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1 | INTRODUCTION

We consider the magnetization-variables formulation to Navier-Stokes equations:

ou—vAu+ (Pu-Vyu + (V) u+alul’lu=0, @t,x) e R, X T (1)
Ul = up(x), x € ™, 2)

where v > 0 is the viscosity, @ > 0 denotes the Darcy permeability of porous medium, u(z, x) is an unknown three-dimensional
vector-field which stands for velocity, P is the Leray projection of L? onto the closure of free-divergence function, and the system
is subject to periodic boundary conditions with basic domain T® = [0,2z L]3. In order to get it straight, we emphasize that u
does not fulfill the free-divergence property while Pu does. In fact, the Navier-Stokes equations can be reformulated as a system
without a pressure term using the so-called magnetization-variable. In this formulation, previously discussed by Montgomery-
Smith and Pokorny in®, incompressibility is enforced explicitly via a Leray projection. The magnetization-variables formulation
is more well-known in the study of the Euler equations (see e.g.). In this paper, in addition to the damping term, the original
system discussed in®is slightly modified as was done by Pooley in”. In, the author’s motivation behind modifying the original
system was approaching the Burgers equations, the solution of which satisfies a maximum principle (see®1%H1) The well-
posedness of when a = 0 in critical Sobolev space H'/2(T?) was proved inZ. It is worthwhile to note that when a = 0, the
fact that u does not fulfill the free-divergence condition prevents us from making the usual L? energy estimates that would give
existence of weak solutions. The purpose of this paper is to establish the global in time existence of at least one weak solution
to when (f = 3 and va > 1/2). We also prove the local in time existence of strong solution. Furthermore, we prove the
global in time existence of strong solution provided that the H'-norm of initial data satisfies a smallness condition. While in the
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case f > 3, we prove the global in time existence and uniqueness of weak and strong solution. Thus, introducing the damping
term a|u|?~'u in (1) turned to be consequential notably when # > 3, since it enforces existence and uniqueness of weak solution.
The more general case 1 < f < 3 which was investigated when considering three-dimensional incompressible convective
Brinkman-Forchheimer equations or Navier-Stokes equation with damping (see e.g.2#13) cannot be tackled here. This is in fact
another consequence of the lack of free-divergence condition which prevents the L?-inner product of the term (Vu)”u against
the solution u from vanishing as was the case of the convective term in three-dimensional Navier-Stokes equation.
Let us pause here to comment on the case f = 3. Our motivation behind considering f = 3 separately is firstly, the fact that
it is critical case (not to be confused with the notion of critical spaces in which the norm of a solution is invariant under a
certain scaling). Here, the term critical should be understood in the sense that when Q is the whole space R? or the torus T3,
and if u satisfies equation (I) on R, x Q then u, which is the usual parabolic rescaling of the velocity field u (i.e. u,(z,x) =
Au(A%t, Ax), A > 0) solves

o, — vAu, + (Pu, - Vu, + (Vuy) u, + 2 Paju,|~'u, = 0.
Note that when f = 3 in the above equation, one obtains the damped magnetization-variables equation for the rescaled
functions u,. Secondly, in order to ensure the existence of weak solutions when f = 3, and due to technical reasons we were
constrained to add the assumption va > 1/2. From a physical perspective, this is in consistency with the fact that when both the
viscosity of a fluid and the porosity of a porous medium are large enough, then the L>-norm of the velocity remains bounded.
InZ the author was using the fact that for « = 0, the system exhibits conservation of momentum like the Navier-Stokes
equations. Here, the solution’s zero-mean property is not preserved due to the presence of the damping term. Therefore, the
Poincaré inequality is not applicable, and we have to control the full H'-norm instead. In fact, the damping term does not
preserve the zero-mean property even in the case of convective Brinkman-Forchheimer equations, and coordination between
weak and strong solution is necessary.

Before we state the main results, we give some notations that will be useful throughout this paper. The non-homogeneous
Sobolev space is defined, for all r € R, by

H = {f e LXT); u= Y fie™, |Iflly <o),

kez?
here the H” norm is given as

1/2 1/2
||f||Hr=||f||Lz+||A'f||L2=<Z|fk|2> +(Z|k|2’|fk|2> :

kez3 kez3

where A stands for the fractional Laplacian (—A)!/2. Naturally, the homogeneous one is given by

H =(feLXT); u= Y fie* |Ifllg <o)
kez3
and endowed with the norm

1/2
1f e = IA £l = < Y |k|2'|f;|2> :

kez?
where £, is the k"*-Fourier coefficient of f. We give here the definition of weak solution for (1}2)

Definition 1. A function u is said to be a weak solution to the system (1}2)) on [0, T") with the initial condition u, € L*(T?), if
u€ L*(0,T; L*)n LP*10,T; L") n L*0.T: H')

and

- /(u(‘r), 0,p(7))dt + v /(Vu(r), Vo(r))dt + /((Pu(r) - Vu(z), p(7))dt
0 0 0

+/<(Vu(f))Tu(T), (p(f)>df+a/(|u(f)|ﬂ_1u(f), p(1))dt = —(u®), (1)) + (u(0), p(0)), (©)
0 0

for almost every 0 < t < T and all test functions @ € C®([0,T) x T3).
A function u is called a global weak solution if it is a weak solution for all T > 0.
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At this point, we are ready to state the main results. Our first result is the following theorem
Theorem 1. Having f = 3 and va > 1/2, then
e Given u, in L*(T?), then there exist at least a global in time weak solution u to the system (1}{2) such that

ue L2([0,00); LX(T?)) n L*(0, 0o; H'(T?)) N LP*1(0, 003 LPI(T?)).

e Given u, in H'(T?), then there exist at least a local in time strong solution u to the system (1}2) such that

ue L®([0,T); H\(T*) n L*0,T; HX(T?)).

e There exists a constant ¢ > 0, such that, if [|uy|| ;1 < c/v, then a strong solution of (T)) exists for all times 7 > 0
Our second result concerns the case f > 3, it reads
Theorem 2. Having f > 3, then
e Given u, in L*(T?), then there exists a unique global in time weak solution u to such that
u € L([0, 00); LA(T?)) n L*(0, co; H'(T?)) n L*(0, 003 LA (T?)).

e Given u, in H'(T?), then there exists a unique global in time strong solution  to the the system (1}{2) such that
u € L=([0,00); H'(T*) N L*(0, 00y H*(TY).

In order to prove the existence of strong solutions, we will make use of the following lemma, the proof of which can be found
s Ol
in®:

Lemma 1. For § > 1, if u € H?(T?), then it holds that

/—Aululﬂ_ludxz/|Vu|2|u|ﬂ_1dx.

T3 T3
Explicitly, the left-hand side of the above yields by integrating by parts:

-1 2
/ —Aulul’ udx = / |Vu|2|u|ﬂ-1dx+ﬁT / |VIul?|” ul?" dx.

T T T

To prove our results, the main difficulty stems from the nonlinear terms, and more precisely the fact that in contrast with the
convective Brinkman-Forchheimer the L?-inner product of the second nonlinear term (V)" u against the solution u does not
vanish. This issue constituted a constraint to prove existence of weak solution surmountable when f > 3 and insurmountable
when f < 3. Another issue consists of establishing an a priori estimate for the time derivative of the approximate solution. This
issue comes from the introduction of the damping term. To beat the odds, we use functional analysis, compactness methods,
and when dealing with uniqueness problem we resort to Fourier analysis to handle the second nonlinear term.
The remainder of the paper is organized as follows; the second section is assigned to provide the proof of Theorem [T} while the
third one is dedicated to prove Theorem 2]

2 | WELL-POSEDNESS RESULTS FOR f =3

2.1 | Existence of weak solution

We will use the Galerkin approximation scheme. Let a; be an orthonormal basis in L? made up of eigenfunctions of the Stokes
operator —A. The set {a;} is an orthogonal basis in H !, We call the function

u,(t,x) 1= Zc/’.’aj(x),

Jj<n

the n'* Galerkin approximation of the solution for Eq. , if it satisfies the following system of equations Vj = 1, ..., n
d
E(un(t)’ aj) = _V<Vun(t)’ Vaj) - <(Pun(t) . V)un(t)’ aj>
~((Vu, () 1w, (D), a;) = a{|u, (D]%u, (1), a;) “4)
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with the initial condition

u,(0,x) = Puy = Z(uo,aj)aj.

Jj<n
For some T,, there exists a solution u, € C*([0,T,) X T3) to this finite- dimensional locally-Lipschitz system of ODEs. Let
us begin by proving the existence of the global in time solution when v > —. To do so, let us multiply (2.1} by c , add these
equations with respect to j from 1 to » to obtain

1d
__”u ” + V”un”ip + a(lunlzun’un>L2 < |<(Pun : V)1’ln’1’1n>Lz(’H’3)| + |<(Vun)Tun’un>L2('ﬂ'3)|'
By employing the anti-symmetry rule:

<([Fblzln . V)Ul, U2>LZ(T3) = —<(Pun . V)Uz, U1>L2(T3)’
we deduce that
((Puy, - Vu,uy) p2p3y = 0.
Thus, it remains to control the second nonlinear term in the right hand side, which can be done the following way
{((Vu, ) Uy, Uy >L2(1r3)| [lu,, || 4||Vu ||L2
< Ellunll + —IIVM [

where we used Holder and Young inequalities. It follows that

1d a 1

5 Sl O + Vi, 1%, + Sl < 51V, 1,
Since v > i it turns out

1d 1
Eallun(t)lliz +(v - %)Ilun(t)llz. ||u I, <o. )

Integrating over (0, co) implies that

1
i DIIZ: + v = =) / llu, DII3,,d1 + a / llu, ONl7.dt < N, O3, < llugll?- (6)
0 0

From (6) and standard results from ordinary differential equations theory, it follows that we can take 7, = T for all n and for
every T' > 0. Moreover, we obtain from (6) that u,, is uniformly bounded in

L®0,T; L*)n L*0,T; L* n L*(0,T; H").

Notice that

| o = Nl (7
This yields that |u,|?u,, is uniformly bounded in L*/ 3(0, T; L*3). It turns out then
o,u, — vAu, + P,[(Pu, - Vu, + (Vu,) u, + a|u,|*u,] = 0. (8)

In order to use the Aubin-Lions Lemma®, we find uniform bounds on d,u,, in L*/3(0, T; H~"). To do so, we assume that ¢ € H'.
We take the L?-inner product of the equation (8) with P,¢ to obtain

<a u,, n(p> = V<Aun’ n§0>L2 - <(|pu V)un’ n¢>L2 - ((Vll )Tun’ n(p>L2 - (x(lu | u, @)Lz’ (9)

where (-, -) denotes the duality pairing of H~! with H'. We will now estimate the norm ||d,u, || ;-1 by estimating the right-hand
side of (9). The first term can be estimated the following manner

[(Au,, P,@) 2| < Nyl g1 | Pyl -
The convective nonlinear term is to be dealt with, as follows
K(Pu,, - Vu,, P@) 2] < luyll 311 Vi |l 2| Pl 6
< ot 1 et 12V, 121 Pl
< Moty 12 e, 15712, 0
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where we used the fact that || f|| ;6 < ||.f |l ;1. Similarly, we have

(V) thyy Po) 2| < Nty ll s Vity |l 21 Pl 1
1/2 3/2
< N 122N Pl

To control the absorption term, we proceed as follows

2
Kl Pt P} 2] < 0P|, 1P
3
< My 1Pl

where we used Holder’s inequality with exponents 4/3 and 4, Eq. , and the fact that || P,@||;« < || P, (p||1/4||P (p||3/4
I P,@ll 1. By (9), it turns out that
1/2 3/2
0l = sup (O, Bup)| < il Il + 2l Il 5 e, 17 + allu I,
1P, @l =1
Therefore we obtain
/ 10, N0 di < 47 / a1t
+25up |l oI / lluw, (D112, dt + a3 / e, 1.t
0
T T
<t [ ||un<t)||i-,,dt + 25 1,0 / e, I, dt + a7 / ey I, d
0
4/3 2/3
S VT PNy 15+ 200 12 o Nt )+ @, Ol (10)
From @ and @, there exist functions u and v, and a subsequence of (,) which we relabel also u,,, such that
u, — u weakly-* in L*(0,T; L?) an
u, — u weakly in L*(0,T; Hl) (12)
u, — u weakly in L*(0, T; L*) 13)
|u,|?u, — v weakly in L*/3(0, T; L*/?) (14)
d,u, — d,u weakly in L*3(0,T; H™"), (15)
as n — co. Then, Aubin-Lions lemma® allows to extract a subsequence of u,, such that
u, — u strongly in L*(0,T; L?), (16)

as n — co. Now, we multiply (2.1) by ¢ € C!([0,T7), with @(T') = 0, and then we integrate these equations over the interval
(0,T) to obtain

T T T
- / (u, (1), a;)q' (1 + v / (Vu,(1). Va,yo(t)dt + / ((Pu, (1) - Vu, (1), a,)o(t)dt
0 0 0
+ /<(Vun(t))Tun(t)9 a/>(p(t)dt + o /<|un(t)|2un(t)’ aj>(p(t)dt = <un(0)9 a/>(p(0) (17)
0 0

Passing to the limit in the linear terms follows from the weak convergence in L*(0, T; H'). Weak convergence in L>(0,T; H')
and strong convergence in L2(0,T; L?) allow us to pass to the limit in the first and the second nonlinear terms. As for the
convergence in the damping term, we notice that by taking a new subsequence, we may assume that u, — u a.e. in [0, T) X T3,
This implies that

lu,|*u, = |ul*u ae.in[0,T)x T°.
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Using Lemma 1.3 in”, the above convergence and (14} yield that v = |u|#~'u. At this point, we are allowed to pass to the limit
as n - oo in (Z.1) to obtain

—/(u(r), a,(p(f))d'r+v/(Vu(r), qu(r))dr+/((l}3’u(r)-V)u(r),<p(r))d1
0 0 0

t t
-5/«vmwfﬁux¢u»dr+a/kwwn%ux¢w»dr=—waanw+wwx¢w»
0 0

This finishes the proof of existence of at least one weak solution.

2.2 | Existence of strong solution

Multiplying (8) by —Au, and integrating over T* to obtain
Ly w2+ vidu 12, +a [ —Au ju Pu,dx
2 dt nliy2 nllr2 nl™n n

T
< |<(|]:Dun . V)U,,’—A”nhzaﬂ)l + I((Vun)Tun, —Aun)qus)L

By using lemmal[T] it turns out that
1d 2 2 212 T
EE”V”””LZ +vllAu, |7, +a [ IVu,|"lu,7dx < (Pu,, - VIu,, —Au,) s | + (Vi) w,, —Auy,) o) |- (18)

T3

To control the first nonlinear term in the right-hand side of the above inequality, we use Holder and Young inequalities to get

K((Pu,, - Vu,, =Au,) sy | < lluy |l s 1V, | s 1A, | 2
1/2 1/2

< Mol IV, 1S IV Nl 1 Ay |l 2
3/2 3/2

< o, 1377118, 1,
6 v 2

S c”un”HI + Z”Aun”LZ‘

Similarly, we get
T
K(Vu,) g, =Buy) syl < oty |l g Vi, s Ml Ay Il 2
<

6 v 2
cll 5+ 7118w, 17,

Summing up (3) and (I8) and dropping some terms from the left-hand side yield

1d v
55””,,”21 + §||Aun||2Lz +06/ |V, | u, |*dx < cllu, ||, (19)
T3

Now, we compare ||u, ||2Hl with the solution of the problem

dX
=X XO) = llully,

and deduce that for all ¢ such that 0 < ctlluollfql < 1, we have

lluoll2,,
I3, < —H4
V1= ctlluglly,,
In particular, if we choose T' = 3 /4c||u, ||‘1‘11, then for all # € [0, T'] we have the uniform upper bound

sup |lu, OI%, < 2ol (20)
Sup. e, Ol < 2wl
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Now we integrate (19) over [0, ¢], where 0 < ¢t < T, to obtain
||un(t)|| +v/ | Au, (1)|| dr+a/ /|Vu (0)|? lu, (0)?dx |dt < o. 2D

These are uniform bounds on the approximate solution u,, in L®([0,T); H'(T?)) n L?(0, T; H*(T?)). Furthermore, we have

t

/ /|Vu,,(r)|2|u,,(r)|2dx dr < co. (22)

0
Here, we have the same situation as for strong solutions of the Navier-Stokes equations. However, for the damped magnetization-
variables formulation, we have the additional bound (22). We turn now to the case when the H'-norm of initial data is small as
required. Specifically, we prove the global in time existence of strong solutions to the system (I}j2)), subject to small initial data.
Taking the inner product of (8] against —Au, to get

EEHVu || + v||Aun||2L2 + a/ |Vu, | |u,|*dx < [{(Pu, - Vu,, —Au,) 23| + (Vu,) u,, —Au,) 273
T3

To control the first term in the right hand side, we write down the following steps

A

{(Pu,, - V)Un,—A”n>L2(TB)| < Nyl s 1V, |l s | Awy |l 12

1/2 1/2
< clluy |l 1V, 120V, 1L 1 Ay 2
1/2 1/2
< clliyll 111V, 113 / Va1 Y 2l Au, |-
< Elluy g l1Au, |12,

1/2 1/2

where we used Holder’s inequality, the interpolation argument || f|| ;s < || f || A s the embedding H' < L° and the facts

that (|| Vu, |l 2 < |Au,ll 2, IV, |l g < €l|Au,||;2). Similarly, we get

T
(Vi) sy =Btty) )| < Mty ol Vi [l 3 1A, || 2
2
< clluy |l g ll Au, |17

Consequently, we obtain

d

TV, 12 + (v = el ) 1180, 2, < 0. 23)
Starting from an initial data such that ||uy|| ;1 < v/c, yields

LV |12, <0,
dt

which means that ||V, || ;. is a non-increasing function of time. Hence, it is bounded for all times ¢ > 0 and the strong solution
u does not blow up.

3 | WELL-POSEDNESS AND CONVERGENCE RESULTS FOR g > 3

3.1 | Existence of weak solution

We consider the orthonormal in L? basis a ; that is made up of eigenfunctions of the Stokes operator —A. Here, the set {a; } is an
orthogonal basis in H? rather than H'. In such a way, we can handle the damping term |u|#~'u for all exponents g > 3. Since
in three-dimensional torus, the embedding H? < L” holds true for every p > 1. We call the function

u,(t,x) 1= Z cjaj(x),

j<n
the n'" Galerkin approximation of the solution for Eq. , if it satisfies the following system of equations Vj = 1, ..., n
d
E(un(t)’ aj) = _V<Vun(t)’ Vaj) - <(Pun(t) . V)un(t)’ aj>
—((Vu, (), (1), a;) = al|u, (0" u, (1), a;) (24)
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with the initial condition

u,(0,x) = Puy = Z(uo,aj>aj.
Jj<n
For some T, there exists a solution u, € C*([0,T,) X T?) to this finite-dimensional locally-Lipschitz system of ODEs. Let
us begin by proving the existence of a global in time weak solution. To do so, let us multiply @ for f > 3 by cj'.’, add these
equations with respect to j from 1 to » to obtain
1d

2 -1
EEHU || + vllu,ll;, + allu, 1P uy u,) 0 < |<(VM,,)TUn’”n>L2(T3)|,

where we used the fact that ((Pu,, - V)u,,, u,) 123, = 0. To control the nonlinear term in the right hand side of the above estimate,
we write down the following steps

K(Vet) s ty) oy < Mgl 11V, 12l I, 22

< eyl oo 1V, 2l I zllu ||L/;+1

b 250l 19t
v 2
T AR LN

4-2 2 2
5”%” e, 11 + §||Vun||L2

IA

LA+

IA

~ a 1 12
Cvsa, Pl I, + Sl 175 + SV, 1,

LA+
where we used Holder’s inequality, the Lebesgue Interpolation argument ||u, || a2 < ||u”|| Jlu, || UM, where y = ﬁ, and
q Lr= B
Young’s inequality (ab < % + % for % + é =1,1< p < g < o) twice. It follows that
d
Ty O + VO, + allu, W1 < Clla, O, (25)
where C is a positive constant that depends on v, @ and f. By applying the Gronwall’s inequality, we get
lu, OI2, < N, ()12, exp {C1} < llugll%, exp {Cr} . (26)
Integrating estimate over [0, T,] yields
sup T, 01+ [ @+ [ o a
te[0,T,
< Nlugll3. + C*llugll3, exp {CT, } . @7)

From (3.1) and standard ODEs argument, it follows that we can take 7, = T for all » and for every T' > 0. Moreover, we deduce
from (3.1)) that u,, is uniformly bounded in

L®,T; L n L0, T; L*YYn L*0, T; H").

Notice that
ERTITASs
”lunlﬂ lu” LB+D* = ||un||i:+11, (28)
where (f + 1)* = (8 + 1)/p. It turns out that |u,|”~'u, is uniformly bounded in L#*D"(0, T; L#+D"). It follows that
ou, — vAu, + P,[(Pu, - Vu, + (Vu,)u, + alu,|’'u,] = 0. (29)

We need to find uniform bounds on d,u, in LY+ (0, T; H=?). To do so, let us consider y € H?(T?). We take the L*-inner
product of the equation (29) against P,y to obtain

<atuna in> = V<Aun7 Pnu/>L2 - <(|pun . V)un’ PnW)Lz - <(Vun)Tun’ Pnll/>L2 - a(lunlﬂ_luna P}']W>L2’ (30)

Controlling the linear terms as well as the terms (Pu,, - V)u,, and (Vun)Tun can be done the same as previously (i.e. as for § = 3).
So, let us turn our attention to our particular concern which is the damping term, it holds that

-1 -1
|<|un|ﬂ un’in>L2| < |||Ll |ﬂ un

< cllu, |19, 1Pl g2,

IPy | o

LB+D*
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where we used Holder’s inequality with exponents ( + 1)* and f + 1, identity (28), and the embedding H> < L/*'. By using
, we deduce that d,u, remains bounded in L#*V"(0, T; H~?). Thus, Aubin-Lions lemma® allows to extract a subsequence
u,, that converges strongly to u in L?(0,T’; L?).

Now, we multiply by w € C'([0,T]), with w(T) = 0, and then we integrate these equations over the time interval (0, T)
to obtain

T T T
- / (u, (1), a;)p' (t)dt + v / (Vu, (1), Va; )y (H)dt + / ((Pu, (1) - Vu, (), a; )y (n)dt
0 0 0

T T
+ / (Vu, () u, (1), a ) )w (D)t + / (Ju, 1", (1), a; Y (D)dt = (u,(0), a; )y (0). 31
0 0

Passing to the limit in the above yields
- /(u(‘r), 0,p(7))dt + v /(Vu(‘r), Vo(r))dt + /((I}]’u(r) - Vu(z), p(7))dt
0 0 0

t t
+/<(VM(T))Tu(T), (P(T))df+a/<|u(f)|ﬂ_1u(f), p())dt = —(u(®), p()) + (u(0), 9(0)).
0 0

It should be pointed out that the main ingredients allowing us to pass to the limit were as in the previous case (i.e. § = 3), the
strong convergence in L*(0, T’; L?) and the fact that |u,|*~'u, — |u|’~'u, as n - oo a.e. in [0, T] x T>. At this point, the global
in time existence of weak solution is established for § > 3.

3.2 | Existence of strong solution
We take the inner product of (29) against —Au, to obtain

1d _
EEHV%”; +vl|Au, 7, + a/—A“n|Mn|ﬁ Ly dx < (P - Vg, Aty) parn| + (Vi) 1, Ay} 123 |-
T3
By using lemmal[T] it turns out that
1d _
EE”V”"”iZ +v||Au, |, + a/ |Vu, |*|u, |’ dx < |{(Pu, - V)u,, Auy,) oo + (Vu,) u,, Au,) p2eps |- (32)
T3

To control the nonlinear term in the right-hand side of the above inequality, we use Holder and Young inequalities to get

(P, - Vi, Auy) pocpy |+ (Vi) 1y, Ay o) | < 2/ lu,| |Vu,| |Au,|dx
T3
< 3/|u,,|2|Vun|2dx+!/|Aun|2dx.
v 2
T3 T3

It turns out

D\ |2, + vl A |2, +2a | |Va Plu “arxs‘-1 u |*|Vu, |*dx. (33)
nlly2 nlly2 n n n n
dt v
T3 T3
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Let us make the following observation

/|un|2|Vun|2dx
™

4 —3
/(|un|2|vun|ﬁ)(|vun|2%)dx

T3
2 83
-1 p-1
<| [ ivapax| | [ 19
T T3
< %/|un|”_1|Vun|2dx+c(v,a,ﬂ)/|Vu,,|2a'x, (34)
T3 T3

where we used Holder’s and Young’s inequalities. By plugging the estimate (34) into (35)), we obtain

d _ c
NV 2, + VIl Au, I, + / P71V, P < 1V |12, (35)
‘|]'3

In particular, an application of Gronwall’s inequality yields
c ct
1Vu,01Z, < S1Vu,012 exp { S}
v v

Summing up 25) and (33) to get
d 2 \V} 2 A 2 6 p-1 \V/ 2d
E”un”Hl-i_v(” un”L2+|| un||L2)+a ||un||L6+ |un| | un| X
T3

C
< Cly 12 + <1V, I,
c ct
< g2, + C* g2, exp (Cr} + S Vi 2 exp { | < oo. (36)

It follows in particular, that u, is uniformly bounded in L*(0,T; H'). Then one infers from li that fOT ||Aun||2det < 0.
Therefore, we deduce the existence of strong solution on the time interval [0, T] for all T > 0.

3.3 | Continuous dependence on initial data and uniqueness

We show the continuous dependence of the weak solutions on the initial data, in particular their uniqueness when f > 3. Let
u and v be two solutions to associated to the initial data u, and v,. More explicitly, u = u(¢, x) and v = v(¢, x) satisfy the
following two systems
ou—vAu+ Pu- Vu+ (Vu) u+ alul’~lu=0,
{ ul,—o = ug(x),
and
0,0 —vAv+ (Pv- Vv + (Vo) v+ a|v|/~lv =0,
{ Vli=o = vo(X).
Let w := u — v, subtracting the equation satisfied by v from the one satisfied by u, and taking the inner product against w to
obtain

(O,w, w) — v(Aw, w)» + a/ (|u|ﬂ_1u - |v|ﬂ_lu) wdx
T3
H(Pu - Vw+ (Vu) w, w) > + {(Pw - V)v + (Vw) v,w);. = 0. 37)

We need to use the following monotonicity inequality (see e.g.l):
clu— ol (lul + [o’™" < (Jul’"u = [0]"~"0) (- v)
By employing the fact that Pu fulfills the free-divergence property, we get

(Pu - Vyw, w),» =0.
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Let us control the second nonlinear term appearing in estimate (3.3) which involves (Vu)” w. To do so, we write down the
following steps

(VT w,w) ] < ) |F (Vi) w) ) |

kez3

Our strategy consists of transferring the gradient that is applied on u into w. It should be pointed out that in the case of convective
Brinkman-Forchheimer, damped NS equations, and MHD model in porous media (#41312)  this problematic does not arise as
the solution is divergent-free. Indeed, we have

|7 (V) w) (k)] = |(F(Vu) + Fw)) ()]

i ),k = )iy
p
< Y1, |1k = pllitg_p)|
p

< Y1, | (K] + |p]) L )|
p
< 1k Y 1, ity
p

+ D Iplld, )|
p

< |kIF@)) = F(dy) + F(83) * F(9,),

where 9, = F~1(|@,|), 9, = F~1(|4,]), and 85 = F~1(|k| |, ]). It turns out

(Vi) w, wh 2] < Y F (9, -95) (k) [kl 1|

kez3

+ D F (95 9,) (K) |y
kez3

[(8) - 92, 83) 2| + {95 - 95, 91) 12|
201951 2119 - 9x 1l 12
2||IVwll g2 lul [ewlll 2

IA

IA

2 -2
2{[Vwll g2 Ml fwl =t |w]™ =1 2

IN

IA

2 R
21Vl allul el =l ool 724 0t

N A M |||w|“%||iz%
4 p=3
= ZIVully, + §|||u|”7" ol flol 2
< ZIVelly, + Z = 1wl + Coa pllwl,
< gIvwl, +%/ lu— ol? (Jul + [0~ dx + Cllwl)?,,

T
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where we employed Holder inequality and Young inequality several times. By using the anti-symmetry rule, we get

KPw - Vyv,w) 2| = (Pw - VIw, v) 2|
< IVwllg: ol lwlll 22

2 -2
< Vw2 ol fwl =t fw]™ =l

2 -
< Vw2 ol {wl = o HHew]™ 71| o
L5
1% 2 3 % 2 ]—% 2
< 6|IVWI|L2 + 2VIIIUI [l =117 o Heo] ™ o1 “ng
4 p=3
_ Vv >, 3 el =R
= EIIVWI|L2+iIIIUI > wlll L llwll s
v 5 ca st 5 ~ 2
< 2Vl + 1ol S fwll, + Co.a plwll,
v 2 ca 2 -1 ~ 2
< 8||Vzu||L2+g/|u—u| (Jul + o))" dx + Cllwl|.
'[3
Similarly, we have
T
K(Vw) v, w) 2| < IVl 2 llo] [w]ll 2

IA

12 2 ca 2 —1 ~ 2
21l + & [l of? Gl + 10D dx + Cllel
T3

In particular, we get by applying the Gronwall’s inequality

w3, < w17, exp {C*1}. (38)

Hence, the continuous dependence of the weak solution on the initial data follows, in particular we get uniqueness when u, = vj,.
We have already proved that weak solution is unique. As strong solutions are also weak, one deduces uniqueness of strong

solution. This finishes the proof of theorem 2]
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