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Abstract. In this paper, we consider two dimensional inverse problem for a fractional
diffusion equation. The inverse problem is reduced to the equivalent integral equation. For
solving this equation the contracted mapping principle is applied. The local existence and global
uniqueness results are proven. Also the stability estimate is obtained.
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1 Introduction and set up the problem

Fractional differential equations have excited, in recent years, a considerable interest both in
mathematics and in applications. They were used in modeling of many physical and chemical
processes and engineering (see, e.g., [1]-[6]). In |7]-|9] demonstrate a number of interesting features
of the fractional diffusion equations, which represent a peculiar union of properties typical for
second order parabolic differential equations.

The direct problems for fractional diffusion equations such as an initial or boundary value
problems have been studied extensively in [1]-[4] and references therein. In contrast of direct
problem, the mathematical analysis of inverse problem for the fractional diffusion equation is
not satisfactorily investigated. The first mathematical results for the inverse problem of finding
diffusion coefficient for a fractional differential equation are obtained in [5].

Inverse problems for classical differential equations of heat conduction have been studied
quite widely. In literature are most often found the linear inverse source and nonlinear inverse
coefficient problems with different type of over determination conditions (see, for example [12]-
[16] and references there). In these works authors discussed the unique solvability and stability
estimates of solution as well a numerical approach for solving such problems. The works [17]-[20]
deal with a memory recovery problems from parabolic integro-differential equations of the second
order with integral term of convolution type.

The main results of this paper are local existence, global uniqueness and the stability estimate
in inverse problem of determining time-dependent reaction coefficient in the time-fractional
diffusive equation by a single observation at the point y = 0 of the diffusion process.

Consider the following time-fractional diffusion equation:

(CD,?‘U) (Z,t) — Dgu+ q(z, t)u(z, t) = f(Z.1), T=(z,9), (&,t) € R? x {t >0} (1)

at condition
u_ =e@), zer? (2)
t=
where CDI?‘, 0 < a < 1, is a regularized fractional derivative (the Gerasimov-Caputo derivative),
that is
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and f(z,t), ¢(z) are given smooth functions.



Inverse problem. Find the function q(z,t), x € R, t > 0 in (1), if the solution to Cauchy

problem (1), (2) satisfies
uyiozg(ac,t), xeR, t>0, (3)
where g(z,t) is given.

We call a function u(z,t) a classical solution to Cauchy problem (1) and (2), if:

(1) u(z,t) is twice continuously differentiable in z for each t > 0;

(ii) for each # € R? the Caputo derivative “Dgu(z, t) is continuous in ¢ on [0, T7;

(iii) w(z,t) satisfies (1) and (2).

Let u(z,t) be a classical solution to Cauchy problem (1),(2) and f, ¢, g be enough smooth
functions. We carry out the next converting of the inverse problem (1)-(3). Denote for this
purpose the second derivative of u(Z,t) with respect to y, by v(Z,t), i.e. v(Z,t) = uyy(Z,1).
Differentiating (1) and (2) twice in y, we get

(CDtO‘U) (Z,1) — Dgv + gz, t)0(,t) = fyy(T,t), t>0,7€R? (4)

U‘t:O = ¢y(Z), TE€ R2, (5)

To obtain an additional condition for the function v(Z,t), we note that the second term of
Laplacian in (1) is v(Z,t). Setting y = 0 in (1) and using equalities (2) and (3), we obtain

(Y

o™ (“Dgg) (,t) — guz(,t) + q(z,t)g(2, ) — f(2,0,t), t>0,z€R. (6)

When the matching condition ¢(z,0) = g(x,0) is fulfilled, it is easy to derive from (4)-(6)
the equations (1)-(3).

For the given functions ¢(x,t), f(x,y,t), ¢(z,y) and a number a € (0,1), the problem of
determining the solution to Cauchy problem (4) and (5) we call as the direct problem.

By Iz := {(7,t) : Z € R?, 0 < t < T} we denote a strip with the thickness T, where T > 0
is any fixed number.

Let C*™(IIy) be the class of the m times continuously differentiable, bounded with all
derivatives of order up to m with respect to Z € R? variable and its fractional derivative CD? is
continuous in ¢ on [0, 7] functions.

Everywhere in this paper we will denote by H!(R") locally Hélder continuous functions with
exponent | € (0,1). The norms in H(R") are determined in [21, pp. 15-20].

By C(H'(R"),[0,T]) we denote the class of continuous with respect to ¢ variable on the
segment [0, 7] with values in H'(R") functions. For a fixed ¢, the norm of the function ¢(x,t) in
HY(R") will be denoted by |¢['(t). The norm of a function ¢(z,t) in C(H'(R™), [0,T]) is defined
by the equality
6l == masx [I6f'(t)]

te[0,7

2 Investigation of direct problem (4), (5)

In the paper [9] it was found the representation of the solution in terms of the fundamental
solution to the following Cauchy problem

Dy — Bu(z,t) = F(z,t), zeR" te(0,T],

u =ug(zr), ze€R",
t=0



where

B = aij (%) 7——=— bi(x)=— +cx
Z il )8:@8@ * ; i )81‘]- +c(z)
3,j=1 7j=1

is a uniformly second order elliptic differential operator with bounded continuous realvalued
coeflicients. In the case B = A, where A is n—dimensional laplacian, for any bounded continuous
function wup(x) (locally Holder continuous, if n > 1) and any bounded continuous with respect

to the both variables z, t and locally Holder continuous in z function F'(z,t), it has the form

uwt) = [ 2=+ [ [ V- e @

with
(L)

1
T(x.t) = 72|~ 20 [715704 2 }
(z,t) = m="Fla| " Hyy | 1] (n/2,1),(1,1)17

(o)
(n/2,1>,<1,1>} ’
where H is Fox’s H—function (see, [10, pp. 2-6]). Actually, Y (x,t) is the Riemann-Liouville
derivative of Z(x,t) with respect to t of the order 1 — a (for x # 0, Z(x,t) — 0 as t — 0, so
that the Riemann-Liouville derivative coincides in this case with Grasimov-Caputo derivative,
Le. Y(z,t) = (“Dy*Z) (z,1)) [9).

In (4), introducing the notation fy,(x,y,t) — q(z,t)v(z,y,t) = F(z,y,t) and applying the
formula (7) to direct problem (4), (5) for n = 2, we obtain the integral equation for determining
v(Z,t):

1
Y1) = x| 10l

o(F,1) = vo(7, 1) — /O /R Y (@&t~ 7)a(6r ToE, T)dédr (8)

where

t
UO(ja t) = /R? Z(j - ga t)@f?& (g)dg+ /O R? Y(E - gat - T)f§2§2 (gv T)dng (9)

It is hold the following assertion:

Lemma 2.1. If q(z,t) € C(H*(R),[0,T]), f(#,1) € C(H**2(R2),[0,T]), ¢(z) € HO2(R2),
then there exists a unique solution of the integral equation (8) v(z,t) € C%2(Ily), where a €
(0,1).

Proof. For proof we use the method of successive approximations and consider the sequence
of functions defined recursively by the formulas:

t — — —
vn(E,1) = —/0 /R Y (7 = &t — 7)q(€1, T)omn (€, 7)dEdT, n = 1,2, .. (10)

where vg(Z,t) is determined by the equality (9). Further we use the following estimates 9] (for
n=2):

2+ -5l 52
M@iumt 2 O‘|£E‘2 o

|DZ(z,t)] < Ct™

)

__« 2
M—1+C¥€—Mmt 7-a |z|2-a

|DRY (z,t)| < Ct™ =2 : (11)

_a 2
CDpZ(x, )| < CH2emrmt Tl



for |Z|2 > t, |m| < 3; where pp = (2 — a)a®/=®) and as p,, it can be taken any positive
number less than p;

Z(z, 0] < cre[1+ | (2P| (12)

D7 Z(z, 1)) < Ct=z|~™, |m| <3, (13)
CDe 2 (3, 1) < Ct° [1 +|In (t‘“\i‘]Q)”, (14)

Y (z,t)] < Ct, (15)

|DzY (z,t)] < Ct™371, (16)

DY (2,0 < Cot 1+ [ (a?)|], ml =2, (17)
|Dgy¢aw|gcnﬂkwﬂ—ﬂ1+\m(rumﬁﬂ} Im| = 3, (18)

for t* > |z|?, (z,t) € TIp. In (11)-(18) the letter C' denotes various positive constants. We also
note that it follows from the construction of the function Z(z,t):

and it is true the equality [9]

Y (€,t)dé = Cot'™®, t € (0,T], (20)
R2

where Cy depends only on a.
Set qo := ||q]|%, o := |p|*T? and fo := || f||*T2. Using (10), (19) and (20) we estimate the
modulus of v, (Z,t) in the domain Il as

TOC
[vo(Z, )] < o + C'ofo; =: Ao,
! e Coqol' (@)
7,t)| < A t— 1) dr = Ao— = Np—rm— 2t
lv1(z,t)] < Coqo 0/0( ) 7 = Coqo oa 0F(1+a) ,

|v2(Z, t)] < Ao(CogoT'(a))?

1 1 trodr (C'OQOF(O‘))2 a Lo
] ( Ao~ 15 17,
0

I(1+a)D(a t—r)la " T(1+a)
where I§, t* is the Riemann-Liouville fractional integral of the power function ¢* and I'(-) is the
Euler’s gamma function. It is not difficult note (see, [11, p. 15]) that the formula
I'(1+ na)

1ot = tFme iy —0,1,2, ...
0+ F(1+(n+1)a) , N y Ly 4y

is valid. In accordance with this formula we continue to estimate vo(Z,t):

2 2
(Cogol'(ar)) (Cogol'(a))” ,
T, 1) < Ng~—-——"LI t% = \g—r»r—"—1t¢
fea@ )] < Ao~y Tor “Ta+2a)
For arbitrary n =0, 1,2, ... we have
_ (Cogol'(ex))"
(T, 1) < Ao V) ynar
[on (@, 1)l 0 I'(1+ na)
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It follows from the above estimates that the series

= un(2,t)
n=0

converges uniformly in Ilp, since it can be majorized in II7 by the convergent numerical series

o Z C'OQOF )n

1+ na)
This means the following estimate for the solution of the integral equation (8) takes place:

C qol'(« " o B
o(Z, 1)) < No Z 0 OHW )" Ao Ea(Cogol(e)T),  (,t) € Iy, (21)

where E,(-) is the Mittag-Leffler function of a nonnegative real argument (see, [11, pp. 40-45]|).

Note that vg(Z, t) is the solution to the problem (4), (5) for ¢(x,t) = 0. Under the assumptions
of Lemma 2.1 it is true inclusion vo(Z,t) € C%?(Il7). Indeed, in accordance with the estimates
(11)-(18), the first derivatives in z of function vy, given by formula (9), can be calculated by
differentiating the sub-sign of the integral. Calculating the second derivatives by definition and
using the locally Holder continuous in , ¢yy, fyy, as well as estimates of the third derivatives
of Z, Y from (11)-(18) with respect to x, we have that vy has continuous derivatives up to the
second order, inclusive [9]. The third estimates of (11), (14) and Y (z,t) = (CDtl_aZ(:Z‘,t))(a_c,t)
implies the continuity of “Dfvg in ¢ on [0, T7.

From (10) it follows v, (Z,t) € C*2(Il7) for all n = 1,2,.... Then, according to the general
theory of functional series, this implies that the same property will be possessed the function
v(z,t). The function thus constructed is a classical solution to the problem (4), (5).

Let us derive an estimate for the norm of the difference between the solution of the original
integral equation (8) and the solution of this equation with perturbed functions g, fyy and @y,
Let ©(%,t) be a solution of the integral equation (8) corresponding to the functions ¢, f,, and
Pyy, 1.€., determining v(Z,t):

B(F, 1) = o / /R (7 — &t — 7)q(€1, 7)O(E, 7)dEdr, (22)
where
— — — t — ~ — —
ol 1) = /R 25~ €, 1)pe, (€)dE + /0 [ Ya-&t-niaEndar (@)

Composing the difference v — ¥ with the help of the equations (8) and (22), for it we obtain
the integral equation
’U(CE, t) - 6('%7 t) = UO(ja t) - 60(‘%7 t)_

_A [ Y@= &t =) (0l m) = 4(6, 7)€ 7)dédr—

-14 [ V(@ &t = )il ) (o(Er) - 3(E 7)) dr (24)

from which, is derived the following linear integral inequality in |v(Z,t) — 0(z, t)|:

[e7

T
|0(2,1) = 0(2,1)] < [v0(2,1) = B0(2, 8)| + AoCo—FEa(Cogol' ()T*) llg — | "+



t
s [ [ V=€t =nfoln) - 06| déen (25)
where go := ||g||* It follows from the equalities (9) and (23) the estimate

_ - . T =
‘UO(iﬂat) - UO@J)‘ < ||‘Pyy - ‘Pyy”a + COUnyy - fyyHa'

Let o = o(«, T, qo, Go, o, fo) = max {1, do, C’or‘%a, /\OCO%EQ (C’quI‘(a)TO‘) } Applying the successive
approximation method to inequality (25) with the help of the scheme

|U(j7t) - 6(f7t)|0 < U(HSOyy = Gyyll® + [ fyy = Fuyll™ + llg = CjHa)v

t
|v(a‘c,t) - ﬁ(a?,t)|n < (jo/ Y(z—-§&t— T)’v(g,T) — B(¢, T)’nildng, n=12 ..
0 JR2
we arrive at the estimate
[o(@, 1) = (2, 8)] < oX0Fa(Conl(@)T*) (Iew — Eul® + Iy = Funll® + g = @), (26)

which will be used in the next section of the paper. Indeed the expression (26) is the stability
estimate for the solution to the Cauchy problem (4) and (5). The uniqueness for this solution
follows from (26).

3 Investigation of the inverse problem (4)-(6)

Setting in (8) x = 0 and using additional condition (6), after simple converting, we get the
following integral equation for determining ¢(z,t):

1
g(x,1)

t
q(z,t) = qo(x,t) — /O RQY(CL‘—51,52,75—T)Q(fla7)0(51752,T)d€1d§2d77 (27)

where

qo(,t) == g(:;t) [f(ﬂc,O,t) + gaala, 1) — (CDRg) (2, )+
t
+/0 /R2 Z(x &, &, t)(p&ﬁz (&1,0)d&1dEa+

t
+/ Y(ZL‘ - 617 §Q,t - T)f§2§2 (glv g?a T)d§1d£2d7- .
0 JR?

We introduce an operator A defining it by the right hand side of (27)

1 t
Alg)(z,t) = qo(z,t) — / Yz =&, &2t — 7)q(&, m)v(&r, €2, T)dE1dS2dT.
g(l‘, t) 0 JR2?
Then the equation (27) is written in a more convenient form as

Q(xat) = A[q](.%‘,t). (28)

Let qoo := ||q0]|*. Fix a number p > 0 and consider the ball
B#(qo. p) := {a(=,t) : q(x,t) € C(H*(R),[0,T1), llg — q0l* < p}, & € (0,1).
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Theorem 3.1. If f(z,t) € C(H*%(R?),[0,T]), p(z) € H*T*(R?), g(z,t) € C*(H*(R),[0,T]),
llg(z, t)||* > go > 0, g(0,0) = ¢(0,0), then there exists a number T* € (0,T), such that there
exists a unique solution q(z,t) € C(H*(R),[0,T*]) of the inverse problem (1)-(3).

Let us first prove that for an enough small 7' > 0 the operator A maps the ball B%(qo, p)
into itself; i.e., the condition ¢(z,t) € B%(qo, p) implies that A[q](x,t) € B%(qo, p). Indeed, for
any function ¢(z,t) in C(H*(R), [0, T]) be continuous, implies that function Alg](x,t) calculated
using formula (28) will be continuous. Moreover, estimating the norm of the differences, we find
that Coank

lAlg) - qoll* < 222207 B, (Cogol (@) T°).
@go
Here we have used the estimate (21). Note that the function occurring on the right-hand side in
this inequality is monotone increasing with 7', and the fact that the function g(x,t) belongs to
the ball Bf(qo, p) implies the inequality

lgl|* < p+ qoo- (29)

Therefore, we only strengthen the inequality if we replace ||¢||* in this inequality with the
expression p + qgo. Performing these replacements, we obtain the estimate

CoXo(p + q00)

Alq] — qo||* <
I4la) — al” < =22

T*Eq((p + qo0)Col' () T).

Let T7 be a positive root of the equation

_ CoXo(p + qoo)

T(Tl) ago

T*Eo((p + qoo)Col () T) = p.
Then for T € [0,T1] we have Alqg](x,t) € BE(qo, p).

Now consider two functions ¢(z,t) and ¢(z,t) belonging to the ball B%(qo, p) and estimate
the distance between their images A[g](z,t) and A[g](z,t) in the space C(H®(R),[0,T]). The
function 0(Z,t) corresponding to ¢(z,t) satisfies the integral equation (22) with the functions
8530 = 35(,5 and azf = Ozf Composing the difference Alg|(x,t) — A[g](z,t) with the help of
equations (8), (22) and then estimating its norm, we obtain

[Alg](x, ) = Alg)(z, )[|* < O(j

CoT* N N
[Ilollla = @l + gl Il = 5]
g0

Using inequality (21) and the estimate (26) with 85@ = 85@ and (95 f= 85 f, we continue the
previous inequality in the following form:
CoT*

[Alg](z, t) — Alg(z, 1)[|* <
ago

MoEo (Cogol () T*) (1 + odo)lla — gl (30)

The functions g(z,t) and ¢(z,t) belong to the ball B$(qo, p), and hence for each of these
functions one has inequality (29). Note that the function on the right-hand side in inequality
(30) at the factor ||¢ — ¢||* is monotone increasing with ||¢[|?, ||¢||* and T.

Consequently, replacing ||¢||* and ||¢||* in inequality (30)(including in o) with p + goo will
only strengthen the inequality. Thus, we have

CoT™

[ Alg](z, t) — Alg](z, 1)[|* <
ago

MEa ((p + qo0)Col' (@)T) (1 + o(p + qoo)) 1l — ql|°-



Let T5 be a positive root of the equation

T

" (T) a@go

Mo Eo((p+ qo0)Col' (a)T*) (1 + a(p + qoo)) = 1.

Then for T' € [0,T5] we have that the distance between the functions Alg|(z,t) and A[g](x,t)
in the function space C (H *(R), [O,T]) is not greater than the distance between the functions
q(z,t) and g(x,t) multiplied by ro(T) < 1. Consequently, if we choose T* = min(7},T»), then
the operator A is a contraction in the ball B (qo, p). However, in accordance with the Banach
theorem, the operator A has a unique fixed point in the ball B$(qo, p); i.e., there exists a unique
solution of the equation (28). Theorem 3.1 is proven.

Let T be a positive fixed number. Consider the set ©(y9) (70 > 0 is some fixed number)
of the given functions (f,y,g) for which all conditions from Theorem 3.1 are fulfilled and so
that max {|| f|*"2, [¢[**2, [|g|*} < 70. By Q(1) we denote the class of functions g(z,t) €
C(H *(R), [0, T]), satisfying the inequality ||¢||* < 1 with some fixed positive number ~.

Theorem 3.2. Let (f,0,9) € Q), (f,%,9) € Q) and (¢,4) € Q(v1). Then for the
solution of the inverse problem (1)-(3) the following stability estimate is valid:

lg =™ < e(Ilf = FI* + o = 217+ + g = 31°). (31)

where the constant ¢ depends only on T, a, o, 71-

To prove this theorem, using (27) we write down the equations for ¢(x,t) and compose the
difference g(z,t) — ¢(z,t). Then, after evaluating this expression and using estimates (21), (26),
we obtain

la=a"® < o(IIF = 12 + llo = G172 + g — 3l1°)+

—1-01/0 lg — q|*(T)dr, te€]0,T], (32)

where ¢y and ¢; depend on the same constants as ¢. From (32) using Gronwall’s inequality, we
get the estimate

la—a*(0) < coesp (ert) (I = FI2 + o = G172 +lg = gl1°), € [0,T).

This inequality implies the estimate (31), if we set ¢ = ¢y exp (clt).

From Theorem 3.2 readily follows the following uniqueness theorem for any T > 0:

Theorem 3.3. Let the functions q, f, ¢, g and q, f, p, g have the same meaning as in
Theorem 8.2. Moreover, if =G, f = f, ¢ = @, g = § for (x,t) € Uy, then q(x,t) = q(x,t), t €
.
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