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Abstract

[bookmark: _GoBack]Bangladesh is one of the most overcrowded and densely populated countries in the world, where population growth is said to be worried. For the development and progression of the country, it would be essential to perceive and estimate the knowledge of the structure of the population. This article mainly focuses on the analysis and forecast of the approaching population growth of the country by considering several mathematical methods. Available census data (1981-2011) of Bangladesh applied in the well-known non-autonomous logistic population growth model where the growth rate and carrying capacity both slowly fluctuate with the time which provides several advantages to assess an approximate closed-form of the solutions. Although, most of the previous studies conducted with the population models of single species employed constant growth rate and carrying capacity. The findings of this article illuminate that the prediction and estimation of population data fairly compare with the census data of the population of Bangladesh.













Introduction

In South Asia, Bangladesh is a small country with a large population and becomes the 8th largest and 10th most densely populated country in the world. The ensuing parameter of increasing population growth is alarming to the people as well as the policy-maker of Bangladesh. Thus, population control should be requirements the highest priority in national policy. To predict and estimate the upraising growth of the future population of the country may be the most significant fact that can be solved by a mathematical model such as population dynamics.

The mathematical model of population dynamics generally formulated by differential equations that have an extensive history. To illustrate the individuals as continuous variables who alter the growth of the population in separate time steps that have disclosed the exquisite results in many applications. Ignoring the spatial effects like diffusion and scattering, a single-species mathematical population model is abridged on the first order non-linear ordinary differential equation with the initial condition [1, 2]. Among the other mathematical population models, Verhults logistics model is widely used in population census data of the population of different countries [3-4]. In 1976, Obaidullah [5] presented the “Expo-linear model” in which he explored that his model is a better indicator of projecting the population growth with the course of time for either exponential or linear model. The main limitation of his work is to the perception of its basic parameters. In 1980, Mallik [6] projected that Bangladesh will attain zero population growth rate in 2080 with the movement of the population. In 1981, Beekman [7] rearranged the exponential growth model and applied it to the Markov chain to predict the population of Bangladesh in the year of 1998, 2018 and 2038 considering the lower birth rate produced by rural and urban development. In 1982, Kabir and Chowdhury [8] showed a relationship between population growth and the food production of Bangladesh. They recommend that for declining the growth of the population of Bangladesh, Government has to take required actions such as food policy. In 1981, Rabbani and Shadat [9] forecasted the population of Bangladesh (1975-2025) compared with the demographic trends. In 2019, Ullah et al. [10] predicted the growth of the population of Bangladesh (2012-2211) using the logistic growth model whereas the growth rate is volatile with the course of time and carrying capacity is constant. But the demographic changing trend [11-13] of the population of Bangladesh let know that population size and the growth rate are fluctuating with the course of time. Thus, we assume both are the functions of time for analyzing and forecasting the population of Bangladesh. Therefore, the multi-scaling method is compelling for analyzing and forecasting of the population of Bangladesh.

The governing equations of physical, biological and economic models are often associated with characteristics that do not provide an accurate solution. To work out the governing equations, there are different methods of creating an extension of perturbation while a large or small parameter occurs in a mathematical model of a process. Often, terms in the perturbation extensions are governed by simpler equations in which precise solutions are available. While exact solutions cannot be obtained, the numerical methods are used to solve perturbation equations that are often easier to build than a numerical approximation for the original governing equations ([14] Ch. 1). Constructing uniformly valid approximation to the solutions of perturbation problems, both for small along with large values of the independent variables, in mathematics and physics, multi-scaling analysis (known as a technique of multiple scales) is a decent tool ([15], Ch. 3, [16], Ch. 6). These methods use many differences in system components to generate an algorithm that can create an approximate solution. The analysis of multiple-scale is a pattern of global perturbation that is useful in systems characterized by different time scales. These effects may be insignificant on short time scales, but they become important on long time scales [17]. The most commonly used multi-scale method can be divided into two classes: first one occurs rapid changes initially followed by slow and long-time-scale changes, and second one occurs rapidly persistent oscillating behavior that is modulated by slowly fluctuating components ([18] Ch. 4). Most of the single-species population models involve with the fluctuating components like carrying capacity, which represents the maximum support of environment for respected populations and arises two conditions. Firstly, in the analysis of the fundamental differential equation, a significant advancement may be made while carrying capacity is constant. Often it can be solved exactly by giving an obvious expression of the growing population. Secondly, to deduce the complete behavior of the population, indirect methods may be used. Nevertheless, it is quite impossible to work out the differential equation exactly-although certain exact results do exist [19], while carrying capacity fluctuates with the course of time slowly, compared to the fluctuating population. In 1999, Meyer [20] explained logistically varying limits of a model. In 2003 and 2007, Stojkov [21], Shepherd and Stojkov [22] applied the multi-timing or multi-scaling method in logistic population model while carrying capacity varying with time whereas the growth rate is constant. In 2008, Grozdanovski et al. [23] applied the multi-scaling analysis method in logistic population model while growth rate and carrying capacity both are slowly varying with time. In 2015, Dose et al. [24] applied the multi-scale analysis method in discrete population model with variable carrying capacity. 

The principle aim of this study is to investigate the logistic multi-scaling approximation to non-linear, non-autonomous first-order ordinary differential equations prominent as the Verhulst logistic population model for single species ecological problems like the population of Bangladesh.

Mathematical Model


Single-species population models often comprise parameters like growth rate and carrying capacity which express the evolutionary appearances of the population or maximum population supported by the environment and these may themselves vary with time  The non-linear, non-autonomous ordinary differential equation notable as Verhulst logistic population growth model [3] for Bangladesh population is

                                                                        (1)




where parameter  is the growth coefficient and  is environmental maximum support or carrying capacity of population of Bangladesh respectively.  is the total size of population of Bangladesh. 


We know that the exact solution of Eq. is 

                                                                                            (2)


In present condition, as we assume all the parameters are the function of time, therefore, an explicit solution of Eq. can be written down as such a way that

                                                                                    (3)


where and   are integration variables. 









Here, firstly, Eq.  may only be appraised for a very fair hiring of and  (including that of  and  being positive constants). Secondly, to work out Eq.  or Eq.  approximate methods (numerical techniques) must be used. These are only the disadvantages of applying for certain instances of the functions  and  




















Analyzing the census data [11, 12, 13] (1981-2011) (fig. 1(a-i, ii)) of the population of Bangladesh, population size and growth rate  are varying with time  as a result carrying capacity  slowly varies according to Verhults principle [3] that’s why multi-scaling method becomes convenient for analysis of the population of Bangladesh. This may be because of the actual demographic or circumstantial changes or amalgamations which become slow. Therefore, Eq.  is no longer autonomous as the variables are dependent on time . In such cases,  and  may be characterized as (positive valued) functions and , where  is time, and  is a small, positive parameter. Thus, ‘‘normal size’’ (i.e.,  as  changes in the argument of these functions, , correspond to ‘‘large’’ (i.e.,  as changes in t, i.e., and are slowly varying associated to  

                                (4)



Now the ultimate goal is to illuminate a royal procedure which may valid for all times  fabricate an approximation to the solution of Eq.  

Note: Bangladesh has an elongated practice of population census. First census carried out in 1974 after (1971) the independence of Bangladesh. Consequently, the census was made in 1981, 1991, 2001, and 2011 respectively. Therefore, we started our work in the year 1981.

The multi-scale Logistic equation





As stated by above discussion, as equation be contingent to  and  two time scales, therefore we cogitate the comprehensive time scales “normal time” denoted by  and “slow time” denoted by 

 [15, 20]                                                                                                                   (5)
















where  is a function we have to establish i.e. unknown. For  and all  with  we assume that  to be a positive valued function. Now we oblige that small, positive constant  and  are mutually time dimensions, therefore multi time scales  and  are dimensionless and dimensionally conducive [15]. Consequently,  and are the function of only as  and  are “normal” and “slow” time variable respectively. From function  we are able to govern “normal” time scale . 


as 












Therefore,  as seesaws in  are reproduced as  seesaws in , afforded that is  as . Additionally, we assume that  owing to we have a requirement  to be mono-signed also  and  values must have a one-to-one correspondence.





Thus,  as Bangladesh population density function  are the function of these two time scales and . The derivative of B is obtained by using the chain rule to give the following expression:

 




where  and  both are partial derivatives taken with respect to  and  respectively.


Therefore, Eq.  transforms to 

                                       (6)
which is the multi-scale partial differential equation. 







Thus, for the unknown function the ordinary differential Eq. and partial differential equation  are correspondent. This increase in apparent complexity compensates for the fact that the dependence on ε addiction has been clearly demonstrated (rather than it is a disadvantage of Eq. ). Thus, based on the limit  Eq.  is now the appropriate form of the solution of the perturbation method. 

Perturbation analysis



Expanding  as a series of powers of ,

             (7)



            (8)

Equating both sides for like powers of  and we get,

                                                                                (9)

                                                                 (10)

and so on  for in analogous manner.

Solving Eq. we get, 

                                                                            (11)













where  is an arbitrary function of , when integrated into and  It is clear that  is a positive function of  Therefore, for initial value of  we are able to enthusiastically work out Eq.  which is a linear differential equation incorporate with  (owing to function of Thus, the particular solution of Eq.  for  are as follows:


(12)

where the primes indicate derivatives taken w.r.t. the “slow scale”, .

Here, complete solution should encompass only one arbitrary “constant” (a function of ) meanwhile the logistic Eq. is a first order differential equation.



        (13)



Here, we expected that two-term extended Eq.  for the function  is lawful on all 




















When  1st term of Eq.  and 2nd termConversely, the convergence of  to its limit faster than  owing to existence of  and in Also, the difference between  and its limit becomes superior than the analogous difference for . To up holding this we assume that the coefficients of  and to 0. Thus, if we choose  and  are constants which leads to  and  . Specifically, for, we may possibly select  which gives . Therefore, we can outlining “normal time” scales such way that 

                                                                                                                  (14)
This confirms our earlier assertion that the time scales are not the same as those in [18].

By above discussion modified form of Eq.  are as follows:

                              (15)

where  is an arbitrary constant and can be expressed as follows:




as Eq.  contains of leading order and  both terms.



Applying initial condition of Eq. in Eq.  we get,

            (16)





Expressing Eq.  as a series of powers of , comparing them and solving for  and , we find our expecting two-term expansion of slowly varying logistic model are as follows:


             (17)





for assumed functions  and which gives us a forthright unequivocal approximation to the sprouting population  and follows Eq.  

It is vibrant that, when the population size approaches as 

                                                                                            (18)

i.e., a varying small neighborhood of the carrying capacity 

Determination of carrying capacity, growth rate and analysis




After comparing the solution of approximation, with numerical data of Eq. (4) and census data (1981-2011) of the population of Bangladesh, the exactness of the approximation is verified. Figure 2(a-i), 2(b-i) and 2(c-i) showed a plot of the multi-time approximation along with the numerical solution using the 6th order Runge-Kutta method for  and census data (1981-2011) of the population of Bangladesh, where the growth parameter and carrying capacity vary slowly with the change of time. Now the focal point is how they vary? Both are together or separate with the fluctuation of time?  Banks [19] delivered an elaborate description of changing parameters, which are varying with the part of the time. Here, four cases considered.

· 

 is constant and  varying exponentially
· 

 is constant and  varying periodically
· 

 is varying linearly and  is constant
· both are varying slowly with the part of time






For first case, assume  varying exponentially such as , where  is an arbitrary constant and  is constant. Therefore, Eq. has an exact solution such that

                                                                              (19)


                      (20)




If we expand Eq.  for small  we find a series which is analogous of Eq. and ratifying Eq.  











For second case, assume  varying periodically such as , where is an arbitrary constant and  is constant, which gives a slowly varying periodic  for small . In this case there is no exact solution and Eq.  cannot be assessed. Therefore, the integrands may be prolonged in powers of for small value of and an expression can be achieved for  by means of a power series in  [9]. If we continue this decision on a small positive ε, we will achieve some manipulation,

                                      (21)

which is same as  Eq. 




Replacing this choice  and  to Eq. (17), and expands into power, gives the same result, after some treatments, thus reconcile two methods.







For third case, assume  is constant and is varying such as  Even if there is no exact solution for finite , it can be demonstrated ([8], sec. 4.1) that if  (unlimited growth), we get, from Eq. ,

                                                                                                                 (22)

                                                                (23)





where identically disappeared  terms and when  Eq.  provides Eq.  which authorizes cogency of Eq. 



For fourth case, assume  and is varying periodically such as 


 and                                                            (24)




which afford an approximate solution owing to slowly varying parameters. Here,  are the amplitudes of the oscillatory components when is small. At this juncture, the carrying capacity and rate oscillate around their initial values and . Such activities is emblematical for surroundings that vary slowly with the course of time.

Results and discussion






We forecasted the population of Bangladesh by using logistic multi-scaling approximation method. At first, census [11], adjusted census [12], and the estimated data of the worldometer [13] are analyzed with the aforementioned methods to find a decent tool. Then the future population of Bangladesh (2012-2031) can be predicted through mathematical simulation considering both carrying capacity and growth rate are the periodic function of time. Both of the solutions (multi-scaling and numerical) are justified flawlessly with mentioned three cases of data barring for some points. As per the future estimation of the population of Bangladesh, no exact data will be available to compare with the results of proposed methods. In this case, the numerical solution of the 6th order RK method stared as an ‘exact’ solution associated with the expansion of Eq. which affords an ideal approximation to the solution of Eq.  For enumerating the values of the parameter in the periodic growth coefficients of eq. fig. 2 (a-i) (actual census), 2(b-i) (adjusted census), and 2(c-i) (data of the worldometer by United Nations) outline an assessment of the multi-timing approximation of Eq. with the numerical solutions of Eq.  

To address the results of census data and simulated data, we present six panels in Figure 2 depending on the time (years) as (a-*) logistic multi-scaling approximation vs. numerical solution vs. census data (1981-2011), (b-*) logistic multi-scaling approximation vs. numerical solution vs. adjusted census data (1981-2011), and (b-*) logistic multi-scaling approximation vs. numerical solution vs. worldometer data (1981-2011). Here, (*-i) and (*-ii) shows the projected duration of 1980-2011 and 1980-2040, respectively. According to the figure 2(a-i), census data and simulated data illustrate almost the same tendency. However, in the adjusted census data case, fig. 2(b-i) shows that the lower and upper part almost nearer to each other when compared to adjusted census data with simulated. Finally, the worldometer estimation data presented the same tendency as estimated data: except for the upper part.

In the final interpretation, we predict the population of Bangladesh for 2011-2031 which demonstrated in figure 2(a-ii) (census data), 2(b-ii) (adjusted census data), 2(c-ii) (worldometer forecasting).  Figure-2(a-ii), 2(b-ii), and 2(c-ii) elucidate that the graph of the forecasting population values is a sigmoid curve, an S-shaped. It indicates that the forecasted population of Bangladesh is being assimilating with the logistic multi-scaling approximation. Figure-2(a-ii), 2(b-ii), and 2(c-ii) specify that the population of Bangladesh is strictly increasing. Because of this increasing demographic trend, Bangladesh will reach the pinnacle of population size and zero growth rate achieved by the course of time. Then gradually population of Bangladesh will be decreased like a sigmoid curve, an S-shaped curve.

As the population of Bangladesh is exactly progressive, the People’s Republic of Bangladesh shortly faces some environmental catastrophes, according to Verhults [17]. It’s an alarming threat to our upcoming generations. Thus, the Government of Bangladesh must have to take preventive measures and plan for avoiding senile outcomes. In that case, technological developments, industrialization, and social cognizance would assist absolve from this impotent situations. The Government of Bangladesh must have been reassessed preventive measures and plans for consecutive years to decrease population growth. The Government of Bangladesh should also be increased the ethical education through spreading birth control methods so that it could be managed its resources through operative and tangible population controlling development ideologies. This study has played a crucial role in predicting the outcomes of sustainable development plans with inadequate resources through the concept of an accurate population in the future, resource information. In a greater sense, projects based on the trends and related factors that evaluated the growing population and often changing in the future trends of the population in the swing of time. Future demographic projects will provide a future projection of the population, which can be improved by reducing population growth and taking possible steps.

Conclusion 

The focal purpose of this study is to detect and forecast the growth of the population of Bangladesh using a multi-scaling logistic approximation model considering predated data from 1981 to 2011. It is well-known that realistic multi-scaling logistic approximation models are exquisite in numerous disciplines, from experimental tools to rigorous studies and mathematical methods. Here, the multi-scale technique has successfully applied to a logistic growth model along with the population of Bangladesh (1981-2011), in which the defined parameters are changed slowly with the time. We found that our model fitted well with the census data. Consequently, it may conclude that the multi-scaling logistic aspect worked glowing for population forecasting when considered with the 6th order RK method. Although, at present, we investigating only the population of Bangladesh, the theoretical framework can be extended to the population growth of arbitrary countries. Thus, we expect that this study brings attention to the policymaker as well as supports the government controlling the population growth.
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