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Abstract

This article aims to study the Quasi-least square mixed finite element (FE) method for the approx-
imate solution of Magnato-Hydro-Dynamic equations (MHD). The resulting non-linear system of
equations are linearized around a characteristic state, resulting in first order linearized least-square
models that yield algebraic system of equations with symmetric positive definite coefficient matri-
ces. A central feature of the method is that it does not require (Ladyzhenskaya-Babuska-Brezzi)
LBB conditions on the finite-dimensional subspaces and the resulting bilinear form is symmetric
and positive definite. Secondly, it only needs to choose the value of a single parameter to find
the well-posedenss of the model equations. For the theoretical accuracy and authentication of the
method, we investigate existence of the solutions and obtain a priori error estimates. The variables
are fluid velocity, fluid pressure and magnetic field. Numerical tests are performed in order to
assess the stability and the accuracy of the resulting methods. Result shows good agreement with
analytical solutions.

Keywords: Quasi-least-square finite element scheme, stationary magnetohydrodynamic equations,
stability, convergence analysis.

Magnetohydrodynamics (MHD) deals with the study of the interaction of electromagnetic field-
s and conducting fluids. These equations consist of a coupling between Maxwell equations and
Navier-Stokes equations. The field of MHD is first introduced by Alfven in [29]. This field has
many applications in astrophysics, geophysics and many other engineering fields, such as liquid
metal cooling [2], process metallurgy [3], controlled thermonuclear fusion and sea water propulsion
[4] etc. Moreover, the hydrodynamical behavior of conducting fluids, e.g., plasmas, liquid metals,
and electrolytes, etc., are usually modeled by the MHD system [5]. Since the applied magnetic
fields can induce currents which in turn polarizes the fluid and reciprocally changes the magnet-
ic field itself, the governing system is a combination of hydrodynamics (Navier-Stokes equations)
and electromagnetism (Maxwell equations). About the extensive study of the theoretical model-
ing /numerical analysis of the MHD system, we refer to [6, 10, 11] and the references therein.

A mixed finite element method for the MHD equation is discussed in the following articles
[8, 14, 25, 15] and uniqueness and existence of stationary equations have been given in [1].

In this contribution, we develop a quasi-least-square finite element scheme (QLSFES) in the
L? inner product and perform an analysis of existence and convergence for them. The key idea

*Y. Danping is partially supported by NSF of China(Grant No. 11571115).
*Corresponding author
Email addresses: shahid8310@yahoo.com (Shahid Hussain ), zahid.hussain@kiu.edu.pk (Zahid hussain ),
fazal.haq@kiu.edu.pk (Fazal Haq ), dpyang@math.ecnu.edu.cn (Danping Yang )
!Department of Mathematical Sciences, Karakoram International University, Gilgit-Baltistan, Pakistan.
2School of Mathematical Science, East China Normal University, Shanghai 200241, China

Preprint submitted to Elsevier September 15, 2020



of QLSFES is to apply least-square method in L?-norm to linearized forms of nonlinear problems.
We introduce several methods contrast from the previous studied methods. Say we have developed
a non-singular solution a branch of nonlinear problems to analyze existence and convergence of
approximate solutions of QLSFES. It has many advantages over the least square finite element
method. Firstly, only L? -norm is used in these methods which is convenient for programming sense.
Secondly, by linearizing procedure one can derive simple iterative methods with symmetric positive
definite coefficient metrics. So, these simple iterative methods are convergent in a large region of
initial functions. Remember that this is strongly contrast to locally convergent properties of any
standard least-square finite element schemes for nonlinear problems. Lastly, QLSFES and analysis
for their convergence are independent of the algorithm and theory for non-singular solution branches
of nonlinear problems with respect to the two viscosities i.e., fluid viscosity v and magnetic viscosity
Vm. However, in practical engineering applications, many other complicated nonlinear systems are in
practice, such as singular solutions of bifurcation-driven multiplicity [22, 23], viscoelastic fluid flows
[19, 20], flows and heat transfer [17], fluids with a velocity dependent or temperature-dependent
viscosity [|, are of great significance, for further study, we refer reader to (see [25]). For the mention
fluid flows, algorithms and theories for approximation of the non-singular solutions of nonlinear
problems are invalid. QLSFES can be applied to study such type of complicated nonlinear problems.

The remaining work is organized as follows. In the next section, we introduce magnetohydro-
dynamic equations linear and non-linear forms and QLSFES. While the former has a simpler form
than the later. In section 3, we analyze the existence and convergence of the QLSFES. We show
the solutions of QLSFES converges to different solutions of the system depending on the initial
guess. In section 4, we analyze the convergent rate of the QLSFES in case that the exact solution
is nonsingular. In section 5, we give some numerical experiments and some further discussion to
end this work.

This work deals with the numerical resolution of the stationary incompressible magnetohydro-
dynamics system of equations [13]. The unknowns for this problem are velocity field u, the pressure
p in the fluid and the magnetic field B (in fact the magnetic induction).

The unknowns for this problem are velocity field u, the pressure p in the fluid and the magnetic
field B (in fact the magnetic induction) [13, 18]. The non-dimensional magnetohydrodynamics
(MHD) equation for the unknowns are as follows

u-Vu—];eAu—i—Vp—i—S(B xewlB) = finQ, (0.1)
V.u = 0 inQ, (0.2)

lecurl (curl B) — S(curl (uxB)) = 0 inQ, (0.3)
V-B = 0 inQ. (0.4)

Here R., R, and S = %;m, with M > 0 being the hydrodynamic Reynolds number, magnetic
Reynolds number, coupling number and Hartman number respectively. In the industrial cases, we
have in mind, R, ~ 105, R,, ~ 107! and S ~ 1. To find the velocity u = (uj,us) and pressure
field p define in © and magnetic field B = (b1, b2). The function f represents external force term.
In the two-dimensional case, the curl operator Vx applied to a vector B = (b1,52) is defined as
VxB= % - %—2 while the cross product of two vectors u = (ul,u2) and B = (b1,b2) is given by
uxB= u1b2 — Ule.

The system is set on a simply connected and bounded domain Q € R? with simplest essential



homogeneous boundary conditions on 0f2 [7, 21, 9, 18]:

u = 0 on 09, (0.5)
B-n = 0 on 0, (0.6)
curlBxn = 0 on 09, (0.7)

where n denotes the normal to Q [25]. Here (0.5) is a no-slip boundary condition implied by the
viscous nature of the fluid, (0.6) and (0.7) are known as perfectly conduction wall.

Remark 1. Instead of the boundary conditions that B-mn = 0 in (0.6)and curl B x n = 0 in
(0.7) for the magnetic field B, we can equally apply B x n=0 and n x (V x B) =0 which is also
frequently used for the MHD system; see, e.g., [11, 12, 24, 21, 26] .

1. Quasi-least-square finite element schemes

In this section, we discuss the quasi-least-square finite element schemes based on L?-inner prod-
uct for the MHD system of equation.

1.1. Notations and definitions

In the next sections, we will use the following Sobolev function spaces: Let C*°(€2) be the set of
functions of infinitely order derivatives and C§°(Q) = {a,b € C°°(Q)}; the support of a,b are in
( In the whole sections, where a,b are two known functions as Oseen type iterative values using for
the linearization of the system of the equations). Moreover, the standard Sobolev function spaces
we introduce are as follows:
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Let 3l = (Ujj)axd = (U1, Us..., Uy) be a matrix function of d x d degree with column vectors Uy, 1 <
k < d. For each d-dimensional vector-valued function u and matrix i, define Vu = (uq, uz....... ,Uqg)
and Vx4 = (VxUp,VxU,..VxUyy), V-U' = (V-Up,V-Us.,V-Uy)T similarly Z = curiB.
By using the symbolical representations, we can easily describe the first order system equivalently
to the original system and their algorithms.

1.2. The first order MHD system and QLSFES algorithms

We develop an algorithm to solve the incompressible MHD system (0.1)-(0.4). The first quasi-
least-square scheme is based on the following first-order system:

V- U+ (u-V)u+Vp+SBxcurl B) = f inQ, (1.1)
Y-Vu = 0 inQ, (1.2)

Viu =0 inQ, (1.3)

Umeurl (Z) — S(curl (u x B)) 0 in Q, (1.4)

Z—curlB = 0 in Q, (1.5)



V-B = 0 inQ. (1.6)

Here in the upcoming formulation for any a,b € X is supposed to make the nonlinear system in
to linear form [17, 19]. Because a and b are known functions(usually stand for the approximate
solutions for u and B in the previous iterative step of the Picard iterations and are also supposed
regular). We denote viscosity of the hydrodynamic fluid v = R%, and magnetic diffusivity v, =
Rim. For further formulation the bilinear form with respect to (4, u,p,Z,B) and (W, w, ¢, T,c) in
F x X xQxY x M) can be written as

L(a,b; (Uu,p, Z,B),(W,w,q,T,c¢)) (1.7)
=(—vV- 4"+ (a-V)u+ Vp+S(b x curl B),
— vV -WT + (a-V)w+ Vg + S(b x curl c))
+ W= Vu,W—Vw)++%(V-u,V-w)
+ (vmeurl Z — curl (u x b),vpmeurl 7 — curl (w x b))

+(Z — curl B,7 — curl ¢) +*(V-B,V - ¢)

where v and 7 are the two positive constants to be determined in later sections. Suppose that
(u,p, B) are the solution of system equations (0.1) — (0.4) is in [H?(Q)]? x HY(Q) x H?(Q). Let
= Vu and Z = curl B. The solution (i, u,p,Z,B) satisfies the following quasi-least-squares
variational formulation:

L(u7B7 (117 u’p7 Z7B)7(W7W7 q? 7_7 C)) (1'8)
= (f,~vV - WT +u-Vw+ Vg + S(B x curl c))
VW, w,q,7,¢) €F xXxQxY xM.

1.3. Finite element Variational formulation

For the mathematical setting, some notations used in function spaces are introduced. For m € N
the norm associated with Sobolev space WP (G) for [m > 0 and 1 < p < oo] by || - [[wm.r(q), with
the special case W2(Q) being written as H™ () with the norm || - ||, and seminorm |-|,,[16, 28]. If
p=2and m = 0 then WY(Q). The L?(Q2) inner product and norm are denoted by (-,-), || - [|=]] - ||o
respectively, the LP(Q) norm by || - ||z», with the special cases of L?(2) and L*°(€) norms being
written as || - || and || - ||oc. For the sake of simplicity, we omit G if G = Q without any confusion.

In order to find the corresponding variational formulation, we introduce finite element spaces
(F'x X" x QM x Y x M) < (F x X x Q x Y x M) on triangulations Tj,. Where T}, is a family
of finite element triangulations of the domain €2 and subscript h denotes the largest mesh size of
the elements in T},. Based on the quasi-least-square formulation, we define

QLSFES. Find (U",u”,p" Z" B") € (5" x X" x Q" x Y" x M") such that

L(u",B"; (", u" p", 2", B"), W', w", ", 7", c"))
= (f,—vV - Wh+u" . Vw" + V" + S(B" x curl ™))
v Wh wh gt i ey e (PP x XD x QP x Y x M. (1.9)
Remark 2. We have the linear scheme for the MHD equation. It is clear that for a given a and
b, the bi-linear form L(a, b;-,-) are least-square bi-linear form derived by applying the least-squares

minimization principle to linearized form of a nonlinear system (1.8). Here we take a and b as a
known values for the approximation of w and B. Thus we call this scheme as QLSFES.



Remark 3. QLSFES is a simple symmetric form. We introduce the parameters v and n with
the incompressibility conditions, which plays a key role in practical calculation. It is impossible to
ensure the coerciveness of L(a,b : -,-) for each a,b € X. But by choosing suitable v and n they
became positive definite if a and b lies in some bounded function sets which contain solution of the
(0.1)-(0.4). In next sections, we would discuss the suitable and judicious choice of the parameters
v and n for the linear form. The well feature of this technique is that some one can use some
iterative procedure to find solutions of nonlinear complex problems in a large region of functions
without requiring good guess for exact solutions. We confirm this feature in numerical examples in
our experimental part.

2. Existence and convergence of solutions of QLSFES

In this section, we derive existence and convergence of solution of QLSFES. The process of this
analysis is divided into four steps:

e We analyze the positive definite property of the bilinear form L(a,b : -,-) , we prove that for
a given v and 7 there exist a bounded function set such that L(a,b : -,-) is positive definite
and continuous as a and b lies in this function set.

e In second step, we determine a large region of function set which contains all solutions of the
system (1.1) — (1.6). We intend to seek all solutions of the nonlinear system by suitable choice
of vy and n, L(a,b : -,-) is a positive definite as a and b are in this large region of functions.

e To prove existence of solutions of QLSFES, we introduce the nonlinear map such that solutions
of QLSFES are fixed points of the map. In step one and step two, we prove that for a suitable
parameter v and 7, the nonlinear map is uniquely determined in this bounded function set
and maps it to itself (see detail in lemma 2.3 and 2.4). Moreover, by using the fixed point
theory, we prove existence of solutions of the QLSFES in theorem 2.1.

e In the last step, we shall prove the convergence of the solutions of QLSFES briefly in theorem
2.2.

Before going to proceed the main work, we give several known results which are applicable
on the next sections. Hence, by Poincaré’s inequality and the embedding theory, there exists
positive constants C, ag and a; which are independent on the parameters and any mesh size
domain.

a | w s < || Vw3, (2.1)
ar|[w|i < VW[, Vwe X
Julfs < C |u]} VYue X
IBIf < a(||cwrlB|i+|V-BJf), VBeM (2.2)
B3, < C |BJ|3
lcurl B2 < a3 | B|? (2.3)
IBlf < C |curl B}
< C|BJ|3



Two Green’s formula on integration by parts [30], are as follows:

(Vu,w)—(u,Vw) = 0, VuweX (2.6)

)
(a-VW,w)+%(div a,|wl?) = 0, Vw,acX
(bxcurl B,w) — (uxb,curl B) = 0, VweX, Vb,BeM

laxbllf < Cllali<lbl Vabe (L2(2)™).

Here (-,-) is an inner product in L?(Q) or L2(2)?. For each ¢ € L?(Q) satisfies the boundary
condition (g, 1) = 0 there exists ¢ € [HZ(2)]¢ such that

[l < Collalo-

Lemma 2.1. Let constants K >0, 0< 4§ < 2aomin(v, ) and v > max(K,1). There exists two
constants o and ax such that for each a € X, b € M satisfying || Va |0< K and | V- a o< 0,
| b ||L=< 7 and for each W", ', ¢", 7" ") € F, X, Q, Y, M,

(1) a[ | Vw ||3 + || curl ¢ H% ] < L(a, b; W, w,q,T,c), W, w,q,T, c)), (2.8)
(“) OéOé*[ ” w H(2) =+ H T H(Q) =+ H q H(2):| S L(a7 b7 (W7w7q7T7 C), (Wa w,q,T, C))7

where the constants o and o™ are defined as follows

a = min(ag,a,as,0q4,a5), o = PR (2.9)

a;,1 <4 <5, are given by

1 1 1 aga )
2(1+a)’ 2(Co)%a’ 42CE(1+a)’ 2C3(6+K)2a1

Proof. From the given conditions and the Young’s inequality, we can get

ot = mm(

| Vw [|2; = (VW — W, Vw) + v [(—vV - WT + (a- V)w + Vg + Sb x curl c,w)] (2.10)

+ [%(V -aw, w)] + 171 (q, V- w) + v [(Sb x curl ¢, w)]

1
< 55— 1-vV-W'+(a-V)w+ Vg+ Sb x curl c |72
2a7€eov
1 2 7 2 €1 2 2
+ %0 | Vw =W |72 +4?1 | V-wl72 +W I qll7: +(2€0 + QVQGO) | Vw |72
5272
m H curlc H%Q (211)
and
IW e < 2[l Vw72 + || Vw = W72 ]. (2.12)
Let us suppose ¢ satisfies (2.7), we get the following estimation
lql2:=—(-vV - W'+ (a-V)w+ Vg+ S b x curl c,d) (2.13)

+v(W,Ve) + ((a- V)w+ S b x curl ¢, ¢)



[ | (~vV-WT +(a-V)w+Vg+S b x curl c) ||z
1
+v [ Wl +;0(|| Va4 | Vallgz) | VW [z +57 || curl ¢ ||z } ¢ e

by using the (2.7), implies

g l2: < 203[ | vV -WT + (a-V)w+ Vg + S b x curl c |2 (2.14)
0+ K
1w e+ o st art e s |
0
At the same time,
| curl ¢ ||3s=(curl ¢, curl ¢ —7) + v, ! (¢, vmeurl T — curl (w x b)) (2.15)

+ v (e, curl (w x b))

4v.mas

| curl ¢ |2 <4 curl ¢ —7 |2, + 5 H Um curl T — curl(w x b) |2, (2.16)
Um=a2 —
272
+ — | Vw HL2+ IV-c|3a-
Vm
By putting (2.14) and (2.16) in equation (2.10), we get
1
| Vw |2, < Seo? | (—vV -WT 4 (a- V)w + Vg + Sb x curl c) ||, (2.17)
b T W T w s e 5 |
260 L2 461 L2 0 2ya0 L2
CLQS2 2 2
e | vmeurlt — curl(w x b) ||72 +2€1 || curle ||72
S22
+e||V-c ||%2 +4y2:1‘ | curlc — ||%2
26102
+ ;1 0 [H V- Wl +(a-V)wW+Vg+Sbxcurl cl?

(6+K)

AW+ | Vw mﬁﬁﬁﬂuwﬂcmﬁ

L2 C
< <2a26 — ;1,,20> | (V- WT +(a-V)w + Vg + Sb x curl ¢) ||32

461 CO

1
; )WW1MW+ 19w |2

2 0+ K 4
“%(F)+“%)me

+ <60 + 2vay v2v2a3

26100252 2

+

+ 261> | curl |32



SQ SQ 2
a2 H Vmeurlt — curl(w x b) HL2 +e1 || Ve ||L2 —{—4 Ym

| curlc — 7 H%Z .

Letting the parameters

o — l( _ L) € — aol/zlfn(Zaol/—é)
0—=17 2vap /) €1 — 16(03(5+K)2VT2”+QC§V2VZna%+2a(2)C§SQ7T4+2a%V27r2)’
we have
2 Coﬁl T 2
| Vw |52 < €0V2 | (—vV-W* + (a-V)w+ Vg+ Sb x curl c) |72 (2.18)

Vw3,

)qu W +

4601/2 L2

|

+

(s
(5
("
(

2 2
CLQS 4&2610 S 7T 4&261
+ 5+ 20 5 5 | | vmeurlt — curl(w x b) 12,
8epe1V €QUVE, v,
5212 4e,C2 8?12 4e
+ m2+ 02 +— | | curle — 7 |32 .
8eperv €oV €0

we estimate || 7 [|2, again:

| H%Q < 2[ || curl ¢ — 7 ||%2 + || curl ¢ ||%2 ] (2.19)
41/ma0

< 2 le—1 |2, +—2—
< 2| curl ¢ THLz—i—VmaO_é[

1
2 2
| curl ¢ — 7 |72 +O¢17m2 | Um curl (b x w) |72 ].
From (2.16) and (2.18), we know that the end of condition given in equation (2.8 (i)) holds for the
a defined by (2.8)and (2.9), while by (2.8 (ii)), (2.12)(2.14) and (2.19 ) also holds O

Remark 4. In lemma 2.1, there are three parameters K, § and . Parameters K and § are two
constrain conditions for the gradient and divergence of a in the lemmas below, we would see that
K is related to bound of the right hand side terms. By using K, we can know the bounded function
set which contains all of solutions of the model equations. On the other hand, it is not easy to
treat divergence-free condition in practical calculation. Here we deal divergence-free condition to
|V-al|2<dand| V-b|2<m. The coefficient a is independent of K and v but it depends upon
6 and w, o becomes smaller if § is larger. Hence lemma 2.1 gives formula to calculate the parameter
. This will be useful to determine the parameter v in practical applications. The parameter v is a
penalty factor to control the constrain condition for divergence of the velocity field. The parameter
a* has actually no practical applications.

Remark 5. It is necessary to understand that the magnetic field is a solenoidal field so it is
not consider as compressible or incompressible more, we refer reader to the work of stabilization
magnetohydrodynamic equation [10]. To relax or penalize, we do not have any coefficient for the
so called curl or divergence of magnetic field in this segment. We may consider this problem in
our future work, where we will consider two inf-sup conditions for the magnetohydrodynamics model
equations.

In practical applications, the entirely positive definite property of L(a,b;-,-) for all a € X is not
necessary and similarly assumption for term b is applied. However, one seek approximate solutions
in the bounded function set which contains all exact soluitions.We need to find this set. To this



end, introduce function sets in f Xx X x Q xY x M

L(6,K,p) = |(W,w,q,7,¢); || V-w [[2< 6, (2.20)
Il Vw (172 + || curl ¢ [|72]" < K,
K
W 172 + 7 1172 + g [172]2 < 7
L6 K, p) = L(6,K,p)N[F" x X" x Q" x Y x M". (2.21)

The following lemma shows that all solutions of (1.1)-(1.6) are in the bounded set Z for some given
parameters 9, K, p.

Lemma 2.2. Let 0 < § < 2apmin(v, ). Assume that a and o* satisfy (2.8 i and i) and K
satisfies

[ fllze < min(vVe, 1)K (2.22)

All solutions of system equations (1.1)-(1.6) are in the function .2 (4, K, a*).
Proof.

Let (4, u,p,Z,B) be one solution of the system . For all v > 0, we see that

L(u’ B; (u7 u7p’ Z’ B)?(u7 u7p7 Z7B)) (2'23)
= (f,—vV - 4" +u-Vu+ Vp+ SB x curlB).

This implies that
L(u,B; (8, u,p,Z,B), (8,u,p,Z,B)) < | f]3:. (2.24)
We have the condition V-u=0and V-B =0 in €,

| Vu |2, = v (V- U" + (u-V)u+ Vp+ SB x curl B,u) (2.25)
+ (Vu — 4, Vu) — v 1(SB x curl B,u)
<v i (—vV -4 4 (u-V)u+ Vp+ SB x curl B, u)

+ (Vu— 4, Vu) + §(VmcurlZ —curl(ux B),B) + Sﬂ(eurlB — Z,curlB)
v v
< Zal=v T 4 (u- V)u+ Vp+ SB x curl B |2,

1
+2 || Vu =G +7 [l Va7
20,282 252y2

1
2 | UmeurlZ — curl(u x B) ||7. +Z | curlB |32 + V2m | curlB — Z ||72

and



2&2

| curl B ||32 <2 || curl B—Z |32 —|— 3 | Ui, curl Z — curl(u x B) |3, (2.26)

2
WH _Vv'uT"‘(u'v)U-—i‘Vp-l-SBXCUT[BHL2
202 o
52 2 | Vu il'”L2+ ||V11||L2+ | curl B ||3. .

Hence
alll Vu |22 + || curlB ||2,] < L(u,B; (8, u,p, Z,B), (4 u,p, Z,B)) < | ]2,  (2:27)

a?S52p? S2u2, 2 V2
4(521/2 +1/2)’ 4(S%v2, +1/2)’ 4ap 5?7 4S2V2
Because || Vu ||3,< K. By taking v > maxz(1, K) and using lemma 3.1, we know that (4, u,p,Z,B)

is in 9?((5,1(, a*).

where @ = min( ). Hence it can be easily checked that o < a.

O
We seek approximate solution of the system (1.1) -(1.6). To this end, we define a nonlinear map
from F" x X" x Q" x Y" x M" into F" x X" x Q" x Y" x M" given as

LOV Wl g 7 ey = (Wt W, g R e

such that for each (W gt 7 E) e o x XP o QP x YR x M,

L(wh, ch; (W, wh, g 7t ey, oV w3t 7 ) (2.28)
=(f7—VV'Wh+Wh-VWh+Va +SB X T )

So it is clear that the system (2.28) is linear with respect to (Wh, wh g, 7", @"). For this non-linear

map, we have the following estimated results.

Lemma 2.3. Assume that conditions of the lemma 2.1 and lemma 2.2 holds, the non-linear map

L from .,if’z/h(é, K,o) to F" x X" x Q" x Y" x M" is uniquely defined.
Note that this lemma 2.3 is the direct corollary of the lemma 2.1.

Lemma 2.4. Assume that conditions of the lemma 3.1 and 3.2 hold and that v satisfies
v o2 || fHL2 max(l, 1/5a 1/\/5) (229)
Here now the operator £ maps .,i;/h(é, K, a*) to itself.

Proof. Hence from equation (2.28)
L(wh s W, " g 7 e, OV Wt ) < F 7
since we have || Vw" ||;2< K and || V- w” ||;2< § so equation (2.8) tends to

o | VR |2, + | curl @ 2, < L £|2< K

10



o~ 2
o WL+ 17" 132 + 118" 132 < oo 1 E113.< 55
Furthermore,
IV ®" <y [ £ 2 0.
Therefore, (Wh, wh, g, ?h,ﬁh) € .3”71(5, K, a*). This proves lemma 3.4 completed O

Theorem 2.1. Assume that 0 < § < 2agmin(v, ) K satisfies (2.22), v satisfies (2.29), o and

o™ satisfy (2.8 i and ii). So QLSFES has at least one solution in .Zh((s, K,a*). However, all the
solutions of the nonlinear system (1.9) are in £"(6, K, a*).

Proof. By lemma 2.4, the operator £ maps the boundary function set ﬁ(é, K, ") into itself
under the conditions of theorem2.1. On the other hand, it follows Browners theory of fixed point
that the nonlinear system (1.9) has atleast one solution in .£"(8, K, a*). It is obvious that all of
solutions of the system (1.9) are in ﬁ(é, K, a*). Hence the proof of theorem 2.1 is completed. [

Next, we study convergence of solutions of QLSFES. To this end we have the following conver-
gence result.

Theorem 2.2. Assume that conditions of theorem 2.1 hold and (U, u*, p", zZ" Bh) S one sequence
of solutions of QLSFES as h — 0. Then solution sequence (U, u", p", z", Bh) can be divided into
several sub sequences which weakly convergence to different solutions of the first-order system (
1.1 )-( 1.6 ). In particular, components u", B" of these weakly convergent sub sequences strongly
convergence to the corresponding limit components in [H*(Q)%] x H*(Q) for 0 < s < 1.

Before going to prove theorem 2.1 we need the following lemmas to assist.

Lemma 2.5. Let us consider 0 < § < 2agv. For a given function @ € [H (Q)]¢ satisfying ||
V@ |;2< 6 and a given vector-valued function f € [L*(Q)]%. The following boundary value problem

—vAu ' +a-Vu"'+Vp = f in (2.30)
Vouw = 0, (2.31)
(p*,1) = 0,

u* = 0, on 09
has one unique solution (u*,p*) in H2(Q) x HY(Q).

For the proof of lemma 2.5 see [17] appendix 1. Hence we will use the embedding theory between
Sobolev spaces and some results reported in [16, 17] as the following lemmas given bellow.

Lemma 2.6. Let G be a Hilbert space and F be a bounded function set in G, i.e., there exist a
constant K > 0 such that || f ||g< K for each f € F. The function set F is weakly compact in G,
i.e., one weakly convergent sub-sequence { fn}>° with weak limitation f can be extracted from F in
such a way that

Jim (fn,9) = {f,9), V9 €0, (2.32)
where (-,-) is the inner product in G .

Lemma 2.7. Let F be a bounded function set in H*(SY), such that there exists a positive constant K
such that || v || g1 (o)< K for each v € F. Then the function set F is strongly compact in H*(Q) for
each 0 < s < 1, i.e., one sub sequence {f,}5°, , which is strongly convergent in H*(Q2) as n — oo,
which can be extracted from F.
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Lemma 2.8. There exists a positive constant C such that for 0 < s <1 and each v € H*(Q)

Folla@= Cllolmsw@, Y1isgs —

Now we resume theorem 2.2.

Proof. It follows from theorem 2.1 that sequence (U, u”,p" Z" B") of solutions of QLSFE are
bounded in the Hilbert space [17]. As consequence of lemma 3.6 and 3.7, they can be divided
into several sub sequences which are weakly convergent in L?(2) x H'(Q2) x L*(Q) x H*(Q). For a
weakly convergent sub sequence of solutions of QLSFEM, without loss of generality and for the sake
of simplicity, we still represent it by (L, u”, p", yA3 Bh) and its weak limitation by (4,1, p, Z, B) in
[L2(Q) x H'(Q) x L*(Q) x H'(Q) |. Furthermore, by lemma 2.7 we know that components (u”, B*)
also strongly converges to (W, B) in [H*(Q2) x H*(Q2)] for 0 < s < 1.

We shall prove that (4, U, D, Z, B) is one solution of the first order system (1.1)-(1.6). As result,
(1, p, B) is one solution of the model equation. To end this, we introduce auxiliary functions (u*, p*)
such that

u-Vu' —Au* +Vp* = f—S(B xcurl B), in (2.33a)
V-u' = 0, inQ (2.33b)
u* = 0, on 0 (2.33c)
similarly for B*
1
—curl (curl B*) —curl (ux B*) = 0, in Q; (2.34a)
po
V-B* = 0,in O (2.34b)
B* = 0, in 09 (2.34c¢)

systems (2.33a) and (2.34a) are two independent linear systems. Lemma 3.5 shows that these two
system of equations are uniquely solvable and (u*,p*) € [H2(Q)]? x [H'()]¢. Let U* = Vu* and
Z* = curlB*. Tt is straight-forward that (4,1, p,Z, B) is one solution of the first-order system
(1.1)-(1.6) if (U, 1, p, Z,B) = (4*, u*, p*, Z*, B*). We shall prove this fact in three steps.

Firstly, we prove that

| —vV - {—4)"+ @ V)@-u)+V@-p") 120 = 0. (2.35a)
Secondly, we prove that

HU—U)—V(E@—u*) = 0, in (2.36a)
V-@—-u*) = 0, inQ. (2.36b)

Thirdly, it follows from (2.35a) and (2.36a-2.36b) that

—VvAT—-u")+ @ - V)@—-u")+VpEp-p) = 0, in (2.37a)
V-(@—-u*) = 0, inQ. (2.37b)
u—u" = 0, on 0N (2.37c)
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The system (2.37a) implies that (4, U,p = (U7, u*, p*) because the system (2.37a) is of unique

trivial solution. Similarly, we can prove (Z,B) = (Z*,B*) O
The proof of (2.35a) is as follows. It is clear that (2.35a) is equivalent to

(—vV- - T+ @ V)@-u)+VE@E-—p,e) = 0, VYeelCQX (2.38)

For each ¢ € [C§°(2)]?, we may introduce new functions known as test functions (v,q) as

—VvAv+(T-V)v+Vqg = ¢, inQ, (2.39a)
Vv = 0, inQ, (2.39b)
v = 0, on 9. (2.39¢)

From Lemma 2.5, we may have (v, q) € [H2(Q)]¢ x H'(Q2). Letting V = Vv, we get

(—vV- U= + (@ V) -u") + V(E-p), )

{(—I/V-(il—ilh)T—i-(u-V)(u—uh)—i-V(p—ph)—I—SBxcurlB—Bh,gp)] +((@—u"-v)u", )

+ ( V- (W =T (@ V) - (@ V)ut + V" - p) + S B x curl(B - B, (@—u") - V)v>
+ [(—uv Wty (W Ve - @ V)ut £ V(" - p*) + S B x curl(B — B"),

V-V 4 (u" V)v4+ Vg+ (U — Vu", V- Vv)+2(V- (0" —u), V- v))] . (2.40)

The property of weak convergence of (4" u”,p", ", Bh) be the one solution of the systems (1.1)-
(1.6). For any positive 7, we may further see that

| (—vV- -+ @ V) (a—u) + V@ —p") + S B x curl(B —B"),¢) |
<| (@ V)@@—-u")+ S B x curl(B—-B"),p|
+v | V- U= Vo) |+ | (p—p"V-9)|=0, ash—0 (2.41)

Thus from consequence of the lemma 2.8 and the strong convergence property of (uh , Bh), we have
the following result

Ja—u"| < C|a—u"|yays—0, as h—0,
and

| ((@—u") - V)u", @) |+ | vV - W =T + (- V)u" — (@- vV)u* (2.42)
+ V(" = p*) + B x curl(B — B"), (W —u") - Vv) |
<Cllu—ua" | [ VO" floll @ lIza + [ £ lloll Vv [ a].

From the system of equations (1.1)-(1.6), we can drive estimate as

(= vV =47 + (u" - V)" - (@ V)ur + V" - p)
+B x curl(B - B"), vV - VI + (u" - V)v + Vg)
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+ W —vu", V-Vv)+ (V- (u" —u*),V.-v)

= inf (—vv- @ =)'+ @" V)u" — (@ V)u* + V(" - p*)
(VP vh gh)e(Fhx XhxQh)

+B x curl(B —B"), —vV - (V= VI + (0" V)(v —v") + V(g — ¢"))

+ W —vu", V-V V(v -v") V" —u), V- (v —v")) (2.43)
— 0,h — 0.

We substitute equations (2.41),(2.42),(2.43) into (2.40) yields (2.38). Now we give the proof of
the second step (2.36a)-(2.36b). BY weak convergence of solution sequence and approximation
properties of finite element spaces we see that for each (W, w) € [C$°(Q)]4*4 x [C§°(Q)]¢

H—U* —V@@-—u),W—-Vw)++*V-(@—u*),V-w) (2.44)
=(-vV. U—uMT + @ - v)(a—-u")+ V(@ -p") +B x curl(B - B"), —vv-WT + (u- V)w)
+ U —VE-—u")W-VW)+EV-(@—u"),V-w) + (@—u") - V)u", oV -WT + (@ V)w)
+ (V- (W =y 4 (u" - V) - @ V)ur + V(" - p*) + B x curl(B — B, (T - u") - V)w)
- (Whvwh)ig(ff o {(—uv (W —uH)T 4 (u VU - (@ V)ut + V(" - p*) + B x curl(B — B"),
—vV- W= WHT 4 (0" V) (w — wh)) + (U — 4 — V(" —w), W - W — V(w — wh))

+ 42V - ( h_u*),v.(w—wh))} — 0,as h — 0.

Now the prove of theorem 2.2 is completed. This theorem 2.2 shows the solutions of QLSFES in
general cases. Near to the singular solution, we only can obtain weak convergence of sub-sequences of
approximate solutions. However, in the next section, we acquire the prove of the strong convergence
of uniformly convergent rate in cases of non-singular solutions of the magnetohydrodynamics system
of equations.

3. Convergent rate of non-singular solution of QLSFES

In this section, we analyze convergent rate of solutions of the non-singular solutions of the system
equations (?7)-(?7?). A solution of the system (??)-(??) is termed as the non-singular solution if
this solution is an isolated solution and the first-order differential approximation of the system is
non-singular at this solution, for more detail we refer reader to (see [17]). We consider for each
(B, Fy, f*) € [HTH Q)] x [L2(2)]9%? x [L2(Q)], the linear system

V- Wl (u-V)wW+Vg+SBxcurle) = Ff in Q, (3.1)
W-Vw = Ff i, (3.2)

Vew = f* i (3.3)

w = 0 on 092, (¢,1) =0 (3.4)

Vm curl 7 — S(curl (uxc)) = 0 in €, (3.5)

T—curlc = 0 in €, (3.6)

c =0 on 09, (3.7)

Vie = 0 inQ, (3.8)
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has unique solution (W, w,q,T,c) € [L2(Q)]9*4 x [H}(Q)]? x [L2(Q)] x [HE(Q)]. There exists the
positive constant C such that

W o+ Il wlls+ g llo+ [Fello+ Il 7 llo< C Il E5 lla-1ll £ lloll f* lo in Q. (3.9)

For further analysis, we assume that the following Stokes equations as

—vAw+Vqg = f in Q, (3.10)
w = 0 on 99 (q,1)=0, (3.11)
V-w = f* in €,. (3.12)
(3.13)
and
—vAw = g in Q, (3.14)
w = 0 on 0f. (3.15)
(3.16)

have H?** regularity for any s € (0, 1] so the solution (w, ¢, w) € [H?>T$(Q)]? x[H**(Q)] x [H*+3(Q)]
and

Iw l2es + 1 g [[mres <1 [lass (3.17)

and
| w|g2+s< C |l g ||s - (3.18)

Here, we assume that the finite element spaces F x X" x Q" x Y" x M" possess the approximation
properties such that there exists the approximation order r of the finite element space which is
defined as (r > 1) and C such that

inf (W= W o +h | W= W* 1] < ORI W [l YW € [ (3.19)
(Whth)
inf [ v—v" o +hllv V"] < CRF|v [ Vv € [HH)P vy e X(OH
(vhexh)
A a—a" o b =g ] < O gl Yo € 7] g € QYHT
q
inf (7= fo+h |7 =7 0] £ CNH 7 e ¥r e (BT v e M HTH,
(theM™)
inf [le=c"[lo+hlle—c" o] < CH* ¢ Vee [HH]™ Ve e Y (YH]
)

(chey
where r is the approximation order of the finite element spaces.

Theorem 3.1. Assume that the conditions of theorem 2.2 holds. Let (ilh, ul, ph, 2", Bh) be the one
approximate solutions of QLSFES which weakly converges to one solution (i, u,p, Z, B) of the first

order system 1.1-1.6. Suppose the solution (A, u,p, Z, B) is non-singular, then the solution sequence
WU ul, ph, 2 B") is strongly convergent in [L2(Q)]4 x [L2(Q)] x [L*(Q)]%*¢ x [HY(Q)] as h — 0.
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Moreover, the priori error estimate holds
f=sC o+ | u—u" i+ llp=p" o+ Z=2Z" o+ | B=B" |1 < Ch" (3.20)

Proof. Suppose (U, u”, p", z" B" ) be a sequence of solutions of discreite QLSFES, which is weakly
converge to one non-singular continuous solution (i, u, p, Z, B) of the lowest order system which is
actually first order linear system (1.1)-(1.6) in [L2(2)]¢ x [L2(2)] x [L2(2)]?*? x [H*(Q)] as h — 0.
By using the curl operator identity and incompressibility conditions we can write
curlluxB) = ((V-BJu+(B-V)u)— ((V-u)B+ (u-V)B)
= (B-V)u—(u-V)B

Then, we note that

(a) V- (U= + (u-V)(u—u") + (u—-u") V)u+V(p-ph
+ S(B x curl(B — B"))
= V- W= 4 (u-V)u— (" V)u"+V(p-ph
+S(B x curl(B —B") + ((u—u") - V)(u —u”), in
(b) Umeurl (Z —ZM) — curl ((u —u") x (B — B"))
= vpeurl (Z—2Z" +{B-V)(u—-u")+ (B -B") - V)u}

(
+{(u-V)(B-B") + (u—u") V)B}
= vpeurl (Z—-Z") +{(B-V)B - (B"-V)u" + (B - B")-V)(u—u")}
+{(u-Vyu—- (@u"-V)B"+ (u-u")-V)(B-B")} + ((u-u") - V)(u-u")
(B-B")-Vv)B-B"

By using (3.9) we have the following inequality

JU= o+ lu—u" s+ p=p"lo+|Z-Z" o+ | B—B" | (3.21)
<C{]| —vV - (Ll—ilh)T +(u-V)u-— (uh . V)uh +V(p —ph)
+SB x curl (B—B") [§}+ | 4= = V(u—u") [§+* | V- (u—u") [|§
+ || vmeurl (Z —2") - {(B-V)B - (B" - V)u" — (B-B") - V)(u-u")}
—{(u-V)u—(u"-V)B" - (u—u") - V)(B-B")} ||}
+1Z2-2"—curl B=B") [§+7" | V-(B-B") [[5 + || (wa —u") - V)(u—u") ||},
+[|B=B")-V)(u—u") g1 + || (u=u")- V)(B=B") ||

To find the error estimates, we would like to bound terms on the right-hand side of (3.21) as following

| (w=1u")-V)(u—u") [} + | (B-B") - V)u-u") g1+ (u-u") - V)(B-B") 5
(3.22)

< Ol (u—u") |7 [l Va —u") + V(B = B") [[§]+ | (B~B")-V)(u—u") ||z
It follows from (1.1)-(1.6) and (1.9) we get

| —vV - (U — ilh)T +(u-V)u-— (uh . V)uh +V(p-— ph)
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+ 5B x curl(B —B") |3} + | 4 = Vu— (4" = Vu") [§+ || V- (u—u") |3
+ 1| vmeurl (Z—2") —{(B-V)B— (B".V)u" — (B-B")-V)(u—-u")}
—{(u-V)u—(u" - V)B" — (u—-u") - V)(B-B"} |}

- inf V- (U= L (u-Vu— (0" V)t +v(p - pt
(Wh wh gh 7h eh)e(Fhx XPxQhxYh xM™) |:< ( ) ( ) ( ) (p—1")

+ SB x curl(B — B"), —vV - (4 = WNT + (u" - V(u — w")) + V(p — ¢") + SB x curl(B — ch)))
+WU=Vu— U —u") U W' - V(u—-w")+ (V- (u—-u"), V- (u—-wh))
+ (ymcurl(Z - 7" - {(B -V)B- (B" - V)u" - (B-B") V)(u-u")}

—{(u-V)u-(@"-V)B" - (u-u")-V)(B-B")}),
Umeurl(Z — ") = {(B-V)B — (B" . V)u" — (B - ¢")- V)(u — u")}

{(u-V)u- (" VB~ (u—w") V(B —c)}) + (V. (BB, V- (B —ch»ﬂ
— V- U=+ (u-V)u— (" - V)u"+V(p—p") + SB x curl (B—B"),((u—u")-V)u)

+ (Umeurl (Z —2Z") —{(B-V)B — (B" - V)u" — (B -B").V)(u - u")} — {(u-V)u

~ (u" - V)B" — (u—u")- V)(B - B")),((u-u") V)(u—-u")+((B-B"): V)(B(— B};)
3.23

To control the last terms on the right-hand side of (3.23), we intend to introduce auxiliary
functions (v, g, c) such that

—vAv+ (u-V)v+Vg+ SB x curl(c) = ((u—u")-V)u (3.24)
Vv = 0, in Q; (¢,1)=0; (3.25)
Umeurl curl(c) = (B-V)c— (u-V)v = ((u—-u")-V)u+ ((B-B")-V)B (3.26)

Hence this system (3.24)-(3.26) possesses one unique solution (v, q,c) in [H2(Q)]4 x H'(Q) x H?(%).
Let us consider V = Vv and 7 = curl ¢, then by auxiliary functions (V,v,¢q,7,¢) we have the
following inequality

<—1/V (U= 4+ (u-V)u— (" V)u" +V(p - p") + S(B - B") x curlB, ((u —u") - V)u)

+ ( vmeurl (Z—-2Z") —(B-V)B - (B"-V)u" - (u- V)u- (u" V)B",
(u—u")-V)u+(B-B"-V)B )

— inf — V- U= 4 (- Vu— (" V) +V(p - p"
(VP vh ghoheh)e(Fhx XhxQhxYhxMM) [( ( ) ( ) ( ) (p—7")

+ S(B - B") x curlB, —vV - (V- VM) 4 (u" - V(v —v") + V(p — ¢") + S(c — c) x curlB))

+WU—Ur - Vu—u"), V-V V(v -v"))+*V - (u-u"),V.(v-v)
(Z — Z" + curl(B — B"), 7 — 7" + curl(c — ")) + vpmeurl (Z —Z") — (B-V)B — (B" - V)u"

—(u-Viu— (u"-V)B" v,curl (1 —7") — (B" - V)(c—c") = (u—u"-V)(v - vh)]
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- (yV (U= + (u-V)u— (0" V)u" +v(p-ph)
+ S(B — B") x curlB, ((u —u") - V)V> + ( Umeurl (1 —7") — (B-V)B — (B" . V)u"
—(u-Vu- (u"-V)B" (u—u")-V)v+ ((B-B") - V)c )

< [ | —vV - (=M + (u- V)u— (u" V)u" + V(p - p") + S(B — B") x curiB ||}
U= —Va-u") 3+ V- (u—u") |+ Z-Z"+ curl(B - B") |}

+ vy || curl (1 — Th) -(B-V)B - (Bh . V)uh —(u-V)u-— (uh . V)Bh Hg ]
e {h%[ D s+ 1w 2+ 02 s+ B 20 ]}
n {h%[ (TP O W TN T S \%m} (3.27)

By substituting (3.17)-(3.18),(3.27) into (3.23), we get

| vV - U= + (u- V)u— (u" - V)u" +V(p—p") + S(B - B") x curl(B) ||?
+ I 4= Vu— (" = Vu") [f+ || V- (u—u") |3
+ || vmeurl (Z 2" —{(B-V)B - (B"-V)u" — (B - B")-V)(u-u")}
—(u-Vju—(@"-V)B" - (u-u")- V(B -B"} ||}

< {0 B+ 12 e + 1B s )
F 02  u =t 20 (a0 Ful 4 (a- ) VB [ . (3.25)

Having substitution of equation (3.22) and (3.28) into (3.21), also the value of s = 0 we get
f= o+ lu—u" s+ [lp=p"[lo + | Z=Z" o+ || B=B" )

<c {h’“{ D e+ 12 Byoss + [ B [pose
O P a2 [ e+ 1| B e ]}. (3.29)

and that as 0 < s < 1
U=t o+ u—u" |1+ p—p"lo+ | Z-2Z" o+ |B-B"|

<C {m[ [ w |z + 2 I3pes + || B [ Frre |

+ (4 u—u ) a—u" [F) [ gz + | B g ]}- (3.30)
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So that if || u — u” || ;4 is convergence to o as h — 0, then (3.28) yields
T =" flo+u=vu" s+l p=p"llo + | Z~2Z" [lo + | B~B" [1=0,a5s A =0, (3.31)

if s =0, then (3.30) leads to (3.20), if 0 < s < 1. This gives a completion of the theorem proof. [

4. Numerical examples

In this section we illustrate several numerical experiments to show effect of the schemes and to
verify theoretical results. We introduce a very simple iterative algorithm to solve nonlinear systems
result from the scheme in section 2. The basic purpose of our experiments is to find optimal
convergence rates of our method. We take initiate by considering with smooth solution and one
problem with a singular solution. Then, we consider the numerical approximations as common in
magnetohydrodynamic research examples known as Hartman channel flow.

4.1. Two-dimensional problem with a smooth solution

First, we verify the teoretical result for a problem with a smooth solution.

We consider the following two dimensional problem. We set Q = [0,1] x [0, 1] with a Dirichlet
boundary conditions on all the boundaries. We consider the components of velocity u and magnetic
field B as (u1,u2) and (Bj, Ba) for convenience. We choose the source term f that the analytical
solution is of the form

w = 2@ —1)%y(y - 1)(2y - 1);
up = —z(z—1)2z - 1)y*(y - D%
P o= (Qu-1)2y-1);

By = sin(mx)cos(my);

By = —sin(my)cos(mz).

We construct this example to show the convergence rate concerning the L2-error norm. In Table 1,
we illustrate the convergence of the errors in the approximations of the hydrodynamic and magnetic
variables. We observe that || u —u” ||o, || p — p" ||o,]| B — B" ||o converge to zero as the mesh is
refined.

Table 1: The error estimate for MHD with standard FE Py, — P, — P; pair.

h[[Ju — u"||oRatd|[p — p"[|gRatd]|B — B"[|gRate
1/4 0.22122 | - | 0.20562 | - 0.12221 -

1/8 0.10267 |1.10| 0.06430 | 1.6 | 0.04332 |14
1/16 0.04883 (1.07| 0.02187 | 1.5| 0.01579 | 1.4
1/32 0.02390 (1.03] 0.00724 | 1.5| 0.00621 | 1.4
1/64) 0.01185 (1.01] 0.00247 | 1.5| 0.00253 | 1.4

5. Conclusion

In this article, a quasileast square method for the Magnetohydrodynamic (MHD) model e-
quations is presented. The mixed finite element method needs some stability conditions for the
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uniqueness and existence known as inf-sup conditions or LBB conditions. These conditions are not
always satisfied with the finite elements, by choosing quasileast square method these conditions are
circumvented and do not need for the stability condition.
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