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Abstract

In this paper, an avian influenza model with saturation and psychological effect on heterogeneous
complex networks is proposed. Firstly, the basic reproduction number %, is given through mathe-
matical analysis, which is a threshold to determine whether or not the disease spreads. Secondly,
the locally and globally asymptotical stability of the disease-free equilibrium point and the endemic
equilibrium point are investigated by using Lyapunov functions and Kirchhoff’s matrix tree theo-
rem. If Zy < 1, the disease-free equilibrium is globally asymptotically stable and the disease will
die out. If Zy > 1, the endemic equilibrium is globally asymptotically stable. Thirdly, an optimal
control problem is established by taking slaughter rate and cure rate as control variables. Finally,

numerical simulations are given to demonstrate the main results.
Keywords: Complex networks; Avian influenza model; Lyapunov functions; Asymptotical

stability; Optimal control; Basic reproduction number

1. Introduction

In recent decades, avian influenza viruses have become widespread all over the world, threaten-
ing public safety and causing huge enormous economic losses. For example, since the first outbreak
of avian influenza H5N1 in Hong Kong in 1997, the virus has infected more than 400 people world-
wide, with a mortality rate close to 60% [1]. In 2013, the avian influenza H7N9 crossed the species
barrier for the first outbreak in mainland China. More than 400 people have been infected, and the
mortality rate is close to 40% [1]. To provide effective control and prevention strategies, mathe-
matical models and methods have been widely adopted to study the epidemiological characteristics
of infectious diseases.

Among these important mathematical models, the most famous one is the compartmental model

proposed by Kermack and Mckendrick [2-4] in 1927. Since then, there are a large number of different

Email addresses: keguoren214@sina.com (Keguo Ren®), zhangqimin64@sina.com (Qimin Zhang”'* ),
nxukangting@163. com (Ting Kang®)
* Author to whom any correspondence should be addressed.

Preprint submitted to Networks September 21, 2020



mathematical models have been developed and used to analyze the spread mechanism of diseases
[5, 6]. In 2007, Iwami et al. [7] proposed an ordinary differential equation model to characterize the
dynamical behavior of avian influenza between human and avian populations. Hu [8] constructed
an avian influenza model with nonlinear incidence and analyzed the stability of the model. Ma and
Wang [9] established a discrete-time model to evaluate the impact of avian influenza transmission in
poultry population. Bourouiba et al. [10] established a delayed avian influenza model to investigate
the role of migrating birds in the spread of avian influenza. In 2014, Chong et al. [11] proposed a
bird-human coupling dynamic model with half-saturated incidence and mutation of virus strains.

However, all the above models are obtained under the assumption that all individuals are
uniformly mixed, which means they have the same contact rate with other individuals in the
region. That is, the mixture between individuals is homogeneous, but, the contact between poultry-
to-poultry, and poultry-to-human are obviously heterogeneous [12] in reality. In order to reflect
the heterogeneity of contacting between individuals, some scholars have used complex networks
to analyze the epidemic model. For example, Liu et al. [13] considered the spread of epidemic
diseases with birth and death on networks, and obtained the epidemic threshold. Fu et al. [14]
proposed a network model for differential infectivity and calculated the basic reproduction number.
However, these two papers only studied single population. Unfortunately, there are little literatures
about avian influenza model on complex networks because of the spread of avian influenza involves
two populations, and individual infection rates and contact patterns may be different in different
populations. So, it is of great significance to explore the spread of avian influenza on coupled
networks.

As we all known, avian influenza viruses that infect usually only birds, sometimes infects humans
[15]. The spread of avian influenza in the population seriously threatens the safety of human life.
How to formulate optimal control problems to study optimal control strategies is an important
issue. Therefore, we introduce the slaughtering for poultry and treatment for humans as control
variables, and establish an optimal control problem to decrease the number infected poultry and
humans. Inspired by references [8] and [16—18], we propose the avian influenza model on one-way-
coupled networks with two subnetworks and prove the locally and globally asymptotical stability of
equilibrium points, further prove the uniqueness and existence of optimal control pairs. The main

contributions of this paper are as follows:

e One-way-coupled network is applied to the avian influenza model.

e The asymptotically stability of the disease-free and endemic equilibrium points are proved

for this model.

e We establish an optimal control problem by introducing slaughtering for poultry and treat-

ment for humans.



The rest of this paper is organized as follows. In section 2, an avian influenza model is con-
structed, and the positivity and boundedness of its solution is discussed. In section 3, the locally
and globally asymptotical stability of the equilibrium points are proved for the avian-only subsys-
tem. The locally and globally asymptotical stability of the equilibrium points are presented for the
avian influenza model in section 4. In section 5, the optimal control problem is proposed, and the
existence and uniqueness of optimal control is proven. In section 6, several numerical simulations
are given to demonstrate the theory results. Finally, we give a brief conclusion and future work in

section 7.

2. Model Formulation and the Positivity of Solution

In this section, we formulate an avian influenza model on one-way-coupled network and discuss
some simple properties of solution. In [8], the authors proposed the following avian influenza model
with nonlinear incidence rate
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the psychological effects in the human population. All parameters are assumed non-negative and

denotes the saturation effect in the poultry population and describes
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their meanings are described as follows: A, and Aj denotes the recruitment rate of poultry and
human population, respectively; A, and \j, represents the infected rate of poultry and human
populations, respectively; p, and py represents the natural mortality rate of poultry and human
populations, respectively; d, and dp represents the mortality due to disease in poultry and human
populations, respectively; ~; denotes recovery rate.

Considering the heterogeneity of the contact between poultry-to-poultry and poultry-to-human,
we introduce one-way-coupled networks into avian influenza model. There are two separate net-
works, &/ and 7. Network 7 consists of humanity, where each node represents an individual,
and each connection between two individuals represents direct contact between them. Network
&7 is composed of avian. And there is a connection from subnetwork &7 to subnetwork 2. We
express in degrees (i,7) that there are i edges connected to subnetwork 27 and j edges connected
to subnetwork . And it is expressed in degrees (4,-) that ¢ edges are connected to subnetwork

</, and any edges are connected to subnetwork . The same degree (-, 7) indicates that any edge



is connected to the subnetwork .« and j edges are connected to the sub-network 7.

Then, model (1) can be written as
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The parameters of the coupling network are described in Tab. 1.

Table 1: The parameters of the coupling network are described in model (2)
Parameter (X =dorH)
NZ{? The number of nodes with degree (4, 7) on subnet X
Si),(j The number of susceptible nodes with degree (i, j) on subnet X
Ifg The number of infected nodes nodes with degree (7, j) on subnet X
Rf’j The number of recovered nodes nodes with degree (,7) on subnet X

pa(ia ) = Z?:lpa(iaj)
7.7) = Z?:lpa(ihj)
a = Z?:l iPa(i,)

Probability of any node degree (i, ) on subnet X
The boundary degree distribution of subnet &
The boundary degree distribution of subnet 7

The average of nodes in subject &/ connected to subnet &7

(kYan = Z?Zl Jpa(+,j)  The average of nodes in subject &7 connected to subnet .77
Aa(1) = Ayt Poultry to poultry transmission rate of degree i
Aan(3) = Aanj Poultry to human transmission rate of degree j

©, denotes the infection probability of susceptible poultry nodes with the degree ¢ in contact

with the infected poultry nodes. ©4 denotes the infection probability of susceptible human nodes
with the degree j in contact with the infected poultry nodes. In the uncorrelated networks, O,
O can be written as

n

= <k1> Z Z‘pa(ia ')IZ{lyj(t)’
—



Oan ija s DI (

Because the 5th equation does not affect the dynamlc behavior of the other four equations in model

(2) , thus model (2) can be decoupled to the following equations
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The initial conditions of model (3) are given as follows

a a h h
S’iyj(O) >0, I”(O) >0, Siyj(O) >0, I”(O) 0.

The stability of equilibrium points is often governed by a threshold called the basic reproduction
number %j. The basic reproduction number %, of model (3) is obtained by using the method in
the reference [19].
A, 1<
4 Aa(2)i
0= (5 + lj,a <k o o a pa
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Meanwhile, we can define the epidemic transmission threshold as follows

ta(0a + a) (i)
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Ae =

where (%) = Y7 i%p,(4,-). Model (3) has two equilibrium points, which are the disease-free

equilibrium point E° and the endemic equilibrium point E*,
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Obviously, the disease-free equilibrium point E° of model (3) always exists. It is easy to know that



the endemic equilibrium point E* of model (3) satisfies
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Substitute the second equation of (4) into ©,, we obtain
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In order to prove the existence and uniqueness of the endemic equilibrium point E*, we define a

=1

function
N Aa(i)Aq
F(O,):=1—- 1pa (1, - - .
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Obviously, F(©,) has a unique positive solution when %, > 1, and consequently model (3) has a

unique endemic equilibrium point E*.
Based on model (3), we get

dNia (t)
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772 =Aj — “hNi]?j(t) - 5hl£j(t) < Ap NhNif,Lj (t)’

furthermore, we get
A
0 < Ni(t) < =2t — oo,
Ha
Ay,

0< N < =2t — o0.
5 (1) o

Thus, the closed set Q = {(S&,I&,S&,I&) € Ri" 10 <N < 2—2,0 < Ni’fj < 2—2} is a bounded

and positively invariant.



3. Stability Analysis of Avian-only Subsystem

In this section, we will study the locally and globally asymptotical stability of equilibrium points

for the avian-only subsystem. The avian-only subsystem is
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Model (5) has two equilibrium points, one is the disease-free equilibrium point

Ay, A A
E?:(J7Ja"'77a70707"'70)7 (6)
Ha Ha Ha
which always exists. Another one is the endemic equilibrium point Ef, which satisfies
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3.1. Locally asymptotical stability of avian-only subsystem

Theorem 3.1. (i) If Zy < 1, then the discase-free equilibrium point EY of model (5) is locally
asymptotically stable; (ii) If Zo > 1, then the endemic equilibrium point ET of model (5) is locally
asymptotically stable.

In order to analyze locally asymptotical stability of the disease-free equilibrium point and the

endemic equilibrium point of model (5).

Proof. (i) The Jacobian matrix J(EY) of disease-free equilibrium point can be calculated as follows

pe 0 ~Aa(1)S5° £ (1) —Xa(1)S75f ()
S — 0 oo —pa ~Aa(n)S20,£(1) —Xa(n)Sp% f(n) |

0 0 —(Fatpa) + Aa(1)SEOF(L) Aa(1)ST5f (n)
00 Aa(n) S0, o = (00t pa) + Aa(n) S5 f(n) |

where f(i) = % The characteristic polynomial of linear model (5) is

(2 + o) | 2B~ F |= 0,



where
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where w, = — (g + 64)- It is easy to see that the Jacobian matrix J(EY) has n eigenvalues equal to

—Jiq, and the rest n eigenvalues of matrix J(EY) are the eigenvalues of matrix F. The characteristic

polynomial of matrix F' is given by
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By performing similar transformation to the n-dimensional matrix, the n — 1 eigenvalues equal to

we < 0, and the nth eigenvalue is

—wa—i—ZA Sao
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Ay 1 — e
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= _wa(%0 - 1) < 0.

Hence, the disease-free equilibrium point EY is locally asymptotically stable if %y < 1.

(ii) The Jacobian matrix J(E7) of endemic equilibrium point can be calculated as follows

[ 0 —mf() e —mif)
J(Ef) _ 0 T Ha — Pn _mnf(l) _mnf(n) :
e 0 wetmif(l) - muf(n)
I 0 Pn mnf(l) wa+mnf(n) |




ax

Oa(t) = Aa(z)m. Based on the principle of matrix similar trans-

where p; = Aa(i)m’ i

form, regard invertible matrix M, N as similarity transformation matrix. By using similarity
transformation to the matrix J(E7), we get MJ(ET)N = B, where F is a n-dimensional unit

normal matrix.

E E E —#atda
0 F 0 E
and
" 0 0 0
0 - —uy 0 0
B = s 5
oo 0 watbmaf(1) - Eeepy myf(n)
0 maf (1) et muf(1) = et |
The characteristic equation of Jacobian matrix J(E7) is
(5 + o) | 2B — H =0,
where ) )
wa — f1 +mf(1) m1 f(2) my f(n)
7o ma f(1) we — fa+ma2f(2) ... ma f(n)
mn f(1) mn f(2) o we — fa+mpf(n) i

fi = 5‘1:7&“@1% = ‘5‘1;““““ Aa ()7 +(2§g§ @ Clearly, matrix J(E7) has n negative eigenvalues. In the
following, we calculate the rest n eigenvalues of matrix J(E}). For | zE — H |= 0, we consider the
following two cases:

Case I: If z — wg + f; = 0, namely, z = w, — fi(i =1,2,...,n), then

—mif(1) —maf(2) -+ —mif(n)
p g | ) @)l |
—mnf(1) —mnf(2) - —mpf(n)
Therefore, we obtain n eigenvalues z; = w, — f; <0 (1 =1,2,...,n).



Case II: If z — wy + f; # 0, then
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Since ¢(z) is continuous, fi is increasing and note that

Pl—(—wa + fo)l[—(—wa + fo11)] <0, =1,2,...,m.

Thus, there exists at least one root in [—(—wq + fi), —(—weq + fit1)]- In other words, there are n—1

negative roots in [—(—wg + fn), —(—wq + f1)]- On the other hand, ¥[—(—wq + f1)] <0, and
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Hence, the matrix N has n negative roots in [—(—w, + fp),0]. It is proven that all the eigenvalues
of the Jacobian matrix J(E}) are negative. That is to say, the endemic equilibrium point E} is

locally asymptotically stable. O

3.2. Globally asymptotical stability of avian-only subsystem

The aim of this subsection is to investigate the globally asymptotical stability of avian-only

subsystem (5). We have the following results:

Theorem 3.2. (i) If %y < 1, the disease-free equilibrium point E? of model (5) is globally asymptot-
ically stable; (ii) If #o > 1, the endemic equilibrium point ET of model (5) is globally asymptotically
stable.

Proof. (i) In order to show the disease-free equilibrium point E? is globally asymptotically stable,

we first consider the following Lyapunov function

=3 (5 — St - 50 5t )4 s ®)
i—1 2,7 i—1
The derivative of V (t) is
SaO dsa
— Zf 5% Zf
Sao a @a(t) a
—Zf (A - Aa ()S,Jm 1aSi; ()
Ga(t) a a
+ Z UQICHUL e o Bl (1) = a8y (1)
S S¢; —S“O
:—MaZf Zf m
+Zf 7]1+a1@ Zf 5 +:ua ()
2, S: G)a(t) - a
e RO M CRWRLNE
<- MaZf ”Sa ) +Zf (1)8750a(t) = > _ F(i) (3 + p1a) I (1)
i—1
n SaO)
:_NaZf (5 +,ua)(%0_1)®a(t)7

thus, 220 < 0 when %, < 1, and d‘g—gt) = 0 if and only if I¢,(t) = 0. Moreover, limy_,o S¢;(t) = 1,

the largest invariant set of d‘;gt)

= 0 is a singleton EY. Hence the disease-free equilibrium point EY

is globally asymptotically stable when Z, < 1 by the LaSalle invariance principle.

11



(ii) In order to show the endemic equilibrium point £} is globally asymptotically stable, we

define the following Lyapunov function:

n a

I
V()= D el Sty = St - St in gt )Y a1 - i) (9)

=1 %] =1

dV () & 55,451 & L5 ali;(t)
—_— = (1l — =) —>—— (1 — 2y B2
@~ 2l s ) ar T T )y

- Sg O, (t
=3 el = g Aa Al o~ S 0]
=1 2,J
; 5 Ou(t)
+ ) (1= 22 [Aa(4)SE, - — 8oL (t) — pa Il (¢
Z_Zl 7/( IZG;])I: a( ) 7]1 +O[1®a(t) a .]( ) a 7.]( )]

n S0 e O \ , Oult
= el - f?)[Aa(Z)S?-Ofl() + a8 (1) — Aa(z)Sﬁmeg(t)

n e O, (t Cear Ou(t) Ty
Yl = DS o~ AT e ]
— i,

0 _ g Ser(t)  I9.(¢)
— Y [2¥] . -\ Qo a M, 2,5
= Ha ; C; ga -+ ; Cz)\a (Z)SZJ 11 011@* (2 Sla; (t Ilaj ('[;))

- :uaSa,J (t)]

) _
)

J
J

Ry Sex(t)  I°.(1)
5] Q* (Cy* [2¥ _ 1]
< — Uq Z cz 50 —I— Z cida(1) 5704 ( ng(t) 7o (1) )

(1) co. Csmm) I I8 SE ) 1) 180
+Z b S0 2P 2 = G 5 = o Ty s 10 120

Because the function g(x) = 1 —z +Inx < 0 when z > 0, and g(z) = 0 if and only if z = 1.

Utilizing the property of function g(x) yields

LS00 0 S0 50 1y
Sii(t) I‘L*() I7(t) 5“*(t) (@) 175 ()
B 5“*(75) Si(t) I (t) If(¢) _HI“*()Iz“j(t) It (8) L5 ()
=95 (t))+9( S55(0) 1.1 Ia*()) l 74 (0) ]lj(t)—l_la*(t) Ie,()

SO0 0 0

Iﬁj( ) 1 Iz'cfj(t) 1 L)
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Define a non-negative weight matrix M = (my;)pxn, where my = ?Zg? S (t)lp(l)[ﬁ}‘, we have

n_n 7o (¢ o) It 1o (¢
WO <33 ema 2 —m Bl - s B,
P 15 () I @) L5 I75(t)

where ¢; are constants (i = 1,2,--+ ,n). According to Kirchhoffs matrix tree theorem [20], choosing

¢i = ) _per, M(T) and using the tree cycle identity [21], we obtain the following identity

S5 g () 00 0

. .l J— J— = )

e B OB ORI S TO RO

which ensures that d‘g—gt) < 0 for all € Q, and the strict equality V'(¢) = 0 holds only SZJ- =
Siys Ity = I, the positive endemic equilibrium point EY is globally asymptotically stable on
Q. O

4. Stability analysis of the avian-human influenza model (3)

The aim of this section is to investigate the locally and globally asymptotical stability of equi-

librium points for model (3).

4.1. Locally asymptotical stability of model (3)

Theorem 4.1. (i) If %y < 1, then the discase-free equilibrium point E° of model (3) is locally
asymptotically stable; (ii) If Zo > 1, then the endemic equilibrium point E* of model (3) is locally
asymptotically stable.

Proof. (i) The Jacobian matrix J(E) of disease-free equilibrium point can be calculated as follows

JEY 0
J(EO): ( 1)
c® DO
where _ _
0 -+ 0 =ML)SPHR(A) - —A(1)SPR(n)
co_ |0 0 MmISER) e~ SEm)
0 --- 0 )\h(l)Sﬁ?h(l) )\h(l)Sﬁ?h(n)
0 --- 0 )\h(n)Sﬁgh(l) )\h(n)Sﬁgh(n)
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o_| 0 ~pn 0 0
0 0wy 0
0 0 0 wh

The characteristic equation of Jacobian matrix J(E°) is
(5 + )" (5 + )" (2 + )" | 2B — F | =0, (10)
obviously, the equation (10) has 3n negative roots, —pq, —pn, —wp, respectively. In addition,

| 2B — F |=(2 + 0a + p1a)" " (2 + 64 + pa — ZA (1)S29(4))
=1

=(2 + 8+ 11a)" [z — (60 + p1a)( <5+ua ZA )ipalis) = 1)]

=(z + 0o + Ma)n_l[z — (0 + pa) (%o — V)], = 1,2,- -+ ,m,
we can easily see that the disease-free equilibrium point £Y is locally asymptotically stable if Z; < 1.

(ii) The Jacobian matrix J(E*) of endemic equilibrium point can be calculated as follows

J(ET) 0
sy = | 10
C* D*
where _ -
0 -+ 0 —mSh(l) --- —m9h(n)
ot — 0 -+ 0 —mSh(l) --- —m2h(n)
0 - 0 meh(l) - —mlh(n) |
0 0 moh(l) —m?2h(n)
—pn — pg 0 0 0
e 0 e —pp—=p% 0 .- 0 |
% 0 wyp - 0
0 p% 0 Wh,
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N Ot . Shx . o
where p§ = M () trasblgy ™S = M) et @n = —(On + 0 + i), h(j) = 2L The

characteristic equation of Jacobian matrix J(E*) is

(2 + pa)"(z + wa)" | 2B — H [ T (2 + pn + pf) =0, (11)

we can easily get that all the eigenvalues of equation (11) are negative according to Theorem 3.1.

Therefore, the endemic equilibrium point E* is locally asymptotically stable. O

4.2. Globally asymptotical stability of model (3)

Theorem 4.2. (i) If %y < 1, then the disease-free equilibrium point E° of model (3) is globally
asymptotically stable; (ii) If Xy > 1, then the endemic equilibrium point E* of model (3) is globally
asymptotically stable.

Proof. (i) To prove the globally asymptotically stability of the disease-free equilibrium point E°,

we only need to discuss the following system

ds; (t)
T]t = Ay — uthfj(t%
h (12)
dIi,j(t) h h. - h
e = di;(t) — 0pd", 5 (t) — pndi;(2)-
Consider the following Lyapunov function
n
= h(5) (St — 8P - (13)
j=1

The derivative of V(t) can be witten as

ShO ds h
Zh’ Sh dt Zh’
hO n
= Zh DY (An — pnSP(8)) = Y h(G) (v + 0n + ) I (t)
S =1
(Sh _ ShO
= —po—gp Zh (Y + 0n + pn) I (2) < 0,

7]
we have Sffj( ) — Sho( t), Z]( )—=0(t— oo). So, model (3) is globally asymptotically stable when
Py < 1.
(ii) To prove the globally asymptotically stability of the endemic equilibrium point E*, we only

need to discuss the following system.

ds?h(t) * (1)
—B L — Ay — ho_ “ah\") h

dt h Ah( )S,]1+a2® ( ) /’[’hSZ,J(t)ﬂ (14)
% = () h.% — I (8) = B, I (1) — pp IR (2).

dt 2, 1 + aQ@Zh(t) 2, a<q,j 2,7
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Consider the following Lyapunov function

& St St & I 1l
V() =D oS (o — ) + ) el ,;i—l h*>- (15)
j=1 SJ Si,j j=1 I I

The derivative of V() is as follows

_ZCJ h: AR = An(y )SJHG()JZ(?() 1 SP; ()]
- o) T 0 00— a0
_2";@ 1- %) NS ey S0~ MOS0
+ch - M) }leihé*)()”h() }?Hiih(;)()ﬁi]
—Zc] SIS T 15 0) = M) Sl — sl 1)
+Zq ML e = M) ’f;‘lﬂf;hg)()ﬁﬁ
- ch f MG)SI5 T b 15 0) = M) o — Sl o)
- jil@ ZJ )8l agtiysty ) ﬂ‘jg) a ij]
because 3 — % — % — ?ZZ;ZE <0, 2—- iz — ?f;j < 0. we have dv(t) <0 if Zy > 1, then model
(3) is globally asymptotically stable. O

5. Optimal Control Strategies

In this section, we will establish an optimal control problem of system (3) and get an optimal con-
trol strategy in theory. We introduce control variables (u;(t),v;(t)) € % = {ui(t),v;(t)measurable :
0 <wu;(t) <1,0 <wj(t) <1,4,j =1,2,--- ,n}. u;(t) denotes the proportion of slaughtered suscep-

tible poultry and infected poultry, v;(t) denotes the proportion of treatment for infected humans.
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Now, we obtain an optimal control system as follows

) 5 0 2 st )~ w0,
T 88 0 2l 0 = ) — w0 .
ngi(t) = An — Aan(5)575(t )l—i—eozagléi() pn St (L),
\ﬂgﬂzamwwaigiU )= Sty ) )~ £

Here, we take saturated treatment rate % (a3 denotes saturation constant) because of

the medical resources are limited. We intend to get an optimal pair of slaughter and treatment,
which seeks to minimize the number of infected poultry, the number of infected humans, and the
cost during the implementing these two control strategies. Therefore, we establish the following

objective function

(s / A SE5(1) + BTt (1) + Cous(t)(SE, (1) + (1)) + 3 Dy (1))
t/ @% +K%Uﬂ<Hé%ﬁwW,

where A4;, B;, G;, C;, Kj, D;, L; are regarded as positive weight constants to make the terms of

integrand keep balance in objective functional J.

Theorem 5.1. There exists an optimal control pair (uj(t),v}(t)) € % such that

J(ugi (t),v;(t)) = min{ J(ui(t),v;(t))|wi(t),v;(t) € %,i,5 =1,--+ ,n}.

Proof. Because the control variables u;(t), v;(?) and the state variables Sf (t),]gfj(t),SZj(t),I;fj(t)
are both non-negative, the objective function satisfy the convex condition with respect to the control
variables, so the allowable control set % is a closed convex set. We get the existence of optimal
control. In addition, the integrand function » i, [A;SF,(t) + Bilf;(t) + Ciui(t) (S5, (t) + 1f(t)) +
TDul(t)] + Py 1[G‘,Ilh]( )+ Kjv;(t )Ih (1) + %Ljv]?-(t)] is convex on the control set, there exists a

constant x and positive numbers wj, wsy such that

T (uit), v5(t) > w2 + @i (Jus(D)] + |v; (1)[*)2

Next, we characterize this optimal control by definitioning a Hamiltonian function.
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Theorem 5.2. Let u;(t) and v;(t) be optimal control variables, Si (t),17:(t), S’h (1), ZJ( ) be cor-
responding optimal state variables of the control model . Then there exists adjoint variable £(t) =

(&1i(1), E2i(t), &1(t), &2 (1)) € R that satisfies the following adjoint equations:

OuTE (0, 550). -+ 25 (1) *
TR GHON ORI A I

’Tn,g
OuIE 0. 5(0). -+ 125 (1)
OO S I 0, T

Bl _ A~ G (1) - u-Mali)

> im,j
deai(t) o s | N i S ()
G = B G0~ MO O T T @
— ) 1) e 103 Nt
1+ 01O (55 (0), 1575 1), -, 187 (1) 2
dév (1) @I ), I (1), I (1)
& = SO e fffé( D 1) M
Oun (I8, TE5 (1), -+ , T8 (1))
iy o T ). 1350, 1o (1)
dgi;t(t) =—Gj — Kjvj(t) + &2 () [pn + 0 +yn + (:[ii?%jp )

with transversality conditions

§1i(T) = &oi(T) = &15(T) = &24(T) = 0,4, = 1,2,-++ ,n

Furthermore, the corresponding optimal controls are give as follows

(£2i(2) — Ci)ST5 (1) + (£2i(F) — C) 5 (F)
D;

i cbaj () 115 () — K115 () (1 + asI}5 (1)

v} (t) = min{max{ T aslzé o J

U:(t) :min{max{ 70}71}77:: 1,2,---,n,
(18)

70}71}7j:1727"' 5 1.

J

Proof. Define the Hamiltonian function of the control system as follows

H= Z [A;S7;(t) + Bil;(t) + Ciui(t)(Sg; (1) + If(t)) + %Diuz?(t)]

Z G111 (1) + K jus(O)IL5(8) + 3 L (1)

+25M DS 0) oy — HaSEs(0) = (1S (1)

+z§m W ()H(Z“lg()—aazxj<t>—uazzj<t> w0140

18



Gah (t)

+ qu VAR — Aan () SP (¢ )m St (1)
Oun(t) cvj (H)1}(t)
+ Z £2;(t) (ﬂm W’hfiifj (t) — 5hfiifj(t) - ,Uhfffj (t) — 1—|j—0431'£fjj(t)]'

By the Pontryagin’s maximum principle, there exists £(t) = (&1:(t), &2i(2), €15(2), &2(t)) € RI™
such that the first order necessary conditions for the existence of optimal control are given by the

following four equations,

dgi;;(t) = a;af(t) |52 (D=8 (0).02, (=123 (0,5 (D=5D3 (0,1, (=113 (1) us () =u; (10} (D=0 (1)
dgf;t(t) =3 ;it) |5 (0= (0).02, (0)=107 (1), 81 (=8P (1), 11 (=17 (1) s ()= (1) 03 (=0 (1)
dfizji(t) - aﬁhﬂ() |52 (0)=50: (0),12 (0)=123 (8), 51 (=P (1), 11 (=P (us () =u; (£),0; ()= (&)
déizji(t) - 825(1&) |52 (=525 (8).12, (=125 (1),51, (=513 (0,1 (=11 (1),us (=05 (50 (=03 (&)

By the optimal conditions, we have

oI
EO) 52,0185 (80,12, (O)=T83 (8), 81 (=1 (00,1 (8= (8) 5 () = ()05 () =07 (1)

oH
3u,(0) |5 (0)=80 (0.0 (=123 (1), 81, (1)=SP (), 11, (=17 (803 ()= (8) vy () =0 (1)

0,

0.

Thus, we have

0, ®; <0, 0, T <0,
uj(t) =49, 09, <1, v (t) = \Ijj7 0< \Ilj <1,
1, D, > 1, 1, ;> 1,

(€13 ()= Ci) SE(0)+(£2: (1) —Ci) I (1)
D;

cboj ()I]5 (1) —FG I (8)(1+asl]; (1))
(I+azI!s (1)L,

obtain equation (18). Hence, we can acquire an optimal control system. Analysis shows that

. Furthermore, we

where ¢; = , ¥y =

slaughtering poultry and treatment for humans are useful measures to control the spread of avian

influenza. O

6. Numerical Simulation of the Stability of Equilibrium Points

In this section, we want to verify our theoretical results through numerical simulations. Sim-
ulations are based on a scale-free network with p(k) = (r — 1)m(" Dk, where m represents the

smallest degree on a scale-free network nodes, r is power exponent. Let m = 1, = 3, the number
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of nodes on a scale-free network is N = 100, and we add each new node with 3 new edges. We
choose degree k as k1 = 1, ko =2, ks =3, kg = 4,ks =5,k =6,ky =7, kg = 8, kg = 9. We get the

average degree of complex network structure (k),((k?),) = 3.27(9.04) through simple calculation.

Example 6.1. For model (3), all parameters take the following values: A, = 350 per day, A\, =
3 x 1077 per day, pq = 0.01 per day, 6, = 0.05 per day, @; = 0.001 per day, A, = 100 per day,
Aan = 6.201 x 1077 per day, pp = 3.91 x 1072 per day, 6, = 0.3 per day, ay = 0.001 per day,
~vp, = 0.01 per day, we can get %y = 0.4838 < 1, which satisfy condition of Theorem 4.1. Fig. 1
shows the unique disease-free equilibrium point E° is globally asymptotically stable, and the virus

will die out in the long run.

Example 6.2. For model (3), all parameters take the following values: A, = 350 per day, A\, =
9 x 1077 per day, pa = 0.01 per day, §, = 0.05 per day, @; = 0.001 per day, A, = 100 per day,
Aah = 6.201 x 1077 per day, pup = 3.91 x 1072 per day, 6, = 0.3 per day, as = 0.001 per day,
vy, = 0.01 per day, we can get %y = 1.4514 > 1, which satisfy condition of Theorem 4.2. Fig. 2
shows the unique endemic equilibrium point E* is globally asymptotically stable, and the virus will

persist.
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Figure 1: The density of infected nodes with different degree k =1,2,3,4,5,6,7,8,9 when %, < 1
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Figure 2: The density of infected nodes with different degree k =1,2,3,4,5,6,7,8,9 when %, > 1

Furthmore, we can obtain that the density of infected nodes increase with the degree k increase.
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In other words, the lager the degree k is, the higher the density of infected nodes is, which indi-
cates that the nodes having lots of relative neighbors are more likely to be infected by contacting

frequently.

7. Conclusions and Future Works

In this paper, we have investigated the epidemic dynamics of an avian influenza model in com-
plex heterogeneous networks. The model has two equilibrium points: the disease-free equilibrium
point E° and the endemic equilibrium point E*. We have obtained the basic reproduction number
Ry according to the method discussed in [19]. In the following, we have proven that the disease-free
equilibrium point E is globally asymptotically stable if Zy < 1, and the endemic equilibrium E*
is globally asymptotically stable if %y > 1. Furthermore, an optimal control problem is established
by taking slaughter rate and treatment for humans. We have also performed a series of numerical
experiments to confirm the correctness of the theoretical analysis. Our future work is to propose

the stochastic avian influenza models with spatial diffusion on complex networks.
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