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On Solving Multi - Objective Fractional Linear Programming Problem

with Intuitionistic Fuzzy Coefficients

Kirti Sharma - Vishnu Pratap Singh

Abstract In this paper, an approach for solving Intuitionistic Fuzzy Multi Objective Linear Fractional
Programming Problem (IFMOLFPP) has been presented. The coefficients of objective functions, resources
and all the technological coefficients are taken to be triangular intuitionistic fuzzy number (TIFN). In this
paper, component wise optimization method has been adopted to handle the impreciseness. First, each
intuitionistic fuzzy fractional objective is transformed into an equivalent crisp multiple fractional objec-
tives and then using fuzzy programming approach, an optimal solution is obtained for every intuitionistic
fuzzy fractional objective. Then, optimal solution of each individual intuitionistic fuzzy fractional objec-
tive is used to transform it into a corresponding intuitionistic fuzzy linear objective and thus the original
problem now transforms to Multi Objective Intuitionistic fuzzy LPP which is further transformed into an
Intuitionistic Fuzzy LPP with single objective and the problem is then solved by using component wise
optimization and fuzzy goal programming approach. A numerical example is also presented to explain

the methodology of the approach defined in this paper.

Keywords Intuitionistic Fuzzy Number - Multi Objective Linear Programming Problem - Fractional

Linear Programming Problem - Fuzzy Programming Approach - Fuzzy Goal Programming Problems.

1 Introduction

Various fields of optimization are concerned about the maximization (minimization) of one or several ra-
tios which usually measure the efficiency of the system. Real life examples of such optimization problems
exists in production planning where ratios like profit/cost, inventory/sales are to be optimized. Many re-
searchers have investigated various methods for solving linear fractional programming problems (LFPP).

In [1], [2], [3], [4] and [5], various authors attempted to solve Linear Fractional Programming Problem.

Kirti Sharma
Department of Mathematics, Visvesvaraya National Institute of Technology, Nagpur, India

E-mail: unik96kirtiQgmail.com

Vishnu Pratap Singh
Department of Mathematics, Visvesvaraya National Institute of Technology, Nagpur, India

E-mail: vpsingh.vnit@gmail.com



2 Kirti Sharma, Vishnu Pratap Singh

In most of the businesses, usually more than one fractional objectives are to be optimized. Authors like
Nuran Guzel [6], [7] Chakraborty and Gupta [8], D. Dutta et. al [9] and Luhandjula [10] proposed several
methods for solving MOLFPP in recent decades. In real life situations, the technological coefficients of
an optimization problem are not always exact and depend upon market conditions which are not always
stable or may depend upon some uncontrollable factors. This gives rise to decision making in imprecise
environment. In these situations, the normal LPP gets converted into fuzzy LPP. In some situations, the
imprecise coefficients may be provided with some level of hesitation. Intuitionistic fuzzy numbers(IFNs)
can be used to model such situations effectively. Some of the remarkable works include [11], [12] and [13]
for solving IFLFPP. Singh and Yadav [14] also proposed a method for solving IFMOLPP.

Various organizations face problems of optimizing multiple fractional objectives. For example, in case
of institute planning, better quality and better returns are the two major objectives. The quality of an
institute is measured by Student/Faculty ratio and returns are measured by Revenue/Investment. In real
life situations, the number of students and faculties can not be told precisely at the time of planning
and there is always a scope of hesitation because of various uncontrollable factors. As far as the author’s
knowledge in the problem domain is considered, a multi-objective fractional LPP with TIFNs as its co-
efficients has not been modelled till date. A possible model of an IFMOLFPP can be presented in case of
planning and production purposes. For instance, Let us assume the expansion process of an educational
institute, say XYZ institute, which wants to open one more branch in a new city. The administrators of
the institute wants to decide the number of batches of three different subjects, say S7,S2 and S3 they
should operate in the new branch. For example, if the information collected from the past experiences is
given by:

“Around 50 students can be accommodated in a batch of subject S1, around 30 students can be accom-
modated in a batch of subject Sy and around 45 students can be accommodated in a batch of Ss and the
faculties required for proper functioning of the institute are approximately 5 for S, approximately
4 for subject So and approximately 6 for subjects Ss. The fees for subject S1,Se and Sz is $20, $40
and $30 respectively and the salaries of faculties for these subjects in the same order are $200, $300 and
$250. An investment of around $1000 is required for infrastructure and approzimately 5 staff members
are required for administration and other works in the new branch. The constraints for the problem are
the upper bound and lower bound on the total number of batches and non-negativity restrictions implies
that the branch of the institute should provide coaching for all the three subjects. ”

The information revealed above can be represented in the form of MOLFPP with intuituionistic fuzzy
coefficients. To the best of author’s knowledge, no solution procedure has been derived for solving IF-
MOLFPP till date. In this paper, we have proposed a solution method for solving Intuitionistic fuzzy
MOLFPP (IFMOLFPP) using fuzzy mathematical programming approach and various membership func-
tions for defining aspiration levels of the decision maker. This paper is organized as follows: In Section
2, preliminaries and concepts regarding Intuitionistic fuzzy set theory, Fractional LPP and MOLPP have

been reviewed. Some important theorems regrading Fractional LPP, Multi - Objective LPP has been re-
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viewed. In section 3, an IFMOLPP has been formulated and its solution methodology has been discussed.
In Section 4, an algorithm for the same has been presented. In Section 6, a numerical example has been

presented to explain the adopted methodology and the last section comprises of the concluding remarks.

2 Preliminaries and Concepts

Definition 1 Let X be a universe of discourse. Then an intuitionistic fuzzy set A7 in X [15] is defined
by

AI:{< fE#gz(z)vﬁgf(I) >:$€X} (1)
where 1 ;; () and 9 ;; (x) represents the degree of membership and degree of non-membership of element

z in A7, respectively. h(z) =1—p i (x) — 9 ;i () represents the degree of hesitation for z.

Definition 2 A Triangular Intuitionistic fuzzy number (TIFN) [15] A is an IFN with the membership

function and non-membership function given by Eq. 2 and Eq. 3 respectively.

_ b
r—a ifa<zxz<b x ifad <x<b
b—a b—a
1 ifr=> 1 ifr=>5
par) =13, @ Do) =3 3)
ifb<xz<c ifb<z<c
c—b c—b
0 otherwise 0 otherwise

where @’ < a <b < ¢ <. This TIFN is denoted by (a,b,c;a’,b, ). The set of all TIFNs is denoted
by IF(R).

Definition 3 Arithmetic Operations on TIFNs [15] Let Al = (a,b,c;a’,b, ') and Bl = (p,q,7m;0',q,7")
be two TIFNs, then

1. Addition: AT ® B! = (a+p,b+q,c+rd +p,b+q,c +1').
2. Subtraction: A’ & B! = (a—rb—q,c—p;d —1r';b—q,c —p).
3. Multiplication: AT ® BT = (Iy, 1y, 131,15, 14)
where l; = min{ap, ar, cp, cr} , ls = max{ap, ar,cp,cr}, Iy = min{a'p’,a’r', p’, '}, U = max{ad'p',a'v',p', v’}
and Iy = bq.
4. Scalar Multiplication:
i (ka, kb, kc; ka' kb kd')  ifk >0
(ke, kb, ka; k' kbyka')  ifk <O

b b
5. Division: AI/BI_{E e E af 2 C}
r (] q ! qp
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2.1 Linear Fractional Programming Problem (LFPP)

A general form of LFPP is discussed in this subsection. A brief description of Charnes and Cooper
[1] linear transformation is presented and a linear programming problem equivalent to LFPP is also

presented. The generalized LFPP can be written as:
N(z) cz+a
aximize Z(x) D(z) ~ @10 @
subject to xe S={xeR": Ax <b,x > 0}.

where A € R™*" ¢,d € R™" and o, € R

For some values of z, D(x) may be zero. To avoid such cases, we require either {Az < b,z > 0, D(z) > 0}

or {Az < b,z > 0,D(z) < 0}. For convenience, we consider the first case i.e. {Ax < b,z > 0, D(z) > 0}.

Theorem 1 [1] Consider the following LFPP

N(x)

D(z)

subject to Ax < b ()

Mazimize

x>0
Then the problem (5) is equivalent to (6), where (6) is obtained from (5) by using the transformation
1

= m, y = tx and the denominator of the objective function is restricted to be lesser than 1.
T

Maximize tN(%)
subject to A% -b<0
tD(%) <1 (6)
y=>0

t>0

Theorem 2 [8] Let for some x € S, N(x) > 0 and if (5) reaches a (global) mazimum at x = x*, then
(6) reaches a (global) mazimum at a point (t,y) = (t*,y*) where y*/t* = =* and objective function at

these points are equal.

=

Theorem 3 [16], [6] A solution z* = Ex*
T

is a solution of F(z*,x*) =0, where F(z*,2*) = max{N(z) — z*D(z),z € S}

~

is said to be an optimal solution of eq. (5) if and only if it

>

2.2 Multi Objective Linear Fractional Programming Problem (MOLFPP)

A MOLFPP can be written as
_ 2 gritai _ Ni(x)

> djz;+ B Di(x) (7)
subject tox € S ={z € R": Az < b,z > 0}

Maximize Z;(x)

Theorem 4 [14] [6] * € S is an efficient solution of MOLFPP if there is no x € S such that Z;(x) >
Zi(x*)i=1, 2, ... k; Zi(x) > Z;(x*) for at least one i.
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3 Problem Formulation and Model Development

A standard form of MOIFLFPP[17] is given by:
Mazimize Z1(z) = [Z~1I(96)Z~21(:1c)7 - 2é(l‘)]

subject to Zagjacj < b;l 1=1,2,...,m (8)
T, >0 j=12,...,n.
- NI T i
where Zl(z) = :(#) _ e to s=1,2,...,k

- Di(@)  dlz+pl
and ¢l dl € IF(R")), al,BI € IF(R) for all s = 1,2,...k, x € R",bl € IF(R) for i = 1,2,...,m.

a{j e IF(R™*™) for all i = 1,2,...,m;j = 1,2,...,n. Therefore, the problem (8) can be written as

Mazimize Z!(x) = [2!(2), ZL(2), .., Z](2)]

!’ !’ ’ !’
_ Z(CSjlvcsj%cst%Csjp csz,chg)xj + (0651,(13270453;0651,0652,0453)

where Zsl(z) B Z(dsjl’d5.727ds.73;d./sj17ds.727d./sj3)$j + (531u5S27583§5;1’55276;3) s=hE
subject to :
(aijl,aiﬂ,aij3;a;j1,aij2,a;j3)a?j < (bin, biz, biz; by, biz, big) 1=1,2,..
z; >0 i=1,2,..
9)

First we use the concept of component wise optimization and find the optimal solution of each objective
Z~SI, s = 1,2,....k by reducing IFFLPP into a MOLPP. That is, an intuitionistic fuzzy linear fractional
programming problem can be reduced into multi objective linear programming problem as:

Yo Csi1Tj 4 Y Csjokj + s,
- stjgl‘j + Bs, Zdlsjgl‘j + ,8;92
Z::’(LU) _ chijj +a53 Z;l(ib)zcsjlxj +a51

> dsjixj + Bs, > d/sj3xj + 55,

_ > C/sj?)xj +al,
a > dgjlxj + B,

Maximize  Z}(x) Z%(x)

Z3(x)

S

subject to
Y. aijizy < bi (10)
Y aijexy < bio
Y aijzxy < big
Za;jlxj < by
> aijzTi < big
z; 20 1=1,2,....m
i=1,2,..,n
Now, Charnes and Cooper Transformation can be applied on (10) and a corresponding MOLPP can
be obtained. Then, solving each set of objectives Z%,q = 1,2,3,4,5 separately gives their optimal
solution, let it be denoted by Z9*. Using Fuzzy Mathematical Programming [14] approach, the opti-
mal solution for every individual intuitionistic fuzzy objective Z, can be obtained. In order to find
an efficient solution for vector Z!, each fractional objective Z! can be written as NI — ZI *lif and
multiple objectives can be optimized by optimizing the sum of all linear forms of given fractional ob-

jectives while giving an equal weight to every objective, i.e., in order to achieve efficient solution for
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(8), the corresponding IFMOLPP can be converted to IFLPP by reducing the objective function to
Zle ]\}Sl(x) - Z~§*D~£(x) =" (wjr, wjo, wis; Wy, Wiz, Wi3)x; + (01,02, 03507, 02,03) Again the concept
of component wise optimization can be used to reduce IFLPP to an equivalent MOLPP. The correspond-

ing equivalent MOLPP is given by (11) which is given by:

Maximize O1(z) = wjiz; +01  Oz(x) = wjox; + 02
Os(z) = wjszj +o03  Os(x) = wjiz; + 0]
Os(r) = wizw; + 0

subject to constraints of (10)

Now, we assign a suitable goal for each objective functions of MOLPP (11). The best way to assign a
goal is to solve each objective separately subject to the same set of constraints and take it as the most
desirable goal and we denote it by U,,p = 1,2, ..., 5. In this way, we find at max 5 different solutions for 5
linear programming problems, say S = { X1, X, X3, X4, X5}. Then we calculate the minimum value of all
the 5 objectives at all the points of set S. That is, the minimum value of the objective Op,p =1,2,...,5
on S and we denote it by Ly, i.e. L, = min{O,(X),X € S,p = 1,2,...,5}. Since the goal is a fuzzy
goal, which means some deviations are allowed in the strict goal. To change the fuzzy goal programming
model into a crisp LPP, we define different types of linear and non-linear membership functions. A linear,
parabolic and hyperbolic membership functions can be defined by 12, 13 and 14 respectively :

0 if Zp < Ly
Z, L :
pr(Zp(z)) = U" LP if Lp < Zp < Up (12) 0 if Zp < Lyp
p— Lp Zyp — L
Z = (2P Gf0<Lp<Z,<U, (13
1 if 2y > U, wp(Zp(z)) (Up—Lp) if0<Lp <Zp<Up (13)
1 if Zp > Up
0 if Zp < Ly
1 1 Up+ L .
pu(Zp(x)) = 5 T gtanh(Z,(x) - %)% if0<L,<Z,<U, (14)
1 if Zp > Up
where o), = T I Now, various membership functions (Fig.1) can be used according to the satisfaction
P Lp
1y (Z,(x))
1:(Z,(x)) 1 112 (Z, ()
L I i S I
|
ol L, U, z, o L v, z, 0 | I v, z,
(a) Linear Membership Function (b) Hyperbolic Membership Function (c) Parabolic Membership Function

Fig. 1: Linear/Non-Linear Membership Functions

level of the decision maker and a crisp programming model of the fuzzy goal programming model can be
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constructed. A corresponding crisp programming model for the fuzzy goal programming model (??) can

be written as (15)

Mazimize A
subject to
wOp(X) > p=12,.,5
pOp(X) <1  p=1,2,..,5
Yaijiz; < b
Y aijexy < bio (15)
Y aijzxy < bis
Za;jlxj < by
Zaéjsxj < bis
2; >0 i=1,2..m

j=12,...,n

The crisp programming model (15) can then be solved with the help of various software packages and

algorithms.

4 Algorithm

The whole solution procedure developed in Section 3 has been summarized as an algorithm in this section:
Step 1: Use component wise optimization and reduce every intuitionistic fuzzy linear fractional objective
into 5 different linear fractional objectives and in the same way, one intuitionistic fuzzy constraint can
also be further reduced to 5 constraints with crisp technological coefficients.

Step 2: Use Charnes and Cooper transformation to convert LEFPP to LPP.

Step 3: Find the optimal solution of each linear objective separately.

Step 4: Use fuzzy programming approach to find the optimal solution of MOLPP.

Step 5: Using the obtained value of y and ¢, calculate vector x and thus the optimal value of each
intuitionistic fuzzy objective can be calculated, separately.

Step 6: Using the optimal solution of each intuitionistic fuzzy objective, the IFMOLFPP can be converted
to IFLPP by Maximizing Zle NI(z) — Z~§*D~£(x)

Step 7: Component wise optimization can be used again to reduce IFLPP to MOLPP.

Step 8: Solve each objective separately and let the optimal solution be denoted by U, and the optimal
solution set be denoted by S.

Step 9: Find the minimum value of each objective function on the set S; let it be called L.

Step 10: Convert the MOLP model into a fuzzy goal programming model, where the goal is to find the
value of the decision vector such that the optimal value of each objective is its desirable value and all the
constraints are satisfied.

Step 11: Convert the goal programming into a crisp LPP, as given in (15).
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Step 12: Using various membership functions, the obtained crisp LPP can be solved by using suitable

software packages and an efficient solution of (8) can be obtained.

5 Example
Mazimize Z(x)= [Z1(x), Za2(2)]
where
7 (x) _ (3,4,5;2,476)l‘1 + (2a3a4;17375)x2
B T(2,3,4,1,3,5) 21 + (1,2,3;0,2, )z + (3,4,5;,2, 4, 6)
7 (l’) _ (1a2a3707274)x1+(2a3741173’5)
2T (3,4,5:2,4,6)z + (6,7,8,5,7,9)z2 + (2,3,4;1,3,5)
subject to

(1,2,3;0,2,4)71 + (4,5,6;3,5,T)zs < (8,10,12;6, 10, 14)
(3,5,7:1,5,9)z1 + (2,3,4;1,3,5)zs < (13,15,17; 11, 15, 19)

T1,22 >0

(16)
Now, by using component wise optimization, every intuitionistic linear fractional objective can be further
reduced to 5 linear fractional objectives and same happens with every intuitionistic fuzzy constraints. Us-
ing Charnes and Cooper transformation, every fractional objective can be solved separately and then fuzzy
mathematical programming approach can be used and the optimal value of each intuitionistic fuzzy frac-
tional objective can be obtained. Using the transformation y = t*xx, we solve for the decision variables and
the optimal value of both the objectives is obtained as Z~1[ = (0.47015,0.83590, 1.5361; 0.245432, 0.83590, 3.41656)
and Z~21 =(0.5,1,2;0.2,1,5) at (1.863,0.386835) and (0, 0) respectively. Now we convert the intuitionistic
multi objective fractional linear programming problem to a intuitionistic single objective linear program-
ming problem by using Mazimixe Z(N{(l’) - Z}ID~{ (z)) subject to the constraints as given in original

problem. So, the new IFLPP is :

Maximize (—12.144,—0.50769,5.5597; —45.0828, —0.50769, 9.354569)x1+
(—18.6083, —5.6718,0.5298; —57.66624, —5.6718, 4)z2+
(—13.6805, —3.3436, 1.58955; —44.499, —3.3436, 4.309136)
subject to (17)
(1,2,3;0,2,4)x1 + (4,5,6;3,5,7T)z2 < (8,10,12;6,10,14)
(3,5,7;1,5,9)x1 + (2,3,4;1,3,5)xy < (13,15,17;11,15,19)

T1,T2 >0

Now we again use component wise optimization and convert the IFLPP to a MOLPP with crisp con-
straints, and find their optimal solutions. With this we also find the optimal solution set and the
least desirable values of each objectives. Solving each objectives gives the optimal solution as U; =
—13.6085, Uy = —3.3436,U3 = 13.32699,U; = —44.499 and Us = 24.05767. The set S of optimal points
is {(0,0),(2.11,0)}. Using the set S,we obtain the set of least desirable values for each objectives as
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Ly = —39.23234, Ly = —4.41533, L3 = 1.58955, L, = —139.668 and L; = 4.309136. A fuzzy goal pro-
gramming model can now be constructed whose goal is to achieve the most desirable values for each
objective but an allowance upto the least desirable values is allowed. Using models 12 - 13, the goal

programming is further reduced to a crisp LPP and then solved. The solution of (16) using various

membership functions has been summarized in Table 1.

Table 1: Solutions

Linear Function

Hyperbolic Function

Parabolic Function

Solution

(1.055282, 0)

(1.052314, 0)

(0.1650805, 0.1905678)

Z1

(0.34332, 0.58906, 1.0324;
0.18716, 0.58906, 2.07237)

(0.34280, 0.58813, 1.03074;
0.18688, 0.58813, 2.06855)

(0.14062, 0.25265, 0.45095;
0.68628, 0.25265, 0.89757)

Zs

(0.32936, 0.70772, 1.38715;
0.08824, 0.70772, 2.96445)

(0.32956, 0.70806, 1.38782;
0.08838, 0.70806, 2.96629)

(0.34096, 0.66679, 1.23541;
0.12977, 0.66679, 2.47933)

A

0.499866

0.495395

0.00753415

Deviation from U;

(-0.56230, 0.24683, 1.1927;
-1.82694, 0.24683, 3.22939)

(-0.56059, 0.24776, 1.19329;
-1.82312, 0.24776, 3.22967)

(0.01919, 0.58324, 1.3954;
-0.6521, 0.5832, 3.3479)

Deviation from Us

(-0.88715, 0.29227, 1.67063;
-2.7644, 0.292276, 4.9117)

(-0.8878, 0.29193, 1.67043;
-2.76629, 0.29193, 4.9116)

(-0.73541, 0.3332, 1.6590;
-2.2793, 0.3332, 4.8702)

6 Conclusion

In this work, a method for solving IFMOLFPP has been discussed where all the technological coefficients
are represented by TIFNs. In first phase of the problem solving, an optimal solution to each Intuitionistic
fuzzy fractional objective is sought and in next phase that solution is used to transform the Multi -
objective intuitionistic fuzzy fractional LPP into a corresponding IFLPP; which is further transformed
to a fuzzy goal programming problem. In order to convert a goal programming problem to a crisp
LPP, various linear/non-linear membership functions are used which represents the aspiration level or
satisfaction level of the decision makers. These membership functions provide flexibility to the decision
maker so as to choose the function which better fits the problem and provide more satisfaction. Here, we
used Linear, hyperbolic and parabolic membership functions and discovered that the satisfaction level of
DM follows the order, Linear > Hyperbolic > Parabolic, in the case of given numerical problem. In this
work, the intuitionistic fuzzy coeflicients have not been defuzzified by using accuracy function and thus
no important information is lost during the entire solution finding process. The proposed approach can
be further used to optimize planning or production in various other organizations. In future, the proposed
approach can be extended for solving IFMOLFPP when coefficients are Trapezoidal intuitionistic fuzzy

numbers and for solving non linear IFMOLFPP.
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