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Abstract

In this paper, we consider the estimates of Dirichlet eigenvalues for Grushin type degenerate
elliptic operator in weighted divergence form with a potential −divG(A∇G)+⟨A∇Gϕ,∇G⟩−V .
Using the method of Fourier transformation, we get precise lower bound estimates for the
eigenvalues. Then, through the way of trail function, we obtain Yang-type inequalities which
give upper bounds of eigenvalues.
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1 Introduction

The so-called Dirichlet eigenvalue problem is stated as{
−∆u = λu in Ω,
u = 0 on ∂Ω,

(1.1)

where ∆ is the classical Laplace operator, and Ω is a bounded domain in Rn. There is a sequence

of discrete eigenvalues for this problem which can be ordered as

0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · ≤ λk ≤ · · · , and λk → +∞ (k → +∞).

Here each eigenvalue is repeated according to its multiplicity.

The problem of estimates for eigenvalues has attracted many mathematician’s attention over

the years. In 1912, Weyl [35] obtained the asymptotic formula

λk ∼ Cn

(
k

|Ω|n

) 2
n

, k → ∞,

where Cn = 4π2(Bn)
− 2

n with Bn being the volume of the unit ball in Rn, and |Ωn| is the Lebesgue
measure of Ω. In 1961, Pólya [32] proved the inequality

λk ≥ Cn

(
k

|Ω|n

) 2
n

, k = 1, 2, · · · ,
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where Ω is a tiling domain in Rn. In 1980, Lieb [26] proved that there exists a constant C ′
n, such

that

λk ≥ C ′
n

(
k

|Ω|n

) 2
n

, k = 1, 2, · · ·

for any domain Ω ⊂ Rn. However, C ′
n is different from the constant Cn. In 1983, Li and Yau [25]

proved that

k∑
i=1

λi ≥
nCn

n+ 2
k

n+2
n |Ω|−

2
n

n (1.2)

for k = 1, 2, · · · . In 2006, Meals [27] obtained that

k∑
i=1

λi ≥
nCn

n+ 2
k

n+2
n |Ω|−

2
n

n + cn
|Ω|n
I(Ω)

,

where cn depends only on the dimension n and

I(Ω) = min
a∈Rn

∫
Ω
|x− a|2dx

is called the moment of inertia of Ω.

As to the upper bounds for eigenvalues, some famous inequalities are concluded as follows. In

1956, Payne-Póyla and Weinberger [30] proved

λk+1 − λk ≤ 4

nk

k∑
i=1

λi

for Ω ⊂ R2, which is called the PPW inequality. In 1980, Hile and Protter [22] proved inequality

nk

4
≤

k∑
i=1

λi

λk+1 − λi
,

which is referred as HP inequality. In 1991, Yang [37] obtained

k∑
i=1

(λk+1 − λi)
2 ≤ 4

n

k∑
i=1

(λk+1 − λi)λi (1.3)

and

λk+1 ≤
(
1 +

4

n

)
1

k

k∑
i=1

λk, (1.4)

which is called Yang’s first inequality and Yang’s second inequality, respectively.

The inequalities for classical Laplacian in Rn have also been extended to more general operators

and more general manifolds. Here we mention the work in [1–4,6–18,21,24,28,31,33,34] as well as

the references therein. Especially, using the method of Fourier transformation, Chen and Luo [5]

considered the lower bounds of Dirichlet eigenvalues for Grushin type operator
n∑

i=1
X2

i u = λu in Ω,

u = 0 on ∂Ω,
(1.5)
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where

Xl =
∂

∂xl
, l = 1, · · · , n− 2, Xn−1 = xpi

∂

∂xn−1
, Xn = xqj

∂

∂xn
, i, j ∈ {1, 2, · · · , n− 2}.

They proved that there exist constants C ′ and C ′′ such that

k∑
j=1

λj ≥ C ′k1+
2
v − C ′′(p, q)k (1.6)

for all k ≥ 1, where v = n+ p+ q is the Métivier index. Inequality (1.6) implies that

λk ≥ C ′k−
2
v − C ′′(p, q).

Niu and Zhang [29] studied the upper bounds of Dirichlet eigenvalues for the degenerate elliptic

operator
h∑

i=1

X2
i +

n∑
i=h+1

Y 2
i (1.7)

on Grushin type vector fields

Xi =
∂

∂xi
, i = 1, · · · , h, Yj = |x|α ∂

∂yj
, j = h+ 1, · · · , n,

α ≥ 1, α ∈ R. They obtained an inequality for eigenvalues of PPW type as

λk+1 − λk ≤ 4n

kh2
max{1, d4α}

k∑
i=1

λi (1.8)

for all k ≥ 1, where d is the diameter of Ωx, the projection of Ω in (x1, x2, · · · , xh) space.
The estimates of eigenvalues for operators on manifolds with density have been investigated

with increasing interest in recent years [17,36]. Xia and Xu [36] considered the eigenvalue estimate

problem of drifting Laplacian ∆ϕ = −∆+ ⟨∇ϕ,∇⟩ on Riemannian manifold (M, g, e−ϕdv), where

ϕ is a real-valued positive function defined on M . They got a Yang type inequality for eigenvalues

as

k∑
i=1

(λk+1 − λi)
2 ≤ 1

n

k∑
i=1

(λk+1 − λi)(4λi + 4ϕ0λ
1
2
i + n2H2

0 + ϕ2
0),

where H0 = supΩ |H|, H is the mean curvature vector and ϕ0 = supΩ |∇ϕ|.
If we endow the space Rn with density e−ϕ, the triple (Rn, ⟨, ⟩, dµ = e−ϕdν) is a smooth metric

measure space, where dν is the Riemannian volume element related to ⟨, ⟩. Let Ω be a bounded

domain in (Rn, ⟨, ⟩, dµ) with non-characteristic smooth boundary. We can define the Grushin type

degenerate elliptic operator in weighted divergence form as

Lϕ = −divG,ϕ(A∇G),

where divG,ϕX = eϕdivG(e
−ϕX) is the weighted divergence of Grushin type vector fields X, A is

a smooth symmetric positive definite matrix, and

∇Gu = (X1u, · · · , Xhu,Xh+1u, · · · , Xnu), u ∈ C1(Rn;R);
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divGφ = X1φ1 + · · ·+Xhφh +Xh+1φh+1 + · · ·+Xnφn, φ = (φ1, · · · , φn) ∈ C1(Rn,Rn);

Xi =
∂

∂xi
, i = 1, 2, · · · , h;

Xj = x
pj
l

∂

∂xj
, j = h+ 1, · · · , n, l ∈ {1, 2, · · · , h}, pj ∈ Z+.

In this paper, we consider the Dirichelet eigenvalue problem{
Lϕu− V u = λρu in Ω,
u = 0 on ∂Ω,

(1.9)

where V is a nonnegative potential function, ρ is a positive function continuous on Ω. Through

integration by part, we have ∫
Ω
f(Lϕ − V )gdµ =

∫
Ω
g(Lϕ − V )fdµ

where f, g are smooth functions defined on Ω and f |∂Ω = g|∂Ω = 0. So the operator Lϕ − V is a

positive defined self-adjoint operator in L2(Ω). Thus this Dirichlet eigenvalue problem (1.9) has

discrete eigenvalues [20] which can be ordered as

0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · ≤ λk ≤ · · · , and λk → +∞,

where each eigenvalue is repeated according to its multiplicity.

Through direct calculation, we have

Lϕ = −divG,ϕ(A∇G) = −divG(A∇G) + ⟨A∇Gϕ,∇G⟩.

Obviously, when A is the identity matrix I, ρ = 1, V = 0, h = n−2, and ϕ is a constant, problem

(1.9) is just problem (1.5). So the problem we study in this paper is a generalization of problem

(1.5). When A = I, V = 0, the operator ∆G,ϕ = −∆G + ⟨∇Gϕ,∇G⟩ is just the drifting Lapacian

(or witten Laplacian) of Grushin type vector fields, where ∆G =
∑n

i=1X
2
i .

Because of the degenerate property of Grushin vector fields, the order of action between

different vector fields can not be exchanged. So it is difficult to generalize the methods and

results in the classical case to the degenerate case. In order to overcome this difficulty, we follow

the similar way of Chen in [5] when dealing with the problem of lower bounds estimation. When

dealing with the estimation of the upper bound, we use the method of trail function which is

extensively used in the study of universal upper bounds. But due to the degeneration of vector

fields, it is much more complex in the calculation and the results will include some constants

depending on the property of the domain Ω which is different from the classical case.

The paper is organized as follow. In Section 2, we present some basic definitions and the main

results. In Section 3, the proofs of main results will be given.

2 Preliminaries and main results

For n ≥ 2, the following space

H1
X(Ω) = {u ∈ L2(Ω)|Xju ∈ L2(Ω), j = 1, 2, · · · , n}

is a Hilbert space with norm ∥u∥2HX(Ω) = ∥u∥2L2(Ω)+∥∇Gu∥2L2(Ω). The subspace H
1
X,0(Ω) is defined

as a closure of C∞
0 in H1

X(Ω), which is also a Hilbert space [28].
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Definition 2.1 ( [23]) For J = (j1, · · · , jk) with 1 ≤ j ≤ m, We denote |J | = k. We say that

X = {X1, X2, · · · , Xm} satisfies the Hörmander’s condition on Ω if there exist a positive integer

Q, such that for any k ≤ Q, X together with all k−th repeated commutators

XJ = [Xj1, [Xj2, [Xj3, · · · [Xjk−1, Xjk] · · · ]]]

span the tangent space at each point of Ω. We call Q the Hörmander index of X on Ω, which is

defined as the smallest positive integer for the Hörmander’s condition above being satisfied.

Definition 2.2 ( [5, 38]) Let Vj(x) be the subspace of the tangent space Tx(Ω) which is spanned

by the vector fields XJ with |J | ≤ j. Let vj(x) be the dimension of Vj(x) of each x ∈ Ω. Namely

vj(x) = dimVj(x). Set v(x) =
Q∑

j=1
j(vj(x) − vj−1(x)) with v0(x) = 0. The generalized Métivier’s

index is defined as

v = max
x∈Ω

v(x).

The Métivier’s index is also called the homogeneous dimension of Ω related to the sub-elliptic

metric induced by the vector fields X.

In this paper, we consider the following Grushin type vector field on Ω satisfying Ω
∩
{xi =

0} ̸= ∅, i = 1, 2 · · · , h.

Xi =
∂

∂xi
, i = 1, · · · , h,

Xj = x
pj
l

∂

∂xj
, j = h+ 1, · · · , n, l ∈ {1, 2, · · · , h}, pj ∈ Z+.

Through direct calculations, it is easy to verify that the Hörmander’s index of the vector field

X = {X1, · · · , Xn} is Q = 1 +max{pj |j = h+ 1, · · · , n}. So X is a finitely degenerate system of

vector fields on Ω. Next, we will calculate the Métivier’s index of X in the case h = n− 2 as an

example. In order to simplify the calculation, we suppose

Xn−1 = x
pn−1

1

∂

∂xn−1
, Xn = xpn2

∂

∂xn
,

and pn−1 ≤ pn on the base of no loss of generality. It is easy to verify that

Z1 = [X1, [X1, [X1, · · · , [X1, Xn−1]]]]︸ ︷︷ ︸
pn−1

= pn−1!
∂

∂xn−1

and

Z2 = [X2, [X2, [X2, · · · , [X2, Xn]]]]︸ ︷︷ ︸
pn−1

=
pn!

(pn − pn−1)!
x
(pn−pn−1)
2

∂

∂xn
,

Z3 = [X2, [X2, [X2, · · · , [X2, Xn]]]]︸ ︷︷ ︸
pn

= pn!
∂

∂xn
.

Obviously, when x1 = 0, x2 = 0,

V1(x) = span{X1, X2, · · · , Xn−1, Xn}, v1 = dimV1 = n− 2;
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V2(x) = span{X1, · · · , Xn, [X1, Xn−1], [X2, Xn]}, v2 = dimV1 = n− 2;

...

V1+pn−1(x) = span{X1, X2, · · · , Xn, Z1, Z2}, vpn−1 = dimVpn−1 = n− 1;

...

V1+pn(x) = span{X1, X2, · · · , Xn, Z1, Z3}, vpn = dimVpn = n.

Then v(x) = pn+pn−1+n. When x1 ̸= 0 or x2 ̸= 0, it is easy to verify that v(x) < pn+pn−1+n.

So the generalized Métivier’s index is pn + pn−1 + n. Thus we can deduce that the generalized

Métivier’s index of the vector fields considered in this paper is v = n+
∑n

j=h+1 pj .

In this paper, we get lower bounds of Dirichlet eigenvalues for the weighted divergence oper-

ator.

Theorem 2.1 Let Ω be a bounded domain with smooth non-characteristic boundary, and Ω
∩
{xi =

0} ̸= ∅ for any i = 1, 2 · · · , h, A be a symmetric and positive definite matrix satisfying ζ1I ≤ A ≤
ζ2I, ρ(x) be a positive continuous function defined on Ω̄, and V (x) be a nonnegative potential

function. Let ui be the eigenfunction corresponding to the Dirichlet eigenvalues λi of problem
(Lϕ − V )ui = λρui in Ω,∫
Ω
ρuiujdµ = δij ,

ui|∂Ω = 0.

(2.1)

Then we have

k∑
j=1

σ

ζ1
(λj + V0σ) ≥ C̄k1+

2
ν − C̃σ2k,

where

C̄ =
2nn− 2+v

2

[
(2π)−nσ2|Ωn|

]−2
v

3 + 3(n− h)max{Cj1|j = h+ 1, · · · , n}

[
τ2v

wn−1
∏n

j=h+1(pj + 1)

]1+ 2
v

and

C̃ =
(n− h)max{Cj1Cj2|j = h+ 1, · · · , n}
1 + (n− h)max{Cj1|j = h+ 1, · · · , n}

,

Cj1, Cj2 are constants in (3.1) below, v = n +
∑n

j=1 pj is the generalized Métivier’s index, τ =

(supx∈Ω̄ρ)
−1, σ = (infx∈Ω̄ρ)

−1,V0 = supx∈Ω̄V(x), wn−1(x) is the area of the unit sphere in Rn,

and |Ω|n is the volume of Ω.

Remark 2.1 (1) Considering the monotonicity of sequence {λj}∞j=1, we can deduce that the k−th

Dirichlet eigenvalue λk satisfies

λk ≥ ζ1C̄

σ
k

2
v − C̃σζ1 − V0σ, for all k ≥ 1.

(2) When A = I, V = 0, ρ = 1, pj = 0, j = h + 1, · · · , n, the operator −divG(A∇G) +

⟨∇Gϕ,∇G⟩ − V is just the classical Laplace operator, the result in Theorem 2.1 is just the same

to Li-Yau’s [25].
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(3) When A = I, V = 0, ρ = 1, h = n − 2, the result in Theorem 2.1 is just the same to the

result (1.6) in [5].

(4) We can find that the result has no relation with the density e−ϕ.

Especially, if the potential function V (x) satisfies the Hardy type inequality∫
Ω
V f2dµ(x) ≤

∫
Ω
|∇Gf |2dµ(x),

then we have the following theorem:

Theorem 2.2 Let Ω be a bounded domain with non-characteristic smooth boundary, and Ω
∩
{xi =

0} ̸= ∅ for any i = 1, 2 · · · , h, A be a symmetric and positive definite matrix satisfying ζ1I ≤ A ≤
ζ2I and ζ1 > 1, ρ(x) be a positive continuous function defined on Ω̄, and V (x) ≥ 0 be a potential

function satisfying ∫
Ω
V f2dµ(x) ≤

∫
Ω
|∇Gf |2dµ(x)

for all f ∈ H1
X,0(Ω). Let ui be the orthonormal eigenfunction corresponding to the Dirichlet

eigenvalues λi of problem (2.1). Then we have

k∑
j=1

σ

ζ1 − 1
λj ≥ C̄k1+

2
v − C̃σ2k,

where C̄, C̃ are the same to the constants in Theorem 2.1.

Remark 2.2 (1) Considering the monotonicity of sequence {λj}∞j=1, we have

λk ≥ ζ1 − 1

σ
C̄k

2
v − σ(ζ1 − 1)C̃. (2.2)

(2) When A = I, V = 0, ρ = 1, the result in Theorem 2.2 is just the same with Chen’s [9].

Next, we present two theorems about the upper bounds of eigenvalues for problem (2.1).

Theorem 2.3 Let Ω be a bounded domain with smooth non-characteristic boundary, and Ω
∩
{xi =

0} ̸= ∅ for any i = 1, 2 · · · , h, A be a symmetric and positive definite matrix satisfying ζ1I ≤
A ≤ ζ2I, ρ(x) be a positive continuous function defined on Ω̄, ϕ be a smooth function satisfying

|∇Gϕ| ≤ C0 and V (x) be nonnegative potential function. Let ui be the orthonormal eigenfunction

corresponding to the Dirichlet eigenvalues λi of problem (2.1). Then we have

k∑
i=1

(λk+1 − λi)
2 ≤ A

k∑
i=1

(λk+1 − λi)

[
P (λi + V0σ) + C0(σζ1)

1
2 (λi + V0σ)

1
2 +

1

4
ζ1C

2
0σ

]
,

where

A =
4ζ2σ

2

h2τ2ζ1

h+
n∑

j=h+1

d2pj


and P = max{1, d2ph+1 , d2ph+2 , · · · , d2pn}, d is the diameter of Ωx, the projection of Ω in the

(x1, x2, · · · , xh) space .
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Remark 2.3 (1) Under the condition of Theorem 2.3, Let V = 0 and ϕ be a constant. Then we

have

k∑
i=1

(λk+1 − λi)
2 ≤

4Pζ2σ
2

(
h+

n∑
j=h+1

d2pj

)
h2τ2ζ1

k∑
i=1

(λk+1 − λi)λi.

(2) It is easy to find that our method can also be used to get the upper bound of Dirichlet

eigenvalues for the operator (1.7) in [29]. Through similar calculation, We can get

k∑
i=1

(λk+1 − λi)
2 ≤

4
[
h+ (n− h)d2α

]
h2

max{1, d2α}
k∑

i=1

(λk+1 − λi)λi,

which is sharper than the result in (1.8).

(3) When A = I, V = 0, ρ = 1, pj = 0, (j = h + 1, · · · , n), and ϕ is a constant, the operator

−divG(A∇G) + ⟨∇Gϕ,∇G⟩ − V is just the classical Laplace operator. The result in Theorem 2.3

is just the same to Yang’s [37].

(4) Under the condition of Theorem 2.3, we have

λk+1 ≤
1

2k

2

k∑
i=1

λi +A

k∑
i=1

B +

(2 k∑
i=1

λi +A

k∑
i=1

B

)2

− 4k

(
k∑

i=1

λ2
i +A

k∑
i=1

λiB

) 1
2

 ,

(2.3)

where

B = P (λi + V0σ) + C0(σζ1)
1
2 (λi + V0σ)

1
2 +

1

4
ζ1C

2
0σ.

The inequality (2.3) is a kind of the Yang’s second inequality. Through this inequality, we can

find that λk+1 can be up bounded by the first k eigenvalues and the upper bounds depend on the

domain.

Theorem 2.4 Let Ω be a bounded domain with smooth non-characteristic boundary, and Ω
∩
{xi =

0} ̸= ∅ for any i = 1, 2 · · · , h, A be a symmetric and positive definite matrix satisfying ζ1I ≤ A ≤
ζ2I and ζ1 > 1, ρ(x) be a positive continuous function defined on Ω̄,ϕ be a smooth function on Ω

satisfying |∇Gϕ| ≤ C0, and V (x) ≥ 0 be a potential function satisfying∫
Ω
V f2dµ(x) ≤

∫
Ω
|∇Gf |2dµ(x)

for all f ∈ H1
X,0(Ω). Let ui be the orthonormal eigenfunction corresponding to the Dirichlet

eigenvalues λi of problem (2.1). Then we have

k∑
i=1

(λk+1 − λi)
2 ≤ A′

k∑
i=1

(λk+1 − λi)

[
Pλi + C0(ζ1 − 1)

1
2 (σλi)

1
2 +

1

4
C2
0σ(ζ1 − 1)

]
,

where

A′ =
4σ2ζ2

h2τ2(ζ1 − 1)

h+
n∑

j=h+1

d2pj

 .
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Remark 2.4 Through direct calculation, we have the second Yang’s inequality

λk+1 ≤
1

2k

2

k∑
i=1

λi +A

k∑
i=1

B′ +

(2 k∑
i=1

λi +A

k∑
i=1

B′

)2

− 4k

(
k∑

i=1

λ2
i +A

k∑
i=1

λiB
′

) 1
2

 ,

where

B′ = Pλi + C0(ζ1 − 1)
1
2 (σλi)

1
2 + 1

4C
2
0σ(ζ1 − 1).

3 The proof of main results

Lemma 3.1 ( [19]) Suppose the system of vector fields X1, X2, · · · , Xm satisfy the Hömander’s

condition on Ω with index Q ≥ 1. Then the following subelliptic estimate

∥|∇|
1
Q f∥2L2(Ω) ≤ C̃1(Q)

(
∥∇Xf∥2L2(Ω) + C̄1(Q)∥f∥2L2(Ω)

)
holds for all f ∈ C∞

0 (Ω), where ∇ = (∂x1 , ∂x2 , · · · , ∂xn) and |∇|
1
Q is a pesudo-differential operator

with the symbol |ξ|
1
Q , C̃1(Q) > 0 and C̄1(Q) ≥ 0.

Lemma 3.2 Suppose Ω is a bounded domain and f ∈ C∞
0 (Ω). Then there exist constants C3, C4

such that

h∑
i=1

∫
Ω
(∂xif)

2 dµ+

n∑
j=h+1

∫
Ω

(
|∂xj |

1
pj+1 f

)2

dµ ≤ C3

∫
Ω
|∇Gf |2dµ+ C4

∫
Ω
f2dµ, f ∈ C∞

0 (Ω).

Proof. It is obviously that

h∑
i=1

∫
Ω
(∂xif)

2dµ(x) ≤
∫
Ω
|∇Gf |2dµ(x).

Let ∇̃ = (∂x1 , · · · , ∂xh
, x

pj
l ∂xj ) be defined on Ωj for any h+1 ≤ j ≤ n, where Ωj is the projection

of Ω on the direction x′ = (x1, · · · , xh, xj). Considering the Plancherel’s formula and Lemma 3.1,

we have ∫
Ωj

(
|∂xj |

1
pj+1 f

)2

dµ(x) =

∫
Rn

(
|ξj |

1
pj+1 f̂

)2

dµ(x) ≤
∫
Rn

(
|ξ̃|

1
pj+1 f̂

)2

dµ(x)

=

∫
Rn

(
|∇̃|

1
pj+1 f

)2

dµ(x) =

∫
Ωj

(
|∇̃|

1
pj+1 f

)2

dµ(x)

≤ Cj1

[∫
Ωj

|∇̃f |2dµ(x) + Cj2

∫
Ωj

f2dµ(x)

]
, (3.1)

where |∂xj |
1

pj+1 are pesudo-differential operators with the symbol |ξj |
1

pj+1 for any h+ 1 ≤ j ≤ n,

and ξ̃ = (ξ1, ξ2, · · · , ξh, ξj), Cj1, Cj2 are constants depending on the Hömander index Qj = 1+ pj .

Then through direct calculation, we have

h∑
i=1

∫
Ω
(∂xif)

2dµ(x) +

n∑
j=h+1

∫
Ωj

(
|∂xj |

1
pj+1 f

)2

dµ(x)

9



≤
∫
Ω
|∇Gf |2dµ(x) +

n∑
j=h+1

Cj1

[∫
Ωj

|∇̃f |2dµ(x) + Cj2

∫
Ωj

f2dµ(x)

]

=

∫
Ω
|∇Gf |2dµ(x) +

n∑
j=h+1

[
Cj1

∫
Ωj

|∇̃f |2dµ(x) + Cj1Cj2

∫
Ωj

f2dµ(x)

]

≤
∫
Ω
|∇Gf |2dµ(x) + C̄3

∫
Ω
|∇Gf |2dµ(x) + C4

∫
Ω
f2dµ(x)

=C3

∫
Ωj

|∇Gf |2dµ(x) + C4

∫
Ω
f2dµ(x), (3.2)

where C̄3 = (n− h)max{Cj1|j = h+1, · · · , n}, C4 = (n− h)max{Cj1Cj2|j = h+1, · · · , n}, C3 =

1 + C̄3. �

Lemma 3.3 Let ui be the orthonormal eigenfunction corresponding to the Dirichlet eigenvalues

λi of problem (2.1), σ = (infΩ̄ρ)
−1, τ = (supΩ̄ρ)

−1. Set Ψ(x, y) =
∑k

j=1 uj(x)uj(y).Then we have

τ2k ≤
∫
Ω

∫
Rn

|Ψ̂(z, y)|2dµ(z)dµ(y) ≤ σ2k

and ∫
Ω
|Ψ̂(z, y)|2dµ(y) ≤ (2π)−nσ2|Ω|n,

where Ψ̂(z, y) is the partial Fourier transformation of Ψ(x, y) in the x−variable,

Ψ̂(z, y) = (2π)−
n
2

∫
Rn

Ψ(x, y)e−ix·zdµ(x).

Proof. Using the Plancherel’s formula and the orthonormality of uj , we have∫
Ω

∫
Rn

|Ψ̂(z, y)|2dµ(z)dµ(y) =
∫
Ω

∫
Rn

|Ψ(x, y)|2dµ(x)dµ(y) =
∫
Ω

∫
Ω
|Ψ(x, y)|2dµ(x)dµ(y)

=

∫
Ω

∫
Ω

1

ρ(x)
|
√

ρ(x)Ψ(x, y)|2dµ(x)dµ(y) ≤ σ

∫
Ω

k∑
j=1

|uj(y)|2dµ(y)

≤σ2

∫
Ω

k∑
j=1

|
√

ρ(y)uj(y)|2dµ(y) = σ2k.

Similarly, we have∫
Ω

∫
Rn

|Ψ̂(z, y)|2dµ(z)dµ(y) =
∫
Ω

∫
Ω

1

ρ(x)
|
√

ρ(x)Ψ(x, y)|2dµ(x)dµ(y)

≥τ

∫
Ω

k∑
j=1

|uj(y)|2dµ(y)

≥τ2
∫
Ω

k∑
j=1

|
√

ρ(y)uj(y)|2dµ(y) = τ2k.

On the other hand, considering the definition of Fourier transformation of Ψ(x, y) in the

x−variable, we have∫
Ω
|Ψ̂(z, y)|2dµ(y) =

∫
Ω
(2π)−n

∣∣∣∣∫
Rn

Ψ(x, y)e−ix·zdµ(x)

∣∣∣∣2 dµ(y)
10



=

∫
Ω
(2π)−n

∣∣∣∣∫
Ω
Ψ(x, y)e−ix·zdµ(x)

∣∣∣∣2 dµ(y). (3.0)

Recall that the sequence {uj}∞j=1 is a standard orthogonal basis in L2(Ω) which implies that a

function e−ix·z can be written in the form

e−ix·z =
∞∑
j=1

aj(z)
√

ρ(x)uj(x),

where aj(z) =
∫
Ω e−ix·z√ρ(x)uj(x)dµ(x). Considering (3.0), we can obtain that∫

Ω
|Ψ̂(z, y)|2dµ(y) =

∫
Ω
(2π)−n

∣∣∣∣∫
Ω
Ψ(x, y)e−ix·zdµ(x)

∣∣∣∣2 dµ(y)
= (2π)−n

∫
Ω

∣∣∣∣∣∣
∫
Ω

k∑
j=1

∞∑
l=1

al(z)
√

ρ(x)ul(x)uj(x)uj(y)dµ(x)

∣∣∣∣∣∣
2

dµ(y)

≤ (2π)−nσ

∫
Ω

∣∣∣∣∣∣
k∑

j=1

aj(z)uj(y)

∣∣∣∣∣∣
2

dµ(y)

≤ (2π)−nσ2

∫
Ω

∣∣∣∣∣∣
k∑

j=1

√
ρ(y)aj(z)uj(y)

∣∣∣∣∣∣
2

dµ(y)

= (2π)−nσ2
k∑

j=1

|aj(z)|2 ≤ (2π)−nσ2
∞∑
j=1

|aj(z)|2

= (2π)−nσ2

∫
Ω
|e−ix·z|2dx = (2π)−nσ2|Ω|n.

�

Lemma 3.4 Suppose f, g ∈ C2
0 (Ω) and Ω be a bounded domain in Rn. Then∫

Ω
fLϕgdµ =

∫
Ω
⟨A∇Gg,∇Gf⟩dµ. (3.1)

Proof. We have∫
Ω
fdivG(A∇Gg)dµ(x) =

∫
Ω
fdivG(A∇Gg)e

−ϕdν(x)

= −
∫
Ω
⟨A∇Gg,∇G(fe

−ϕ)⟩dν(x)

= −
∫
Ω
(⟨A∇Gg,∇Gf⟩ − f⟨A∇Gg,∇Gϕ⟩) e−ϕdν(x)

= −
∫
Ω
(⟨A∇Gg,∇Gf⟩ − f⟨A∇Gg,∇Gϕ⟩) dµ(x)

Then ∫
Ω
⟨A∇Gg,∇Gf⟩dµ =

∫
Ω
f (−divG(A∇Gg) + ⟨A∇Gg,∇Gϕ⟩) dµ.

Then we have finished the proof. �
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Lemma 3.5 Let ui be the orthonormal eigenfunction corresponding to the Dirichlet eigenvalues

λi of problem (2.1), ζ1I ≤ A ≤ ζ2I, σ = (infΩ̄ ρ)−1, τ = (supΩ̄ρ)
−1, V0 = supΩ̄ V (x). Then we

have ∫
Ω

∫
Ω
|∇GΨ(x, y)|2dµ(x)dµ(y) ≤

k∑
j=1

σ

ζ1
(λj + V0σ).

Proof. Considering the orthogonality of {ui}∞i=1, we have

∫
Ω

∫
Ω
|∇GΨ(x, y)|2dµ(x)dµ(y) =

∫
Ω

∫
Ω

n∑
l=1

∣∣∣∣∣∣Xl

k∑
j=1

uj(x)uj(y)

∣∣∣∣∣∣
2

dµ(x)dµ(y)

≤σ

∫
Ω

∫
Ω

n∑
l=1

∣∣∣∣∣∣Xl

k∑
j=1

uj(x)
√

ρ(y)uj(y)

∣∣∣∣∣∣
2

dµ(x)dµ(y)

=σ

k∑
j=1

∫
Ω
|∇Guj(x)|2dµ(x). (3.2)

Because of ζ1I < A < ζ2I and Lemma 3.4, we have∫
Ω
|∇Guj(x)|2dµ(x) ≤ ζ−1

1

∫
Ω
⟨A∇Guj(x),∇Guj(x)⟩dµ(x) = ζ−1

1

∫
Ω
uj(x)Lϕuj(x)dµ(x)

= ζ−1
1

[∫
Ω
uj(x)(Lϕ − V )uj(x)dµ(x) +

∫
Ω
V u2jdµ(x)

]
≤ ζ−1

1 (λj + V0σ) (3.3)

Substituting (3.3) into (3.2), we can finish the proof. �

Lemma 3.6 Let f be a real-valued function defined on Rn with 0 ≤ f ≤ M1, and for ph+1, · · · pn ∈
Z+,

∫
Rn

 h∑
i=1

z2i +

n∑
j=h+1

|zj |
2

pj+1

 f(z)dµ(z) ≤ M2. (3.4)

Then ∫
Rn

f(z)dµ(z) ≤ DM

2
n+2+

∑n
j=h+1

pj

1 M

n+
∑n

j=h+1 pj

n+2+
∑n

j=h+1
pj

2 , (3.5)

where

D =

∏n
j=h+1(pj + 1)wn−1

n+
∑n

j=h+1 pj

[
3

2n

] n+
∑n

j=h+1 pj

n+2+
∑n

j=h+1
pj

n
n+

∑n
j=h+1 pj

2

and wn−1 is the area of the unit sphere in Rn.

Proof. It is easy to verify the correctness of this lemma following the way of Chen’s in [5]. �
Proof of Theorem 2.1. Using Plancherel’s formula and Lemma 3.2, we have

∫
Rn

∫
Ω

 h∑
i=1

z2i +
n∑

j=h+1

|zn|
2

pj+1

 |Ψ̂(z, y)|2dµ(y)dµ(z)

12



=

∫
Rn

∫
Ω

 h∑
i=1

|∂xiΨ(x, y)|2 +
n∑

j=h+1

∣∣∣∣|∂xj |
1

pj+1Ψ(x, y)

∣∣∣∣2
 dµ(y)dµ(x)

=

∫
Ω

∫
Ω

 h∑
i=1

|∂xiΨ(x, y)|2 +
n∑

j=h+1

∣∣∣∣|∂xj |
1

pj+1Ψ(x, y)

∣∣∣∣2
 dµ(y)dµ(x)

≤ C3

∫
Ω

∫
Ω
|∇GΨ(x, y)|2dµ(x)dµ(y) + C4

∫
Ω

∫
Ω
|Ψ(x, y)|2dµ(x)dµ(y). (3.6)

Substituting the results in Lemma 3.3 and Lemma 3.5 into inequality (3.6), we can obtain that

∫
Rn

∫
Ω

 h∑
i=1

z2i +
n∑

j=h+1

|zn|
2

pj+1

 |Ψ̂(z, y)|2dµ(y)dµ(z) ≤ C3

k∑
j=1

σ

ζ1
(λj + V0σ) + C4σ

2k.

Then we set

f(z) =

∫
Ω
|Ψ̂(z, y)|2dµ(y),M1 = (2π)−nσ2|Ωn|, (3.7)

and

M2 = C3

k∑
j=1

σ

ζ1
(λj + V0σ) + C4σ

2k. (3.8)

Substituting (3.7), (3.8) into (3.5), we have

τ2k ≤
∏n

j=h+1(pj + 1)wn−1

n+
∑n

j=h+1 pj
((2π)−nσ2|Ωn|)

2
n+2+

∑n
j=h+1

pj

3nn+2+
∑n

j=h+1 pj

2

2n


n+

∑n
j=h+1 pj

n+2+
∑n

j=h+1
pj

×

C3

k∑
j=1

σ

ζ1
(λj + V0σ) + C4σ

2k


n+

∑n
j=h+1 pj

n+2+
∑n

j=h+1
pj

for any k ≥ 1. Thus

k∑
j=1

σ

ζ1
(λj + V0σ) ≥ C̄k

1+ 2
n+

∑n
j=1

pj − C̃σ2k,

where

C̄ =
2n

3C3
n−

n+2+
∑n

j=1 pj

2

 τ2
(
n+

∑n
j=h+1 pj

)
∏n

j=h+1(pj + 1)wn−1

1+ 2
n+

∑n
j=1

pj [
(2π)−nσ2|Ωn|

]− 2
n+

∑n
j=1

pj .

and C̃ = C4/C3. �
Proof of Theorem 2.2. Through similar method in the proof of Lemma 3.5, one has∫

Ω
|∇Guj(x)|2dµ(x) ≤

λj

ζ1 − 1
. (3.9)

13



Then substituting (3.9) into (3.2), we obtain that∫
Ω

∫
Ω
|∇GΨ(x, y)|2dµ(x)dµ(y) ≤

k∑
j=1

σ

ζ1 − 1
λj . (3.10)

Then combining (3.10), (3.6), and the result in Lemma 3.3, we have

∫
Rn

∫
Ω

 h∑
i=1

z2i +

n∑
j=h+1

|zn|
2

pj+1

 |Ψ̂(z, y)|2dµ(y)dµ(z) ≤ C3

k∑
j=1

σ

ζ1 − 1
λj + C4σ

2k. (3.11)

Then we set

f(z) =

∫
Ω
|Ψ̂(z, y)|2dµ(y),M1 = (2π)−nσ2|Ωn|, (3.12)

and

M2 = C3

k∑
j=1

σ

ζ1 − 1
λj + C4σ

2k. (3.13)

Through similar argument in the proof of Theorem 2.1, we have

k∑
j=1

σ

ζ1 − 1
λj ≥ C̄k1+

2
v − C̃σ2k.

�

Lemma 3.7 Let ui be the orthonormal eigenfunction corresponding to the Dirichlet eigenvalues

λi of problem (2.1). Then the inequality

k∑
i=1

(λk+1 − λi)
2

∫
Ω
u2i ⟨∇Gf,∇Gf⟩dµ(x) ≤ ϵ

k∑
i=1

(λk+1 − λi)
2

∫
Ω
u2i ⟨A∇Gf,∇Gf⟩dµ(x)

+

k∑
i=1

λk+1 − λi

ϵ

∫
Ω

1

ρ
(⟨∇Gui,∇Gf⟩+

1

2
ui∆G,ϕf)

2dµ(x) (3.14)

holds for all k ≥ 1 and f ∈ C3(Ω) ∩ C2(∂Ω), where ϵ is any positive constant.

Proof. We define the trail function

φi = fui −
k∑

j=1

aijuj ,

where aij =
∫
Ω ρfuiujdµ(x) = aji. Then∫

Ω
ρφiujdµ(x) = 0, φi|∂Ω = 0, i, j = 1, · · · , k.

Through direct calculation, we have

Lφi , (−divG(A∇G(·)) + ⟨A∇Gϕ,∇G(·)⟩ − V )φi

14



= fLui + uiLf + V fui − 2⟨A∇Gf,∇Gui⟩ −
k∑

j=1

aijλjρuj . (3.15)

Substituting (3.15) into the well-known Rayleigh-Ritz inequality [3]

λk+1 ≤
∫
Ω φiLφidµ(x)∫
Ω ρφ2

i dµ(x)
,

we can obtain that

(λk+1 − λi)

∫
Ω
ρφ2

i dµ(x) ≤
∫
Ω
φi (uiLf + V fui − 2⟨A∇Gf,∇Gui⟩) dµ(x). (3.16)

Set

bij =

∫
Ω
(uiLf + V fui − 2⟨A∇Gf,∇Gui⟩)ujdµ(x).

Considering dµ = e−ϕdν, we have∫
Ω
⟨A∇Gf,∇Gui⟩ujdµ(x) =

∫
Ω
⟨A∇Gf,∇Gui⟩uje−ϕdν = −

∫
Ω
uidiv(uje

−ϕA∇Gf)dν

= −
∫
Ω
ui [ujdiv(A∇Gf) + ui⟨A∇Gf,∇Guj⟩ − uj⟨A∇Gf,∇Gϕ⟩] e−ϕdν

= −
∫
Ω
ui [ujdiv(A∇Gf) + ui⟨A∇Gf,∇Guj⟩ − uj⟨A∇Gf,∇Gϕ⟩] dµ.

Then we can find that

bij = −bji, bij = (λi − λj)aij .

Considering (3.16), we get

(λk+1 − λi)

∫
Ω
ρφ2

i dµ(x) ≤

−
∫
Ω
fui [ui(divG(A∇Gf)− ⟨A∇Gϕ,∇Gf⟩) + 2⟨∇Gui, A∇Gf⟩] dµ(x) +

k∑
j=1

(λi − λj)a
2
ij . (3.17)

Set

cij =

∫
Ω
uj(⟨∇Gui,∇f⟩+ 1

2
ui∆G,ϕf)dµ(x).

Then through direct calculation, we have

cij = −cji,

and ∫
Ω
φi(⟨∇Gui,∇Gf⟩+

1

2
ui∆G,ϕf)dµ(x)

=

∫
Ω
fui(⟨∇Gui,∇Gf⟩+

1

2
ui∆G,ϕf)dµ(x)−

k∑
j=1

aijcij

= −1

2

∫
Ω
u2i ⟨∇Gf,∇Gf⟩dµ(x)−

k∑
j=1

aijcij . (3.18)
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Using Young’s inequality and considering (3.17), (3.18), we get

(λk+1 − λi)
2

∫
Ω
u2i ⟨∇Gf,∇Gf⟩dµ(x) + 2

k∑
j=1

aijcij


=(λk+1 − λi)

2

∫
Ω
(−2)

√
ρϕi

 1
√
ρ
(⟨∇Gui,∇Gf⟩+

1

2
ui∆G,ϕf)−

k∑
j=1

cij
√
ρuj

 dµ(x)

≤ϵ(λk+1 − λi)
3

∫
Ω
ρϕ2

i dµ(x)

+
λk+1 − λi

ϵ

∫
Ω

 1
√
ρ

(
⟨∇Gui,∇Gf⟩+

1

2
ui∆G,ϕf

)
−

k∑
j=1

cij
√
ρuj

2

dµ(x)

=ϵ(λk+1 − λi)
3

∫
Ω
ρϕ2

i dµ(x)

+
λk+1 − λi

ϵ

∫
Ω

1

ρ

(
⟨∇Gui,∇Gf⟩+

1

2
ui∆G,ϕf

)2

dµ(x)−
k∑

j=1

c2ij


≤ϵ(λk+1 − λi)

2

{∫
Ω
−fui [ui (divG(A∇Gf)− ⟨A∇Gϕ,∇Gf⟩) + 2⟨∇Gui, A∇Gf⟩] dµ(x)

+

k∑
j=1

(λi − λj)a
2
ij

}
+

λk+1 − λi

ϵ

∫
Ω

1

ρ

(
⟨∇Gui,∇Gf⟩+

1

2
ui∆G,ϕf

)2

dµ(x)−
k∑

j=1

c2ij

 ,

where ϵ is any positive constant. Then summing over i from 1 to k, we have

k∑
j=1

(λk+1 − λi)
2

∫
Ω
u2i ⟨∇Gf,∇Gf⟩dµ(x)− 2

k∑
i,j=1

(λk+1 − λi)(λi − λj)aijcij

≤ϵ

k∑
i=1

(λk+1 − λi)
2

∫
Ω
−fui [ui(divG(A∇Gf)− ⟨A∇Gϕ,∇Gf⟩) + 2⟨∇Gui, A∇Gf⟩] dµ+

k∑
i=1

λk+1 − λi

ϵ

∫
Ω

1

ρ
(⟨∇Gui,∇Gf⟩+

1

2
ui∆G,ϕf)

2dµ−
k∑

i,j=1

ϵ(λk+1 − λi)(λi − λj)
2a2ij


−

k∑
i,j=1

(λk+1 − λi)

ϵ
c2ij .

Because of aij = aji, cij = −cji,

k∑
j=1

(λk+1 − λi)
2

∫
Ω
u2i ⟨∇Gf,∇Gf⟩dµ(x)

≤ϵ

k∑
i=1

(λk+1 − λi)
2

∫
Ω
−fui [ui (divG(A∇Gf)− ⟨A∇Gϕ,∇Gf⟩) + 2⟨∇Gui, A∇Gf⟩] dµ(x)

+
k∑

i=1

λk+1 − λi

ϵ

∫
Ω

1

ρ

[
⟨∇Gui,∇Gf⟩+

1

2
ui∆G,ϕf

]2
dµ(x). (3.19)
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Considering dµ = e−ϕdν, we can obtain that∫
Ω
fu2i divG(A∇Gf)dµ =

∫
Ω
fu2i divG(A∇Gf)e

−ϕdµ

=−
∫
Ω
⟨A∇Gf,∇Gf⟩u2i e−ϕdν −

∫
Ω
⟨A∇Gf,∇Gui⟩2fuie−ϕdν +

∫
Ω
⟨A∇Gf,∇Gϕ⟩fu2i e−ϕdν

=−
∫
Ω
⟨A∇Gf,∇Gf⟩u2i dµ−

∫
Ω
⟨A∇Gf,∇Gui⟩2fuidµ+

∫
Ω
⟨A∇Gf,∇Gϕ⟩fu2i dµ. (3.20)

Substituting (3.20) into (3.19), we can finish the proof of this lemma. �
Proof of Theorem 2.3. Considering ζ1I ≤ A ≤ ζ2I in (3.14), we have

k∑
i=1

(λk+1 − λi)
2

∫
Ω
u2i ⟨∇Gf,∇Gf⟩dµ(x) ≤ ϵζ2

k∑
i=1

(λk+1 − λi)
2

∫
Ω
u2i ⟨∇Gf,∇Gf⟩dµ(x)

+

k∑
i=1

λk+1 − λi

ϵ

∫
Ω

1

ρ
(⟨∇Gui,∇Gf⟩) +

1

2
ui∆G,ϕf)

2dµ(x). (3.21)

Taking f = xα and summing over α from 1 to n, then through direct calculation, we can obtain

that
n∑

α=1

⟨∇Gxα,∇Gxα⟩ = h+

n∑
j=h+1

|xl|2pj ≤ h+

n∑
j=h+1

d2pj (3.22)

and

n∑
α=1

∆Gxα = 0,

n∑
α=1

⟨∇Gϕ,∇Gxα⟩2 = |∇Gϕ|2, (3.23)

n∑
α=1

⟨∇Gui,∇Gxα⟩⟨∇Gϕ,∇Gxα⟩ = ⟨∇Gui,∇Gϕ⟩, (3.24)

n∑
α=1

⟨∇Gui,∇Gxα⟩2 =
h∑

j=1

|Xjui|2 +
n∑

j=h+1

|xl|2pj |Xjui|2 ≤ P |∇Gui|2, (3.25)

where P = max{1, d2ph+1 , d2ph+2 , · · · , d2pn}, d is the diameter of Ωx, the projection of Ω in the

(x1, x2, · · · , xh) space.
Substituting (3.22), (3.23), (3.24), (3.25) into (3.21), then we have

h

k∑
i=1

(λk+1 − λi)
2

∫
Ω
u2i dµ(x) ≤ ϵ(h+

n∑
j=h+1

d2pj )ζ2

k∑
i=1

(λk+1 − λi)
2

∫
Ω
u2i dµ(x)

+
σ

ϵ

k∑
i=1

(λk+1 − λi)

∫
Ω
P |∇Gui|2 + ui⟨∇Gui,∇Gϕ⟩+

1

4
u2i |∇Gϕ|2dµ(x).

Then considering the result in Lemma 3.5, we have∫
Ω
P |∇Gui|2dµ(x) ≤

P (λi + V0σ)

ζ1
,
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∣∣∣∣∫
Ω
ui⟨∇Gui,∇Gϕ⟩dµ(x)

∣∣∣∣ ≤∥ui∥L2∥⟨∇Gui,∇Gϕ⟩∥L2

≤σ
1
2

[∫
Ω
|∇Gui|2|∇Gϕ|2dµ

] 1
2

≤C0σ
1
2

(
λi + V0σ

ζ1

) 1
2

, (3.26)

and ∫
Ω
u2i |∇Gϕ|2dµ(x) ≤ C2

0σ

∫
Ω
ρu2i dµ(x) = C2

0σ. (3.27)

Thus

hτ
k∑

i=1

(λk+1 − λi)
2 ≤ϵ

h+
n∑

j=h+1

d2pj

σζ2

k∑
i=1

(λk+1 − λi)
2

+
σ

ϵ

k∑
i=1

(λk+1 − λi)

[
P (λi + V0σ)

ζ1
+ C0σ

1
2

(
λi + V0σ

ζ1

) 1
2

+
1

4
C2
0σ

]
. (3.28)

Obviously, the right hand of (3.28) attains its minimum at

ϵ =


k∑

i=1
(λk+1 − λi)

[
P (λi+V0σ)

ζ1
+ C0σ

1
2

(
λi+V0σ

ζ1

) 1
2
+ 1

4C
2
0σ

]
ζ2

(
h+

∑n
j=h+1 d

2pj
) k∑

i=1
(λk+1 − λi)2


1
2

.

Then we can finish the proof. �
Proof of Theorem 2.4. Using similar method in the proof of Theorem 2.3, we can obtain that

h
k∑

i=1

(λk+1 − λi)
2

∫
Ω
u2i dµ(x) ≤ ϵ

h+
n∑

j=h+1

d2pj

 ζ2

k∑
i=1

(λk+1 − λi)
2

∫
Ω
u2i dµ(x)

+
σ

ϵ

k∑
i=1

(λk+1 − λi)

∫
Ω
P |∇Gui|2 + ui⟨∇Gui,∇Gϕ⟩+

1

4
u2i |∇Gϕ|2dµ(x). (3.29)

Substituting the inequality ∫
Ω
|∇Gui(x)|2dµ(x) ≤

λi

ζ1 − 1

which has been proved in the proof of Theorem 2.2, and the inequalities in (3.26),(3.27) into

(3.29), we have

hτ

k∑
i=1

(λk+1 − λi)
2 ≤ϵσζ2

h+

n∑
j=h+1

d2pj

 k∑
i=1

(λk+1 − λi)
2

+
σ

ϵ

k∑
i=1

(λk+1 − λi)

[
Pλi

ζ1 − 1
+ C0σ

1
2

(
λi

ζ1 − 1

) 1
2

+
1

4
C2
0σ

]
. (3.30)
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Taking

ϵ =


k∑

i=1
(λk+1 − λi)

[
Pλi
ζ1−1 + C0σ

1
2

(
λi

ζ1−1

) 1
2
+ 1

4C
2
0σ

]
ζ2

(
h+

∑n
j=h+1 d

2pj
) k∑

i=1
(λk+1 − λi)2


1
2

,

the right hand of (3.30) attains its minimum. Then we can finish the proof. �

4 Conclusion

We consider the weighted Dirichlet eigenvalue problem of degenerate elliptic operator in divergence

form with a potential −divG(A∇G) + ⟨A∇Gϕ,∇G⟩ − V . Following the way of Fourier transfor-

mation, we obtain the lower bounds for eigenvalues. Through the way of trail function, we get

Yang’s type inequalities as upper bounds. Especially, we get the corresponding results when the

potential function V (x) satisfies the Hardy type inequality
∫
Ω V f2dµ(x) ≤

∫
Ω |∇Gf |2dµ(x).
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