based on above assumptions, a stochastic phytoplankton-toxic producing phytoplankton-zooplankton system under regime

switching is presented as follows:

4P, (6) = Pr(0)| (€ (1 - =ty ) — s ) Pa()
- 1+b1(€(f)(;1<>§((§§>‘i'zf)it()€(t))f)2(t):| dt + o1 (£(1)) PL(t)dBu(2),

aPa(t) = Pa(0)| (€)1 - 2ty ) = aaleO)PaC) M
~ e |+ o EO)PBa()

dZ(t) = Z(t) {1ﬁff((é()i5}51?5122((?35?52(t) - d(£(t))} dt + o5(£(6)) Z(£)dBs(1).

where r1(k), K1(k), a1(k),b1(k),r2(k), K2(k), az(k), ba(k), a(k), B(k),v(k),d(k) and o4(k) (i=1,2,3) are all positive

constants for each k € N.

3. Main results

In this section, we investigate mainly the existence and uniqueness of global positive solutions, extinction and persistence in

the mean of system (1), and the positive recurrence and ergodic property of solution is considered as well.

3.1. Preliminaries

Denote Ry = [0,+00) and R} = {(z1, -+ ,zn) ER" :2; >0,i=1,2,--- ,n}, and |z| = \/m For convenience, if
©(t) is a bounded and integrable function on Ry, we define ¢ = limsup,_, (@) and @ = liminf;, . (p), here (p) =
T fOT p(s)ds, T > 0.

Let {£(t),t > 0} be a right-continuous Markov chain on the probability space (€, £¢,{£+}t>0,P) with initial value
£(0) = &o, taking values in a finite-state space X = {1,2,--- ,m} with the transition rate matrix @ = (gij)mxm of £(t) given
by the following form:

%At + o(At), i F# ],

PLEt+ AL) = jle@) =i} =
eran =g =it=q i

where o(At) is the infinitesimal of higher order, At >0 and ¢;; > 0 is the transition rate from ¢ to j if ¢ # j and
qij = *Zi# ¢ij. Throughout this paper, we always suppose that Markov chain £(t),¢ > 0 is irreductible, which means
the system can switch from one regime to any other regimes, indicating that there exist finite numbers i1,42,...,7m € N
such that qi i, qiy 5" Girn,j > 0, for any 4,5 € X. Under this assumption, the Markov chain £(t),t > 0 has a unique
stationary distribution m = (w1, w2, -+ ,7m) € RY*™  which can be determined by solving the linear equation 7Q =0
subject to > ;" m =1 and m, > 0,Vk € X. For any vector ¢ = (¢(1), -+ ,6(m))", we define ¢* = maxpen{é(k)} and
¢« = mingen{d(k)}.

Now, we introduce some fundamental results on the stationary distribution of stochastic differential equations under

regime switching. Let (X (¢),&(t)) be the diffusion process described by the following equation:

dX (t) = f(X(1),&(t))dt + g(X (1), £()dB(t),
X(0) = Xo € R™,£(0) = & € X,

(2)

where B(-) and &(-) are the d-dimentional Brownian motion and right continuous Markov chain, respectively. f(-,-) :
R™ x X — R™ and g(-,-) : R™ x R — R™*? satisfy g(X,k)g(X, k)T = (dij(X,k)). For each k € ® and any twice continuously

differentiable function V (X, k) that are non-negative, we define a generator .Z:

N~ OX,k) | I~ (X, k)
n Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-17
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where .
DX, ) (k) = qunZ(X,h) = > qun(L(X,h) — L(X,k)),h €N,
h=1 k#h,heR
From Theorem 3.13 [43], the following lemma that describes a criterion for the ergodic stationary distribution of system (2)

can be presented.

Lemma 1. If the following conditions are satisfied:

(i) for i # j, qi; > 0,1, € N;

(i3) for each k € R, A|p|? < pTdij (X, k) < X™Hul? for all p € R™ with some constant A € (0,1] for all X € R™;

(#i) there exists a bounded open subset Z of R™ with a regular (i.e. smooth) boundary satisfying that, for each k € N,
there exists a non-negative function V (-, k) : 2° — R such that V (-, k) is twice continuously differentiable and that for some

¢>0,2V(, k) < —s for any (X, k) € Z° x N.

Then system (2) is ergodic and positive recurrent. That is, there ezists a unique stationary distribution p(-,-) = (p(+,1) : i € V),
and for any Borel measurable function f(-,-) : R™ x ® = R such that Y, o [pn [F(X, k)|p(X, k)dz < 0o, we have

(tlggo /f ds—Z/Rn XI<:|pXI<:)dm>:1.

keR

Lemma 2. [44] Let Q = (qs;) be irreducible and ww, n € R™, then the following linear system:
Quw =1

has a solution if and only if mn = 0.

3.2. Existence and uniqueness of global positive solutions

Before investigating the dynamics of system (1), we should first guarantee the existence of global positive solutions according
to the biological interpretation. Therefore, in this subsection, we will discuss the existence of global positive solutions of

system (1). The following result can be presented.

Theorem 1. For any given initial value (P1(0), P2(0),Z(0),£(0)) € R x X, system (1) exists a unique solution
(Pi(t), Po(t), Z(t),£(t)) on Ry and the positive solution will remain in RL xR with probability one, namely
(Pi(t), Pa(t), Z(t),£(2)) € RY x R for all t > 0 almost surely.

Proof. From the method of the Theorem 3.15 [45], obviously, we can verify that all the coefficients of system (1) are locally
Lipschitz continuous and system (1) admits a unique local solution (Pi(t), P2(t), Z(t),£&(t)) on [0,7e) for any given initial
value (P1(0), P2(0), Z(0),£(0)) € R% x R, where 7. represents the explosion time. In order to illustrate the solution is global,
we only need to prove 7. = 0o a.s.. Let ng > 1 enough large satisfying (P1(0), P2(0), Z(0),£(0)) € [n%’ nol. For each integer

n > no, we define the following stopping time:
1
Tn = inf{t € [0, 7c) : max{(P1(t), P2(t), Z(t)} < < — or min{(P1(t), P2(t), Z(t)} > n},

and the set inf ) = oo (0) denotes the empty set). Obviously, 7, is increasing as n — 0o. Let 7oo = lim¢— 400 Tn, then we can
obtain that 7o < Te a.s.. Thus, if we can prove that 7o = 00 a.s. in the following, then 7. = oo and (P1(0), P2(0), Z(0),£(0)) €
R% x R a.s. for all ¢ > 0. In other words, to complete the proof, we only need to proof 7o = 0o a.s. Otherwise, the statement
is false, then there exist two constants T' > 0 and ¢ € (0, 1) such that P{roc < T} > e. Hence, for all n > n, there exists an
integer n1 > no such that P{r.c < T} > e.

Define a C?-function V : R¥ — R, by

V(Pl,PQ,Z,f) = (5*(P1 —1- logPl) + (P2 -1 IOgPQ) -|—Oé*(Z -1 logZ).

Math. Meth. Appl. Sci. 0000, 00 1-17 Copyright © 0000 John Wiley & Sons, Ltd.
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Obviously, the function V(Py, Ps, Z, €) is non-negative. Applying the Ité’s formula to V(P1, P2, Z, £), we have

dV(Pl, P, Z, f) = gV(Ph P, Z)dt =+ (5*0'1 (5)(}31 — 1)dB1 (t)
+ 02(€) (P2 — 1)dBs(t) + a.03(£)(Z — 1)dBs(t)

where £V : R} — R is defined by

KV(Pl,PQ,Z &)
5= (n©(1- 55 )~ OP - e ) i)
FiEmy ( (1 ) a20)P = bl(é)gf(?f)f b2(5)P2) * 052(5)
(g - )( +5z(f( 2 +(b2)(§)P2 d(g)) * QOT%)
S(a*d* + ?bj)* — 6% (r1)s — (r2)u + %(5*01‘ o3+ a*a§>>
+ ((‘;(:)1 +6%r + a;>P1 - ‘5*%)*1{2 + <(K2)* +73 +5*a1‘)P %P2

+ 16" + B — andi|Z
<M+ |6"a” + 8" — audy|Z.

where

l\.’)\'—‘

M = (a*d* + 2T 8 (1) — (r2)s +

(b2)
Loy +a§>P1 - mPf}

1)
PrE(0ro0) { (( K7

*px
Ki)
T3

Pzen(lﬂe}?l—(oo) { K>)

(507 + 03 + ag>)

—+
+

* * % T2 )x
( +’I“2+6 a1>P2—(I§; PQQ}

*

Notice that )
Z<2Z—-1-logZ)+2log2 < —Vi(P1, P2, Z,£) + 2log 2
Oy

for all Z > 0, then one can obtain that
W * ok * 2 * ok * W M/
$V§M+m5a+ﬂfaAM%2+;wa4H3—M¢W§Tu+w,

where )
T = max {M +2|6"a” + B8 — axdi|log2, —|"a” + B — a*d*\}.
Qs

The remainder of the proof follows that in [46], here, we omit it. O

3.3. Extinction and persistence in the mean

Based on the Theorem 1 and the perspective of study of population dynamics, it is necessary and important to consider
whether a population can sustain development or become extinct in the long time. Thus, we will discuss the persistence in

the mean and extinction of system (1) in this subsection. For convenience of discussion in the following, we define
m 1 m
A= Zm(rl —O'%(’L)),B_Zlﬂ'i<’r'2(7,)—0'2 ) Zm( +203())

Theorem 2. Suppose that (P1(t), P2(t), Z(t),&(t)) is the solution of system (1) with initial value (P1(0), P2(0), Z(0),£(0)) €
Ri x N, and if the conditions A < 0 and B < 0 hold, then system (1) tends to extinction.

ﬂ Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-17
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Proof. We firstly consider the phytoplankton species Pi(t). Applying the 1t6’s formula to the first equation of system (1),

one can obtain that

B A1) oE() Z (1)
dinPi(t) = {““(“) (1 - K{(es(t))) ~aCOR) = T P 0) + e €0) Pa0)

- e+ o (im0,

Integrating the above from 0 to ¢ and dividing ¢ on both sides yield

ey = (e - yotten) - (DA ) - o))
_ a(€(1)) M (t)
<1 +b1(&(1) Pr(t) + b2(§(t)) Pa(t) Z(t)> T ®)
where .
M0 = [ oee)anis)
By the strong law of large numbers for martingales [47] yields
. Mi(t)
tl}gloo ——* =0 a.s. (4)
According to the ergodic theorem of Markov chain &(t) and (3), (4), we have
lifrisogp%lliill((é)) < Jim {ra(€(0)) - %a%(f(t))) -3 (rl(i) - %ﬁ@)) —A<0, as.

i=1

which implies that lim¢— o Pi(t) =0 a.s.

For species P»(t) and species Z(t), similarly, we have

timsup A < lim (ra(6(0) ~ 5o36(0) = 3w (rali) — ok = B <0, s

=1
and
) 11nZ(t) . 1, us N P
limsup + <1 - - S'm - , a.s.
moup {1706} <~ lim (€00 + 53600 = =D om (a0 + 3od0)) <0, as
which imply that lim;—, o P2(t) = 0 a.s. and lim;—, Z(t) = 0 a.s., respectively. O

Theorem 3. Suppose that (Pi(t), P2(t), Z(t),£(t)) is the solution of system (1) with initial value P1(0), P»(0), Z(0),£(0)) €
R% x R, and the following conditions

GK2)e g, g 2EDx

2 1 T

A—

hold, then the species Py (t) and P(t) are persistence in the mean, while the species Z(t) undergoes extinction.

Proof. From the Lemma 4 [48, 49], we can obtain that

— K1)« — Ko)s
By < By gy < K2)epg (5)
T Ta
Math. Meth. Appl. Sci. 0000, 00 1-17 Copyright © 0000 John Wiley & Sons, Ltd.
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We first consider the species Z(t). Applying the It6’s formula to the third equation of system (1) and then integrating from

0 to t, we have

1InZ@t) 1o 5(£(t))
;mzmy*‘@““”+z3@”»+<1+m@mﬂuw+m@mﬂﬂwﬂ“w
(1) My ()

‘<1+m@wﬂuw+m@mﬂmw%“w+ 0 (©)

Taking upper limit on both sides of (6) and using the strong law of large number of local martingale yields

1. 261 _ 8 (Ky)-
~ln—=| <——A-C<0, a.s.
2= e
which implies lim;—, o Z(¢) = 0, namely the species Z(t) is extinctive.
Now, we consider the species Pi(t). By (5) and integrating (3) on the interval [0,¢] and making some estimations, one can

obtain that

1 1 T‘T al(Kz)* Piad M1(t)
- > - _
In Pi(t) > ; InPi(0)+ A ). (P1) m B—-a"Z+ ; (7)
In addition, since the fact that
fim 220 g, M®)
t—+oo t t—+o0 t

and from the definition of A and B, then we can obtain that for arbitrary ez > 0, there exists a constant T> > 0 such that

(Py) < (KQ)*B+ €2

* * )
r; 2a3

2 (E(t)) — %a'{’(g(tm > A- %2 lnPtl(O) > _%27 M;(t) S _%2.

<
(2) < 2a*’

Substituting the above inequalities into (7) and for all ¢ > T%, we have

From (5), one can obtain that

That is, the species P»(t) is persistence in the mean. a

3.4. Stationary distribution and ergodic property

In this subsection, by constructing a suitable Lyapunov function and using Khasminskii’s method [50], some sufficient

conditions for the positive recurrence and the existence of uniqueness of stationary distribution are obtained.

Theorem 4. If the following condition

II = Z?TgAg >0
=1

E Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-17
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holds, where

re= (1O = 3010 + (m(6) - 5030 - (400 + 0©)) - 2

2

a(g)d(g)Kl(g)|:71(§)/3(€)(a(§<)+)6(6)+1) + 71(5) +a2(§)} K2(§) {M(f) + 17;22((55)) +a1(§)
Ar1(§)BE) (&) + B(E) +1) - 4ry(€)

Then for any given initial value (P1(0), P2(0),Z(0),£(0)) € R} x X, system (1) admits a unique ergodic stationary

distribution.

Proof. In order to prove this theorem, we only need to prove all the three conditions of the Lemma 1 one by one. Obviously,
the condition (i) of the Lemma 1 is satisfied by the assumption ¢;; > 0 for any i # j, 4,7 € N in the subsection 3.1. On
the other hand, it is easy to verify that the diffusion matrix d;;(X, k) = diag{o3(£),05(¢),05(&)} of system (1) is positive
definite, which implies that the condition (ii) of the Lemma 1 holds.

In the following, we prove the condition (iii) of the Lemma 1. We construct a C*-function V : ]Rf’;_ X N — R as follows:

V(Pi,P2, Z,8) = (c1tPi+Po+c2Z)—(nPi+1+Inci+InPo+1+InZ+1+1nc)
+ (we + |w]) £ Vi(Pr, P2, Z,€) + Va(Py, P2, Z,€) + V3(6),

where ¢; and ¢z are positive constants, @ = (w1, w2, - ,@m)?, |@| = V@2 + --- + w2, and we (€ € R) will be determined
later and the reason for |w| being here is to make we + |w| non-negative. Obviously, the function V(Py, P2, Z,§) is non-

negative. Applying the It6’s formula to V7 and Vs, we have

(1220 =7~ S = amOnr S
r2(§) 2 BE)PZ
Ok g e OR e E e,
026(£)P1Z _ C27(§)PQZ —c d(f)Z

L4011 (P +b2()P, 1+b01(OP+ ()P °
017”1(5) 2 - r2(§) 2 r _c

< - 6 P4+ cari(§P Kg(g)PQ +r2(§) P — c2d(§)Z

_ [aa(§) =261 Z

14 b1(&) P+ b2(8) P’
and

a(§)Z n oi (&)
L+b:1() P +b2() % 2

ra(€) B(€)Z 10)
&)+ 2 TP+ BE@P T 2

()P —v(§) P2 o3 (é)
TTTh@OP then TN+

{ (o) (5)} 1+{T2(f> +a1<g>}p2+[a(a)+ﬂ<£>1z

K1(€) K> (8)
{ () _T2(§)+d(§)+al(£)+022(£)+as(£) .

r1(§)
K1(¢)

LVa(Pr, P2, Z,6) = —r1(€) + P14+ ai1(§) P2 +

P+ a2() P +
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Thus,

g‘/l(PhPQ,Z£)+$‘/2(P17P27Z1£)

) 12y [+ 2 s ane)] - 229 1

<TER Ki(6)
+ (@ + 72Tt O] Pt (@) + 50 - cat(@)z - 122 OIS

K> (&)
2 2 2
+ [ ’Y(E) _ rl(g) _ ,,,2(5) + d(f) + 01 (5) + 02(5) + U3(§):| .
b2(€) 2
Choosing ¢1 = ﬁ ~C2 and ¢ = %ﬁ:“, one can obtain

LVi(Pr, P2, Z,8) + LVa(Pr, Pa, Z,€)

- _BEONE(© +BE +1) {Pl_B(S)Kl(ﬁ)rl(é)(a(£)+6(£)+1)

= a(E)d(€) K1 (€) 2161 (6) (@) + BE) + 1)

L OO () + m(a)az(z))] ra(6) (P2 () + Ka(O)(ra(6) + m(&)))z
2BEM(E)(a©) +BE + ]|  Ka(e) 212 ()
(UK ()| HLYHOION | Gy ()] K@) r(6) + R + 0 (9)

* 4m<> ©@© + 8@ + 1) * 172()

|2~ (0 - 301©) - (0 - 503©)) + (4@ + 3odc@) )|

Moreover,
LV5(8) =Y genon.
Note that m
> me=1, w[A— (7A)L,] =0,
£=1
where A = (A1, A2, , AT, L, =(1,1,---,1)7 € R™. By the Lemma 2, we can obtain that the equation Qw = A —
(7A)I,, has a solution w = (w1, w2, -+ ,@m)" € R™, which implies
—Ag + Z qehWh = — Z mnAp = —1I1.
h=1 h=1
Then
LV (P, Py, Z,8) < 11+ f(P1) + g(P2),
where
- Ezlwg{ (n© - 301©) + (20 - 3030 + (4t + 3o00)) - 29
(€K (€)| QOO | G 0] Ka(©)|rlO) + R + @ (6)
4r1(©)B()((€) + B(E) +1) - 4r5(€) }
BE)ri(§)(a(§) + B +1) {
P)=-— P
J) 2O () :
_ BEOKL(Eri((alE) + (5)Jr1)Jra(ﬁﬂ(i)(?‘l(é)JrKl(i)tm(é))}2
2[B(&)r1(&)(a(§) + B(§) +1)]
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and
2 Ka() {7"2(5)4‘ 28 1 ()
_r2(8) ~ 12(8) + K2((r2(8) + a1 (§)) K2(0)
or =2 (2 272 (€) )+ 12
Thus,

—II+ f(P1) + g"(P) = —oo, as P; — +o0,
—II+ f(P1) 4+ ¢g"(P2) < I, as Py — 0%,
O+ f(P) +g(P2) < I+ f(P1) + g(P2) = —oo, as Py — +oo,

—II+ f(P) + g(P) < -1I, as P, — 0",
I+ 7 (P) + g7 (P2) < -1,

as Z =07 or Z — 4.

Therefore, we can take € > 0 sufficiently small such that for any (P1, P>, Z,£) € < X N,

XVPI7P27Z7£) S_ly

where %, = (e, é) X (E, i) X (5, é) Hence, the condition (iii) of the Lemma 1 is verified. It follows from the Lemma 1

that system (1) admits a unique ergodic stationary distribution. O

4. Numerical simulation

In this section, based on the Milstein’s Higher Order Method [51], some numerical simulations are carried out to study the
effects of the white noise, regime switching and TPP on the dynamics of system (1). In these numerical simulations, unless
otherwise specified, we always assume that the right-continuous Markov chain £(t) takes values on state space N = {1, 2} and
the values of parameters are listed in the table 1. In order to study how the white noise, regime switching and TPP affect the
dynamics of system (1), we firstly consider that there is no regime switching in system (1). Fixed (y(1),~v(2)) = (0.2,0.3) and
choose (01(1),01(2)) = (1.5,1.5), (02(1),02(2)) = (1.3,1.4), (03(1),05(2)) = (0.7,0.8). By direct computation, the sufficient

conditions of the extinction for both Subsystems are easily to verify. Thus, all the species of Subsystems 1 and 2 are extinct

_1 1
see Figure 1). Furthermore, suppose that the generator @ of the Markov chain £(t) is 8 8 ], by the irreducible
1 1
12 12

property, we can obtain that the stationary distribution of £(¢) is m# = (0.4, 0.6), which satisfies the conditions of Theorem
2, then all the species of system (1) undergo extinction (see Figure 1). This result suggests that the regime switching can
not change the extinction behavior of system (1) in this case, that is, system (1) is extinct if both two Subsystems die out
simultaneously.

Table 1 Parameter values

Coefficients
States

T1 K, T2 K> ai as « B by b 1) d
1 0.8 1.8 0.65 2.5 0.01 0.28 0.8 0.08 0.2 0.5 0.6 0.28

2 0.8 38 08 35 001 0.08 09 0.01 01 08 075 0.2

On the other hand, to illustrate the effect of regime switching on the dynamics of system (1), we choose (01(1),01(2)) =
(0.1,0.05), (2(1),02(2)) = (0.1,0.05) and (o3(1),03(2)) = (0.1,1.8) and all other parameters remain unchanged. By a simple
computation, we can easily verify the conditions of Theorem 3, which follows that both species P (t) and P>(t) of system
(1) are persistence in the mean, while species Z(t) tends to extinction, as shown in Figure 2. From Figure 2, it is clear that
Subsystems 1 and 2 have different persistence-extinction behaviors and system (1) can switch from one Subsystem to another
Subsystem due to the regime shift, which implies that regime switching can balance the density of the population under
different regimes. Significantly, it should be pointed out that the zooplankton of system (1) is extinct due to the extinction

of zooplankton in Subsystem 1. This indicates that the regime switching may not change persistence-extinction behaviors in

Math. Meth. Appl. Sci. 0000, 00 1-17 Copyright © 0000 John Wiley & Sons, Ltd.
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Figure 1.(a), (b) and (c) denote the solution trajectories of Pi(t),
(61(1),01(2)) = (1.5,1.5), (02(1),02(2)) = (1.3,1.4), (03(1),03(2)) = (0.7,0.8), respectively. Here the initial value is (P1(0), P2(0), Z(0)) =

(1,2,1).

Py(t) and Z(t) for system (1) with (vy(1),~v(2)) = (0.2,0.3) and
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Figure 2.(a), (b) and (c) denote the solution trajectories of Pi(t),
(61(1),01(2)) = (0.1,0.05), (02(1),02(2)) = (0.1,0.05), (o3(1),03(2)) = (0.1, 1.8), respectively. Here the initial value is

(1,2,1).
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Figure 3. The effect of regime switching on the stochastic behaviors of zooplankton species Z(t) for system (1).
behaviors between extinction and persistence in the mean of zooplankton species Z(t) for system (1) with different values of p in different areas
of I,II,I1I and other parameters as in Figure 2; (b) denotes the solution trajectories of zooplankton species Z(t) with respect to Figure 3(a)

for p =1,p = 15 and p = 25, respectively.
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Figure 4. (a), (b) and (c) denote the solution trajectories of Pi(t), Pa2(t) and Z(t) for system (1) with (v(1),~(2)) =(0.2,0.3) and
(61(1),01(2)) = (0.1,0.05), (02(1),02(2)) = (0.1,0.05), (03(1),03(2)) = (0.1, 1.8), respectively. Here the initial value is (P (0), P2(0), Z(0)) =
(1,2,1).

that the stationary distribution of {(t) is 7 = (71, m2) = (%, %) (0 < p <100). From Figure 3 (a), one can observe that

with the increasing value of p, the dynamical behaviors of species Z(t) change from persistence in the mean to extinction in
different areas of I, IT and III and Figure 3 (b) depicts the dynamical behaviors of species Z(t) with respect to Figure 3 (a)
for p=1,p = 15 and p = 25, respectively. Taking p = 1 for example, we can see from the Figure 4 that system (1) becomes
persistence in the mean, whereas other Subsystems remain unchanged and almost all of the sample trajectories of system
(1) are in that of Subsystem 2 due to 71 > 2. This means that plankton species can choose a better living environmental
state to survive due to Markov chain. For the case of p = 25, we can obtain that the zooplankton of system (1) becomes
extinction again (Figures are not given due to the similarity to Figure 4). Thus, under the effect of the regime switching, we
can obtain the result from Figure 3 and Figure 4 that even if one population undergoes extinction in one state, it will become
persistence in the mean in another state because of its staying longer in a better living environmental state. Therefore, it
can be asserted that the regime switching can change the persistence-extinction behaviors of system (1) and the distribution
of Markov chain &(t) is beneficial to the survival of plankton.

Next, the impact of the white noise on the dynamics of system (1) will be shown. From Figure 5, it can been seen
that NTP, TPP and zooplankton populations can coexist at a relatively stable state when the intensities of white noise
are comparatively small ((g1(1),01(2)) = (0.1,0.05), (02(1),02(2)) = (0.1,0.05), (o3(1),03(2)) = (0.1,0.05)) and all other
parameters as in Figure 1. Actually, according to Theorem 4, system (1) has a unique ergodic stationary distribution (see
Figure 5), which are consistent with our numerical analysis. Moreover, it is clear to see from Figure 4 (a),(b),(c) that white
noise keeps the stochastic processes Pi(t), P2(t) and Z(t) moving up and down randomly and the solution (the red lines)
of system (1) fluctuates in a small neighborhood of that (the blue lines) of its corresponding deterministic system. Thus,
we can obtain that white noise can affect the distribution of phytoplankton and zooplankton populations. That is, white
noise can significantly affect the dynamic evolution mechanism of plankton populations. Significantly, we can observe from
Figure 4 (d),(e),(f) that the probability density functions of NTP, TPP and zooplankton have two wave curves that are
corresponding to the two states X = {1, 2} of the Markov switching, respectively. Comparing Figures 1, 2 and 5, it is obvious
to find that the high density of white noise can accelerate the extinction of the plankton populations and be advantageous
to the rapid disappearance of planktonic blooms, which may help us to control the density of plankton populations in real
aquatic ecosystems. Therefore, it can be asserted that the plankton systems incorporating white noise can better simulate
planktonic blooms than its corresponding deterministic counterparts. Figure 6 describes that system (1) switches from one
state & = 1 to another state £ = 2 by the law of Markov chain £(¢) over time.

Finally, the influence of the toxin liberation rate produced by TPP under the effects of the white noise and regime
switching is studied as well. By choosing (v(1),7(2)) = (0.5,0.55), and a simple computation shows that IT > 0. According to
the Theorem 4, we know that system (1) has a unique stationary distribution and the probability density functions of NTP,
TPP and zooplankton populations have two wave curves due to the regime shift (see Figure 7). Comparing Figure 5 and
Figure 7, we can observe that the peak values of the probability density functions for P;(t), P2(t) and Z(t) of system (1) are
higher than that in the earlier case ((y(1),v(2)) = (0.2,0.3)). Moreover, we can also observe that with the increasing value
of v, the mean values of P (t) and P>(¢) of system (1) are getting larger, while that of Z(t) is becoming smaller. Therefore, it
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Figure 5. (a), (b) and (c) denote the solution trajectories of system (1) and its corresponding deterministic counterparts, and (d), (e) and
(f) denote the density function diagrams of system (1) with (o1(1),01(2)) = (0.1,0.05), (o2(1),02(2)) = (0.1,0.05), (o3(1),03(2)) = (0.1,0.05),
(v(1),v(2)) = (0.2,0.3) and initial condition (P1(0) = 1, P>(0) = 2, Z(0) = 1,£(0) = 1) in regime & = 1, £ = 2, respectively and other parameters
are the same with Figure 1.
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Figure 6. (a) denotes the movement of Markov chain in the state space X = {1, 2} over time. (b) denotes the probability density function (PDF)
of £(t).

is obliged to be stressed that the introduce of TPP can be beneficial to the persistence in the mean of three species through

the termination of planktonic blooms and may be acted as a controlling agent to control planktoic blooms.

5. Conclusions

The occurrences of harmful phytoplankton blooms have been reported globally with an increasing frequency in the past

decades [2], and TPP are among the contributors in these blooms [2, 52, 53]. Moreover, plankton populations in the real

Copyright © 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-17

Prepared using mmaauth.cls



Mathematical
Methods in the
Applied Sciences

Frequency
o
>

Frequency
=
>
o
>

o
2
Frequency

o
N

(b) 0 1 15 Pz(t)z 25 3 35 (C) [ 05 Z(t) 1 15

Figure 7. (a), (b) and (c) denote the histograms of probability density function for Pi(t), P2(t) and Z(t) of system (1) with (y(1),v(2)) =
(0.5,0.55), respectively and other parameters are the same with Figure 5.

aquatic ecosystems often fluctuate unpredictably because of the predictability of the environmental stochasticity, which

plays an important role in the ecosystems [54]. In order to better understand the effects of environmental fluctuations and

TPP on the dynamics of plankton systems, in this paper, therefore, we propose a stochastic phytoplankton-toxic producing

phytoplankton-zooplankton system with Beddington-DeAngelis functional response, which incorporates with white noise

and regime switching, and study how these factors affect the dynamics of system (1) analytically and numerically. We
firstly investigate the existence and uniqueness of global positive solutions, and then derive some sufficient conditions for
the extinction and persistence in the mean of system (1). To prove the existence of the stationary distribution, the theory
of Khasminskii [50] for periodic Markov process and a method based on constructing a Lyapunov function are employed.

Numerical analysis illustrates our theoretical results and further indicates that the white noise, regime switching and TPP

play an important role in controlling planktonic blooms as follows:

(i) Regime switching plays an important role in the balance of the different survival states of plankton populations. One the
one hand, Subsystem 1, Subsystem 2 and system (1) have the same persistence-extinction behaviors. Actually, the regime
switching can not change the persistence-extinction behaviors of these systems (see Figures 1 and 5), which means that
system (1) still becomes persistence in the mean (or extinction) if Subsystems 1 and 2 becomes persistence in the mean
(or extinction). On the other hand, the persistence-extinction behaviors of system (1) rely heavily on that of Subsystem
1 and Subsystem 2 due to the role of regime shifts. In the case of Subsystem 1 is persistence in the mean and Subsystem 2
dies out, then system (1) will tend to extinction (see Figure 2). However, the system (1) becomes persistence in the mean
although one Subsystem is extinct by controlling the value of p (see Figure 4). Thus, the presence of regime switching
in the stochastic system can change the survival of plankton populations and reduce the risk of extinction. Therefore, it
can be asserted that whether the regime switching is conducive to the survival of plankton populations or not strongly
depends on its staying longer in a ’good’ or ’bad’ environmental state.

(ii) White noise is adverse to the survival of plankton populations. As the Figure 5 points out, if the white noise densities
are relatively small satisfying the conditions of Theorem 4, then system (1) has a unique ergodic stationary distribution,
which means NTP, TPP and zooplankton can coexist at a stable state for a long time. However, by enhancing the
intensity of white noise on zooplankton only or on all three species simultaneously, the zooplankton of Subsystem 2 or
all the three species of every system will go to extinction (see Figures 1 and 2). From Figures 1, 2 and 5, by controlling
the intensity of white noise, the dynamic behaviours of system (1) can be significantly changed. That is, high intensity
of white noise is disadvantageous to the development of plankton and increases the risk of extinction. This is ecologically
meaningful as the species deteriorates drastically because of high environmental fluctuations. Thus, it is obliged to be
stressed that the controlling of the white noise may be acted as a possible biological way to control planktonic blooms.

(iii) TPP can increase the survival chance of phytoplankton but reduce the biomass of zooplankton. With the increasing
value of the toxin liberation rate v ensuring the condition of Theorem 5 holds, system (1) has a unique stationary
distribution (see Figure 7), which describes the long time asymptotic behaviors of the system (1) from a statistical
viewpoint. Additionally, comparing Figures 5 and 7, we can conclude that the toxin liberation rate is conducive to the
persistence in the mean of phytoplankton but is adverse to the survival of zooplankton population. Therefore, TPP

plays an important role in controlling planktonic blooms.
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