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Abstract

This work is devoted to the study of existence of positive solutions and hydrodynamic
limit of the steady Boltzmann equation with in-flow boundary condition. The proof is
based on a L® — L® framework developed by [10] and a refined positivity-preserving
scheme in deriving positivity of solutions with in-flow boundary condition and external
force. The incompressible Navier—Stokes—Fourier limit with Dirichlet boundary condition
is justified for in-flow boundary data as small perturbation of a global Maxwellian.

1 Introduction

In this paper we consider existence of positive solutions and hydrodynamic limit of the fol-
lowing steady Boltzmann equation with in-flow boundary condition

1
v ViF. +2® -V, F. = gQ(FE,Fa) in QxR (1.1)
FE == Hg on vy—, (12)

which models the motion of a rarefied gas, subjecting to the action of an external field
® = ®(x). Here F.(x,v) > 0 represents the distribution density of the gas molecules with
position z € Q and velocity v € R?, and Q C R? is a C® bounded domain. The collision
operator takes the form

Q(F /IR3 /82 — 0, W) [F (V)G (v},) — F(v)G(vi)]dwdo,
1= Q4 (F,G)(v) — Q-(F,G)(v),

where v = v — [(v — vy) - w]w, v, = vs + [(v — v4) - w|w, and B stands for the hard spheres
cross section with Grad’s angular cutoff B(v — v,,w) = |(v — vy) - w|. The positive parameter
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g > 0 represents the Knudsen number, proportional to the mean free time and is very small.
Let

o —u|?

Myt = p(ZWT)_%e_ 2T

stand for a local Maxwellian with density p, bulk velocity v and temperature T, and
'u\2
n= Ml,O,l = (QW)_%Q_T
be a global Maxwellian.

The boundary condition (1.2), which is called the in-flow boundary condition, represents
that the number density on the incoming set is prescribed [24]. More precisely, we denote the
phase boundary in the space Q x R? by v = 9Q x R3, and define the outgoing set -, the
incoming set v_ and the singular set vy as

v+ = {(z,v) € 00 x R3 : n(z)-v 2 0},
Yo = {(z,v) € 9Q x R : n(z) - v = 0}.
Then the in-flow function H. in (1.2) is given by a local Maxwellian

H.=M

1+€25,624,1420° (13)

with prescribed functions p, @ and 6 independence of €. Here, for simplicity, the in-flow data
is taken as small perturbation of the global Maxwellian M o1 with amplitude of order O(g?),
which will lead to homogeneous Dirichlet boundary condition for hydrodynamic equations. In
fact, the in-flow data on density and temperature can also be taken as small perturbation with
amplitude of order O(e), which will eventually export non-homogeneous Dirichlet boundary
condition for hydrodynamic equations, cf. Remark 1.2.

The Boltzmann equation is the cornerstone of kinetic theory connecting the microscop-
ic and macroscopic theory of gases and fluids. Therefore, the hydrodynamic limit of the
Boltzmann equation has been drawn a lot of attention. Justifying these limiting processes
rigorously has been an active research field in the past several decades, and a lot of progress
has been made, cf. [2, 3, 4, 5, 7, 13, 14, 16, 17, 19, 22, 23, 25, 26].

However, less is known for hydrodynamic limit of the Boltzmann equation with in-flow
boundary condition. Recently, Jiang and Zhang [20, 21] studied global renormalized solu-
tions and Navier—Stokes limit of the Boltzmann equation for long rang interaction and cutoff
collision kernels. However, due to the lack of L' and entropy estimates, this framework of
DiPerna—Lions’ renormalized solutions [8] is not available to the steady Boltzmann equation,
which is indeed an important topic [15]. Particularly, Esposito, Guo, Kim and Marra [10]
developed a L5—~L> framework to study hydrodynamic limit of the steady Boltzmann equa-
tion with diffuse boundary condition, and proved the positivity of steady solutions through
analyzing the asymptotic behavior of solutions to the corresponding time-dependent Boltz-
mann equation. Then Esposito, Guo and Marra extended the study to exterior domain [11]
and constructed a positivity-preserving scheme for steady solutions similarly as Arkeryd and
Nouri [1].

In this paper, inspired by the works [1, 10, 11, 20, 21|, we consider the steady Boltzmann
equation with in-flow boundary condition (1.1)—(1.2) and seek for its positive solutions and
hydrodynamic limit. More precisely, we show that (1.1)—(1.2) has a unique positive solution
of the form

F. = ji+e/iif-. (1.4)



and the perturbation f. converges to

o2 = 3
fe=[p+u-v+0 5 Vi (1.5)

weakly in L2(Q x R?). Here (p, u,6) solves the steady incompressible Navier—Stokes—Fourier
system (INSF for short) with Dirichlet boundary condition

u-Vou+ Vep=nAzu+®, Vy-u=0 in (1.6)
u-Veh =rA0, Viip+0)=0 in Q
u(z) =0, O(x)=0 on 09, (1.8)

where 7, k and p represent viscosity, heat conductivity and pressure, respectively. Moreover,
we construct a refined positivity-preserving scheme directly for the solution of the steady
Boltzmann equation with in-flow boundary condition, even in the presence of an external
force.

To state the main result accurately, we introduce some notations. Let

Lf:= —;ﬁ QUi Vi) + Qi) T(f,9) = ;ﬁ

stand for the linearized collision operator and nonlinear collision operator, respectively. The
null space of L, which we denote by N(L), is a five-dimensional subspace of L?(R3?)

Q(vuf, v1g)

Ll

-3
2

N(L) = span{/p, vy/1, VIL}

Let P represent the orthogonal projection of L*(R3) onto N(L), that is,

o[> =3

Pf=ay/p+b-vyu+c Vi for f e L*(R3).

Let (I—P)f = f—Pf be the projection on the orthogonal complement of N(L). It is known
that Lf = vf — K f, where v = v(v) is collision frequency defined by
1

v(v) N

Qi) = [ | [ 0= v - wluo)dudon, (1.9)

and

Kf o= [ o) (00, - ;ﬁ[m(u, VEF) + Qe (Vi) — Q- (s Vi f)]

is a compact operator on L?(IR?). In addition, for hard sphere cross section, there are Cg, Cy >
0, such that

Co(v) < wv(v) < Ci{v)

with (v) := /1 + |v|2.



By substituting (1.4) into (1.1) and expanding (1.3), we find that the perturbation f.
satisfies

1 1
V-Vafe+28 -V, f — 552@ “ufe + gLfE =T(fe, f-) +e®-vy/u in QxR3  (1.10)
Je=he on vy—, (1.11)

where

2

hgzs(ﬁ+&-v+é|v| 2_3)\/ﬁ+0(52). (1.12)

For notations simplicity, we use A < B to denote A < CB, where C' > 0 is a constant
not depending on A, B. We use (- , -) to represent the L?(R2) inner product. Define
[llp == [I| Lo (2xR3) for 1 < p < oo and a weighted L? norm ||-||,, := HV%'”L2(QXRB) with v given
in (1.9). For the phase boundary integration, we use |- |-norm, that is, |f[; := [ [f(z,v)[Pdy
for 1 < p < 0o, where dy = |n(x) - v|dS(z)dv and dS(x) is the surface measure. Similarly, let
| floo Tepresent sup(, )y |f(2,v)]. We also denote [fl, 1+ = |f1,, |, for 1 <p < oo.

Then we can state our main results.

Theorem 1.1. Let Q be a bounded domain in R® with C? boundary 0. Assume that p, i, 6 e
L*>®(09), ® € CH(Q) and | ®||2 < 1. Then for each 0 < & < 1, the steady Boltzmann equation
(1.1)-(1.2) has a unique positive solution F, = pu + e\/f1fe, where f. satisfies (1.10)-(1.11)
and ) )

1Pl + e A= P)folly + 2 felas + 2 wfifloo < 1 (1.13)

with a weight w(v) = e?"I* for 0 < B < 1. Moreover,
fe — fo weakly in L?(Q x R3) as e — 0, (1.14)

where fy is given by (1.5) and (p,u,0) solves the steady INSF with Dirichlet boundary condi-
tion (1.6)-(1.8).

The proof of Theorem 1.1 is based on the L% — L framework developed by [10] and a
refined positivity-preserving scheme in deriving positivity of solutions.

One difficulty comes from the well-known challenge — showing the positivity of solutions to
the steady Boltzmann equation. An indirect treatment is through analyzing the asymptotic
behavior of solutions to the corresponding time-dependent Boltzmann equation, as shown in
[9, 10]. Inspired by [1, 11], we construct a refined positivity-preserving scheme directly for
the steady Boltzmann solution in the case of in-flow boundary condition and external force,
cf. Lemma 3.1.

1Ano‘cher feature lies in the in-flow boundary condition, where the total boundary norm
€7 2|fe]2,4, rather than its dissipation part e~ 2[(1 — Py)f:|2,+ for the model with diffusive
boundary condition, is controlled in the uniform estimate (1.13). This further leads to different
treatment when taking limit for the boundary condition, cf. the proof of Theorem 1.1.

Remark 1.2. If the in-flow function H. in (1.2) is given as small perturbation of the global
Mazwellian M o1 with amplitude of order O(g), that is,

H. = M1+eﬁ,0,1+a§

4



with prescribed functions p, 0 € H%(ﬁﬁ)ﬁwlm(ﬁﬁ) independence of €, then positive solution
F can still be obtained, but with non-homogeneous Dirichlet boundary condition in the limiting
Fourier equation

O(z) =6 on O (1.15)
In fact, this can be shown by constructing an auziliary function

2 _
fw = [pw +9w ’v| 9 3]\//7/

where (pw,0yw) is an estension of (p,0) in Q, and translating the remainder equation and
boundary condition through F. = pu+ e\/u(fe + fu) as done in [10].

The rest of this paper is organized as follows. Section 2 concentrates on deducing linear
estimate for the remainder equation (1.10)—(1.11). In Section 3 , we construct a refined
positivity-preserving scheme for solutions to (1.1)—(1.2) and give the proof of Theorem 1.1.

2 Linear Estimate

In this section, we deduce the linear estimate for the remainder equation (1.10)—(1.11). For
this, we consider the corresponding linear problem

1
v~fo+52<I>~VUf—562<1>.vf+e*1Lf:g in QxR3,

(2.1)
f=r on ~_.
Firstly, we present the following L estimate for the linear equation (2.1).
Lemma 2.1. Assume that f solves the equation (2.1). Then there holds
_ _1 _3
lwfllso S lwrloe + el (v) " wglloo + €72 [Pfllg +e72[(T-P)f]2, (2:2)

where w(v) = "IV with 0 < B < 1.

Proof. The spirit of proving this result comes from [9, 10], but the in-flow boundary condition
here leads to different treatment along the characteristic. We just give the derivation for the
difference.
In fact, by letting
h(z,v) :=w(v)f(x,v), (2.3)

it follows from (2.1) and Lemma 3 of [18] that

1
[0V, 42V, — 552@) v+ Co(v)] k| < 51/ kg(v, ve) Rz, v.)|dvs + [wgl,  (2.4)
R3

B < w)lr| for (z,0) €7, (2.5)
where § = 5(8) and

k”(vv)‘—{|v—v\+]v—v|_1}ex —Bly — 2_~M 2.6
30,00 = {lo = . S exp | <Blo — vl - B (2.6)

v — vy

5



Clearly, e 1Co(v) — 2@ - v ~ e~ 1Cp(v).
Define the characteristics

X = V, V= £2; X(t;t,x,v) =z, V(t;t,x,v) =v. (2.7)

Then for max{0,¢;} < s <t < Ty, there holds

d .

e [ LW rtaodr (X (58, @, 0), V(s: b, @, v))@

S

SJLweteaar L [ , . g 2.8
<e €/R3k,8(v(3’t’%v)vv)\h(X(S,t,x,v),v)]dv (2.8)

+e JL LW rtm Ty 0 X (51, 2,0), V(53 1, 2,0))].

Along with the characteristics, (2.4) has the following expression

|7z, v)]
C
< Apcope o L VTSN (X (0,2, 0), V (05,7, 0)) (2.9)
t 1 t Co
+/ ds e~ fs LV (7s5t,a,0))dT
max{0,t1 } €
~ . / . / /
X/RS ka(V (s, 2,0),0)) [R(X (531, 2,0),0/)|dv (2.10)
! Lot Sy d
+/ ds —e Js SVEbdT | cp o (X (558, 2, 0), V(s t, 2, 0))] (2.11)
max{0,t1 } €
o) )
Flzoe = VO (3, 0), V(b 2, 0)] (2.12)

where X (t1;t,2,v) = xp(z,v) and V(t1;t, z,v) = vp(z,v).
Then (2.9), (2.11) and (2.12) are bounded directly by

Lt -1 2.13
e = hlloo + [lwr]loo +€ll{v) T wgl|co- (2.13)

With the help of the second iteration and Duhamel principle, (2.10) is bounded by

_1 _3 _
e 2[Pflls+e 2T P)flla + wrlo + &l () wgllo + 0(1)]Alloc, (2.14)
similarly as that of Proposition 2.6 in [10]. The detail is omitted for simplicity. O

In order to acquire the estimate for P f, we need the following lemma.

Lemma 2.2. Assume that g € L*(Q xR3), r € L?>(y_), ® € L®(2) . Let f7 be a solution of
the following equation

(1—7)e = 2e2@ 0] fT +v - Vo f T +e2@ -V, f +e WrLfT =g in QxR3, (2.15)
ff=r on y— '

in the sense of distribution. Then for all T sufficiently close to 1, there holds

_ g
P72 S e 7l X=P) 7], + I\THz + [Tl + I7f2-
v (2.16)

+{o(1) + %@/l | (T~ P) 72,
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_ g _1 1
HPF%§€1ﬂG—PMWwﬂbﬁb+Qﬁ2#%#+nmwﬁwm
1 1 v (2.17)
+e2lrla- + 2 [wrloo + {o(1) + &2 @[|oo} (T = P) f7f6-

Proof. The proof is similar to that of Lemma 2.12 in [10], except for dealing with boundary
terms carefully due to the in-flow boundary condition. We skip the detail for simplicity. [

Define a norm

I A1l = 1P flls + e (T = P) flly + &2 | flas + €2 [|wf oo (2.18)

Then we can state the following main result of this section.

Theorem 2.3. Assume that g € L?>(Q x R3), r € L?(y_) and ® € L>(Q). Then for
0 < e < 1, the linear problem (2.1) has a unique solution f, which satisfies

LA S &7 2Irla + e2|wrloo + 22| (0) Mwglloo + &7 [Pgll2 + 72 (L= Pglla.  (2.19)
Proof. Firstly, we consider the following auxiliary problem
{ Lfi=(e"tv—- %82<I>-v)f+v-vxf+52<1>-vvf =g in QxR3, (2.20)
f=r on y_.
We claim that (2.20) has a unique solution f for sufficiently small ¢ < 1, which satisfies

_ g
€Wﬂﬁ+ﬁﬁ+§ﬂ;§@+ﬁﬁ; (2.21)

1 1

In fact, denote 0 := e~ "v — %52<I> -v. Obviously, o > %5_
(2.7) and (2.20), for —tp(z,v) <t < ty(x,v), we deduce

vo(v). From the characteristics

0 0 o
f(z,v) = r(zp(x,v), vp(z,v))e 24, o(r)dr +/ 9(X(5),V(s))e St J(T)d’rds’

where

tr(x,v) :=sup{t > 0: X(t;0,z,v) € Q}, t(x,v):=sup{t >0: X(-t;0,z,v) € Q},
(X(s),V(s)) = (X(S;O,x,v),V(s;O,x,v)), o(r):= U(X(T;O,x,U),V(T;O,x,v)).

Existence and uniqueness of solution of (2.21) are thus achieved. Further, the inequality
(2.21) follows from standard L? energy estimate. Thus the operator £ ~! is well-defined and
bounded in L2.

Next, from the definition of .Z in (2.20), a solution to (2.1) is a fixed point of the map

f L e 'K f +g]. (2.22)

Hence for any f € L?, there is h € L? such that f = %~ 'h. Thus, the fixed point problem
(2.22) for f is equivalent to the following fixed point problem for h

his e "KL h +g. (2.23)



The operator K.~ ! is in fact a compact operator, which can be proved similarly as
Appendix A.2 in [10]. Moreover, we claim that

if h™ solves h™ = 7e 'K.Z'h7 + g for some T € [17,1],

. . . (2.24)
then ||A7]| is bounded uniformly in 7.

In fact, since .Z~! is bounded, it suffices to show a uniform bound of f7 = .Z~'h7, which is
a solution to (2.15). Standard L? energy estimate of (2.15) leads to

e NA=P)FTIE+ 1734 SIrl3 - + 1@ lollS7IE + o(WIFTIE +ell /712
_ _ _1
o 72 + e [Pgll3 + £l F (1 - P)gl3.
Combining this with the macroscopic estimate of P f7 given in Lemma 2.2, we have

— _ _ _1 _
SIPSTIE + e *r[(XT=P)fTIL + e HfTo4 S I3 + lv 2 (T =P)g3 + 2| Pyg3-
(2.26)

(2.25)

Therefore, we have shown the uniform boundedness of ||f7||2 in 7. Due to f7 = £ ~'h™ and
(2.24), we have
W =71 'Kf7 +g. (2.27)

Then ||A7||2 is bounded uniformly in 7 and the claim (2.24) is thus proved.

Hence, by the Schaefer’s fixed point theorem [12], (2.23) has a fixed point h, which further
indicates that (2.22) has a fixed point f = % ~'h. Thus, the existence of a unique solution f
to (2.1) is proved.

Finally, applying the L? energy estimate to f — f7, we have

SIP( = DI+ 2= P)(S = I3 +71F = 17 095
<e2A =P =0 asT— 1. '
Therefore, f7 converges to f strongly in L?. From (2.26), as 7 — 1, we obtain
1 1 1
[P fllz+e X =P)flly + 72| flor S v 2(X=P)glla + 7 [Pylla + 72— (2:29)
Similarly, we can conclude

_ g _1 _1 1 3 _
IPflle <€ 1II(I—3F’)fHu+|!\ﬁHzﬂLE 2| floq e 2 o, ez wrfoote|[{v) T wglloo. (2.30)

Then (2.19) follows from (2.29), (2.30) and (2.2). This completes the proof. O

3 Validity of the nonlinear problem

In this section, we improve the argument from [1, 11] and construct a non-negative solution
to the problem (1.1)—(1.2) for the case of in-flow boundary condition and external force.

Define Ff := max{F.,0}, F. := max{—F.,0}. Then F. = F.f — F_. Let us consider
the following equation

1 _
v-VoF. +&2® .V, F. — ® - vy(ﬁ)\/ﬁpg

= QU FN) = Q(u, FT) — Q(F,p)] in QxR (3.1)
F. = MHEQﬁ,ezﬂ,Hsgé on y_. (3.2

We have the following result.



Lemma 3.1. Let F. € L®(Q xR3) be a solution of (3.1)-(5.2). Then F- =0 and F-* solves
the Boltzmann equation (1.1)-(1.2).

Proof. Observe that F-~ # 0 implies F-© = 0. It follows that
1y 0 Q (F5LFD) =1 Fov(FS) =0.

Thus we get the following equation for F_~

1 _
ﬁ)\/ﬁFs (3.3)

:5_11F6_7é0 [Q—’—(FQ_’F;) - Q(/‘LvFa_) - Q(Fe_a/‘)] in Qx R3'

— vV Fo =20V, Fo — 20 -V, (

By (3.2), we know F, > 0 on y_. Then by the definition of F., we have
F7 =0 on ~v_. (3.4)

Multiplying (3.3) with —u~!F and integrating on © x R3, we get
F- 2
// o Vx@dxdv
QxR3 2
[ e o @ F) + QU ldade (3.5)
X
] QB E e,
OxR3
where we have used the following simplification
2 -1 (F7)? 2 LN 12,002
e e v, e L drde + e // (I)-Vv<—)u F)2dzdv
//QXIR?’ 2 QxR3 Vi =)

F)? 1\ (F)2
252// 1. v, 6)dxdv—|—52// <1>.vv(f)( )" 4o
QxR3 2 QxR3 0 2
—0.

By the spectral inequality, cf. Theorem 7.2.5 in [6], there holds
-

_ //Q o Vo F QU B+ QUES wldedy 2 [ 1= P (72) 6o
Combining (3.5) and (3.6), we get
o )
e T

S - // 6_11F_¢0Q+(F5+,Fj)Fa_,u_ldxdv <0.
QxR3 ©

-
It implies (I — P)( < ) = 0. According to (3.4), this indicates F.~ = 0 on -4 and then

Ji

F7 =0 on 7.



Owing to p~1F~ > 0 and (3.7), we obtain

Qu, ) + Q(F 1) = 0. (3.8)
From (3.3) and (3.8), we find
- _ g2 Fe -1 +pt pt
—m-Vﬂ@-g@-VJQ@)Vﬁ:s 1, Q" (FS, FH) > 0.

In summary, we conclude

F F-
wv45)+£@v45)§01n9xw,
Vi Vi
. (3.9)
£ _ on vy
N
Obviously,
d (FE_ ) 9 F-
< (= zlex+€@~VU<¥L)
5 (5) = (5
Then integrating the first inequality of (3.9) on [t — ¢, t], one has
F F
—=(t,z,v) < —=(t — tp, zp,vp) = 0.
\/ﬁ( ) \/ﬁ( )
This gives F. < 0. While F- > 0 by the definition of ., we have F. = 0. Then F. = F
and F." solves the problem (1.1)-(1.2). The proof is completed. O

With the help of Lemma 3.1, to prove existence and positivity of a solution to (1.1)—(1.2),
it suffices to show existence of a solution to (3.1)—(3.2).
For this, define

_ , ifu+e >0,
famg dn o Tarevid (3.10)
—€ \/ﬁ’ lfﬂ—f—E\/ﬁfE < 07
and
fer=T— f-. (3.11)
For fixed (x,v) € Q x R3,if F. = p+ey/ife > 0 then
Ff=F.=p+e/ufe=p+eufe
If F. = p+ey/nf <0 then )
Ff=0=p+eyuf-.
Moreover,
Fo =F —F. = p+eyuf. — (n+eyife) = e/if-.
Hence, we have
Ff =pu+eyufe, (3.12)
F- =eJuf.. (3.13)

10



Substituting (3.12) and (3.13) into (3.1), we conclude

v - va:fs + \/1/782(1) : vv(\/ﬁfa) + 571Lfa = F(fm f&) + aﬂ(@ : v) + %52(q) : U)]?aa (3'14)

fz—:|7_ = hz-:7 (3.15)

where h. has been given in (1.12). s
We need the following lemma on the relations among f;, f- and f..

Lemma 3.2. Let Q be a bounded domain in R3. Then the following inequalities hold:

7| < | £ (3.16)

’]Q Sl{u+€\/ﬁfa<0}2‘f{’ (3.17)
[fA=f2 < |f2 - £, (3.18)

|72 = P21 < (Upseympr<o + Lipreymrz<oy)2f2 = f2], (3.19)

where fi and f! are defined in (3.10) and (3.11), respectively.

Proof. Firstly, if F. = p+e\/ufe > 0 then fo=f. IfF. =p+ ey/pife < 0 then fe =
—5_1\/;7 < 0. Hence - B
5|f€‘ =—cfe=Vu<—cfe= €‘f€|7
which indicates (3.16).
Next, it follows from F. = p +e,/pf: > 0 that
f€:f€7 ‘fs’:}fs_fs}zo-

In the case F. = p+ e\/if. <0, thank to the triangle inequality and (3.16), we have

UZ‘ = ‘f_e - fz—:‘ < (lfz—:‘ + ‘fs’)l{u+e\/ﬁfg<0} < 2’fs|1{u+a\/ﬁf5<0}v

which proves (3.17). Finally, (3.18) and (3.19) can be proved similarly as that of Lemma 6.3
in [11]. O

We are now in the position to present existence and uniqueness of the solution to (3.14)—
(3.15).

Theorem 3.3. Let Q be a bounded domain in R? with 0Q € C3. Assume that ®(x) € C*(Q)
and ||®||2 < 1. Then the problem (3.14)-(3.15) has a unique solution f-.

Proof. We define a sequence {fI'}2°,, where f+1 is the solution to linear problem

1
v Ve fr 4 762<I> Vo (Vi) ettt

7
= (2, o) + eV(® v) + 22(@ o) in QxR (3.20)
"l =h. on 7, (3.21)

with f0:= 0.

11



Define
En = sup [[Z]].
0<j<n
For 0 < g < 1, let 22 < 179. We claim that

Il f24HI? <o for all m > 1., (3.22)

Indeed, (3.22) can be proved by applying the linear theory given in Section 2. For this,
let

o 1 -
g:=T(f2, f2) + eV/i(®@ - v) + 54 (@ - v) f2.
From (3.16) and Lemma 2.13 in [10], we have
1l s = 11 = 1y L - - _ .
72T (f2, fo)ll2 S €2 [e2 [ wfZlloc (€7 V2 (T = P) f2112)] + P2 IsIP 216 < A2 I
Using (3.17), there holds

I P) L@ 0) Pl < 2@ )72 < 3@ - 0)] £

2
S 1@l [IP S22 + (X = P)f211]

Sl
Based on the above estimates, we find
_1
lv=2 (@ = P)gll3 S A" +e* Il 21012 (3.23)
By Lemma 2.5 in [18], we conclude
I~ D (f2, f2)lloo S vl (f2 f2) oo S Ml fZ M5 S e 2112
Due to (3.17), we get

3
S )1 ®lloollw oo S e Il £2 I

~

v w(®@ - v) oo

Noticing that
5HV_1w\/ﬁ(‘I’ “V)|loo S €| P00,

we deduce
1wy rwgllZ, S e lll f21* +1DI5, + 8 Il A2 1P (3.24)

Since Pg = ® - v\/fi + 3e?P[(® - v)f7] and
12P[(@ - ) 2113 S @I A2 N3 < & I 2P,
we conclude
e?|Pgli3 < I f2 NP+l (3.25)
From the boundary term (1.12), there holds

el hel3 - S, (3.26)
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<&l (3.27)

o0, — v

Substituting (3.23)-(3.27) into (2.19), we conclude

e|lwhe|*

2P < =5 + 55 + 2 lIRI12, + 1213 + € < o,

which proves the claim(3.22).
Taking difference between (3.20) for the (n + 1)-th step and n-th step, we have

v.vx( n+1 fz-:) 52(I).vv(\/ﬁ( En+1_fgz))+€ ( n+1 fs)

1
N
= T(2, )~ D J2 ) @) (- ) xRS,

nHl_f =0 on y_.

Repeating the same procedure as above for f2+! — f7 we can get

— 1_ _
NP2 = RS Gt e +e2Bn+ +e) |l f2 =271 (3.28)
It follows that there exists 0 < A < 1 such that

2= 2 < AR = F2 70

This means that {f"} is a Cauchy sequence in L N L2, for any given £ > 0. Therefore,
{f2'} converges strongly to f: in the norm of |||-||| and f: is the unique solution of (3.14)—(3.15).
The proof is completed. O

Remark 3.4. By Theorem 3.3 we know that F; = pi+e\/ff- is the unique solution of (3.1)-
(3.2). This, combined with Lemma 3.1, implies that . = p + e\/if: is the unique positive
solution to the Boltzmann equation (1.1)-(1.2).

Finally, we give the proof of Theorem 1.1.

Proof of Theorem 1.1. In fact, by virtue of Remark 3.4, existence and positivity of a
unique solution F; to (1.1)—(1.2) has been shown. Thus, it remains to check the hydrodynamic
limit equations together with the boundary conditions.

It follows from (1.13) that [|[(I—P)f|, — 0 as ¢ — 0. Moreover, P f. is bounded in L§ ,

and <v>_%l“(f5, f) is bounded in L2 . Therefore, with the aid of (1.10), we find

v Va((0) 72 f2) +2(v) "2 Vo[Vt € L3 x R?). (3.29)

1
—d
NG
Since f. is bounded in L?, passing to the weak limit as ¢ — 0, up to a subsequence, we see

that f. — f. weakly and 52<v>7%ﬁ@ - Vu(y/iefe) — 0 in the sense of distribution. Thus
1

v V()72 L) + 52<v>—%7q> Vo(Vaf) = v Va(() "2 f,) (3.30)

in the sense of distribution.
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Combining (3.29), (3.30) and the uniqueness of the distribution limit, we get

[« =Pf, v Va(filv)” ) S L?gm Hf*||ngm < 1
It follows that
fo=lp+u-vto(lof? - 3)/2 /i (3:31)

and p,u, € H'(Q)). The limiting fluid equations can be deduced similarly as that in [3]. In
fact, applying P to (1.10) and taking the weak limit, we obtain

P(v-V,fs) =0,
which is equivalent to
Vi(lp+6)=0, Vy-u=0.

Then multipling (1.10) by 8_1U\/ﬁ, integrating on velocity and taking the weak limit, we
obtain

d = lime 'V, - (Vv @ v fe)

e—0

2
=lime 'V, - (L7 Hv®v - @H)\//I],Lfs) - ni%e Vel
&€

e—0

v \2
Vit fe)
2
_ v
= Ve (L v~ DAL T ) v Vafi) £ Vap
=u-Vyu—nAu—+ Vp,
where

p:=lime~ (‘ of
e—0

Vi fe),

and I is the unit matrix. Hence u is a weak solution to (1.6).

Similarly, we multiply (1.10) by 5_1‘1)'27_5\/;7, integrate and take the weak limit,
. v|2 -5
0=tim = (L0 v
. v|?2 -5
= lim e 1Vx'< w22 L
-1 |U|2 -5
= Vo (L o VLT )~ 0 V)

= gvx - (kV g0 — ub).

Thus 6 is a weak solution to (1.7).
Next, we check the boundary conditions that (u,) satisfies. Taking ¢(z,-) € C5°(R?),
o(-,v) € C>®(Q), we have

A V7R fpd) = //8 . V72 fogn(z) - vdvudS,
://QXRsv-vx(qﬁfa)u—édxdv

= // v - Vx(bfgyfédxdfu + // v - foegbufédardv.
OxR3 OxR3
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Since

[NIES

fe = fo, V- v:cfsV_% —v-Vafir~

weakly in L2, we obtain

/ V73 fopd\ — / v73 fupd,
Y

Y

That is to say, f. converges to f, on « in the sense of distribution, where f, is given by (3.31).
By the uniform estimate (1.13), one has

“3£2 . <(C
€ |f5|2,+— .

Combining the boundary (1.12) with the above result, we conclude that f. — 0 strongly in
L% . and f. — 0 strongly in L%i. In view of the uniqueness of the distribution limit, we deduce

f*‘W = [Plog + v - ulogq + 9‘89(””’2 —3)/2] =0,

for every v € R3. This implies

U‘BQ = 0}89 =0,

that is, (1.8) holds.

Finally, observe that |ul|¢ and ||0||¢ are small, inheriting from the uniform estimate (1.13)
and the weak limit. This, combined with standard L? energy estimate, leads to the uniqueness
of weak solution to INSF (1.6)—(1.8). This further indicates that all the weak limit points of
f- must coincide and f. converges to f, weakly in L?. This completes the proof of Theorem
1.1. O
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