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ABSTRACT. In this article, the Cauchy problem of three-dimensional (3-D) incompressible mag-
netohydrodynamic system with infinite energy initial data is investigated. Via some elaborate
analysis of the time evolution of both the vorticity ω := ∇×u and the current density j =: ∇×b,
the local-in-time well-posedness of mild solutions with arbitrarily large initial data in Morrey
spaces is established.

1. INTRODUCTION

Magnetohydrodynamic (MHD) theory discusses the motion of plasma (a conductive fluid
which consist of electrons), ions and neutral particles in an electromagnetic field. In the MHD
system, there is a strong interaction between the dynamic motion of fluid and magnetic field. So
researchers use the equations which combined with the Navier-Stokes equations and Maxwell’s
equations to describe the MHD system. There is a wide range of applications of magnetohydro-
dynamic in many fields, for example, the magnetic drug targeting and cancer tumour treatment in
biomedical engineering, the motion of liquid metals models in physics and so on. In this paper,
we consider the viscous incompressible magnetohydrodynamic system, namely

(1.1)


∂tu−ν4u+(u ·∇)u− (b ·∇)b+∇

(
p+

1
2
|b|2
)
= 0, (x, t) ∈ R3× (0,∞),

∂tb−η4b+∇× (b×u) = 0, (x, t) ∈ R3× (0,∞),

divu = 0, divb = 0, (x, t) ∈ R3× (0,∞),

with initial conditions

u(x,0) = u0(x), b(x,0) = b0(x), x ∈ R3,

where b(x, t), u(x, t) and p(x, t) denote the magnetic field, fluid velocity and pressure field, re-
spectively. In the equations, ν is the kinematic viscosity coefficient and η is the magnetic diffu-
sion. Without lose of generality, we assume that ν = η = 1 for simplicity. Here we focus on the
case which the initial vortex profiles are vortex rings and filaments. On this occasion, the initial
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data is of infinite energy (i.e. u0,b0 /∈ L2). Thus, the commonly used classical energy method
and Leray’s method are no longer available.

There are quite a lot of literature investigate the incompressible Navier-Stokes equations.
Kato-Fujita [6] firstly established the existence of mild solutions in Hs(Rd) space. Consider-
ing the Lp(Rd) space, Kato in [11] proved a locally well-posed result for arbitrary initial data
and a global well-posed result when the initial data is small enough. This result was subse-
quently extended to some different function spaces which have larger scale, for example, the
homogeneous Besov space Bd/p−1

p,∞ (Rd) by Cannone [2] and Planchon [17], the BMO−1 space
by Koch-Tataru [13] and the space χ−1 by Lei-Lin [16]. In order to overcome the inconvenience
of the finite total variation assumption on the initial data, Giga and Miyakawa [8] introduced the
Morrey space M p(R3) and constructed the global existence of solutions to the N-S equations.
Their result then extended by Kato [12] to a more general Morrey space M p,q(R3). Instead of
considering the vorticity, Kato in [8] directly analysed the velocity u and established a global
existence and uniqueness result. For more related reference about incompressible N-S equations
in measure spaces, we refer to [4, 7, 9, 14, 20].

Due to the fact that there exists a strong coupling effect between u and b, the MHD system
is more complicated. For the well-posedness result of incompressible MHD system, we refer to
[5, 10, 15, 18] and the reference therein. When the initial data is of finite energy, Duvaut and
Lions [5] constructed the local well-posedness result of a solution in Hs(Rd) space. They also
proved the global existence provided the initial data is sufficiently small. Sermange and Temam
in [18] established the local existence and uniqueness of a strong solution to the MHD equations.
Moreover, in [18] they also proved the global well-posedness of the solution in two dimensional
case. Here we would like to point out that the uniqueness of the global weak solution in three
dimensional case is still a challenging open problem. Considering the axisymmetric initial data,
Lei in [15] provided the first example of large global solutions to the ideal MHD equations.

The goal of the present paper is to analyse the local-in-time well-posedness of mild solutions
to the Cauchy problem (1.1) in Morrey space M p(R3). First of all, since the commonly used
Leray operator (P)k, j ( (P)k, j = δk j +RkR j with Rk = ∂k(−4)1/2, k = 1,2,3 ) is unbounded in
M p(R3). Here following the analogue analysis of [8], we apply the curl operator to (1.1) to
eliminate the pressure term ∇

(
p+ 1

2 |b|
2
)

and investigate the following equations of the vorticity
ω := ∇×u and the current density j =: ∇×b:

(1.2)



∂tω−4ω+∂xi(u
i
ω−ω

iu−bi j+ jib) = 0,
∂t j−4 j+∇× ((u ·∇)b− (b ·∇)u) = 0,
u = K ∗ω, b = K ∗ j,
divω = div j = 0,
ω(x,0) = ω0, j(x,0) = j0.
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Here K(x) =− 1
4π

(x1,x2,x3)
|x|3 denotes the Biot-Savart kernel.

Due to the existence of strong nonlinear coupling terms between ω and j, the methods which
used in [8] to consider the NS equations could not directly apply to our case. Moreover, since we
can not use ‖∇×u‖p and ‖∇×b‖p to control ‖∇u‖p and ‖∇b‖p, there arises some new critical
difficulties compared with the pure NS system.

Here we take advantage of the following crux estimates to resolve these issues:

‖(u ·∇)b‖p ≤ ‖u‖∞‖∇b‖p ≤ ‖ω‖p‖ω‖2p‖∇b‖p,

and
‖(b ·∇)u‖p ≤ ‖∇u‖∞‖b‖p ≤ ‖∇ω‖p‖∇ω‖2p‖b‖p.

Therefore, in order to use the Banach fixed point Theorem, we now need to estimate ‖∇b‖p,
‖∇ω‖p and ‖b‖p.

At first, in order to deal with ‖∇b‖p, we introduce the equation of ∇b:

∂t∇b−η4∇b+∇((u ·∇)b− (b ·∇)u) = 0,

which enables us to establish the estimate of ‖∇b‖p.
Then, the estimate on ‖∇ω‖p can be obtained via the following high order equations:{

∂t∇ω−ν4∇ω+∇((u ·∇)ω− (ω ·∇)u− (b ·∇) j+( j ·∇)b) = 0,

∂t∇ j−η4∇ j+∇((u ·∇) j+∇ui×bxi− (b ·∇)ω−∇bi×uxi) = 0.

At the end, we use the equation of b

∂tb−η4b+∇× (b×u) = 0,

to estimate ‖b‖p.
The rest of the paper is organized as follows. In Section 2, we will give some important

definitions, properties and inequalities in Morrey spaces and state the main results of this paper.
Section 3 is devoted to proving our main result Theorem 2.4, which will be achieved by three
steps:

(1) Step (i): in Subsection 3.1, we introduce the equation of ∇b;
(2) Step (ii): in Subsection 3.2, we make full use of the standard successive approximation

scheme to establish the iteration estimates;
(3) Step (iii): in Subsection 3.3, we apply Banach’s fixed point Theorem to obtain the results.

2. PRELIMINARIES AND MAIN RESULTS

2.1. Preliminary definitions

We start with the definition of Morrey space.
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Definition 2.1. For 1 ≤ p ≤ ∞, we define the Morrey space M
p
(R3) be the space of random

measures µ such that

‖µ‖M
p
(R3)

:= sup
x∈R3,r>0

r−
3
p′ |µ|(B(x,r))< ∞.

Here B(x,r) is the open ball in R3 with radius r centered at x and |µ|(B(x,r)) is the total variation
of µ.

Let us denote M p(R3) = M
p
(R3)

⋂
L1

loc(R
3) be the closed subspace of M

p
(R3). Here and

after, for convenience, we adopt the notation ‖ · ‖p to represent the norm of the Morrey space
M p(R3). It can be proved that M p(R3) endowed with the norm ‖ · ‖p is a Banach space. We
also denote by C (x,y) the beta function

C (x,y) =
� 1

0
(1− t)x−1ty−1dt,

with x > 0, y > 0.
Next we give the definition of the mild solution to (1.2).

Definition 2.2. (Mild Solution). Let S(x, t) = (4πt)−
3
2 exp(− |x|

2

4t ) be the heat kernel and i ∈
{1,2,3}. We say that (ω, j) is the mild solution to (1.2) if for all 0 < t < ∞ and x ∈ R3, it

satisfies ω(x, t) weak∗−−−→ ω0(x), j(x, t) weak∗−−−→ j0(x) as t→ 0 and

(2.1)


ω(x, t) = S(·, t)∗ω0(x)+

� t

0

�
R3

S(x− y, t− s)∂yi(u
i
ω−uω

i−bi j+b ji)(y,s)dyds,

j(x, t) = S(·, t)∗ j0(x)+
� t

0

�
R3

S(x− y, t− s)∇y× ((u ·∇)b− (b ·∇)u)(y,s)dyds.

2.2. Important Propositions

In this part, we introduce some propositions which play an important role in the proof of the
main results. The details of the proof of these propositions are given by [8]. Here we begin with
the basic properties of Morrey space.

Proposition 2.1. (Basic properties of Morrey space).

(i) M
1
(R3) is the Banach space of finite measures and ‖µ‖1 = |µ|.

(ii) Lp(R3)⊂M p(R3) for 1 < p < ∞.

(iii) When p = ∞, the Morrey space M ∞(R3) is equivalent to L∞(R3).
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(iv) (Interpolation) Let k ∈ (0,1), if 1 ≤ p, p1, p2 < ∞ and 1
p = 1−k

p1
+ k

p2
, then for all µ ∈

M p1(R3)∩M p2(R3) we have

‖µ‖p ≤ ‖µ‖1−k
p1
‖µ‖k

p2
.

Next, we discuss about the estimates of Biot-Savart kernel in Morrey space.

Proposition 2.2. (Estimates of the Biot-Savart kernel)
(i) Denote K(·) be the Biot-Savart kernel, if 1

p = 1
q +

1
3 and µ ∈ M p(R3), then K ∗ µ ∈

M q(R3) and we have the following estimate

‖K ∗µ‖q ≤C‖µ‖p,

with C independent of µ.
(ii) If µ ∈M p(R3)∩M q(R3) for some p,q satisfy 1≤ p < 3 < q, then K ∗µ ∈ L∞(R3) and

‖K ∗µ‖∞ ≤C‖µ‖
(

2
3−

1
q′
)/(

1
q−

1
p

)
p ‖µ‖

(
1
p′−

2
3

)/(
1
q−

1
p

)
q .

In particular, if p ∈ (3
2 ,3), we have

‖K ∗µ‖∞ ≤ ‖µ‖
2p
3 −1

p ‖µ‖2− 2p
3

2p .

Finally, we give the estimates of the heat kernel in Morrey space.

Proposition 2.3. Let S(x, t) be the heat kernel defined as in Definition 2.2. Assume that 1≤ p1 ≤
p2 ≤ ∞. For any t > 0 and µ ∈M p1(R3), we define the operators Λ1, Λ2 and Λ3 as following

Λ1u = S(·, t)∗µ(x), Λ2u = ∇S(·, t)∗µ(x), Λ2u = ∂tS(·, t)∗µ(x).

Then, the operator Λi (i = 1,2,3) is a bounded operator from M p1(R3) to M p2(R3) which
continuously depends on t. Furthermore, we have

‖Λ1µ‖p2 ≤Ct−
3
2 (

1
p1
− 1

p2
)‖µ‖p1,

‖Λ2µ‖p2 ≤Ct−
1
2−

3
2 (

1
p1
− 1

p2
)‖µ‖p1,

‖Λ3µ‖p2 ≤Ct−1− 3
2 (

1
p1
− 1

p2
)‖µ‖p1.

2.3. Main results

We now state our main results about the local-in-time well-posedness of (1.1) as follows.

Theorem 2.4. (Local-in-time well-posedness). Let p ∈ (2,3) and

ω0,b0,∇b0 ∈M p(R3).
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(i) There exists a time T > 0 and a unique local mild solution (ω, j) in [0,T ]×R3 to the
problem (1.2) such that

t1− 1
θ
−ε

ω, t1− 1
θ
−ε j ∈ L∞((0,T );M p(R3)),

t1− 1
2θ ω, t1− 1

2θ j ∈ L∞((0,T );M 2p(R3)),

t
1
2 ∇ω, t

1
2 ∇ j ∈ L∞((0,T );M p(R3)),

t
1
2+

1
2θ ∇ω, t

1
2+

1
2θ ∇ j ∈ L∞((0,T );M 2p(R3)),

where
2p
3

= θ ∈
(4

3
,2
)

and 0 < ε < min
(

1− 1
θ
,
3
2
− 2

θ

)
.

(ii) (Regularity) The solution (ω, j) solves (1.2) in the classical sense for t ∈ (0,T ].

3. PROOF OF THEOREM 2.4

3.1. Auxiliary equations

This section is devoted to proving Theorem 2.4. To deal with the difficult terms ∇× (u ·∇)b
and ∇× (b ·∇)u, we introduce the equation of ∇b:

∂t∇b−η4∇b+∇((u ·∇)b− (b ·∇)u) = 0,

with corresponding integral equations:

(3.1) ∇b(x, t) = S(·, t)∗∇b0(x)+
� t

0

�
R3

S(x− y, t− s)∇y((u ·∇)b− (b ·∇)u)(y,s)dyds.

3.2. Iteration scheme and estimates

Here and after, for convenience we denote

W 0
k,p = sup

t∈[0,T ]
t1− 1

θ
−ε‖ω(k)(·, t)‖p, W 0

k,2p = sup
t∈[0,T ]

t1− 1
2θ‖ω(k)(·, t)‖2p,

W 1
k,p = sup

t∈[0,T ]
t

1
2‖∇ω(k)(·, t)‖p, W 1

k,2p = sup
t∈[0,T ]

t
1
2+

1
2θ‖∇ω(k)(·, t)‖2p,

B0
k,p = sup

t∈[0,T ]
‖b(k)(·, t)‖p, B0

k,2p = sup
t∈[0,T ]

t
1

2θ‖b(k)(·, t)‖2p,

B1
k,p = sup

t∈[0,T ]
t1− 1

θ
−ε‖∇b(k)(·, t)‖p, B1

k,2p = sup
t∈[0,T ]

t1− 1
2θ‖∇b(k)(·, t)‖2p,

J0
k,p = sup

t∈[0,T ]
t1− 1

θ
−ε‖ j(k)(·, t)‖p, J0

k,2p = sup
t∈[0,T ]

t1− 1
2θ‖ j(k)(·, t)‖2p,

J1
k,p = sup

t∈[0,T ]
t

1
2‖∇ j(k)(·, t)‖p, J1

k,2p = sup
t∈[0,T ]

t
1
2+

1
2θ‖∇ j(k)(·, t)‖2p,
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with θ ∈ (4
3 ,2) and ε > 0.

Now let us consider the following standard iterative scheme:

(3.2)



ω
(k+1)(x, t) = ω

(0)(x, t)+
� t

0

�
R3

S(x− y, t− s)

×∂yi(u
i,(k)

ω
(k)−u(k)ωi,(k)−bi,(k) j(k)+b(k) ji,(k))(y,s)dyds,

∇b(k+1)(x, t) = ∇b(0)(x, t)

+

� t

0

�
R3

S(x− y, t− s)∇y((u(k) ·∇)b(k)− (b(k) ·∇)u(k))(y,s)dyds,

with j(0), ω(0), b(0) and ∇b(0) given by

j(0)(x, t) = S(·, t)∗ (∇×b0)(x), ω(0)(x, t) = S(·, t)∗ω0(x),

b(0)(x, t) = S(·, t)∗b0(x), ∇b(0)(x, t) = S(·, t)∗∇b0(x).

We shall establish the following results, which are the main ingredients of proving Theorem
2.4.

Lemma 3.1. Let 2p
3 = θ ∈ (4

3 ,2) and 0 < ε < min{1− 1
θ
, 3

2 −
2
θ
}. Then for k ≥ 0, it holds that

(3.3)
W 0

k+1,p ≤C(T 1− 1
θ
−ε‖ω0‖p

+C (1
2 ,

1
θ
− 1

2 +θε)T (θ−1)ε
(
(W 0

k,p)
θ
(W 0

k,2p)
2−θ

+(B1
k,p)

θ
(B1

k,2p)
2−θ

)
)
,

(3.4)
W 0

k+1,2p ≤C(T 1− 1
θ‖ω0‖p

+C (1
2 −

1
2θ
,θε+ 1

θ
− 1

2)T
θε

(
(W 0

k,p)
θ(W 0

k,2p)
2−θ +(B1

k,p)
θ(B1

k,2p)
2−θ)

)
,

(3.5)
B1

k+1,p ≤C(T 1− 1
θ
−ε‖∇b0‖p +C

(1
2 ,

1
θ
− 1

2 +θε
)
T (θ−1)ε(W 0

k,p)
θ−1

(W 0
k,2p)

2−θB1
k,p

+C
(1

2 ,1−
1
θ

)
T

3
2−

2
θ
−ε(W 1

k,p)
θ−1

(W 1
k,2p)

2−θB0
k,p),

(3.6)
B1

k+1,2p ≤C(T 1− 1
θ‖∇b0‖p +C

(1
2 −

1
2θ
, 1

θ
− 1

2 +θε
)
T θε(W 0

k,p)
θ−1

(W 0
k,2p)

2−θB1
k,p

+C
(1

2 −
1

2θ
,1− 1

θ

)
T

3
2−

2
θ (W 1

k,p)
θ−1

(W 1
k,2p)

2−θB0
k,p).

Proof. By Proposition 2.3, it holds that

(3.7) ‖S(·, t)∗ω0‖p ≤C1‖ω0‖p,

(3.8) ‖S(·, t)∗ω0‖2p ≤C1t−
1

2θ‖ω0‖p,
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(3.9) ‖S(·, t)∗∇b0‖p ≤C1‖∇b0‖p,

(3.10) ‖S(·, t)∗∇b0‖2p ≤C1t−
1

2θ‖∇b0‖p.

What’s more, it follows from Proposition 2.2 that

(3.11)

‖(uiω−uωi−bi j+b ji)(·,s)‖p

≤ 2(‖u(·,s)‖∞‖ω(·,s)‖p +‖b(·,s)‖∞‖ j(·,s)‖p)

≤C2(‖ω(·,s)‖θ
p‖ω(·,s)‖2−θ

2p +‖ j(·,s)‖θ
p‖ j(·,s)‖2−θ

2p )

≤C2(‖ω(·,s)‖θ
p‖ω(·,s)‖2−θ

2p +‖∇b(·,s)‖θ
p‖∇b(·,s)‖2−θ

2p ),

(3.12)

‖((u ·∇)b− (b ·∇)u)(·,s)‖p

≤ ‖u(·,s)‖∞‖∇b(·,s)‖p +‖∇u(·,s)‖∞‖b(·,s)‖p

≤C2(‖ω(·,s)‖θ−1
p ‖ω(·,s)‖2−θ

2p ‖∇b(·,s)‖p

+‖∇ω(·,s)‖θ−1
p ‖∇ω(·,s)‖2−θ

2p ‖b(·,s)‖p).

Then, by (3.2), (3.7), (3.11) and Proposition 2.3, we can get

W 0
k+1,p ≤ sup

t∈[0,T ]
t1− 1

θ
−ε

(
‖S(·, t)∗ω0‖p

+C3

� t

0
(t− s)−

1
2‖(ui,(k)

ω
(k)−u(k)ωi,(k)−bi,(k) j(k)+b(k) ji,(k))(·,s)‖pds

)
≤C1T 1− 1

θ
−ε‖ω0‖p +C2C3 sup

t∈[0,T ]
t1− 1

θ
−ε

� t

0
(t− s)−

1
2

×(‖ω(k)(·,s)‖θ
p‖ω(k)(·,s)‖2−θ

2p +‖∇b(k)(·,s)‖θ
p‖∇b(k)(·,s)‖2−θ

2p )ds

≤C1T 1− 1
θ
−ε‖ω0‖p +C2C3((W 0

k,p)
θ(W 0

k,2p)
2−θ +(B1

k,p)
θ(B1

k,2p)
2−θ)

× sup
t∈[0,T ]

t1− 1
θ
−ε

� t

0
(t− s)−

1
2 sθε+ 1

θ
− 3

2 ds

≤C1T 1− 1
θ
−ε‖ω0‖p

+C2C3C (1
2 ,θε+ 1

θ
− 1

2)T
(θ−1)ε((W 0

k,p)
θ(W 0

k,2p)
2−θ +(B1

k,p)
θ(B1

k,2p)
2−θ),

which proves (3.3).
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By (3.2), (3.8), (3.11) and Proposition 2.3, one has

W 0
k+1,2p ≤ sup

t∈[0,T ]
t1− 1

2θ

(
‖S(·, t)∗ω0‖2p

+C4

� t

0
(t− s)−

1
2−

1
2θ‖(ui,(k)

ω
(k)−u(k)ωi,(k)−bi,(k) j(k)+b(k) ji,(k))(·,s)‖pds

)
≤C1T 1− 1

θ‖ω0‖p +C2C4 sup
t∈[0,T ]

t1− 1
2θ

� t

0
(t− s)−

1
2−

1
2θ

×(‖ω(k)(·,s)‖θ
p‖ω(k)(·,s)‖2−θ

2p +‖∇b(k)(·,s)‖θ
p‖∇b(k)(·,s)‖2−θ

2p )ds

≤C1T 1− 1
θ‖ω0‖p +C2C4((W 0

k,p)
θ(W 0

k,2p)
2−θ +(B1

k,p)
θ(B1

k,2p)
2−θ)

× sup
t∈[0,T ]

t1− 1
2θ

� t

0
(t− s)−

1
2−

1
2θ sθε+ 1

θ
− 3

2 ds

≤C1T 1− 1
θ‖ω0‖p

+C2C4C (1
2 −

1
2θ
,θε+ 1

θ
− 1

2)T
θε((W 0

k,p)
θ(W 0

k,2p)
2−θ +(B1

k,p)
θ(B1

k,2p)
2−θ).

And that gives (3.4).
By (3.2), (3.9), (3.12) and Proposition 2.3, it holds that

(3.13)

B1
k+1,p ≤ sup

t∈[0,T ]
t1− 1

θ
−ε

(
‖S(·, t)∗∇b0‖p

+C5

� t

0
(t− s)−

1
2‖((u(k) ·∇)b(k)− (b(k) ·∇)u(k))(·,s)‖pds

)
≤C1T 1− 1

θ
−ε‖∇b0‖p +C2C5 sup

t∈[0,T ]
t1− 1

θ
−ε

� t

0
(t− s)−

1
2

×(‖ω(·,s)‖θ−1
p ‖ω(·,s)‖2−θ

2p ‖∇b(·,s)‖p

+‖∇ω(·,s)‖θ−1
p ‖∇ω(·,s)‖2−θ

2p ‖b(·,s)‖p)ds.
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Note that

(3.14)

� t

0
(t− s)−

1
2 (‖ω(·,s)‖θ−1

p ‖ω(·,s)‖2−θ

2p ‖∇b(·,s)‖p

+‖∇ω(·,s)‖θ−1
p ‖∇ω(·,s)‖2−θ

2p ‖b(·,s)‖p)ds

≤ (W 0
k,p)

θ−1
(W 0

k,2p)
2−θ

B1
k,p

� t

0
(t− s)−

1
2 sθε+ 1

θ
− 3

2 ds

+(W 1
k,p)

θ−1
(W 1

k,2p)
2−θ

B0
k,p)

� t

0
(t− s)−

1
2 s−

1
θ ds

≤ tθε+ 1
θ
−1C (1

2 ,θε+ 1
θ
− 1

2)(W
0
k,p)

θ−1
(W 0

k,2p)
2−θB1

k,p

+t
1
2−

1
θ C (1

2 ,1−
1
θ
)(W 1

k,p)
θ−1

(W 1
k,2p)

2−θB0
k,p,

which together with (3.13) yields (3.5).
It remains to show (3.6). By (3.2), (3.10), (3.12) and Proposition 2.3, one may get that

(3.15)

B1
k+1,2p ≤ sup

t∈[0,T ]
t1− 1

2θ

(
‖S(·, t)∗∇b0‖2p

+C6

� t

0
(t− s)−

1
2−

1
2θ‖((u(k) ·∇)b(k)− (b(k) ·∇)u(k))(·,s)‖pds

)
≤C1T 1− 1

θ‖∇b0‖p +C2C6 sup
t∈[0,T ]

t1− 1
2θ

� t

0
(t− s)−

1
2−

1
2θ

×(‖ω(·,s)‖θ−1
p ‖ω(·,s)‖2−θ

2p ‖∇b(·,s)‖p

+‖∇ω(·,s)‖θ−1
p ‖∇ω(·,s)‖2−θ

2p ‖b(·,s)‖p)ds.

We can write � t

0
(t− s)−

1
2−

1
2θ (‖ω(·,s)‖θ−1

p ‖ω(·,s)‖2−θ

2p ‖∇b(·,s)‖p

+‖∇ω(·,s)‖θ−1
p ‖∇ω(·,s)‖2−θ

2p ‖b(·,s)‖p)ds

≤ (W 0
k,p)

θ−1
(W 0

k,2p)
2−θ

B1
k,p

� t

0
(t− s)−

1
2−

1
2θ sθε+ 1

θ
− 3

2 ds

+(W 1
k,p)

θ−1
(W 1

k,2p)
2−θ

B0
k,p)

� t

0
(t− s)−

1
2−

1
2θ s−

1
θ ds

≤ tθε+ 1
2θ
−1C (1

2 −
1

2θ
,θε+ 1

θ
− 1

2)(W
0
k,p)

θ−1
(W 0

k,2p)
2−θB1

k,p

+t
1
2−

3
2θ C (1

2 −
1

2θ
,1− 1

θ
)(W 1

k,p)
θ−1

(W 1
k,2p)

2−θB0
k,p,
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which combining (3.15) leads to (3.6). �

In order to estimate B0
k+1,p, B0

k+1,2p, J0
k+1,p and J0

k+1,2p, we shall use the following standard
successive approximations:

(3.16) b(k+1)(x, t) = S(·, t)∗b0(x)+
� t

0

�
R3

S(x− y, t− s)∇y× (u(k)b(k))(y,s)dyds,

(3.17)
j(k+1)(x, t) = S(·, t)∗ (∇×b0)(x)

+

� t

0

�
R3

S(x− y, t− s)∇y× ((u(k) ·∇)b(k)− (b(k) ·∇)u(k))(y,s)dyds.

Lemma 3.2. Let 2p
3 = θ∈ (4

3 ,2) and 0 < ε < min{1− 1
θ
, 3

2−
2
θ
}. Then, for all k≥ 0, it holds that

(3.18) B0
k+1,p ≤C(‖b0‖p +C (

1
2
,
1
2
+(θ−1)ε)T (θ−1)ε(W 0

k,p)
θ−1

(W 0
k,2p)

2−θ
B0

k,p),

(3.19) B0
k+1,2p ≤C(‖b0‖p +C (

1
2
− 1

2θ
,
1
2
+(θ−1)ε)T (θ−1)ε(W 0

k,p)
θ−1

(W 0
k,2p)

2−θ
B0

k,p),

(3.20)
J0

k+1,p ≤C(T 1− 1
θ
−ε‖∇b0‖p +C (1

2 ,
1
θ
− 1

2 +θε)T (θ−1)ε(W 0
k,p)

θ−1
(W 0

k,2p)
2−θB1

k,p

+C
(1

2 ,1−
1
θ

)
T

3
2−

2
θ
−ε(W 1

k,p)
θ−1

(W 1
k,2p)

2−θB0
k,p),

(3.21)
J0

k+1,2p ≤C(T 1− 1
θ‖∇b0‖p +C

(1
2 −

1
2θ
, 1

θ
− 1

2 +θε
)
T θε(W 0

k,p)
θ−1

(W 0
k,2p)

2−θB1
k,p

+C (1
2 −

1
2θ
,1− 1

θ
)T

3
2−

2
θ (W 1

k,p)
θ−1

(W 1
k,2p)

2−θB0
k,p).

Proof. By Proposition 2.2, it holds that

(3.22) ‖(ub)(·,s)‖p ≤ ‖u(·,s)‖∞‖b(·,s)‖p ≤C2‖ω(·,s)‖θ−1
p ‖ω(·,s)‖2−θ

2p ‖b(·,s)‖p.
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(3.22) together with (3.7), (3.16) and Proposition 2.3 implies that

B0
k+1,p ≤C1‖b0‖p +C3 sup

t∈[0,T ]

� t

0
(t− s)−

1
2‖(u(k)b(k))(·,s)‖pds

≤C1‖b0‖p +C3C2 sup
t∈[0,T ]

� t

0
(t− s)−

1
2‖ω(k)(·,s)‖θ−1

p ‖ω(k)(·,s)‖2−θ

2p ‖b
(k)(·,s)‖pds

≤C1‖b0‖p +C3C2(W 0
k,p)

θ−1(W 0
k,2p)

2−θ

× sup
t∈[0,T ]

� t

0
(t− s)−

1
2 s(1−

1
θ
−ε)(1−θ)s(1−

1
2θ
)(θ−2)ds

≤C1‖b0‖p +C3C2C (
1
2
,(θ−1)ε+

1
2
)T (θ−1)ε(W 0

k,p)
θ−1(W 0

k,2p)
2−θ,

which proves (3.18).
Concerning (3.19), by (3.8), (3.16), (3.22) and Proposition 2.3, it holds that

B0
k+1,2p ≤C1‖b0‖p +C3 sup

t∈[0,T ]
t

1
2θ

� t

0
(t− s)−

1
2−

1
2θ‖(u(k)b(k))(·,s)‖pds

≤C1‖b0‖p +C3C2 sup
t∈[0,T ]

t
1

2θ

� t

0
(t− s)−

1
2‖ω(·,s)‖θ−1

p ‖ω(·,s)‖2−θ

2p ‖b(·,s)‖pds

≤C1‖b0‖p +C3C2(W 0
k,p)

θ−1(W 0
k,2p)

2−θ

× sup
t∈[0,T ]

t
1

2θ

� t

0
(t− s)−

1
2−

1
2θ s(θ−1)ε− 1

2 ds

≤C1‖b0‖p +C3C2C (
1
2
− 1

2θ
,(θ−1)ε+

1
2
)T (θ−1)ε(W 0

k,p)
θ−1(W 0

k,2p)
2−θ.

Thus we obtain (3.19).
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For the estimate of J0
k+1,p, according to (3.14), (3.17) and (3.22), one has

J0
k+1,p ≤ sup

t∈[0,T ]
t

1
2−

1
θ
−ε

(
C1‖∇b0‖p +C4

� t

0
(t− s)−

1
2

×‖((u(k) ·∇)b(k)− (b(k) ·∇)u(k))(·,s)‖pds
)

≤C1T
1
2−

1
θ
−ε‖b0‖p

+C5 sup
t∈[0,T ]

t
1
2−

1
θ
−ε

� t

0
(t− s)−

1
2

(
‖ω(k)(·,s)‖θ−1

p ‖ω(k)(·,s)‖2−θ

2p ‖∇b(k)(·,s)‖p

+‖∇ω(k)(·,s)‖θ−1
p ‖∇ω(k)(·,s)‖2−θ

2p ‖b(k)(·,s)‖p

)
ds

≤C(T 1− 1
θ
−ε‖∇b0‖p +C

(1
2
,
1
θ
− 1

2
+θε

)
T (θ−1)ε(W 0

k,p)
θ−1

(W 0
k,2p)

2−θ
B1

k,p

+C
(1

2 ,1−
1
θ

)
T

3
2−

2
θ
−ε(W 1

k,p)
θ−1

(W 1
k,2p)

2−θB0
k,p).

Finally, for J0
k+1,2p, following the analogue analysis of (3.15), we can get

J0
k+1,2p ≤ sup

t∈[0,T ]
t1− 1

2θ

(
‖S(·, t)∗∇b0‖2p

+C6

� t

0
(t− s)−

1
2−

1
2θ‖((u(k) ·∇)b(k)− (b(k) ·∇)u(k))(·,s)‖pds

)
≤C(T 1− 1

θ‖∇b0‖p +C
(1

2
− 1

2θ
,
1
θ
− 1

2
+θε

)
T θε(W 0

k,p)
θ−1

(W 0
k,2p)

2−θ
B1

k,p

+C
(1

2 −
1

2θ
,1− 1

θ

)
T

3
2−

2
θ (W 1

k,p)
θ−1

(W 1
k,2p)

2−θB0
k,p).

�

In order to estimate W 1
k,p, W 1

k,2p, J1
k,p and J1

k,2p, we will need the following successive approxi-
mation scheme:

(3.23)



∇ω
(k+1)(x, t) = S(·, t)∗∇ω0(x)+

� t

0

�
R3

S(x− y, t− s)∇y((u(k) ·∇)ω(k)

− (ω(k) ·∇)u(k)− (b(k) ·∇) j(k)+( j(k) ·∇)b(k))(y,s)dyds,

∇ j(k+1)(x, t) = S(·, t)∗∇ j0(x)+
� t

0

�
R3

S(x− y, t− s)∇y((u(k) ·∇) j(k)

+∇ui,(k)×b(k)xi − (b(k) ·∇)ω(k)−∇bi,(k)×u(k)xi )(y,s)dyds.
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Lemma 3.3. Let 2p
3 = θ ∈ (4

3 ,2) and 0 < ε < min{1− 1
θ
, 3

2 −
2
θ
}. Then, for all k ≥ 0, we have

(3.24)

W 1
k+1,p ≤C(‖ω0‖p +C (1

2 ,ε(θ−1))T ε(θ−1)

×((W 0
k,p)

θ−1(W 0
k,2p)

2−θW 1
k,p +(B1

k,p)
θ−1(B1

k,2p)
2−θJ1

k,p)

+C (1
2 ,ε)T

ε((W 1
k,p)

θ−1(W 1
k,2p)

2−θW 0
k,p +(J1

k,p)
θ−1(J1

k,2p)
2−θB1

k,p)),

(3.25)

W 1
k+1,2p ≤C(‖ω0‖p +C (1

2 −
1

2θ
,ε(θ−1))T ε(θ−1)

×((W 0
k,p)

θ−1(W 0
k,2p)

2−θW 1
k,p +(B1

k,p)
θ−1(B1

k,2p)
2−θJ1

k,p)

+C (1
2 −

1
2θ
,ε)T ε((W 1

k,p)
θ−1(W 1

k,2p)
2−θW 0

k,p +(J1
k,p)

θ−1(J1
k,2p)

2−θB1
k,p)),

(3.26)

J1
k+1,p ≤C(‖∇b0‖p +C (1

2 ,ε(θ−1))T ε(θ−1)

×((W 0
k,p)

θ−1(W 0
k,2p)

2−θJ1
k,p +(J0

k,p)
θ−1(J0

k,2p)
2−θW 1

k,p)

+C (1
2 ,ε)T

ε((W 1
k,p)

θ−1(W 1
k,2p)

2−θJ0
k,p),

(3.27)

J1
k+1,2p ≤C(‖∇b0‖p +C (1

2 −
1

2θ
,ε(θ−1))T ε(θ−1)

×((W 0
k,p)

θ−1(W 0
k,2p)

2−θJ1
k,p +(B1

k,p)
θ−1(B1

k,2p)
2−θW 1

k,p)

+C (1
2 −

1
2θ
,ε)T ε((W 1

k,p)
θ−1(W 1

k,2p)
2−θJ0

k,p).

Proof. By Proposition 2.3, it holds that

(3.28) ‖S(·, t)∗∇ω0‖p = ‖∇S(·, t)∗ω0‖p ≤C1t−
1
2‖ω0‖p,

and

(3.29) ‖S(·, t)∗∇ω0‖2p = ‖∇S(·, t)∗ω0‖2p ≤C1t−
1
2−

1
2θ‖ω0‖p.
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Using (3.12), (3.22), (3.28) and Proposition 2.3, we obtain
(3.30)

W 1
k+1,p ≤ sup

t∈[0,T ]
t

1
2

(
‖S(·, t)∗∇ω0‖p +C4

� t

0
(t− s)−

1
2‖((u(k) ·∇)ω(k)− (ω(k) ·∇)u(k)

−(b(k) ·∇) j(k)+( j(k) ·∇)b(k))(·,s)‖pds
)

≤C1‖ω0‖p

+C5 sup
t∈[0,T ]

t
1
2

(� t

0
(t− s)−

1
2 (‖ω(k)(·,s)‖θ−1

p ‖ω(k)(·,s)‖2−θ

2p ‖∇ω
(k)(·,s)‖p

+‖∇ω(k)(·,s)‖θ−1
p ‖∇ω(k)(·,s)‖2−θ

2p ‖ω(k)(·,s)‖p)ds

+

� t

0
(t− s)−

1
2 (‖∇b(k)(·,s)‖θ−1

p ‖∇b(k)(·,s)‖2−θ

2p ‖∇ j(k)(·,s)‖p

+‖∇ j(k)(·,s)‖θ−1
p ‖∇ j(k)(·,s)‖2−θ

2p ‖∇b(k)(·,s)‖p)ds
)
.

Note that � t

0
(t− s)−

1
2 (‖ω(k)(·,s)‖θ−1

p ‖ω(k)(·,s)‖2−θ

2p ‖∇ω
(k)(·,s)‖p

+‖∇ω(k)(·,s)‖θ−1
p ‖∇ω(k)(·,s)‖2−θ

2p ‖ω(k)(·,s)‖p)ds

+

� t

0
(t− s)−

1
2 (‖∇b(k)(·,s)‖θ−1

p ‖∇b(k)(·,s)‖2−θ

2p ‖∇ j(k)(·,s)‖p

+‖∇ j(k)(·,s)‖θ−1
p ‖∇ j(k)(·,s)‖2−θ

2p ‖∇b(k)(·,s)‖p)ds

≤ (W 0
k,p)

θ−1(W 0
k,2p)

2−θW 1
k,p

� t

0
(t− s)−

1
2 sε(θ−1)−1ds

+(W 1
k,p)

θ−1(W 1
k,2p)

2−θW 0
k,p

� t

0
(t− s)−

1
2 sε−1ds

+(B1
k,p)

θ−1(B1
k,2p)

2−θJ1
k,p

� t

0
(t− s)−

1
2 sε(θ−1)−1ds

+(J1
k,p)

θ−1(J1
k,2p)

2−θB1
k,p

� t

0
(t− s)−

1
2 sε−1ds

≤ tε(θ−1)− 1
2 C (

1
2
,ε(θ−1))((W 0

k,p)
θ−1(W 0

k,2p)
2−θW 1

k,p +(B1
k,p)

θ−1(B1
k,2p)

2−θJ1
k,p)

+tε− 1
2 C (

1
2
,ε)((W 1

k,p)
θ−1(W 1

k,2p)
2−θW 0

k,p +(J1
k,p)

θ−1(J1
k,2p)

2−θB1
k,p).
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This together with (3.30) yields (3.24). Then (3.25) follows from (3.23), (3.29), (3.12), Proposi-
tion 2.3 and the arguments similar to those in getting (3.24).

Considering the estimate of J1
k+1,p, by (3.23) and Proposition 2.3, we get

(3.31)

J1
k+1,p ≤ sup

t∈[0,T ]
t

1
2

(
‖S(·, t)∗∇ω0‖p +C4

� t

0
(t− s)−

1
2‖((u ·∇) j+∇ui×bxi

−(b ·∇)ω−∇bi×uxi)(·,s)‖pds
)

≤C1‖ω0‖p +C5 sup
t∈[0,T ]

t
1
2

� t

0
(t− s)−

1
2

(
‖u(k)(·,s)‖∞‖∇ j(k)(·,s)‖p

+‖∇u(k)(·,s)‖∞‖∇b(k)(·,s)‖p +‖b(k)(·,s)‖∞‖∇ω(k)(·,s)‖p

)
ds

≤C1‖ω0‖p +C5 sup
t∈[0,T ]

t
1
2

(� t

0
(t− s)−

1
2 (‖ω(k)(·,s)‖θ−1

p ‖ω(k)(·,s)‖2−θ

2p ‖∇ j(k)(·,s)‖pds

+

� t

0
(t− s)−

1
2‖∇ω

(k)(·,s)‖θ−1
p ‖∇ω

(k)(·,s)‖2−θ

2p ‖ j(k)(·,s)‖p)ds

+

� t

0
(t− s)−

1
2 (‖ j(k)(·,s)‖θ−1

p ‖ j(k)(·,s)‖2−θ

2p ‖∇ω
(k)(·,s)‖pds

)
.

Also note that

(3.32)

� t

0
(t− s)−

1
2 (‖ω(k)(·,s)‖θ−1

p ‖ω(k)(·,s)‖2−θ

2p ‖∇ j(k)(·,s)‖pds

+

� t

0
(t− s)−

1
2‖∇ω

(k)(·,s)‖θ−1
p ‖∇ω

(k)(·,s)‖2−θ

2p ‖ j(k)(·,s)‖pds

+

� t

0
(t− s)−

1
2 (‖ j(k)(·,s)‖θ−1

p ‖ j(k)(·,s)‖2−θ

2p ‖∇ω
(k)(·,s)‖pds

≤ (W 0
k,p)

θ−1(W 0
k,2p)

2−θJ1
k,p

� t

0
(t− s)−

1
2 sε(θ−1)−1ds

+(W 1
k,p)

θ−1(W 1
k,2p)

2−θJ0
k,p

� t

0
(t− s)−

1
2 sε−1ds

+(J0
k,p)

θ−1(J0
k,2p)

2−θW 1
k,p

� t

0
(t− s)−

1
2 sε(θ−1)−1ds

≤ tε(θ−1)− 1
2 C (

1
2
,ε(θ−1))((W 0

k,p)
θ−1(W 0

k,2p)
2−θJ1

k,p +(J0
k,p)

θ−1(J0
k,2p)

2−θW 1
k,p)

+tε− 1
2 C (

1
2
,ε)((W 1

k,p)
θ−1(W 1

k,2p)
2−θJ0

k,p).
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Combine (3.31) and (3.32) together, we arrive at (3.26).
Finally, for the estimate of J1

k+1,2p, by (3.23), Proposition 2.3 and the similar arguments used
to derive (3.26), we can get (3.27). The details are omitted. �

3.3. The proof for Theorem 2.4

Proof of Theorem 2.4. For the convenience of notations, we set

α = min
{

1− 1
θ
− ε,1− 1

2θ
,0
}
, β = min

{
(θ−1)ε,θε,

3
2
− 2

θ

}
,

Lk = max
{

W 0
k,p,W

0
k,2p,W

1
k,p,W

1
k,2p,B

0
k,p,B

0
k,2p,B

1
k,p,B

1
k,2p,J

1
k,p,J

1
k,2p
}
,

and

M = max
{

C
(1

2 ,
1
θ
− 1

2 +θε
)
,C
(1

2 −
1

2θ
, 1

θ
− 1

2 +θε
)
,C
(1

2 ,1−
1
θ

)
,C
(1

2 −
1

2θ
,1− 1

θ

)
,

C
(1

2 ,
1
2 +(θ−1)ε

)
,C
(1

2 −
1

2θ
, 1

2 +(θ−1)ε
)
,C
(1

2 ,(θ−1)ε
)
,C
(1

2 ,ε
)
,

C
(1

2 −
1

2θ
,(θ−1)ε

)
,C
(1

2 −
1

2θ
,ε
)}

.

Applying the above notations, invoking Lemma 3.1-3.3, it holds that

(3.33) Lk+1 ≤max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α +T βML2
k .

Assuming that the time T satisfies

1−4max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α+βM > 0,

and noting that

L0 ≤
1−
√

1−4max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α+βM

2T βM
,

one can get from (3.33) that for all k ≥ 0,

Lk ≤
1−
√

1−4max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α+βM

2T βM
≤ 2max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α.

In fact, if

Lk−1 ≤
1−
√

1−4max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α+βM

2T βM
,
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then we have
Lk ≤max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α +T βML2

k−1

≤max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α,

+T βM
(

1−
√

1−4max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α+βM
2T βM

)2

=
1−
√

1−4max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α+βM

2T βM
.

We also set

Nk+1 := max
{

sup
t∈[0,T ]

t1− 1
θ
−ε‖ω(k+1)−ω(k)‖p, sup

t∈[0,T ]
t1− 1

2θ‖ω(k+1)−ω(k)‖2p,

sup
t∈[0,T ]

t
1
2‖∇ω(k+1)−∇ω(k)‖p, sup

t∈[0,T ]
t

1
2+

1
2θ‖∇ω(k+1)−∇ω(k)‖2p,

sup
t∈[0,T ]

‖b(k+1)−b(k)‖p, sup
t∈[0,T ]

t
1

2θ‖b(k+1)−b(k)‖2p

sup
t∈[0,T ]

t1− 1
θ
−ε‖∇b(k+1)−∇b(k)‖p, sup

t∈[0,T ]
t1− 1

2θ‖∇b(k+1)−∇b(k)‖2p,

sup
t∈[0,T ]

t1− 1
θ
−ε‖ j(k+1)− j(k)‖p, sup

t∈[0,T ]
t1− 1

2θ‖ j(k+1)− j(k)‖2p,

sup
t∈[0,T ]

t
1
2‖∇ j(k+1)−∇ j(k)‖p, sup

t∈[0,T ]
t

1
2+

1
2θ‖∇ j(k+1)−∇ j(k)‖2p

}
,

by a similar approach as above, we can obtain

Nk+1 ≤ T βM(Lk+1 +Lk)Nk,

where

T βM(Lk+1 +Lk)< 1−
√

1−4max{‖ω0‖p,‖b0‖p,‖∇b0‖p}T α+βM < 1.

With the above estimate in mind, applying Banach’s fixed point Theorem, we conclude that
IVP (1.2) has a mild solution in [0,T ]. In order to complete the proof of existence, we also require
the weak convergence assumption as in Definition 2.2, which can be ensured by the fact that the
heat semigroup is weak-continuous in M p(R3) as t→ 0. The proof of uniqueness and regularity
can be obtained via the same method as above, we refer to [3, 8, 21] for technical details. �
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