GENERAL MASSLESS FIELD EQUATIONS FOR HIGHER SPIN IN
DIMENSION 4
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ABSTRACT. Massless field equations are fundamental in particle physics. In Clifford analysis, the
Euclidean version of these equations has been dealt with but it is not clear, even in dimension 4,
what should be the right analogue of massless field equations for fields with values in a general
irreducible Spin(4)-module. The main aim of the paper is to explain that a good possibility is to
take the so-called generalized Cauchy-Riemann equations proposed a long time ago by E. Stein
and G. Weiss. For this choice of the equations, we show that their polynomial solutions form
different irreducible Spin(4)-modules. This is an important step in developing the corrresponding
function theory.

1. INTRODUCTION

In particle physics, the field equations in the Minkowski space R'3 for massless particles of lower
spins are fundamental, namely, the wave equation for spin 0, the Dirac equation for spin %, the
Maxwell equations for spin 1, the Rarita-Schwinger equation for spin % and the equation of the
linearized gravity for spin 2. For any spin, R. Penrose initiated a systematic study of solutions of
massless field equations in his twistor program, see [13, 17, 18].

In the framework of Clifford analysis, the Euclidean version of massless field equations has been
studied first in dimension 4 and then in a general dimension, see [19, 20]. The first difficulty lies
in the fact that it is not clear, even in dimension 4, what should be the set of equations defining
the massless fields with values in a general irreducible Spin(4)-module.

Classical Clifford analysis is a function theory for spinor valued solutions of the Dirac equation in
the Euclidean space RY. Let ey, . .., en be the standard basis of RN and Cy be the complex Clifford
algebra generated by the vectors eq,. .., ey satisfying the relations e;e; 4+ eje; = —26;;. Then the
spinor space Sy is a unique irreducible Cy-module. As Spin(N)-module, in even dimensions N,
the spinor space Sy decomposes as Sy = S?\—/ @ Sy into two different basic spinor representations
Sﬁ but, in odd dimensions N, Sy remains irreducible and we shall write Sy = SE = Sy. For a

smooth function f: RN — Sﬁ, we define the Dirac operator as
N

where x = x1e1 + --- + xyeny € RV,

The spinor spaces Sﬁ are the simplest representations of the group Spin(N). So a natural
question arises what the best analogue of Clifford analysis is for higher spin representations. In
other words, for a general irreducible Spin(N)-module V, we want to find the best analogue of
the Dirac equation for V-valued functions defined in RY. There are more possibilities. First let
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us remark that the Dirac operator 9 is elliptic and it is not only rotationally invariant but even
conformally invariant. For many such V', there is a unique (up to a multiple) conformally invariant
elliptic first order differential operator dy which is called a higher spin Dirac operator, see [5]. So
the first possibility is to develop function theory for higher spin Dirac operators, see e.g. [14]. The
second possibility is to take the generalized Cauchy-Riemann equations (GCR) suggested by E.
Stein and G. Weiss in [21]. In this paper, we consider the second possibility.

Now we recall (GCR) for a given irreducible Spin(N)-module V. First consider an irreducible
decomposition of Spin(N)-module

VeCN=FRoFRae  -oF

where Fy = VK CY is the Cartan product of V and the defining representation CV. Let m; be
the projection of V@ CV onto Fj. For each j = 0,...,r, define Stein-Weiss gradient

D;(f) =m;(V(f)), feC®®RN,V)
where V(f) is the gradient of f. Then it is well-known that each Stein-Weiss gradient
D; : C¥RYN V) — C= (RN, F}))

is rotationally invariant, even conformally invariant for a unique conformal weight w;. For the given
irreducible Spin(N)-module V', the generalized Cauchy-Riemann equations (GCR) are defined as

(1) Di(f)=0,...,D.(f) =0 for f € C*(RN,V).

Example 1. ForV = Sﬁ, we have Sﬁ RCN = (Sﬁ X CN) & SE, D1 = 0 is the Dirac operator
and (GCR) is the Dirac equation 0f = 0.

In general, higher spin Dirac operators are special examples of Stein-Weiss gradients.

Example 2. Let A* := A*(CY) denote the s-th antisymmetric power of CN. For V. = A* with
s < N/2, we have

AMoCV=NRCY)eA T oA,
Dy =d and Dy = d* is the de-Rham differential and codifferential, respectively, and (GCR) is the
Hodge-de Rham system df =0, d*f = 0.

Example 3. In dimension 4, we give an explicit description of all Stein-Weiss gradients for a
general irreducible Spin(4)-module V' in (15) below. We suggest that (GCR) is the best analogue
of massless field equations in R* for V-valued fields, see (16).

In [21], it is shown that each f € C*°(RY, V) satisfying (GCR) have the following properties: (i)
f is harmonic and (i) |f|P is subharmonic for p > &=2. The property (ii) enables to develop a
theory of Hardy spaces for solutions of (GCR). By (i), in particular, each such a function f can be
uniquely decomposed into homogeneous polynomial solutions of (GCR). Indeed, let us denote by

M, (V) the space of polynomials P : RY — V of degree m satisfying (GCR). Then we have

(2) [= Z Im
m=0

for some uniquely determined f,, € M., (V) where the sum converges locally uniformly on R¥.
For V = SE or V = A*(CYV), it is well-known that the spaces M., (V) form different irreducible
Spin(N)-modules. Therefore, in these cases, the decomposition (2) is the best possible with respect
to the underlying symmetry given by Spin(N). For a general irreducible Spin(N)-module V, we
prove this result in dimension N = 4, see Theorem 2 below, and we believe that this is true in
any dimension N. Actually, an analogous result does not hold for homogeneous solutions of higher
spin Dirac operators, see [14].
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To show irreducibility of the modules M,, (V) is a first step in developing the corresponding
function theory. Next steps are, for example, to describe the Howe duality, the Fischer decom-
position and to construct Gelfand-Tsetlin bases of homogeneous solutions. This is well-known,
in any dimension N, for the Dirac operator (see [1, 7, 16]) and the Hodge-de-Rham systems (see
[10, 11, 12]). In dimension 4, the Fischer decomposition for massless fields of spin 1 is given in
[2, 3]. In other cases, these results are unknown and should be investigated.

The content of the paper is the following. In Section 2, we recall, in dimension 4, the decompo-
sition of scalar valued polynomials into spherical harmonics. In Theorem 1, we give explicit bases
for homogeneous spherical harmonics. In Section 3, for a general irreducible Spin(4)-module V', we
derive the generalized Cauchy-Riemann equations (GCR). In Section 4, we find explicit formulae of
highest weight vectors for homogeneous V-valued spherical harmonics. Using these highest weight
vectors, we prove in Section 5 the main result of the paper. Namely, we show in Theorem 2 that
homogeneous solutions of (GCR) form different irreducible Spin(4)-modules. Finally, in Theorem
3, we give explicit bases for the spaces of homogeneous solutions.

2. HARMONIC CASE

First we consider the space P(R*) of polynomials F' : R* — C. On P(R*), we have a natural
action of Spin(4) ~ SU(2) ® SU(2) and also its complexification Spin(4,C) ~ SL(2,C)x SL(2,C).
As usual, we identify the Euclidean space R* first with the algebra H of quaternions and then with
a real subspace of complex 2 x 2 matrices C2*2 ~ C*# in the following way

200/ 201/> _ ( To+iry @I +i172>

3 = i j keH— z = . .
(3) T =x9+ 11+ 2] + 73 z (me oy O

Thus we can view each polynomial F' € P(R%) as a polynomial in the variables z44/ and extend it
uniquely to z = (244/) € C*. Then, on P(R*) we consider the action of G := SL(2,C) x SL(2,C)
given by

[0(g.9')P](2) = P(g'zg'), P € P(R*),z€C*andg,g € SL(2,C).

The derived action of g := s[(2,C) x s[(2,C) on the polynomials P(R?) is then given by

(4) X = 204V, Y =24V, H =204V — 214V,
(5) X' = 240 VA, Y = 241, VAY, H' = 240 VA — 241, VAL,
Here A € {0,1} and A’ € {0/,1'}, we denote V44" = 622,4’ and use the Einstein summation

convention. Then we have
[X,Y]=2H, [H,X] =2X, [HY]=-2Y

and the same commutation relations are satisfied for X’,Y’, H'. It is easy to see that the Laplace
operator

00’ 01’ ., L
(6) A := det <V v ) =Vovit _yioyh
and the multiplication with

200’ 201’/
r? = det | 7% 0 = 200’211’ — 210’201’
Z10r  *11

are invariant operators acting on the polynomials P(R*). By (3), in the real coordinates, we have

1
r? = a2+ + i+ 2 A:Z(aﬁo+a§1+8§2+8§3).
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It is well-known that, under the action of G, the module P(R*) has an irreducible decomposition

+oo
PR = P r¥Hn
m,j=0
where H,,, = Ker(A)NP,,(R*) is the space of m-homogeneous spherical harmonics. In particular,
the space H,, forms an irreducible G-modul. Actually, it is easy to find an explicit basis of H,,.

Theorem 1. (i) The G-module H,, has the highest weight vector zJ},/m! and it has a basis
consisting of the polynomials

T,8 1 r s Zg(Ly
fmf(z)ziy (Y) — ], rns=0,...,m.

rls! m!
Here Y and Y’ are the lowering operators given as in (4) and (5).
(i) Moreover, we have
(7) r,s(z) _ 2(7)%7877“ 2,71"0/ 281,
" (m—s—mr) rl sl

oF (=8, —r,m—s—1r+1;a)

. z 4 ’
with o = 21122007
201’/ %10/

(iii) We can express the basis in another form. Indeed, H,, has a basis consisting of (m + 1)?
functions

(8) Z(AlA’IZAQA’Q'-”'ZAmA’)a

m

where Ay, ..., Ap is a non-decreasing sequence of {0,1}, A},..., Al is a non-decreasing sequence
of {0’,1'} and (---) denotes symmetrization of unprimed indices. The basis (8) is the same as the
basis (7) up to a normalization.

Remark 1. Obviously, by permuting the primed indices and the unprimed ones in (8), we get the
same basis element.

Proof. (i) Obvious. (ii) Of course, we easily get
m—r

7,0 _ 200 Z;O’ r.s __ l s £r,0
fm (z)_(me)' ’I"! and fm _5|(Y)fm

Moreover, we have

1 (Y/)s _ 25: Zfl’ Z((Jijv) (VOO')s—v(VIO/)v
sl N — vl (s—o)!
and hence we obtain
min(s,r) (s—v) (r—v) (m+v—r—s)
S () = Z 2117 *ov 210/ 200
m — ol (s=o)l(r=o)l(m+tv—r—s)
—s—r r s T v
_ o A1 Zo1 Z a’(=5)u(=7)o
(m—s—nr) rl sl vlim —s—r+1),

with o = % and (a), being the Pochhammer symbol.

(iii) By (i), we know that Y"(Y”)*2{%,, r,s =0, ..., m, constitute a basis of H,,. Note that

(9) YIZAO’ = ZA1/, YIZAl’ =0, Yzon =214, Y214 =0,
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by expressions of Y and Y” in (4) and (5), and so (Y')*2( is 24 “25;, up to a constant. Then
Y7 (Y') 244 is equal to

(10) Z RBAL0 " B A0 " RBAp o1l T RAL T

Ai+..+A =7
up to a constant. This can be proved by induction. Indeed, by (9), we see that Y acting on (10)
gives us the similar summation over Ay +. ..+ A,, = r+ 1 multiplied by m —r, which is the number
of 0 appearing in Ay,..., A,, in (10). Now (8) is just another form of (10) up to a constant. O

3. HIGHER SPIN CASE

Now we study polynomials in dimension 4 which take values in a given (complex and finite
dimensional) irreducible G-representation V. So we are interested in the G-module P(R*, V) :=
PRY @ V.

Spinorial notation. Before working with G-representations recall some simple facts on repre-
sentations of SL(2,C). Denote by S := C? the defining representation of SL(2,C). Then an
irreducible SL(2, C)-representation with the highest weight k& € Ny is equivalent to the symmetric
power @k S. The dual (contragradient) module S* = C? is isomorphic to S. The isomorphism

:S — S*is given b 50, s1)) 1= (sg,s1) with s = —s' and s; = s°, which can be written as
¢ g \g
(11) s =e2Bsp, sp = s%ean with AP =esp = <_01 (1)>

In what follows, using e, we shall raise and lower indices in general.

We realize (D" S as the module Py (S*) C Clso, s1] of k-homogeneous polynomials with the action
of s[(2,C) given by
(12) X = 8061, Y = 5180, H = 8060 — 8181.

Here we denote 94 = 83 .
sA

In more details, an element of (O C2 is given by a 2*-tuple (FA41-4r) ¢ ®"C? such that
A, ..., A, €{0,1}, and FA14* is invariant under the permutations of superscripts, i.e.

AL Ak FAU<1)~~A0<1C),

for any o € Sk, the group of permutations of k letters. The corresponding k-homogeneous poly-
nomial is given by

A A ’ 0ulp_a 50 Slf_a

— 1---Ak — L alk—a Y
F=F A, .54, =K Y F AT
a=0
where 0, = 0...0. In particular, we have S ~ {F(s) = as4]a’,a' € C}.
a

It is easy to see and well-known that S®(O"S ~ O S ' S. To describe the projections 7+
of S®Ok S onto @kil S in our polynomial language, note that both the operator of multiplication

by s = a*s4 and the differential operator a9, are G-equivariant, hence the projections 7* are
given by
(13) 7T (s® F) := sF, 1 (s ®F) :=a?0a(F).

with 94 = 8B€BA.
Now it is easy to describe irreducible representations of G = SL(2,C) x SL(2,C). Indeed, any
irreducible G-representation is of the form

k l
stt=(se (s
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for a unique label (k,1) € N2 where S and S’ are the defining representations of the first and second
copy of SL(2,C) in G, respectively. For S’ we get the formulas analogous to (11), (12) and (13) if
we replace all unprimed indices A, B, 0,1 with the corresponding primed ones A’, B’,0’,1’.

Remark 2. Of course, we identify the spinor spaces S} and S; with S and S', respectively.

Finally, we realize the G-module P(R*,S¥!) as the module of scalar-valued polynomials in the
variables z44/, sp, spr which are k-homogeneous in the variables sp and [-homogeneous in the
variables sp’.

Stein-Weiss construction. Next we construct four G-invariant first order differential operators
on C*(R*,S*!) following E. Stein and G. Weiss [21]. To do this, let us first decompose the tensor
product C* ® S¥! under the action of the group G. Using the fact that C* ~ S® S, we get

k 1
(C4 ® Sk’,l ~ (S ® @S) ® (S/ ® OS/) ~ Sk+1,l+1 @ Sk-‘rl,l—l e Sk—l,l+1 P Sk—l,l—l
where S¢ = 0 unless ¢,d € Nyg. We denote by 7=+ (4 possibilities) the projections of C* @ S¥+
onto SFELIEL For F € C°(R*, S*!), we have that

vOO'F VOl,F
VF := (le’F vll’F) € C™(R*, C*®SH),
and we define
(14) DF .= 7 E(VF).

It is well-known that D** are G-invariant first order differential operators on C°°(R*,S*!) and,
using (13) and the corresponding primed analogue, we have that

’

I)Jr+ = SASA/VAA 5

, 0’ A0’
,D+7 = SAaA/vAA = SA det <gl/ §A1/> )
(15) ,
, 0 0A
D_+ = sA/aAvAA = SA det (gl glA’> 9
D = 8A8A/VAA/.

D:I::I:

Standard notation. It is possible to translate the Stein-Weiss gradients into the standard

spinorial notation (see [18]) as follows. Let F' € P(R* Sk!) and
F = .Z*—”L‘l"'A’“Bi"'BZ/SA1 - SALSB] - SB]-
Then we have (up to a non-zero multiple)
(D+7F)A1...Ak+1BgmBl’,l _ Vg;lFAgu.Ak_,_l)Bi...B[
l
where (---) denotes the symmetrization in the unprimed indices. Indeed, it is easy to see that

— AT A As. . A B!...B]
(D+ F):—SAla VA’I (F 2 k+1D57 13A2~-~5Ak+1331~-~53,’) =

l

Z Ao (A1 Ay Agi1)B .. B] T~
:7(k+1) (SB;VA, F2 K+1) By lsAl"'SAk+1SB{"'SB£"'SBl'

i=1

A . 1...B]
— —(k‘ + 1)l V(Bl/IFA2“'Ak+1)Bl B; SAy---SAu1SB] .- SBl_ -

where 532 denotes the omission of the factor sp;. Similarly, we have (up to non-zero multiples)

—+ A1, Ay _1B}..B],, _ (Bl pB,..Bj,)A;1... Ax
(D F) 1 157 1+1 _vAk P2 L+1) 1
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where (---) denotes the symmetrization in the primed indices, and

(D——F)Al...Ak,lB;“.Blgl _ vAkBl/FAl...AkBi...B{.

Generalized C-R equations. For S*!, the generalized Cauchy-Riemann equations (GCR) are
defined as
(16) DY(f) =0, DH(f) =0, D () =0 for f € CX(R*,S"1).

Denote by M., (S¥1) the space of polynomials F' € P, (R*, S*!) satisfying (GCR). The main result
of the paper is that M., (S¥!) forms an irreducible G-module with the label (m + k,m + 1), see
Theorem 2 below.

Remark 3. Forl =0 in (16), we get (GCR) D=1 (f) = 0. This is the usual form of massless field
equation for spin k/2 particles, see [19]. Moreover, by the identification (3), the spin k/2 massless
field operator
D~ :C®(R%,S") = ¥R, S ®S)

can be viewed as the k-Cauchy-Fueter operator studied in [15, 22, 23], since the spin 1/2 massless
field operator is exactly Cauchy-Fueter operator. The k-Cauchy-Fueter operator can be defined over
the quaternionic space H" and a function annihilated by it is called k-regular. See also [4, 6, 8, 9]
and references therein for Cauchy-Fueter operator of several quaternionic variables. By using
twistor method, all k-regular polynomials are found in [15]. But formulae of these polynomials are
complicated. Let us remark that Theorem 3 below gives us general form of all k-regular polynomials

on H.

4. HIGHEST WEIGHT VECTORS

In this section, we find explicit formulae of highest weight vectors for homogeneous S¥!-valued
spherical harmonics. By (4), (5) and (12), the action of g = sl(2,C) X s[(2,C) on the polynomials
P(R*,S*1) is obviously given by

(17) X = Z()A/VIA/ + 50817 Y = ZlA/VOA/ + 8180, H = Z()A/VOA/ — ZlA/VlA/ + 8080 — 81817

(18) X' = 240 VA 500", Y = 240 VA +51,0%, H' = 249 VA" — 241 VA +500% — 51,0 .
Of course, the module P(R*,S¥!) has a decomposition

—+oo
PR, SH) = @ r¥H,, @ S*

m,j=0

Because M,,(S*) € H,, @ S we are interested in the G-module H,, ® S¥!, which has an
irreducible decomposition:

Hpn@SH 2 (m+km+)em+k-—2m+)a&...0(m—Ek,m+1)

em+km+l-2)d(m+k—2m+1-2)d...&(m—kl,m+1-2)
(19)

e(m+k,m—-I)dm+k—-2,/m—1I))®...& (m—k|,|m—1).

Here we write its label instead of an irreducible G-module. Denote
D = det [ 200 50 , D' = det | 00" 50 ,
zZ100 81 201 Sv/

!
D := 258 SBSB’ = 200’5181/ + 211/S0S0r — 201/ 5150’ — 210/ S0S1’-

and
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Proposition 1. The highest weight vector of (m+k—2j,m+1—2i) for j > i in the decomposition
(19) can be written as

min{i,m—j}
2 o= S gDt
a=0
for some positive constants C, > 0. The case j < i is similar by interchanging primed and
unprimed indices.

Proof. First let us remark that, by (iii) of Theorem 1, H,, ® S*¥! is spanned by polynomials of the
form

(21) Z(AlA'lezAlg . ""ZAmAin)SBl ""'SBkSB{ SBl'
Note that ¢ < min{m, [}, j < min{m, k}, and

"2 :Z(OO’ teee 2000 zAnL7j+10’ U ZANL—'LO/ZA'ryL—i+1A;n7i+1 e ZAmA'Im,)
(22) o i J i
k—j 1—i Bi—j it Am—_jte Bl AL,
SO H SBk7j+t50’ H SBl/,i+t . H € J m—j H € ittt m—itt
t=1 t=1 t=1 t=1
is an element of H,,, ®S™!, since it is a linear combination of terms in (21) with A; = -+ = A,,_; =
0, A =---= Al _, = 0. By raising indices and then taking symmetrization, we see that it can
be written as
J i

_ (1 _Br_j1l' . Br_il' Br_.1B]_, ByB]) k=i 1—i

(23) ¢ =z R A z z —it1 | 2PRE g0 SBi_ ;150 SBl .-
t=1 t=1

up to a constant (—1)*7.
Denote By = By_¢yq fort =1,...,7,and By =1 fort =j+1,...,m. Then ¢ can be written as
(24)

J i
_(BEwnl  _E;1  _E;11' _E;B]_, EyB)) k—j l—i
p=zm z 7 Tl 2T TV, SE, Sy SBy_,.,
t=1 t=1

i

1 ’ ’ 7 7 .

— Eo(myl oy Boi! ey Bo@Bioina E,1)B 1—i H

_m! Z z SEo'(m) z SEU(J‘) z SEo(i) L2 3E0(1)80’ SBI/’%H,
TESm, t=1

since
m

J
k—j _
S0 SE, = SEUM.
t=1 t=1

For a fixed o € S,,, if we denote by a the number of ¢ € {1,...,i} such that o(t) > j, then there
are exactly a indices in Ey(;,. .., Es(1) fixed to be 1, a =0, ... ,min{¢, m — j}. So there remains
m — j — a indices in Ey(y), ..., Ey41) fixed to be 1. If E, ) for t € {1,...,i} is fixed to be 1, i.e.
o(t) € {m,...,i+ 1}, then
1B;_,

’
2o Bitiigp, =z
l—t+1

+1sp =D,

l—t+1
by D' = 2'B's5 = 20051 — 201/ Sor, whose number is a. If Eqq for t € {1,...,i} is not fixed to
be 1, then

EotyBl_i141 —
z SEU(t)SBl/,—t+1 - D’

whose number is i — a.
If E,4) for t € {m,...,i+ 1} is not fixed to be 1, i.e. o(t) € {1,...,}, then

Eqyl’ —
277 sg,,, =D,
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by D = 2BV sp = 200/81 — 210/ S0, whose number is m — i — (m—j—a)=j—i+a If Esqy for

te{m,...,i+1} is fixed to be 1, then zF-®1" = 21 whose number is m — j — a. So the term
for fixed o in the summation (24) is the product
(25) Zon I (DNapITitepiTag I gl

Thus ¢ can be written in the form (20) with C, to be the number of this term (25) appearing in
the sum (24) divided by m/!.

To check that the vector ¢ in (20) is a highest weight vector of a correct weight, note that the
weight of zpo is (1,1), the weight of z1¢/ is (—1, 1), the weight of zp1+ is (1, —1), the weight of 211/ is
(=1, —1), the weight of s is (1,0), the weight of s; is (—1,0) the weight of s¢/ is (0, 1), the weight
of s1+ is (0, —1), the weight of D is (0,1), the weight of D’ is (1,0) and the weight of D is (0,0). It
shows that the weight of the vector (25) is indeed (m + k — 25, m + 1 — 24).

It is immediately visible that zoor, D, D', DD, s¢, s(, are killed both by X and X’ given in (17) and
(18), hence it is true also for any product of such factors. So is for ¢ and the result follows. O

5. HOMOGENEOUS SOLUTIONS

Now we are ready to prove the main result of the paper.

Theorem 2. Let M., (S*!) denote the space of polynomials F € P,,(R*,S¥!) satisfying (GCR), see
(16). Then M., (S*Y) forms an irreducible SL(2,C) x SL(2, C)-module with the label (m+k,m+1),

Proof. The tensor product of the space H,, of harmonic polynomials of order m and the space
Sk decomposes into irreducible components as described in (19). We are going to prove that
the highest weight vector of any component in the decomposition is killed by all three operators
DT, D~F, D™~ if and only if it is the Cartan component (m + k,m +1).

We want to show that if either ¢ or j is positive, then the highest weight vector of the summand
(m + k — 2§, m + 1 — 2i) is not in M,,(S¥!). In the following, we suppose that j > i . The case
j < i follows simply by interchanging primed and unprimed indices.

Tt follows from the expression (24) that ¢, the highest weight vector of the summand (m + k —
2j,m + 1 — 2i), is homogeneous of degree k in variables sg, s1, and homogeneous of degree [ in
variables sqg/, s1/.

Case i: Let min{i,m — j} > 1. Recall that
! !
D' =28 sp = 20810 — 201807, D =28V sp = 20051 — 210/ %0.

Now consider terms containing the factor sksi, of ¢ in (20) of Proposition 20. Such a term must
come from products of —zg1/s¢p: in D', —z1¢:89 in D and z11-895¢- in D, while a term containing
the factor slgséflsy in (20) must come from such a product with only one —zp1-5¢- in D’ replaced
by zggrs17, or z11-S0Sor in D replaced by —z1¢:S¢s1/. So we have

min{i,m—j}

_ m—j—a a j—i4a i—a k
Y= Z Cazgo ? ™" (—2017)* (—210)" " T 211 80500
a=0
min{i,m—j}
m—j—a+1 a—1 j—ita  i—a
+ Y. Cazg a(—z017)"" (=210 )" 217,
a=0
min{i—1,m—j}
m—j—a a j—ita+1(; i—a—1 k l—1
+ Z CaZgy (—z017)*(—2100)’ (i —a)ziy stsh sy 4
a=0
where - - - is the summation of terms involving

(26) sitsPsSsh (A+B=k,C+D=1) with A<k or D>2 if A=k,
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and the term involving (z11/)*~2 does not appear if i = 1. By mod zgl,, it can be simplified to be
o ={Co(200)™ 7 (—2100)’ " (211/)" + C1(200)™ 7~ (=201 ) (=210 )’ (210/)" "'} G5y

+{(C1 +1iCo)(200)" 7 (=210 )~ (211) 7!

+[202 + (Z — 1)01](Zoo/)m_j_l(—201/)(—210/) +2(Z 1/ l 2} SOSO’ 181/ + -y mod Zgl"
It is obvious that slg 30, ~1 does not appear after the action of
(27) —DH =5V 4 5, VIV — 5oV — 5 VI Y
on terms in (26). Moreover, only the derivative —5oVO'VY in Dt acting on the sksh, term of ¢
produces a st !si7! term, and only the derivative sV% V1" in D~ acting on the sfsl sy term
produces a sk'Hsé/ ! term. So we get
~DT " = [IC1+(C1+iCo) (m—3)] (200 )™ 7 =210/ )7~ (2100) " Hsf T sl M- £ 0, mod  zor

Thus (m + k — 2§, m + 1 — 2i) N M,,(S®!) = {0} in this case.
Case tiy: Let m — j = 0 and m — ¢ > 0. In this case we must have j7 # 0 and k£ > m. Then
0= Dm—iDislg—msél z, and
¢ =(=210)"""(211/) 5550
+ [(m — i)Zoo/(7210/)m7i71(211/)i + i(*Zlo/)mii(leol)(ZH/) 1] IS 15156/ + ey
where - - - is the summation of terms as in (26) with C' <l or B > 2 if C' =1I. Then apply
(28) —D = 5oV 4 51, VOO — 5 V1090 — 5, V1 HO.
to ¢ to get _
—D o = (k+1)(m —i)(=z10)" " (z) Tlsg T sgH 4o £ 0.
Thus (m + k — 24, m + 1 — 2i) N M,,(S¥!) = {0} in this case.

Case iip: Let m—j = 0 and m—i = 0. In this case we must have k,l > m. Then ¢ = Dmslo’“, msé m

and

o =(z11)" 5650 + m(—z10) (2110)™ st s+ m(—zo1 ) (z11) ™ sh T sy
+ mZOOI(ZH/) 18’5 15156/_181/ + e,

where - - - is the summation of terms involving s{'sPs§sh) (A+ B =k,C+ D =1) with A <k —2
or C' <1 — 2. Then apply
(29) D = VOO/alall _ VOl/alaol _ VlO/aOal/ 4 Vll’aOaO/
to ¢ to get
D p=[kl+k+1+1Um(zi)" tsg st + - #0.
Thus (m + k — 2j,m + 1 — 2i) N M,,,(S*) = {0} in this case.
Case iii: Let m — j = i = 0. In this case, the module is (kK — m,m + [) with the highest weight
vector ¢ = D™sg™sh,, and
© :(—zlof)mslgsé, + mzoo (—z10/)™~ 13’5 13136, 4.
where --- is the summation of terms involving s{'sPsl, (A + B = k) with A < k — 2. Then we
have
D tp =m(k+1)(—z10)" sg sgl 4 £ 0.

Thus (m + k — 2§, m + 1 — 2i) N M,,(S¥!) = {0} in this case.

(m + k,m + [) has the highest weight vector z(’{é/s’gsfy, which is obviously killed by all three
operators DT, D~ D~ in (27)-(29). Theorem is proved. O
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Now we give explicit bases for homogeneous solutions of general massless field equations.

Theorem 3. (i) The irreducible G-module M,,,(S*') has a basis consisting of the polynomials
7,8 _ 1 T \s Z(%’ Slg 86’
Bt (z) = SV () (mm I

wherer =0,....,m+k,s=0,....,m+1landY = 214/ VA +50° Y = 241 VAY +51,0% are the
lowering operators given in (17) and (18).

(i) Moreover, we have

min(r,k) min(s,l) k— 1—
FT ,S Z Z fr u,5— v ) S0 ¢ ﬁ Sor ! Slll)’
(k—u)lu! (I—ov)! !

Here f1:% are the harmonic polynomzals given in Theorem 1.

Proof. (i) This is obvious. In particular,

20, s sb
m! k! !

is the highest weight vector of M,,(S¥!).

(ii) Denote ¥ = 2,4 V%4 and Y’ = 241, VA%, Recall that Y and Y’ are the lowering operators
from the harmonic case given in (4) and (5). Obviously, we have that

1 ro__ - 1 T —U 0 - f/r—u S% 0\u

d = ul(r — u)! = (r= w)! !
l ns _ - (Y/)s_v 517 (90"
s!(Y) _;(s—v)! v!(a )

Applying these expressions, we get easily

min(r,k) min(s,l) — s—v m —u w v v
FT s Z Z Y (Y/) 2007 Sg 871 86/ S/ .
(r—u)! (s—o)! \m! ) (k—u)u! (I—0v)! v

To complete the proof we use (1) of Theorem 1. O
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