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A general q-component(q ~ 2) solution of the star—triangleequationunder an “ice”-type
restriction is considered.The Betheansatzequationsare derived explicitly for it. The exact
solution is presentedfor any q and reported in detail for q = 3. The free energy and the
excitation energiesare found asfunctionsof the spectraland anisotropyparametersaswell as
the finite-sizecorrectionsyielding the centralchargesand conformaldimensions.A new QFT is
associatedto thesemodelswherethe massspectrumand the S-matrix are obtainedthroughthe
light-coneapproach.Thenew featureof this model is to presenta massspectrumdependenton
the anisotropyparameter.

1. Introduction

The constructionof exact solutionsof 2D integrablestatisticalmodelshasmade
impressiveprogressin recentyears [1,2]. Eigenvaluesand eigenvectorsof these
modelshavebeenconstructedby meansof the Betheansatzandits nestedversion.

Oneof the first to be treatedwasthe six-vertexmodel. This model was diagonal-
ized for the q-component(q ~ 2) case [31and for its generalization[4]. The
solution of the Bethe ansatzequationsis presentedherefor the lastcase.

The multi-componentgeneralizedsix-vertexmodel, also called Perk—Schultz

model, is definedby a multi-state “ice”-type condition associatedto the vertex
weights.Theseweightsarea generalsolution of the Yang—Baxterequationwhich
ensuresintegrability. Besides the dependenceon the anisotropy (y) and the
spectral(0) parameters,the weightspresenttwo new parameters:~ (1 ~ ~ p ~
q) anda discreteone = ±1. Their influencein the solution of the Betheansatz
equationsis not the same.We will seethat the solutionsaredramaticallyaffected
by e.~that definesthe ferroelectricor antiferroelectriccharacterof theweights.On
the other hand,the Gc,p parameteris equivalentto an externalfield.
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In this paperwe sketchthe algebraicBetheansatzconstructionof the eigenval-
uesandthe eigenvectors.The solutionof the Bethe ansatzequationsis presented
for q statesperbound in the trigonometricregime, that is, when the weights are
trigonometricfunctionsof �,~,,y and 0. The solution is derivedin detail for q = 3.
We obtain the expressionsfor the free energyandexcitationenergiesas functions
of the spectral(0) andthe anisotropy(y) parametersbesidesthe discreteparame-
ter e,~.This lattice model yields a solvablequantumfield theoryand a conformal

model in appropriatedscalinglimits within the latticelight-coneapproach.Oneof
the new featuresof the generalizedmodel is to presenta massspectrumdepen-
dent on the anisotropyparameter.This fact is due to the presenceof the discrete
parameterE~.

A brief accountof the presentwork hasbeenreportedin ref. [13].

2. The model

Let us considera bi-dimensionallatticeof order M x N with q possiblecolours
on the lattice bonds.Four bondscometogetherat eachvertexof the lattice, so if

the numberof colours is q thereare q4 distinct typesof combinationsof coloursat
a vertex. We ascribe to each allowed combination a positive number ej (j =

1, 2,. . . , q”), and thenwe associatea total energy,which is definedas the sumof
the energiesof thevertex:

E=~I\çe
1, (1)

j=1

where A~.is the numberof verticeswith a combinationof colours of type j in a
given configuration.As a resultwe obtain a model of interactingcolourssituated
along the edgesof the lattice.

The partition function of the systemwrites

Z= ~exp(—I3E), (2)

wherethe summationis overall configurationsof colours on the lattice, and E is
the total energyof a configurationdefinedby (1). The parameterf3 is inversely
proportional to the temperature,and = exp(—/3e1) (J = 1, 2,. . . , q

4) are the
Boltzmannweights.

The free energyis definedin the thermodynamiclimit as

1
f3f= — lim —log Z. (3)

M,N-~oo MN
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Fig. 1. R~’,~~(O).

It is useful to rewritethe Boltzmannweightsin a moreappropriateform, that is
R~~(O)for the combination of colours in fig. 1. Then, horizontal and vertical

bondscanhavea local colour belongingto the vectorspace~ where q = dim ~.

We associateto a horizontal line of the lattice the monodromyoperator Tab(0)

definedby

T~(0)= ~ t~(O)0 ~~2(~) ® t~~~~(O)® .. . t~)~(0), (4)
A

1. .. I

where [ta~A’(O)]aA = R~’.~~(9)and t~,(0)actsin the q-dimensionalvertical space~

associatedto the k th column of the lattice.

Consideringperiodic conditions in the horizontal direction we obtain the
transfermatrix T(~~T)(o),defined as the trace of the monodromymatrix over the
horizontal indices,

q

r(O) =Tr~-T~~=~ Tj~’~(o), (5)
a=1

and the expression(2) for Z becomesan outersummationover the vertical, and
inner overthe horizontalconfigurations,so

Z=Tr~[T[N](0)Mj, (6)

whereTr~meansthe traceover the space~

With this transformationthe problem of calculatingthe statisticalsum (2) is
reducedto a problem in quantum mechanics,namely the calculation of the
eigenvaluesof the transfermatrix ‘r~(0).

The modelconsideredhere,that is, the generalizedsix-vertexmodel,is defined
by a one-parameterfamily of vertex weights R(0) with not q

4 but q(2q — 1)
non-zerotypes of combinationsof colours at a vertex. The only configurations
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Fig. 2. Allowed configurations.

allowed to be nonzeroaredescribedin fig. 2. We have

sin(y+e 0)
R~(O)= .

sin y

sin(0) (7)
R~(6)=Gpc, .

sin y

R~(6)= ~iOsi~n(Pu) p ~ ci;

all other R~(0)= 0. Here = ±1, GPgG~’= 1 (no sumon p, ci) and1 ~ p, ci ~
q.

We note that the weightswith = 1 favour ferroelectricconfigurations,that is,
all links with the samecolour. Otherwise,for e.~= — 1, the weights make more
probable alternating coloured configurations. In this case we can obtain an
antiferroelectricbehaviorif all coloursareassociatedto e.~,= — 1 or a ferrielectric
behaviorif we havea mixed configurationof colours associatedto = — 1 and

= 1.
Notice that reversingsignsof all e~(1~ p ~ q) is equivalentto changingy into

IT - y.
The generalizedmodel is a solutionof the Yang—Baxterequation[5]

R(0 — 6’)[T(O) ® T(0’)] = [T(o’) 0 T(0)]R(6 —0’). (8)

This condition is sufficient to ensurethe integrabilityof the model.
If q = 2, theneq. (7) gives the weightsof a six-vertexmodel with threepossible

regimesdependingon the valuesof ~ and e2. For E1 = = — 1 or + 1 we obtain
respectivelythe ordinarysix-vertexmodel in the antiferroelectricandferroelectric

regime. For e~~ �2 we obtain a six-vertexmodel with a ferrielectriccharacter.If
q > 2 then we havea multi-componentgeneralizationof the six-vertexmodel with
the threepossible regimes.In fact, the weights of (7) are found to be a general
solution of the Yang—Baxterequation(8) under the restriction of a generalized
“ice” rule, which statethat, of the q

4R~only R~,R~and are different
from zero.This restriction requirestheverticesto obeya conservationlaw, just as
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in the caseof the original ice rule. That is, if A’ and A havethe valuesp and ci

than a’ and a mustalso be p and ci or ci and p.
A more generalsolution is obtainedif we considervertical field factors.In this

casethe R-matrix reads

R~~(0)_*bab~R~1(0). (9)

So, the transfermatrix becomes

Ta~a(O)—* b~”1b~”2. . . b~~T,(0). (10)

As we will seelater T(0) is block diagonal,whereeachblock is specifiedby a
set of integersN1, N2,. .., ~ and hence,the transfermatrix with vertical fields
canbe diagonalizedsimply by addingthe field factorsto the expression(23) for the
eigenvalues,accordingto (10). In this way we will not considerthis parameterin
the solutionof themodel treatedin the following sections.

3. Algebraic Betheansatz

Let us now sketchhow to constructthe exact eigenvectorsand eigenvaluesof
the transfermatrix T~~(0)usingthe nestedBethe ansatz.

Taking theferroelectricstate

Ill) = ®~‘i,~ (11)

where the q-componentvectors Ii) haveall componentszeroexceptfor the first
that equalsone,as the referencestate,we observethat applying the monodromy
operatorsT~’~(6,&) to this statewe get

N sin[y+1(0—a )]
TH”(O, c~)Ill) = [~T . S Ui)

s=I 5ifl ~
N sin(0—a)

T/~’](0,~)Ill> = 1~TGlk sin ~ Iii>, 2 ~ k ~ q, (12)

T,~
1(0,c~)II1)=0, k~/=i, 2~i~q,

TIf~~(0,~)Ill) *0,

where ~ = (a
1, . . . , a~,)is aninhomogeneitythat variesfrom site to site.

The last operatoris the only one that gives new stateswhen applied to the
referencestate 1). Then, to obtain all the possiblephysical stateswe apply the
operatorTJf’

t](0, a) on the referencestatemany times. In thiswaywe obtain states
of antiferroelectricor ferrielectriccharacterfrom II 1).
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The propertiesof the referencestate Ill) suggestto decomposeTJI~” and R in
blocks of the following form:

(A(e,a) B~(6,a)
T~’~(0,a) = I I (13)

~C1(0, a) D,~(6,a) )

where

A(0, a) = TJi~’~(0,a), B1(0, a) = T~](0,a), C~(a,a) = T~](o,a)

D1~(0,a) = T[.N](0 ~), 2~i,j~q.

and

Ii 0 0 0 \
I 0 6~1bj ~cj~ 0 I

~ oI~ (14)R(0)= I o ~cj ~ 1

0 0 0 R(j2))

where

siny ± sm)’
b1~= e —°, R~

2~= ~ 2 ~ i, j, a, b ~ q,
sin[y+e

1(0)] 1 sin[y+e1(0)] ab

sin 0
c~= G~°, Gj, = G~1.

sin[y +

The bilinear algebrafor the operatorsA(0), B3(6), C,(0) and D1~(0)follows by
insertingeqs.(13) and(14) in eq.(8). Onefinds

[A(o), A(6’)] = 0, (15)

sin y
B(0) oB(0’) = [B(o’) eB(6)]R(

2)(0 —0’) sin[y + �1(0 — 0’)] (16)

A(0)B(6’) =g
1~(6’— 0)B(6’)A(6) —ht(0’ — 0)B(6)A(6’), (17)

sin~’
D(6) OB(0’) =g~(6— 0’)[B(O’) 0D(6)]R~

2~(0—0’)
sin[y + �~(0— 0’)]

(18)
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where

1 sin[y+�1(6)]
g~(0)=—~-=G~1 sinO

b~ siny
h~(0)= = G.1 e~°—.

c~ sin0

We are interestedin the eigenstateof T~’~(0,a) having the following structure:

~(A(~), ~ . . . , A~)= ~ X~ ~B~(A~) 0 ... 0 B~(A~))Ill)
,1 i~=2

=XIB(A(1”) 0 .. . ®B(A~))Ii). (19)

X is avector in the tensorproductof Pi horizontal spacesof dimension(q — 1).
The numbers ~ ., A(J~) and X, will be determinedby the eigenvalue

equation

T[N](o, a)w({A(’)}) = A(o, a)w({A(’)}). (20)

Notice that ~I’ is assumedto be independentof 0. This is reasonablebecausethe
family commutingT~’k6,a) may havecommoneigenvectors11’ for all 0.

We havehere

T[N](6, a) =A(0) +tr~
2~D(0), (21)

where

q
tr~2~D(0) = ~ D,~(0).

a=2

That is tr~2~is the tracein the (q — 1)-dimensionalhorizontalspace.

The application of A(O) and Dab(O) on ~I’, that dependson B(A), implies
passingtheseoperatorsthrough the B(A) till we reachthe referencestate Iii),
whose eigenvalueswe know by eq. (12). This is done using the commutation
relations (15)—(18).

This procedureis the general strategyof the algebraic Bethe ansatzand
generatesa lot of terms.We are interestedin thosekeepingthe product

B(A~)0B(A~2)0 ... ®B(A~)) (22)

unchanged.All the others,where someB(A~,’~)is replacedby B(0), areimposedto
havea vanishingsum. In this way we get only statesproportionalto ~I’providing
an eigenvectorandits eigenvalue.
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Using thesameprocedureas the oneappliedto themulti-componentsix-vertex
model in ref. [2], we find the following expressionfor the eigenvalues:

A(0;
A~’~ AU~A~2~ A~2~ . ~(Ili) A~))

i Pi~ i P2’ ‘ 1 Pq—I

(23)
=A”~(o)+A(2)(o) + ...

where

a
A(’)(O) = fT [G,~JP

1_i—P~

1 sin(y + e~O)
1N Pi sinh(A~+ iO — iye~/2)

j~2 L siny J a=i sinh(A~+ iO + tyc~/2)

a rsmnOIN
n~°~(6)= 1] [GJ,(7]~~’”I

j=i,j*u [sin)’

1(7

Pa-i Smnh(A~D+i0+i(E�5+�~~/2)
xfl�(7 s=i

a=i / / \
sinh~A~’~+i0+i(~�~—E~,J~/2J

\S1 I I

1—1

P~ sinh(A~+i0+i( ~

x1~~T� \s=1 I ,
a=i / I

sinh~A~+iO+iI~
/ /

a \

q-1 inOl’ smnh(A~)+i0+i( ~�s~q))’/2)
5 s=i /A~~(0)= ~ [Gjq] [—--———jfJ�q q \

sinh(A~_~+i0+i(~�s~q)y/2)

s=1 I

The set of numbersA~fk1~ k ~ q, 1 ~j ~<pk) aredeterminedas functionsof y

and ~k by coupledalgebraicequations,that is, the Bethe ansatzequations(BAE):

q N p,~1 iPx—’

fT [GIJGJI±JI‘[c~±~] [�tj
j=l

= ~ sin[A~—AY—iyE1±iI ~11 sin[A_A/~+iye~+1/2]x1~~l
1=1 sin[A~—A~/~+iye~J1=1 sin[A—A(/~~—iyeJ±i/2j

“J~’ sin[A~— A~/~+ iy�~/2]
x1~I

1=1 sin[A —A~/~—iyEj/2I, (24)
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where

l~<k~<p~,1~ci~(q—1),Pq~°~A~°~’=0,p0~N, N~=p3_1—p~.(25)

The expression(24) is written in the trigonometricregime, that is, when the
weightsare trigonometricfunctions.The sameexpressionfollows from the hyper-
bolic regime(that is, when the weights arehyperbolic functions)with the hyper-
bolic functionsreplacedby the trigonometricones.

The expressionfor the eigenvaluesin the hyperbolicregimewas obtainedin a
different way in ref. [4]. This expressioncan be fit in our results setting in this
paper:

—, iA~°~— (~1 + ~2 + +Eff))1/2. (26)

Eq. (24) showsthat the role of the parametersG13 and ~a is not the same.The
first oneappearsas multiplicative factorsandhasthemeaningof externalfields.It
is equivalentto gaugetransformationon the eigenvaluesor twist on the boundary
conditions[2,61when I G,~I = 1.

The secondone,on the contrary, takesa prominentpart in the solutionsof the
Betheansatzequations.When = ~ (for a given j), we seein eq. (24) that
the phasedescribingthe interactionof pseudoparticlesin the jth step between
them (A~),1 ~ 1 ~ vanishes.The interactionbetweenpseudoparticlesin differ-
ent stepsis alwayspresent.The attractiveor repulsivecharacterof the interactions
canbe changedat will by choosingthe ~a appropriately.

Notice that putting ~ = ~2 = = = — 1 and G13 = 1 in eq. (24) we get the
usualBethe ansatzequationsfor the original multi-componentsix-vertexmodel.

4. Exactsolutionof the q = 3 critical model

Wewill concentratein this sectionon the particularcasewhereeachbond can
havethreedifferent coloursand thevariable ~ is alwaysequalone.

The variables �~(1~ s ~ 3) may assumethe values ±1, andthuswe haveeight

possiblesituations.The first four are:

(i) El = —1, ~2 —1, E~ +1,

(ii) e~= —1, E2 +1, E~_ 1,

(iii) e~=—1, E2 +1, E~_ +1, (27)

(iv) �i= —1, �2 1, E3 —1,

andtheotherpossibilitiescorrespondingto reversingall signsare describedby the
samesolutionsupon the changey — (IT — y).
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The expressionfor the eigenvaluesis

A(6) =A~’~(o)+n(2)(e) +A~3~(o), (28)

where A(ikO) is given by eq.(23). We noticethat for largeN andfixed p
1 andp2

the expression(28) is dominatedby the first term A~’ko)when0 ~ 0 ~ y/2, that is

- smn(y + e 6) N Pi sinh(A”’ + iO — i7e1/2)
fl(i)(6 A) = 1 a (29)

sin ~ 1 sinh(A~+ iO + iy�i/2)

A closedexpressionfor the eigenvalueA(6) canbe derivedin the thermodynamic
limit N —~ ~ whereeq.(24) becomeseasily solvablewith the help of the following
transformations:

Am~Aw, A(
2)~A(2)+i(1+�

2)~. (30)

Substituting(30) in (24) we get two coupledequations:

sinh(A~+ iy�i/2) N — ~ sinh[A~— A~J
2~— iy�

2/2+ i(1 + E2)IT/41
sinh(AT — i7e1/2) — j=I sinh[AT — A(J~~+ iy�2/2+ i(1 +

f!i 5~fh~(A~— + ~‘�~/‘2) , (31)
1=1 sinh(A~—A~—V)/E2/2)

-°‘ sinh[A~— A’~J)+ i7e2/2 + i(1 + �2)IT/4]

j=I sinh[A~— A~I)— iye2/2 + i(1 + E2)~/4]

P2 sinh[A~— ~ + iyc2 + i(1 + e2)IT/4j (32)

= ~i sinh[A~— ~ — iye3 + i(1 + E2)IT/4]

where1 ~ k ~p1 and 1 ~l ~p2.
To solve this systemof equationswe first take the logarithmof eqs. (31) and

(32), to get

Pi Pj_1 IT

8�~,�1+1~~EcP(A~— A~, ) — ~ ~ — A~
11~+ i-~-(�~— e~), /2)

Pj±l IT

— �~±i ~ — ~ + i~(�~— ~j±i)’ ~/2) + ~
11N~(A~, y/2) = ~

(33)
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wherej = 1, 2 correspondsrespectivelyto the first andsecondequation,1 ~ k
andwe call

sinh(A+iz) —

Ili(A, z) 1 ~ —iz) 1(A, z) —~k(A+iIT/
2, z). (34)

The numbersJ~J)are half-integers.For large N the numberof roots (A~~~)is
very largebut they becomecloserandcloserandin the realaxis so onecandefine
a continuousdensityin the N = ~ limit:

p~(A~)= ~ N(A~+~- A(~)y (35)

For the groundstatethe half-integersJ,~J) form a monotonicsequence

I~—I~=1 (36)

and, for excitedstatesIj~exhibits jumpsfor somevaluesof k.
Taking the differencebetweeneq. (33) for k =j + 1 and k =j, we obtain

ci~~~(A)— k=i’~2IT —~)ci~(~)= Ji~I(A y/2)

1 2 N~’~ N~’~

— N k~i { k=I KJk(A — o~/))— k=l [KJk(A — ~~))+ c.c.] }, (37)

where ~J) denotethe complexroot (Im ~ > 0) and

KJk(~) = _EJ~Jk±i[6~�~(,x, y/2) — ~EJ,_Ef_~’(~’ 7/2)1

— EJ6J,k_1[~EJ,E,+~(~, y/2) — ~ 7/2)1

+ EJ~Jk3�.�+~~I”(/x, y). (38)

Herewe used

1 ~J

lim — ~ f(A~)= f dA p~(A)f(A), (39)
k=I

dcI~(A,a) — dcD(A,a)
CP’(A, a) = dA ‘ CP’(A, a) = dA ‘ (40)

U) — jU) ~

~ N(A~
1 A(J)) =ci~(A) ~p~(A) + ~~(A -0~). (41)
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From the aboverelation one seesthat each jump in the sequenceI,(/) corre-

spondsto removea root at the position ~ = 0~.Onesays that thereis a hole at
the position o$/~at the lth level (h = 1, . . . , ~

The linear integralequation(37) canbe solvedby Fourier integrals.In orderto
do that one needsthe following Fourier representations:

~ dk sinhk(IT/2—a)
~(A, a) =IT+f—~--sin(kA) sinh kIT/2 (42)

— oodk sinhka
q~(A,a) = —IT + f —~-sin(kA)sinh kIT/2’ (43)

ci°~(A)= f ~~k) e””~dk, (44)

where A E R. The Fourier tranforms of 4(A — ~, a) and 4(A — ~ a), where
A — = A — r~’~+ ~ E W are defined in appendixA. The complex roots ~
are classifiedas: wide, middle and close roots dependingon the region where
Im ~ is defined.

The solution of eq.(37) reads

ci~( A) = ci~uum( A) + ~ [ci~es + ci~plexL (45)

The Fourier transformsof the ground-stateroot densityis given by

3

sinh ~k (3 —j)IT/2 + (IT/
2 —7) ~

°~ = k=j+1 ~46~vacuum~ 1 3 .

sinh ~k 3IT/2 + (IT/2 —y) ~
k= i

We obtain the following expressionfor the ground-statespin:

— �3

Sj=2pj—pJ_
1—pi~= 3 (47)

3(1—2y/IT)~+ ~

i—i

This equationshows that I S~I <1 for 1 <y <IT. Therefore,unless all are
equalwe find a ferrielectricbehavior.That is, the I Si I valuesare larger than in
the antiferroelectric case (S3 = 0) and smaller than in the ferroelectric case
(S3 = ±1). More precisely,S~behavesferrielectrically provided Ei * Ei±~. Other-
wise,when Ei = i, Si exhibitsan antiferroelectriccharacter.
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The free energyfollows from eqs. (28), (29) and (46),

1
f(0,y) = — lim ~ç~logA(0, A) = if dA ci~uumtj~(A+ iO, y/2)

—2 ~dxsinh(2x0) sinh x[IT+(IT/2_Y)~ck1
— ~O x sinhITx .sinh x 3IT/2 + (IT/2 — y) ~

k=1

Xsinh x[IT/2—E
1(IT/2—y)]. (48)

The solution of eq. (37) can be written in general in terms of the resolvent

R=(1 —K)~,that is

Rlk(A) — ~fd~ K1J(A —~)Rik(~)6lk~(~ (49)

Onefinds upon Fourier transformation,

Rlk(A)=fRlk(k) e~dk, (50)

andusingeqs. (38), (42) and(43) anexplicit solution for eq.(49):

sinh x l<IT/
2 + (IT/2 —~)‘)~

k~1R~
1~(

2x)= slnh(ITx)
slnh[x(IT—y)] sinh(xy)

3

sinh x (3 —l>)IT/2 + (IT,’2 —y) ~

x +1 (51)
sinh x 3IT/2+(IT/2—y) ~

k=1

Now, we can also expressthe hole contributionsto the roots densityci,~f~(A)as

2 N~~1

ci~j1es(A)= ~ — o~i))—Rik(A— o~3))j, (52)
k=I h=1

where we usedeqs.(38) and(49).
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The matrix transfereigenvaluesfor a statewith a hole at 0~in the jth branch
behavesfor largeN as

1texc(0,6~P)N=~exP[_Nf(6,v)—ig~(0+i0~,r)]~ (53)

where A0(0)= exp[ —Nf(6, y)] is theground-stateeigenvalueandg, follows from
eqs.(45), (48) and(52),

dA R~1(A—6~/~I(A+iO, y/2). (54)

So, we get

IT I I )‘\J IT I y\~
g~)(4,y) = ‘P K~, —K ~f + ~i — 2— ~ — —K j + (1 — 2— I E

~ \ ~~k=1 2

(55)

Here K [~+ (~— y/IT)~iEk]
1 and 4 = 0 + i0~.By theseexpressionswe

seethat e~°fl < 1, so, this confirmsour identification of the groundstatesince
any deviationfrom it increasesthe eigenvalueof T(6).

The solutions for complex roots densitiesare written down explicitly just for

case(ii):
Case(ii), close:0 ~ s~~ (~—

N~’~ ~
~1)=A{c~ie_IkT~1) coshk~’~sinh ~ky+ ~ cosh ~ sinh ~kIT}~

(56)

N~’~ N/2>
~ =A ~ e_h/~~T~~’)coshki~’~sinh ~kIT + ~ e”~2~cosh ~ sinh ~ky

c=1 c~=1

(57)

Case(ii), wide: (IT — )‘)/2 ~ ~ IT/2

N/)1
~1)=B{~e_ikT~1) coshk(~+IT/2) sinh ~ky

N~2~

+ L e_~kT~ cosh k(~)+ IT/2) sinh ~kIT}. (58)
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~

=B{w~ie_IkT(~1)cosh k(~+~/2) sinh +kIT

~

+ w=1 cosh k(~)+ IT/2) sinh lk}where A = 2 sinh ~ky(sinh~k(IT +y) sinh ~k(IT — ~))_1 and B = —2(sinh ~k(IT+ y))’.The numberof roots in eachstepis given by

Pt IT ~
IT+)’ IT

— )‘ (2N~2)+2~’)+N~)+N~2))+ NIT (60)
(IT—)’) IT+)’

IT 7
— 2N~1~+—(2N)+2N~2)+N~2))

IT+y IT

— )‘ (2N~’~+ 2N~2~+ N~’~+ N~2))]+ Ny (61)
(IT—)’) IT+y

Since p
1 and p2 must be integers, the relation 7/IT mustbe a rationalnumber.

We observe that expression(55) is gaplesssince g°kO,—cc) = 0. From the
light-coneapproach(see ref. [2]) the gaplessmodelsdescribea massivequantum

field theorywherethe energyandmomentumeigenvaluesaregiven by

g~~~(+0+i6~/
1,y)

E±P= lim — (62)
a-’0,iO-’~ a

where a is the lattice spacing.We let iO —* ~ and the lattice spacinga —* 0 such

that

1
~x= —exp(—iOK). (63)

~xis a fixed mass unit. The energy-momentumdispersionlaw resultsin

E~=m~cosh(K0~), P
3.=m3 sinh(K0$,~), (64)
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where

IT 7
mi=~ sin ~K J+(1_2_) ~ (65)

ITk1

We observehere the interestingeffect of the E~ parameters in the generalized
model.In fact,their presenceproducesa dependenceof the massspectrumon the
anisotropyparameter(y). That is the casefor all modelswherewe havenot all the
�,~ equalamongthem.This is in contrastwith all massspectrafind up to now for
integrable models which are y-independent[1,2,10,11]. At the quantum field
theorylevel y standsfor a coupling constant(or a function of it).

The S-matrix betweena hole at branchI andanotheroneat 1’ follows from eq.
(51)by applying the methodof ref. [9]. (That is the S-matrix betweena particlem1
anda particle ~ It reads S11(qS)= exp[i~11,(4)],where 4. = K6~/~is the relativis-
tic rapidity and

= 2ITf~”~cr//I(A)dA. (66)

A look at eqs. (51) and (60) shows that this S-matrix can be expressedas an
infinite productof F-functions.

Besidesthe scalinglimit yielding an integrablemassiveQFT we can take the

trivial continuouslimit (a —‘ 0) leadingto conformalinvariantmodels.
A systematicprocedurefor computing finite-size corrections for integrable

theorieswas proposedin ref. [71.We will just sketch here the derivation of the
finite-sizecorrectionsto the free energy,that is

LN(0, ‘) =fN(

0’ y) —f(0, y)

= - ~ (i-~+ dA
1 f1(A1)ci~~(A1)

1=1 —~

+ 12N21~[ci~)(Afl - ci~~(A1)j

+ higher-orderterms, (67)

where ±Ajhare the largest positive and negative roots of the Bethe ansatz
equations(31) and(32) in the lth branch,

d~
ci~j)(A)= dA (A), (68)
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where

P1+l Pi+i

2ITNZ~= El±i6E1,_E/+, ~ ~(A~ — ~ y/2) — ~ ~ 4(A(I~)— A’J~),y/2)
j=I i~I

P1-i P,-i

+ ~ ~ ~(A(,~— A(J’~,y/2) — ~ ~ ~(A~ — A(/~),y/2)
j=l j=I

+ ~(A~)— ~ ~) (69)

where �oE1.

We definethe Fourier transforms

X1~(w)= f~exp(iwt) 0(±t)ci~P(A~+t) dt (70)

which are analytic functions in ±Im w > 0. We get the following matrix
Riemann—Hilbertproblem from the Betheansatzequations(24) approximatedas
(67):

2

X,~(w)+ ~Rlk(w)Xi(w)
1=1

1 2 iw 2 1~1k(w)
=e~~’~ u(w) + ~[_i + ERlkwI — 12N

2 ~(~kl—

(71)

where RkI(w)= 6k1 — cikl(w). The resolution of this problem is analogousto ref.
[2]. The finite-sizecorrectionsLN(0) for an excitedstatewith weights S~(1~ 1 ~ 2)
[eq. (4.7)] and h~2holes beyond ±A~,that is a generic low-energyexcitation,
reads

IT 2IT1 —

LN(O,y) = ~ — -~ç~-~-[~le~—~ et~~], (72)

where

4 = ~ (~i~+ ~(�~ +El)Sl)R/l~(0)(2hl~+ ~(~l’±1 +c~)S1’) (73)
2IT IT

with the weight of the Betheansatzstategiven by

~I = 2p
1—p1~1~i-~1—1~
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andthe R~(0)= [1 — K] matrix follows from eq.(38), that is

~ 0 — 2~ �~±~+�~—2(E/±i+ei)y �~_~+�~ — (c~)yR,~ ( ) — — 4 —
2IT “~~‘ 2 IT

e~+�~ (e
1~1)y

2 — IT (74)

4 follows from 4 by exchangingh’~-~hL Since the speedof soundhere is
v = sin 1(0, eq. (72) tells us that the central chargec = 2. We recall that the
parameterK gives the finite renormalizationof the rapidity [seeeq.(64)].

A quantumhamiltonianfor a chain of SU(3) spinscanbe obtainedthroughthe
well-known relation [2]

d
H= —sin y~-~-logT(6)Ioo. (75)

For the q = 3 generalizedmodelwe obtain [12]

H= —~h~~±1 (76)

where

h~~+1= + fr)
2 + ~[4(c~+ e~)cos y — i}~ — 2(E2 cos y— 1)(SJ)2

+~isiny~(S—SJ±
1)+~(e1—�3)cosy~(S+S±1)

cos y—3][cos(~y)—1](o~)

and

3
SJS±1, cij ~ S7~iSJ’, ~ ~ — Z (77)

a=I

HereS3a(a=x, y, z) are the spin-i matrices,

1 0 1 0 j 0 —1 0 1 0 0
Sx= ~ i 0 1 , S~=-~==- 1 0 —1 S~= 0 0 0 . (78)0 i 0 0 1 0 0 0 —1

j is the site index (1 si~j~ N) and we chooseperiodic boundaryconditions:
S~1 S~.The hamiltonianH describesnearestneighborsinteractionsinvariant
under rotations around the z-axis, it includesbiquadraticcouplings(of, o~)be-
sidesthe usualHeisenbergexchangeterms S7~1S2~.
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5. Multi-componentgeneralizedmodel

We presentin this section the exactsolution of the multi-componentgeneral-
ized six-vertexmodelwhere eachbond canassumeq different colours andwhere
all the variablesG(7~equal 1 [13].

The Betheansatzequations(24) arenow solvedusingthe following generalized
transformation:

A~=~+i-~-(1+e1). (79)

This resultsfor the expression(24)

~ sin[A(’ — A~’~+
I)~--i Pd-i rr a /3

[~i±1] [~J] = (i) (i)
/3=1 sin[Aa —A~—‘7E~i]

‘j~’~
/3=1 sin[A~— ~ + iye~+1/

2+ i(e~— E~+i)IT/4]

< ‘j~~~ ~ — ~~~/‘2 + — �i_t)w/41 (80)
/3=1 sin[A(~)— A~_t)+iy�~,’2+ i(�~— c~_

1)IT/4j

Using the sameprocedureas in sect. 4, we obtain for the ground-statedensity
the Fourier transform:

sinh{~k[(~_J)IT/2+(IT/2_)’) ~

(i) fi \ — _______ /=i+1 (Ricivacuum(~Ii~) — q

sinh ~k qIT/

2 + (IT,’2—)’) ~

1= i

andfor the holesdensity,expressedin terms of the resolventR = (1 — KY1,

sinh x[l<IT/2 + (IT/2 —y) ~ Ek]

R
111(2x)=sinh(ITx) sinh[x(IT—)’)J sinh(xy)

a

sinh x (q —l>)IT/
2 + (IT,’2—)’) ~

x >~ . (82)

sinh x qIT/2 + (IT,’2 —7) ~
k=l
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The free energyfollows from eqs.(48) and(81). It reads

1
f(q, 0, y) = — urn ~log A(0, A)

sinh x (q — l)IT,’2 + (IT,’2—)’) ~ c~]
codx sinh(2x0) k=2

=2 ~ sinh ITX sinh

Xsinh x[IT,’2—E
1(IT,’2—y)]. (83)

The eigenvaluesof the excited stateswrites as in the q = 3 case by the
expression(53) where

g1(~,y) = ‘P(Kq~, ~Kq[j + (i - 2~)k=1I) - ~~Kq[I + (i - 2~)k=1]

(84)

Here [q,’2 + (~— )‘,‘IT)L~iEk]

1. Since these models are gapless,

— ~, y, E) = 0, wecan apply the light-coneapproachandwe get

g(J)(±0+i0~/),~)E±P= lirn . (85)a—.0,O--.~ a
We let iO —p ~ andthe lattice spacinga —+ 0 such that

1
/x = —exp(—/0Kq). (86)

a

~x is a fixed massunit. The energy—momentumdispersionlaw resultsin

E
1 = m1 cosh(Kq0~,°), P1 = m1 sinh(Kq0~f~),

where

ml=lLsin{-~-Ka[l+(1_2_)EEk]}. (87)

The decisiveinfluence of the parameters�~ in all resultsobtainedjust now is
evident. The same conclusion for the mass spectrumholds here, that is the
dependenceon the anisotropyparameter-y is linked to the valuesthat c,, assume
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for eachdifferent colour. We recoverthe resultsfor the ordinarymulti-component
six-vertexmodel, that is, a y-independentmass spectrumputting all �~ = — 1
(1 s~s~q).

The systematicprocedurefor computingthe finite-size correctionscanalso be
appliedhere.We find

IT(q—l) 2IT1 —

L~(q,0, ~ = — 6N2 Sifl(KaO) — ~[4 eiKqO_4 etKaO] (88)

where

a—1 ~, ,

4 = ~ 2h~+ ~(�~ +c
1)S1)~11~(0)(2h~+ ~(~l’±l +Ei~)S1) (89)

2~
2IT

with 1~~~~(0)givenby

— �~+~+�~—2— (Ei±i+cj)y c,_~+�~ (�~)yR
1, (0)— ~

2I~li +~1i±1 — _____

~IT L IT

_______ — (c1±1)yj (90)

4 canbe obtainedfrom 4 by exchanging~ h~
Since the speedof sound here is v = sin KqO~eq. (88) tell us that the central

chargec equals(q — 1).

6. Conclusion

We haveconsidereda multi-componentgeneralizationof the six-vertexmodel
whose weights are a general solution of the star—triangle equationsunder a
multi-colour “ice”-type conditionwhich, by requiringcertainvertexweightsto be
zero, ensuresthat the model has some usefulconservationproperties.The eigen-
valuesand eigenvectorsof the transfermatrix areobtainedby the nestedBethe
ansatz.From this we seethe different role played by the parametersG~(7and c,,.
The first onehasthe meaningof an externalfield and the secondonedefinesthe
ferroelectricor antiferroelectricor still the ferrielectriccharacterof themodel. In
the thermodynamiclimit we solve the Betheansatzequationsfor the casewhere

I Gff~I = 1. We note the presenceof the parametersE~ in all results.In particular
for themassspectrumwherethe c,, presencemakesit dependenton theanisotropy
parameter(y).
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Wewould like to point out that this model is connectedwith the deformedLie
algebraA~(q).y is relatedwith the quantumgroup variable q through q =

Models associatedto otherLie algebrascanbegeneralizedlike the model treated

herewith the additionof the discreteparameters�,, [14].
Notice that in the special case q = 3 and �~ = ~2 = ~ = —1 the isotropic

limit (y —* 0) of our solution yields the integrable case (a) of the models solved in
ref. [15]. The roots densityfor the secondstep,~2kk) identicallyvanishesin this
limit and ô~’~(k,’y)= exp — I k1/2 for y —~ 0, in agreementwith ref. [15].

I wish to thank H.J. de Vega for many helpful discussions. This work was

supportedin part by CAPES (Brazil)

Appendix A

sinh(A + ia)
‘P(A,a)~ilog .

sinh(A —ta)

(i) 0<a<IT:

lIrn Al <min(a, IT—a),

~ dk sinhk(IT,’2—a)

cP(A, a) = IT + f-~--exp(ikA) sinh kIT,’2 (A.1)

(ii) 0 <a <IT,’2:

IIm Al >a,

~ dk sinh ka

‘P(A, a) = _f -~-exp[ikA+ITk(Im A),’2] sinh kIT,’2~ (A.2)

References

[1] R.J. Baxter,Exactly solvedmodels in statisticalmechanics(AcademicPress,New York, 1982);
L.D. FaddeevandL.A. Takhtadzhyan,Russ.Math.Surv. 34 (1979) 11;
A.B. Zamolodchikovand A1.B. Zamolodchikov,Ann. Phys. (N.Y.) 120 (1979)235

[21H.J. de Vega, Int. J. Mod. Phys.AlO (1989)2371;Nucl. Phys.B (Proc.Suppl.) 18A (1990)229
[310. Babelon,H.J. de Vega andC.M. Viallet, NucI. Phys.B220 IFS8] (1983) 13
[41C.L. Schultz, PhysicaA122A (1983)71
[5] R.J. Baxter,Ann. Phys. (N.Y.) 70 (1972)193;

C.N. Yang,Phys.Rev. Lett. 19 (1967) 193
[61H.J. deVega andE. Lopes,Phys.Lett. B186 (1987) 180



658 E. Lopes / Multi-componentgeneralizedsix-vertexmodel

[7] H.J. deVega andF. Woynarovich,NucI. Phys.B251 (1985) 439;
HO. Martin andH.J. deVega,Phys.Rev. B32 (1985)5959

[8] C. Destri andH.J. deVega,NucI. Phys.B290 (1987)363; J. Phys.A22(1989) 1329
[9] V.E. Korepin, Theor. Math. Phys.41(1981)953;

N. Andrei and C. Destri, NucI. Phys.B231 (1984)445
[101H.J. de Vega andE. Lopes,NucI. Phys.B362 (1991)261
[11] C. DestriandH.J. de Vega,NucI. Phys.B290 (1987)363; J. Phys.A22(1989) 1329
[121H.J. de Vega andE. Lopes,preprint LPTHE 91/29 (1991)
[13] H.J. deVega andE. Lopes,Phys.Rev. Lett. 67 (1991) 489
[14] J.H.H. Perk and C.L. Schultz, in Non-linear integrablesystems— Classicaltheory and quantum

theory, ed. M. Jimbo andT. Miwa (World Scientific,Singapore)p. 135;
C.L. Schultz,Phys.Rev. Lett. 46 (1981) 629

[15] P. Schlottmann,Phys.Rev. B36 (1987)5177;
P.A. Baresand G. Blatter, Phys.Rev. 64 (1990)2567


