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Abstract

A general approach is developed for discriminating strong and hereditary symmetric
operators. The recursion operator of the Blaszak-Marciniak (BM) equation hierarchy is
proved to be strong and hereditary symmetric. As an example of discrete soliton equations
related to 3 x 3 matrix spectral problems, the 7-symmetries and Lie algebra structure of the
BM equation are built firstly.
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1 Introduction

It is well known that through a matrix spectral problem we can obtain isospectral and non-
isospectral soliton equation hierachies [1, 2]. These soliton hierarchies not only can be solved
by the inverse scattering transformation (IST) [1, 2], but also possess remarkably rich algebraic
characteristics, including the existence of conservation laws (CLs) and infinite many symmetries
[3].

For continue soliton equations, there is a mature method to construct nonisospectral soliton
equation hierarchies [4, 5, 6]. We always suppose their solutions, i.e., the potentials of the matrix

spectral problems go to zero as * — 400 because of the properties of solitary waves. Next, we
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usually can assume the relation of the spectral parameter A depending on the time variable ¢
is \y = A\¥, k € N. Through the so-called zero-curvature equation, we can obtain nonisospectral
soliton equation hierarchies. But that is not the case for discrete soliton equations. Du to
physical backgrounds, some potentials do not go to zero as the variable n go to infinity. So
suitable time-dependence of the spectral parameter and correct initial conditions are the name
of game if one wants to construct discrete nonisospectral soliton equation hierarchies. In [2], we
gave a relation between the spectral parameter A and ¢ and solve the generating nonisospectral
Toda lattice equations by the IST method. Later, Zhu et al. presented another relation and
discussed the Lie algebraic structure between K-symmetries and the corresponding 7-symmetries
[7].

The so-called K-symmetries actually are isospectral soliton equation hierarchies which do
not depend explicitly on space and time variables. How to find the 7-symmetries was a difficult
problem once a time. In 1987, Y.S. Li et al. found a general way to construct 7-symmetries
[6, 8]. These symmetries often constitute a Lie algebra together with K-symmetries. Li and
Cheng found that there also exist new sets of symmetries for the evolution equations which take
T-symmetries as vector fields [9, 10]. Tu showed that these 7-symmetries may be generated
by the generators of the first degree [11]. On the basis of Tu’s work, Ma established a more
general skeleton on K-symmetries and 7-symmetries of evolution equations and their Lie alge-
braic structures [12, 13]. Chen and Zhang introduced the implicit representations of the flows of
some continue soliton equations and derived the Lie algebraic structures of these flows [14, 15].
Furthermore, they expanded this method to the Ablowitz—Ladik hierarchy [16, 17]. In [7], they
also discussed the Lie algebraic symmetries of the Toda lattice equation. Actually, there are also
many other methods to consider the Lie algebra of soliton equations such as semi-direct sums
[18, 19] and adjoined symmetries approach [20, 21].

To the authors’ knowledge, the discussion on Lie algebraic structures tends to focus on
soliton equations owning 2 x 2 matrix spectral problems. The higher order matrix spectral
problems especially the discrete ones have not been researched yet. In this paper, we obtain
the isospectral and nonisospectral equation hierarchy by the 3 x 3 matrix spectral problem of
the BM lattice equation. In the course of constructing the nonisospectral equation hierarchy we
take \;, = —4MHL — 2702 (k > 2). The recursion operator of the BM equation hierarchy is

proved to be strong and hereditary symmetric by a general approach. The Lie algebraic relations



of the BM equation are revealed.

The rest of the paper is organized as follows. In section 2, we will discuss basic notions
and notations. In section 3, we will obtain the isospectral and nonisospectral the BM lattice
equation hierarchies. In section 4, two types of symmetries will be constructed and proved to

constitute an infinite-dimensional Lie algebra. We conclude the paper in section 5.

2 Basic notations

For the sake of simplicity, we first bring in some needful definitions and foundational notations.
They are very important to the discussion of symmetries for discrete soltion equations.

Let the functions v; = v;(t,n),1 < i < s defined over R x Z satisfy v; — 0 when |n| — co. We
define a s-dimensional vector field as v,, = v(t,n) = (vi,va,--- ,vs)’. Suppose that f; is a C®
differentiable function with the variables ¢ and n defined over v,, satisfying f;(v(t,n))|v,=0 = 0.
We define the linear space by V) consisting of all vector fields f = (f1, fa,--- , f1)T. Assume that
pij is Laurent polynomial of A and P(t,n, vy, A) = (pij(t, 1, Vi, A))mxm 18 m X m matrix, then
we define a Laurent matrix polynomials space A,,(\) composed by all matrices P(t,n, vy, A).

Now, let us define the shift operator E as
Efn:fnJrla E_lfn:fnfla nEZ,
where f,, = f(n) is a function of variable n.
Definition 1. Let f and g belong to V;, then the Gateaux derivative of £ in direction g s
/ !/ d
f'lg] = f(va)'lg] = _le=of(va +eg).c €R.
Furthermore, we can define the Lie product for any £, € V; as
[f. g] = f'[g] — &'[f],

by the Gateauz derivative.

Note: If f is an operator on Vy, the definition of Gateaux derivative stays the same.

Definition 2. (Ref.22). A function o(v(t,n)) defined overV; is called the symmetry of a discrete
evolution equation

Vn,t = K(t7 n, Vn)a



ifor(v(t,n)) = K'[o(v(t,n))]. Similarly, a function(v(t,n)) satisfying —v;(v(t,n)) = K *y(v(t,n))
is called conserved covariant. We mark the linear space constituted by all symmetries of Eq.(2)

as S. Its adjoint space S* is formed by all conserved covariate.

Definition 3. (Ref.22). An operator ® on V; is called the strong symmetry of Eq.(2) if ® :
S +— S*, i.e.,
dd

o = K 9= K'® - oK.

Specially, (3) can be simplified as
®'[K] = [K', D]

if the operator ® does not contain t explicitly. Finally, ® is called a hereditary symmetry operator
if it meets

o' [0f]g — @' [Bg]f = O(P'[f]g — ¥'[g]f), VE, g€ V.

3 Isospectral and non-isospectral hierarchies of the BM lattice

equation

In this section, we will construct the nonisospectral BM lattice equation hierarchy by introducing
a new time-dependence spectral parameter A. On the isospectral BM lattice equation hierarchy,
there already have been a lot of researches. In [23], the authors studied the BM equation through
the r-matrix approach. In [24], the symplectic map of the BM lattice equation was presented.
In [25], its Hamiltonian structure was shown.

For the sake of simplicity, we introduce some denotes:

0 0 O 01 0 1 00
Ery=1 100 |,B2=]1001|,E3=|010
0 0 0 1 0 0 0 0 1

First of all, let us discuss the BM spectral problem [23, 24]

0 1 0 d1n
E, = M&n, M=1p,—X qg. 1 | q?n = | ¢2m (3.1a)
T 0 0 ®3.m



and its time evolution equation

A, B, C,
&n,t = N(;TM N = Dn En Fn 5
G, H, I,

(3.1b)

where F is a shift operator and p, = p,(t),qn = qn(t),Inr, = Inr,(t) are potential functions

defined over R x Z, and rapidly near to 0 as |n| — co.

By the compatibility of the equations (3.1), the matrices M and N satisfy the discrete zero

curvature equation
My = (EN)M — MN,
ie.,
(pn — AN)Bpt1 +1m,Cry1 — Dy, =0,
An+1+ @By — Ep =0,

Bn+1_Fn:07

(pn - A)En-l-l + rnFn—H - (pn - )‘)An - QnDn - Gn = DPn,t — At,

Hy1 —rnCp =0,
Dypi1+ @nBni1 — (Pn — N)Bn — @uEn — Hn = gnyt,
Gpt1 + gnHps1 —rnBn =0,
Eni1— (pn —NCr — qnFy, — I, = 0,
(Pn = N Hpg1 — 1 Ap +1plpp1 = Ty

Direct calculation gives

u s =Li| C, | —AL2| C,, | +A| 0 |,

E, E, 1
where
Ep,E — p, Er,E —E 1r, a(E —1)
L= Gn-1 — Eq.F (1- E)p, E? - E-!

TnEZ - E_lrn _pn(E - 1)Qn—1 E_1Qn7'n - QnrnE pn(E - E_l)

(3.2)



E? -1 0 0 an
Ly = 0 1-F 0 , U= Inr,
n—1 — qn ¥ 0 E—-E1 Pn

Let A be independent of time ¢, B,, , C,, , E, can be expanded as polynomials of A

B, . bn
Co | =2 s |27 (3.52)
j=0
B €n,j
meeting the initial conditions

B, 0

Ch =1 M\ | (3.5b)
E, 0

u,=0

Setting Gk = (byks Cnk»enk)’, k € N, we obtain the following relations

un,tk = Lle7
LiGj = LaGjqr (j=0,1,2,--- ,k—1),

LyGo = 0,

through comparing the coefficients of the same power of A in (3.4). Then, we can obtain the

isospectral BM lattice hierarchy

W,y = LG =LFKy, (k=0,1,2,---),

where
_ T
KO - (rn—l—l — Tn—1,Pn — Pn+1:4n—1Tn—1 — Qnrn)
and
L1 Lip Li3
LEI1Ly = Ly Ly Log
L3 L3z Lg3g



with
Lt = [A7Ypn) + gn O AT gAY, Lip = A(r) AT, Liz =g, AT E,
L21 =—A_ All(InA_l, L22 = AfpnAila L23 = (E2 - E_l)A_la
Lgy = A7 (r,) A7, Lo = A(gnra) AZY, Lz = p.

~

by noting A = E - E '\, A_ = E—-1,A, = FE +1, A(rn) = E v, — Er,E, A"Yr,) =
ol — E_l""nE_ly A_l(pn) = Ep, — an—l’ A(Qnrn) = qurnEl — E_1Qnrn-

In particular, when k& = 0, 1, the first two isospectral equations are
Un,to — K07 (37)

Unt, = K1 = LKo = (k11, k12, k13)” (3.8)

where k11 = A_ ANy rp 1 Ay P — D_pn, k12 = — A [Avguo1mn—1 + P2 + Nqy, and ki3 =
A—(A—}—Tn—an—l —Ggn—-1Tn—1 A-&— Pn—1 — Tn—l) +pnA—Qn—1-

Their corresponding matrices N related to time-development are

0 0 1
Ny = T 0 0

—Q@n—1Tn-1 Tn—1 XA —Dn

and
—Qn—1(rn—1—1) Tp—1 — 1 A+ pn
Ny = A+ Pas1Tn + pu(rn — 1) 0 rp — 1 ;
Tn—l(rn—2 —1—-qgn_1pn-1— )‘Qn—l) Tn—l()‘ + pn—l) A — p?z + Qn(l - Tn)
respectively.

In the nonisospectral case, we suppose
A, = —4AFTL 2722 (k> 9), (3.9)
and By, C,, F, still are polynomials of A satisfying
B, =9 2 O, =60\, E, = —2n)\F, (3.10)

when ¢, = 0,7, = 1,p, = 0.

For convenience, we only consider the cases of kK =2 and k > 2.



When k = 2, Ay, = —4)\3 — 27, substituting (3.5a) into (3.4) and comparing the coefficients

of same power of A yield

Uy, = L1Go — 27e3,

LGy = LaGa,
L1Go = LaGh,
LQGO = —463,

where e3 = (0,0,1)T. Tt follows that b,y = 0,cn0 = 0,ep0 = —2n from the initial value

condition (3.10). In this case, we obtain

A T
U t, = 02 = (U1, U2, u23)" ,

where

u21 = — 2[pnt1 + qn D Ajrlqn] A {[ppg1 +qn O Ajrlqn] A g + 2g,, Ajrl Prti
+3A(rp)n} + QA(TTL)[AII% AV g, = 3np, —2(AL + ETYH AT p]

— 2qp A_T_l [A<Tn) A qn + 3A(Qnrn>n + 21?31],

U22 :2[&, A.T_l QnA_l]{[anrl + qn A A.T_l(In] A_l qn + BA(Tn)n + 2Qn A.T_l pn+1}
+2A_ pn[AIIQn AT qn — 3npp — 2(A+ + E_l) AT pn]

—2(E? — E7Y) ATH[AT () A7 g + 3A(gura)n + 202),

gz = — 287V (ry) ATV{[Epp + g O- AT q0) A7V g+ 3A(rn)n 4 2¢0 AT posa}
+ 28(gnrn) [DT gn A7 gn = 3npy — 2Dy + ETY) AT py]
— 20, [A7 () A7 g + 3A(gura)n + 2p2] — 27.
where A(ry) = ErpE —rp, E~L.
When k > 2, we have

un,tk = LIGkH



LiGj = LyGjq (j=0,1,3,--- ,k—1),

L1G2 - L2G3 — 2763 == 0,

L2G0 == *463.

Then, we get the following nonisospectral BM lattice hierarchy

_2Qn 0
Uny, 20, =L —6 —27L* 2| 9 (k> 2). (3.11)
—4p, 1

The right side of the equation (3.11) is the so-called k-order BM lattice nonisospectral flows,
which are vector fields with three components. In a word, the isospectral and nonisospectral

flows possess the following general representations
Km:LmKO(m:O717"')7 O'l:L1720'2(l:2,3,"').

Obviously, we find that the nonisospectral flows (3.11) include two parts. This is because
we assume the time relation of spectral parameter (3.9). In [7], the time relation is \; =

AL 4 \F=1 0 Actually, to meet the initial condition

Uk|un:0 = 07

we always suppose that the difference in order of A\ in the evolution relation is the order of
the spectral matrix. It is a general relationship and can be applied in other discrete soliton

equations.

4 Two sets of symmetries for a hierarchy of the BM lattice
equation and their Lie algebra structure
In this section, general theories of distinguishing strong and heredity symmetry operators are

developed. The two sets of symmetries named K-symmetry {K,,} and 7-symmetry {o;} of the

BM lattice equation are constructed and proved to satisfy the Lie algebra relations.



4.1  Zero curvature representation

In this subsection, we will develop general theories to prove the recursion operator L of the
BM equation hierarchy is strong and heredity symmetric by the implicit expression of the zero
representations.

In the isospectral case, for Ay = 0, we have M; = M'[u,, ], then the discrete zero curvature

equation (3.2) can be rewritten as
M'[un,] = (EN)M — MN.

In non-isospectral cases, because A\, # 0, we get My = M'[u,4] + A, M. So (3.2) can be

transformed into
M/[lln,t] = (EP)M — MP — X\, M.

With a view to the corresponding the isospectral flow K; and the non-isospectral flow oy, the

above two equations have the following expression

M'[K)] = (EN))M — MN,, (4.1a)

M'[oy] = (EPy)M — MPy, + X<72(4X3 + 27) M, (4.1b)

Eq.(4.1a) and (4.1b) are called the zero-curvature representations of the isospectral flow K; and

the non-isospectral flow o of the BM lattice equations, separately.

Theorem 1. Let U is a | X | matriz containing the potential u, and ® : V; — V), is a linear

map. If for any given £ € V;, there are solutions V =V (uy,) € Aj(\) meeting
U'df - Mf]=(EV)U -UV, V]u,—0 =0, (4.2)

where U'[® f —\f] refers to the Gateaux derivative of U with respect to u,, then ® is a hereditary

symmetric operator.

Proof. For arbitrary f,g € V3, we can suppose that
U'l®f — M] = (EN)U - UN, (4.3a)
U'|®dg — M\g] = (ER)U — MU, (4.3b)

10



U'[@(2'[g]f) — M2'[g])f] = (EV)U - UV,
U'[0(2'[flg) — M2'[f])g] = (EW)U — UW,

by taking advantage of (4.2). One more derivative of (4.3a) and (4.3b) in direction of &g — \g
and ®f — Af respectively gives

U'[0'[og]f — @'[0f]g — o(P'[g]f — ¥'[f]g)] = (EP)U — UP, Ply,=0 = 0,

where

P = N'[bg — \g] — R/[®f — M|+ [N,R] -V +W.
Obviously, we obtain
?'[Dg]f — ¢'[0f]g — ©(P'[g]f — 2'[f]g) =0,
i.e., the operator @ is hereditary. O

Theorem 2. Let K € V;, U and V are | X | matrices comprising potential v,,, which satisfy
U'|K] = (EVp)U — UVy, where U'[K] represents the Gateauz derivation with respect to v,,. For

any given £ €V, there are solutions V=V (vp, X) € Aj(X) meeting
U'l®f — M] = (EV)U -UV, Vl|y,—0 =0, (4.4)
where ® : V; — V) is a linear map. Then ® is a strong symtric operator of equation vy = K.
Proof. For any f,g € V;, we obtain
O'[f, g] = (2'[f])'[g] - (2'[g])'[f],
by directly calculation. Through (4.4), we get
U'[®of — M, K] = (EV)U - UV,

where

V =V'[K]+ [V, Vo] — Vj[®f — M].

On the other hand, it is easy to acquire
[®f — M, K] = (®'[K] — [K', ®])f + ®[f, K] — \[f, K].

11



Assume that

U'[®[f, K] — M, K1) = (EV)U =UN,  Vl]u,=0 =0,
then we can have
U'[(¥'[K] - [K',®)f] = (EQ)U —UQ, Qlu,=0 = 0.

So we obtain

(P'[K] - [K', @])f =0,
which means the operator ® is a strong symmetry of the equation u,; = K. O

Corollary 1. The recursion operator of the BM hierarchy L is a strong and hereditary operator

of the equation (3.7).
Proof. 1t is easy to verify that
M'[Ky] = (ENo)M — M Ny.
For any f € Vs, the equation
M'[Lf — M] = (EV)M — MV
gives

(Pn — A)Un,12 + TnUnt1,13 = Un 21, Unt1,11 T @nUnt1,12 = Un22,  Unt1,12 = Un 23,

Un+1,22 — (pn - )\)Un,13 — GnUn,23 = Un33, Un+1,31 T @nUn+1,32 = "nUn,12, Un+1,32 = "Un,13,

and
Un,12 Un, 12
Unp,22 Un,22

where V' = (vy,5) is a 3 X 3 matrix. Obviously, the equation (4.5) has solutions
Un,12
Ly 'f = Un,13
Un,22
Furthermore, we can deduce the other elements of the matrix V. From the Theorem 1 and

Theorem 2, we conclude that L is a strong and hereditary operator of the equation (3.7). O

12



4.2 Symmetry and Lie algebra structure

The two sets of symmetries called K— and 7—symmetries are formed by the isospectral and
nonisospectral flows of the BM lattice equation. Next, the Lie algebra structure of them will be
discussed. Since the time evolution matrices of the isospectral flow K, and the nonisospectral

flow o7 are N,,, and P, respectively, we define:

Definition 4.

< Ny, Ny >= N [K)] — N/[Kp] + [Ny, NI,
< Ny, P >= N;n[a'l] - Pl,[Km] + [Nma Pl] - )‘Z_Q(4)‘3 + 27)Nm,)\a

< Py, By >= Pl [01] — Pl[om] + [P, P + XN"72(403 + 27) Py — A72(403 + 27) Py .
Theorem 3. The Lie products of the flows of the BM equation satisfy

M'[Km, K] = (E < Npp, Ny >)M — M < Ny, N} >, (4.7a)
M'[[Km,01]] = (E < Ny, B, >)M — M < Ny, P >, (4.7b)

M'[[om,00]] = (E < Py, P, >YM — M < Pp, P > +(1 — m)AN™H=5(4N3 +27)2 M, (4.7¢)
with boundary conditions

< Ny, N > ‘un:() =0, (4.8&)
< P, B > ’un:0 = (l - m)(4pm+l + 27Pm+l—3)7 (48b)

3
< Ny By > u,—0 = 6A™ (B — BoA ™! — iEg)ﬁQ) —4(m +1)Nypyy — 27mNy 3. (4.8¢)

Proof. We only prove (4.7c) and (4.8b), the others can be obtained similarly. By the Gateaux

derivatives in the direction o; with respect to u,, we have
(M'[om])'[01] = (EPw)'[0)M + (EPn)(ER)M — (EPR)MP, — (EP)M Py,
+ X240 4 20) (EPy) My — My Py] + N7 4(4N3 4+ 27)2 M),
+ A2 (AN 1 2T {[(BR)AM + (EF)My — MyFi — M Py

+ 12X + (4X° + 27)(1 — 2N 3 My} + (M B) Py — M P, [o7).

13



Similarly,

(M'[01]) [om] = (ER) [om]M + (EP)(EPn)M — (EP)MPy, — (EPy) M P,
+ XTTRANS 4 27)[(EP) My — MyP] + X474 (4X? + 27)2 M,
+ N T2(4N3 + 20){(EPyR)AM + (EPy) My — MyPy, — M Py,
+ [120™ + (4X3 4 27)(m — 2)A™ 3 My} + (M PP, — M P, [o,,].
So
M'[[on, 01]]
=(M[om])'lor] = (M'[e1]) [om]
=(EP,) [0)M — (EP)'[0;m]M + MP/[o,,] — M P! [o7] + (I — m) (42> + 27)2A™H =50,
~ NT2(4N 4 2T)[(EPy)AM — M Py, 5] + A" 72(4X3 4+ 27) (EP)AM — MP,,].

On the other side,

(E < Py, Py >)M — M < Py, P, > +(1 — m)AN™ M5 (403 4+ 27)2 M),
—{E[P.,[01] = P/[om] + [P, P] + X" 2(4X3 + 27) Py — N 72(403 + 27) P, A} M
— M[P.,[07] = P[om] + [P, P] + X"72(4X3 + 27) Py — X 72(4X3 4 27) P, 0]
+ (1 = m)A™ 543 - 27)2 My,
=(EPy) [o]M — (ER)'[om]M + MF[on] — MPy o] + (I = m)(4A* + 27)°A™ =2 M,
— NT2AN 4 2T)((EPy)AM — M P, ») + X" 72(4X3 +-27) ((EP)\M — MP,).

That is to say (4.7¢) is correct.
Now, let us verify (4.8b). For

—2(n—1X% 9(n—-1) 6n
Plu,=o=| (=3n+6)A  —2n)2 9In A2
9n—2)  6(n—1)A (4n—2)A\2

14



then
< Pm: Pl > ‘un:()

=[P.[o1] — Plom] + [P, Bl + X" 72(4X3 4+ 27) Py — A72(403 + 27) Pl lun=0
=[A"72(4N3 + 27) Py — A2 (AN 4 27) Py s fup =0

—2(n—1)A? 9(n—1) 61\
== m)A"TPUN 4 27) | (=3n+6)N  —2nA2 In

9n—2) 6(n—1) (4n—2))\?

:(l — m) (4Pm+l + 27Pm+l73)|un:0'

O]

The Lie algebra relation of two flows K, and o; of the BM lattice equations is discussed

below.

Theorem 4. For the isospectral flow K,, and the non-isospectral flow o7 of the BM lattice

equation, we have the following relations:

[Km7 Kl]|un:0 = 0, (4.9&)
[Km7 O—l]‘un = _4(m + 1)K’m+l - 27me+l73a (49b)
[om, oluw, = (I = m)(40mt1 + 2700m41-3), (4.9¢)
and also have the following form:

< Ny, Ny >=0, (4.10a)

3
< Ny, P >=—4(m + 1) Ny — 27mNy—3 + 6A™ (B — EoA ™! — 5Eg,x2), (4.10b)
< P, P >= (I = m) (4P + 27P41-3), (4.10c)

m which m=0,1,2,--- and also K_1 =0, butl =2,3,---.

15



Proof. In the light of Theorem 1, only admitting zero solution, comparing (4.7a) and (4.8a), we
can get (4.9a) and (4.10a) are right.
Setting
X = [Kp, o] + 4(m + 1)Ky + 27mKp 413,
A=< Ny, P, > +4(m + 1)Npyyy + 27Ny 3,
then we find that
M'[Kp, 1] + 4(m + 1) Ky + 2TmKpmai_s]
=[E(< Np, P, > +4(m + 1)Npp1 + 2Tm Ny y1—3)|M — M[< Ny, By >
+4(m + 1)Npyyq + 27TmN,y1—3)
and satisfy

3
(< Ny Py > +4(m 4 1) Nyyg + 27N 1-3) lu,—0 = 6BA™TH(E] — B\ — 5E?,x2).

which have only zero solutions X =0 and

A= —9F N2 _gE, A1 4 g At

that means (4.9b) and (4.10b) are valid. In the similarly way, we can prove (4.9c) and (4.10c)

are correct. O

By virtue of the above results, it is very easy to obtain two sets of symmetries and their Lie

algebra for any equation in the isospectral BM equation hierarchy.

Theorem 5. There are two sets of symmetries {K,,} and

7-7ln = _4(l + 1)thl+m = 2T K1 m—3 + om,
where l =0,1,2,--- ,m=2,3,--- , K_1 =0, which we called K-symmetries and T-symmetries,

respectively. They construct a Lie algebra which satisfy the following Lie product relations:

[Km)Kk?:”lln = 07
(K, Tilla, = —4(m + 1) Ky, — 27mK oy s,

[T, T, = (k — m)(4Trln+k + 27Trln+k—3)'
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5 Conclusion

In this paper, the nonisospectral soliton equation hierarchy of a discrete 3 x 3 spectral problem
is first presented by taking the BM spectral problem as example. To achieve this goal, we
select the relation of the spectral parameter A\ and t as A\, = —4\*+1 — 2702 (kK > 2).
The nonisospectral soliton equation hierarchy together with isospectral one are formed the K-
symmetries and 7-symmetries of the BM equation respectively. The infinite-dimensional Lie

algebra are constructed by the two sets of symmetries.
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