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Abstract The paper deals with blow-up phenomena for the following coupled reaction-diffusion
system with nonlocal boundary conditions:

uw =V - (p1(w)Vu) +ar(z) f1(v), ve=V"(p2(v)Vv) + az(z)fo(u), (x,t) €D x (0,T),

% — k(0) /Dgl(u)dx, % — k(1) /Dgg(v)dx, (z,1) € OD x (0,T),
u(z,0) = uo(z), v(z,0)=1vo(z), reD.

Based some differential inequalities and Sobolev inequality, we establish conditions on the data to
guarantee the occurrence of the blow-up. Moreover, when the blow-up occurs, explicit lower and
upper bounds on blow-up time are obtained. At last, an example is presented to illustrate our main
results.

Keywords Reaction diffusion equations; Blow-up; Lower and upper bounds.

1 Introduction

There are some phenomena formulated as the coupled reaction-diffusion systems such as chemical
reactions, heat propagations in a two-component combustible mixture or interaction of two biological
groups, see [1]-[2]. Therefore, it is worth studying the coupled reaction-diffusion systems because
of their applications in physics and engineering. During the past decades, there have been a vast
literature to deal with the blow-up phenomena for the solutions to the coupled reaction-diffusion
systems, see[3]-[11].

In this paper, we are concerned about the following coupled reaction diffusion systems with nonlocal
boundary conditions:

up =V - (p1(u)Vu) + a1 (z) f1(v), (xz,t) € D x (0,7),

vy =V - (p2(v)Vv) + ag(z) fa(u), (xz,t) € D x (0,T),

gz = k1(t) Dgl(u)dx, gz = ka(t) /Dgg(v)dx, (x,t) € 0D x (0,71, (L)
u(z,0) = ug(z), v(z,0)=wv(x) r €D,

where D C R"(n > 2) is a bounded convex domain with the smooth boundary 9D. % and % stand

for the outward normal derivatives on dD. D is the closure of D. ug, vy denote the initial value and
are positive C1(D) functions satisfying the compatibility conditions on D. T is the blow-up time
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if the blow-up happens. Set Rt = (0,+00). In this paper, we assume that fi, f2, g1, g2 are negative
C'(R*) functions. py,po are positive C'(R¥) functions, ky, ko are positive C'(R*+) functions, ay, as
are positive C'(D) functions. The maximum principle in [12] implies that the classical solution (u,v)
of (1.1) is a positive solution in D x (0,T).

There are some papers on the issue of the coupled reaction diffusion system under nonlocal bound-
ary conditions, see [13]-[16]. For example, Zheng and Kong [15] gave conditions for the global existence
or nonexistence of a solution to the following system:

us = Au + ua/ vPde, v = Av+ vﬁ/ ulder, (z,t) € D x (0,7,
D D
u(e,t) = [ fgulepds, vt = [ gl s (o0 €D x 0.1,
D D
u(z,0) = up(z), v(z,0)=vo(z), z € D.

Recently, [17] considered blow-up phenomena in porous medium equation systems with nonlinear
boundary conditions:

up = Au" + k() f1(v), ve = Av™ + ko(t) fa(u), (x,t) € D x (0,T),

o ), 9= ga(o), (2.t) € 0D x (0,T),
u(z,0) = up(x), v(z,0)=wvo(x), r €D,

where m,n > 1, D € RN (N > 2) is bounded convex domain with smooth boundary. Using a differen-
tial inequality technique and a Sobolev inequality, the authors proved that under certain conditions
on data, the solution blows up in finite time. They obtained an upper and a lower bound for blow-up
time.

[18] was concerned about the case of a single reaction diffusion equation in (1.1).

Ut = \E (p(u)vu) + kl(t)f(u)v (.T,',t) €0 x (07t*)7

o= talt) [ gtua, (a,1) € 90 x (0,1°),
81/ Q
u(z,0) = up(z) =0, T €N,

where Q is a bounded convex region in R™(n > 2), and the boundary 9f) is smooth. By constructing
some auxiliary functions and using differential inequality technique, they derived that the solution
blows up at some finite time. Moreover, upper and lower bounds of the blow-up time were obtained.

Motivated the above papers, we study blow-up phenomena for the problem (1.1). By means of
auxiliary functions and differential inequality technique, we prove the existence of blow-up solutions
and obtain an upper bound for blow-up time. Moreover, we demonstrate the lower bounds for blow-up
time under some appropriate conditions.

The paper is organized as follows. Section 2 shows several important inequalities which are used
in the proof of our results. In Section 3, we prove that the solution (u,v) blows up at some finite time
and obtain an upper bound for the blow-up time. The next section presents a lower bound for the
blow-up time when blow-up occurs. The last section gives an example to illustrate our main results.

2 Several important inequalities

The section presents some differential inequalities, which play a basic role in the proof of our
results.



Lemma 2.1. [19] Let D be a bounded star-shaped domain in R",(n > 2). Then we have

d
/ u?dS < n/ u"dx+n/ u’ | Vul|de,
oD Po JD Po JD

where u is a nonnegative C-function, py = naliDn{a: v}, d = max|x|, v is the unit outward normal
D
vector on 0D.

In the proof process of main results, we need to use the following inequalities:
(a+b)!<d +0b, a,b>0, 0<l<]1, (2.1)
(a+b) <27 +0Y), a,b>0, 1>1, (2.2)
and the following Sobolev inequality (n > 3) given in [20]:
el 2, ) < Il 20,

where C is a constant depending on D and n, that is,

n—2

(/D(u;)n%?dx)?" gc(/DuﬂdH/Dqu?dx)%. (2.3)

In addition, by Young inequality, when a,b > 0, we can prove that

a™b™ < (1-— Tg)gvzlalfv + Toeb, (2.4)
p—q/p\ L
a? >a? — 2 (E)a, 2.5
o () (2.5)
A A
al™ > (1- 5)& + Ea?’, (2.6)

where €, 71,79, p, ¢, A are positive constants and they satisfy 0 < <1, p>¢>0, 0< A <2.

3 Blow up in finite time and An upper bound for blow-up time

In this section, we show the existence of the blow-up solution and derive an upper bound for
blow-up time when blow-up occurs. In order to obtain main result, we define the following auxiliary
function:

(1) ::/Duda:—i—/Dvdx, t>0. (3.1)

For convenience, we assume that

inf {a1(z),a2(x)} =a >0, %Tzlg{kl(t), ka(t)} =k >0, (3.2)

zeD

where a, k are constants. The functions p1, p2, f1, f2, g1, g2 satisfy

pl(s) > b17 pZ(S) > C1, s > 07 (33)
fi(s) > s, fo(s) = s, 50, (3.4)
gl(S) > sp27 92(8) > 3q2a s> 07 (35)

where b;, p;, q;(i = 1,2) are constants and they satisfy
b; >0, piq > 1. (3.6)

In what follows, the main result will be stated.



Theorem 3.1. Let (u,v) be a classical solution of problem (1.1). Assume that the assumptions (3.2)-
(8.6) hold. Define

p =min{pi,p2}, ¢ =min{q,q}.
When p = q, suppose that

Co|D|}P21P®P(0) — C1®(0) > 0, (3.7)
where
p2 —p pP1—p a2 —q q1—4q
= kby|0D key|0D .8
P2 —1 p1—1 @2 —1 q—1
= D D . .
Cy mln{p_lkbﬂ@ \—l—p_la, q_1k01|3 |—|—q_1a} (3.9)
Then solution (u,v) must blow up in measure ®(t) at some time T and
1 20710,
T<——In(1- .
= p-na " aprer i)
When p > q, suppose that
—C10(0) — L (YT 0y | DI 4 05021 7999(0) > 0, (3.10)
P q
where
0 = min{|D|*~9, |D|*7P}. (3.11)
Then solution (u,v) must blow up in measure ®(t) at some time T and
+o0o
T< / s .
®0) —Cqs— %(g) =P CQ|D’1_1D + CQQQl_qu
When p < q, suppose that
—C10(0) — TP ( D)5 0| D7 + 4021 P3(0) > 0. (3.12)

qg 'p

Then solution (u,v) must blow up in measure ®(t) at some time T and

/+OO ds
T < — .
@(0) *018 — % (%) p—q CQ|D|17‘1 + 02(92171081’

Proof. Differentiate ®(t) about t, we get
(I),(t) = /Dutdx—i-/thdx

= [V (Vi) + @i+ [ V- (pa()T) + aafa) o(0)da
D D

= k(¢ /BD pl(u)Vu'VdS—i—/Dal(x)fl(v)da:
+ko(t) /8D pg(v)Vv-l/dS+/Da2(ac)f2(u)d:c

= ki(t) /8Dp1(u)dS/Dgl(u)dx+/Da1(:c)f1(v)d:n
+Eo(t) /BD pg(v)dS/Dgg(v)dx—i—/Dag(a:)fg(u)dx

4



where the divergence theorem and the boundary conditions on third equations for (1.1) are also used.
The assumptions (3.2)-(3.5) imply that

P'(t) > k:b1|6D]/ up2dx+a/ v da
D D

+kcl|8D|/ vq2d$+a/ uPldz (3.13)
D D

Note that 0 < 2=F 1= <1, then from Holder inequality and Young inequality, we have

bi—P Pl
/updx < (/ udx)f’i—l(/ uPidx) vt
D D D

L 1
< pi p/ udx + P /upid:z:,
pi—1Jp pi—1Jp

that is,
o 1
/ uPide > b p/ udz + 2 / uPdz. (3.14)
D p—1Jp p—1Jp
Similarly, it is easy to get that
/ vlide > —(H/ vde + L / vida. (3.15)
D q—1Jp q—1Jp

We insert (3.14)-(3.15) into (3.13) and obtain

- 1 - 1
®'(t) > kbi|oD|( - lep/ udz + 22 T / uPdz) +a — @ 1q / vdz + L& . / vidz)
D D D D

p— p— q— q—
- —1 - —1
—i—kcﬂ@D[(—qQ q/ Ud$+q2 /qux)—i—a(—pl p/ udx—i—pl /upd:r)
q—1Jp q—1 Jp p—1Jp p—1Jp
p2—p p1—p q2 — ¢ q1 —q
= — D — (=——kc1|0D _ d
(p_lkbl\a H—p_la)/Dudx (q—l c1l ]—I—q_la)/Dvx
p2—1 p1—1 g2 —1 ¢ —1 /
kbi|O0D Pd kc1|0D _ ad
+(p—1 1|10 |—|—p_1a)/Du x—|—(q_1 ] |—|—q_1a) Dv x
> —Cl@(t)—i-C'g/updx—l—Cg/qua:, (3.16)
D D

Ne)

where C1, Cy are given by (3.8) — (3.9). Thanks to Holder inequality again, we have

udz < (/ updx)%\DP_%,
D

S~ S

1 1—1
vdxﬁ(/ qux)q]D‘ a,
D

that is,
uPdz > (/ udx)”| D[P, (3.17)
D

S~ o

vide > (/ vdz)!| D)4 (3.18)
D

Then we rewrite (3.16) to gain

d'(t) > —Cl<1>(t)+CQ\D|1P(/

udm)p—i—Cg\DPq(/ vdz)?. (3.19)
D

D
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Next, we deal with the second term and the third term on right side for (3.19). We divide into
three cases and first study the particular case p = ¢. From the inequality (2.2), we get

(1) > —C1®(t) +217PCy|D|' PP (). (3.20)

An integration in (3.20) over (0,t) yields that

21—p D|1-p 21—p D 1-p
Cl Cl
Then, it follows from (3.7) that solution (u,v) must blow up in measure at some time 7" and
1 20710,
T<—————In(1- . 3.22
= - " apree i) 522

In the general case, without loss of generality, we assume that p > ¢q. Making use of the (2.5) and
(2.2), we have

() > —C'1<1>(t)+Cg\D]1p<(/ udx)q—lj_q(p)‘lqp)—i-CﬂD]lq(/ vdz)?
D p q D
> —C’1Q>(t)—p_q(p)qu02|D|1_p—|—Cz«9((/ udx)q+(/ ve)")
p q D D
> —01q>(t)—%(g)ﬁ@wyl—p+02921—q¢>q(t), (3.23)

where 6 is given by (3.11). In order to obtain ®'(¢) > 0, we need to demonstrate that
L b—q,p\ L 1-p 1-qgpa
P(D(t)) = —C1D(t) — 7(5) =2 Co| D|' P + C02' 7 19(t) > 0. (3.24)

Suppose that (3.24) does not hold. Set
t1 = min{t > 0]y(®(t)) < 0}. (3.25)
Then when 0 < ¢ < t1, we have ¢(®(¢)) > 0. From (3.23), it is easy to obtain that
P'(t) >0, 0<t<ty.

Hence,
O(t1) > ®(0) > 0. (3.26)

According to the definition of ¥(s), we can know that when s > si(¢(s1) > 0), 1(s) is increasing
about s. Therefore, in virtue of (3.10) and (3.26), we get

P(®(t1)) > 9 (2(0)) > 0. (3.27)

This is a contradiction with (3.25), that is, (3.24) holds.
In view of (3.23), we get that solution (u,v) must blow up in measure ®(¢) at some time 7.
Integrating (3.23) from 0 to ¢, we derive

D(t) ds
t< / - |
2(0) —Cs— /pp%q(g) =2 Cy| D|1=P 4 Cp021 154

Taking the limit as t — T', we have

/+OO dS
T< — .
®0) —Cis — %(g) q—p02|D’1—p + O021-as4

6



Obviously, when p < ¢, from (3.12), we can prove that solution (u,v) must blow up in measure
®(t) at some time 7" and

+oo ds
T < / - .
2(0) —018 — % (%) p—q 02|D|17q + 0292171’87’

4 A lower bound for blow-up time

The section mainly proves a lower bound for the blow-up time t*. Now we assume that the
functions p;, fi, i, ai, ki(i = 1,2) satisfy

b1 < pi(s) < by + bysht, ¢ < p2(s) < co + c3s?, s> 0, (4.1)
fi(s) < s, fao(s) < sP, s> 0, (4.2)
g1(s) <8P, go(s) < s, s>0, (4.3)
sup{ai(x),az(x)} =n, sup{ki(t),k2(t)} = ko, (4.4)

z€D >0

where bj,c;(j = 1,2,3),pi,¢i(i = 1,2),n, ko are positive constants. Now we define the new auxiliary
functions:

(t) =Wi(t) + Ua(t) = /

uadzn—l—/ vidz, t>0, (4.5)
D D

where «a, 8 are positive constants and they satisfy
a>n+1)(11—1)+p2, B>n+1)(2—1)+q. (4.6)

The following is our main result.

Theorem 4.1. Let (u,v) be a classical solution of problem (1.1). Suppose (4.1) — (4.4) hold and the
following assumption is satified:

@1 <min{2l; — 1,5 —a+2ly— 1}, p1 <min{2ly —1,a — 5+ 21 — 1}. (4.7)

And (u,v) becomes unbounded in the measure V(t) at some finite time T. Then the blow-up time T
s bounded, as follow:

T> / dr —
w(0) anCo + BnKo + Ain + A (1)
where By, Ko, A1, A are defined by

q1 a+q —1 a—1 a+q —1

By = - - D 4.8

’ CH‘(]l—l( ﬁ+2l2—2)|’ a+q1—1( a+2l1—2)’ : (48)
p—1 B+p—1 D1 B+p1—1

Ko = —(1- —)ID| + —(1- —) DI, (4.9)
B+p—1 B+ 21y —2 B4+p—1 a+ 2l —2

Ay =max{B; + B3, K1 + K3}, Az =max{Bs+ By, Ko+ K4}. (4.10)



Here B;, K;(i =1,2,...,4) are given by

- —1 —1)d - —1 niy
B = EakonID\H% (1 _ P ) + (@ —1) akon\DlH% (1 _ P ) + akoban’ =
Po 20 2epo a Po

_ _ _ n(ly— (11 —1)
D] 2 (1 _hi+p 1) n (2a —n(h 1))nk0b307<11a L ’D|1—25W1>17a
2a 2p0
patil—1 (Oé+ll—1)d LIGE ISP i —1+po
- kobg———— D -
( 2a—n(ll—1))+a 078 2epo pre (1 o )
_ — _ n(lq— n( )+a _
+(a n(ly — 1)) (a+1 1)dkobg~C (-1 DI~ aeﬂéi iﬁa(l— pa+1i—1 )
apo o — n(ll — 1)
(a—1)an 2n01-1 -1 (o —Dn(a—n(ly — 1)) 2nu-» _nli=D)
J S A o 1— C o n(l]—1)—a
+a+2l1—2 ( o )+ a+20 —2 =
I —1
1l-— 4.11
( a—n(ly — 1))’ (4.11)
plﬂn 2n(l —1) -1 D1 (Oé — n(l1 — 1)) 2n(l;—1) _n(la=1)
B = 70 a 1— o n(l]—1)—a
2 a+2l —2 ( « ) ala+ 2l —2) fnert
I —1
1l-— 4.12
( a—n(ly — 1))’ (4.12)
1 - —(p2—1 iy~
33 _ n(pg )kon ’D|1+% i (Oz )(pg )d ob P2 I kobgnc (lla 1) |D|1_pa2
2po 2epo
l -1 l1 — 1)nkpbs _ nti-1) UG n(
hApam 1 (b b= Dnkobs o220 2 it gy o™ D
2 2po
L= 1) — 1+ p2)d I —1 I -1 CEE
(ath -1l —L4p)d  (p2th—-1)(at+h )dkobgc D% cimna
2epg apo
(a—=1)(l4 —1)n n(1=1) (a—1Dn(ly —1) 2ny-n _nli-D)
C C o n(l]—1)—a 41
a+20—2 Tt 2 R (4.13)
p16n -0l —1  pi(lh — 1)y 2=y _nli=b)
B — ol A o 4.14
4 a+ 2l —2 e +a(a+2l1—2)c = ’ (4.14)
qram 2n(lp—1) lg —1 q (/8 — n(ZQ — 1)) 2n(lp—1) n(lag—1)
K, = N9 75 (1 _ C— 7 n(ly=1—F
T Bt 0= ran-op e
lo—1
1- 2" 415
n 141292 2 —1 (B—1)d 141292 2 —1 n 1-2
Ko = —BkacolD B (1 — koco|D B (1 — — D
2 = PhocalDl (1= "5 )+ Taep Phocall (=73 )+p o
lo+q2—1, nkoc3(28 —n(ly — 1)) il 1 _nllp— D) g +la—1
koes (1 — DI R nA(1 o TR
B 003( 25 )+ 2p0 | ’ erzT ( 25-’/1@2—1))
Iy — 1)d nta=1) _a lo—1 k lo —1)(B—n(ls—1))d
+5k¢003(6+ 2—1) o3 |D[1 F1- +Q2) n ocs(B + 1 —1)(8 —n(ly — 1))
2epo B Bpo
n(lg—1) 1— n(ly—=1)+8 g +1l—1 (5 — 1)ﬁ77 2n(ly—1) o —1
O 5 DI B ene5 (1 — 5 (1—
DI 7 ( ﬁ—n(lg—l)) B2y —2 ( 3 )
(8~ (6 — nlls — 1)) 2=tz -1
o nly-D-8 (] — 4.16
+ B+20p—2 e ﬁ—n(lrl))’ (419



qiam 2n(lg—1) l2 —1 Q1(l2 — 1)0”7 2n(lg—1) n(log—1)

K. = C— 5 + C s n(lz—1)—F 4.17
T B2y 5 T (B+2m-2)5 ‘ (4.17)
— 1— —_ _ 1—
K4 = 7(q2 1)nk‘002’D‘1+% -+ (/8 1)(QQ 1)dk002‘D’1+% + E 1_%
2po 2€po Po
l -1 k ly — n(lp—1) _nla-1)
ko ey 2 + 42 L 0cs(q2 +l2 ) 2= ]D| % enton7 4 kocs
2 2p0
lo — 1)d nl2-1) _ K lo—1 lo —1)d
.(52_1+q2)uc 5 |D\1 T ocs(B+12—1)(g2 + 12 — 1)
2epo /BPO
M50 pp-F entans o (B Dl = Dy 2tg=n
B+2lp -2
(,3 — 1)?7([2 — 1) 2n(lpg—1) _n(z=1)
B n(la-1)—p 4.1
+ B+ 2l —2 ¢ e ’ ( 8)
where 1% "
6204(04— )1’ 6:5(5— )17 (4.19)
H, + Hy L1+ Lo
2a(ly — 1 lh —1)d Lh—1 lh —1)d
H - (na(1 ) yleth—Dd  (atn(h-D)(eth-—1) )akobgc D pp-2
800 2po 4po
(o —1)d 1ol=re n(lp = 1) (a—1)a 2n-1
————akoby|D|"t = C— = 4.20
gy hobalDl T it 2n—2) 0”7’ (4.20)
ﬁpln(ll - 1) 2n(ly —1) ﬁqln(lg — 1) 2n(lp—1)
Ho - B L, — Pantlz = 1) =G 4.21
27 Yo+ 20 - 2) A T ) ar (4.21)
2 _ _ _ _ _
Lo (n B(lz — 1) n (B+1—1)d (ﬁ+n( 2—1)(B+1 1)d) L D|17%2
8po 2po 4po
(8- 1)d u (- 1)(B- DB, min
+-———Pkoc2|D g+ C 8 . 4.22
3o Bkoca|D| 4B+ 20— 2) pn (4.22)
Proof. Taking the derivative of ¥(t), we get
U'(t) = W) () + Wht). (4.23)

By the divergence theorem and the boundary conditions on third equations for (1.1), we obtain

Vi) = a/Duo‘_lutdx
= a/ ua—l(v- (p1(u)Vu) + al(m)fl(v)>d:n
D
= a/DV- (uaflpl(u)Vu>dx —ala—1) /Duazpl(u)]Vu|2dx

+a/ u* tay (z) f1(v)de
D
= a/aDual 1(u )ggdx—a(a—l)/Dua2p1(u)|Vu\2dx

—l—oc/Duo‘_lal(x)fl(v)dzc
= aki(t) /8D ua_lpl(u)dS/Dgl(u)dx—a(a—1)/Dua_2p1(u)|Vu|2dx
+a/ u* tay (z) f1(v)da. (4.24)
D



The conditions (4.1)-(4.4) yield that
vi(t) < ak:obg/ uo‘_ldS/ up2d$+ozk‘0b3/ uaHl_ldS/ uP?dx
oD D oD D
—a(a— 1)b1/ uo‘_2\Vu|2dx+an/ u ot d. (4.25)
D D
Evidently, differentiating ¥o(t), we demonstrate
UL(t) < /BkOCQ/ vﬁ_ldS/ Uq2d$+ﬁk063/
oD D o
-85 - 1)er [

D

pPtl=lqg / vi2dx
D D

0?72 Vo 2 —l—Bn/ v uPrde. (4.26)
D

Now, we estimate the first term of the right side on (4.25) and the first term of the right side on
(4.26). According to Lemma 2.1, we have

—1)d
/ ulds < n/ ua_ldaH—(a)/ u®"2|Vu|da. (4.27)
oD Po JD Po D
From Hélder inequality, we get
a—1
/ualdxg (/ uadx)T|D\é, (4.28)
D D
1 1
/uo‘_2|Vu|d:E < (/ uo‘_Qdaj)z(/ uo‘_2|Vu\2d:U)§
D D D
a=2 1 1
< (/ udz) 2= |D|a(/ u®"?|Vul?dz)?, (4.29)
D D
/udex < (/ uadx)%\DP*%. (4.30)
D D

Inserting (4.27)- (4.30) into (4.25), we derive

/ ualdS/ wWrdr < (”(/uadx)a;l‘m;_i_(o‘_l)d(/uadgj)az}zmyi
oD D D Po D

Po
1 P
(/ ua_ZIVu\Qd:UV)(/ u“da:)%g]D\ ry
D D
n 1—py 14-P2—1 a—1)d 1-py
= Dyppe () 4 @D e
Po Po
a—2+2 1
() / 2| Vuf2dz) 2. (4.31)
D
By means of (2.4), the last term on the right hand of (4.31) becomes
a—2+2 1 1 2pgy—2
(Uy(1)) 2 (/ w02|Vutdz)E < (U () e +5/ WCVuPde. (4.32)
D 2¢e 2 D
where ¢ is defined by (4.19). Then, inserting (4.32) into (4.31), we get
_ 1-po 1421 (Oé — 1)d 14 1=p2 14 2p2=2
u® 1dS/up2dx < DD (W o+ D[ (Wt g
| wtas [ 2 D]+ 3 (0 0) 2 (3, )
~1)d _
+(O‘)\D|1+1a”g/ u® 2| Vul?dz. (4.33)

2po D
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Similarly, the first term of the right side on (4.26) can be estimated by

1- —1 —1 1- 2922
/ vﬁ_ldS/ v2dr < £|D|1+ qu (\112(t))1+QZ6 T (B )d|D] qu (\Ifz(t))H ‘125
aD D Po

2epo

—1)d 1-qy
—i—u\D|1+ que/ 0?2 | Vo d, (4.34)
2po D

where € is defined by (4.19).

Next, we deal with the second term on (4.25) and the second term of the right side (4.26). By
applying Lemma 2.1 again, we get

—1
/ ua—i—ll—ldSS n/ ua+l1—1dx+(a+l1)d/ ua+l1_2’Vu|dx, (435)
oD Po JD Po D

The Holder inequality implies

/ wth—1dz < (/ uadaz)é(/ ut” 2+2[1dx)% (4.36)
D D D

/UO‘HI_Z\VUM:C < (/ UO‘Hh_de)é(/ua_zlvupdx);' (4.37)
D D D

It follows from Hoélder inequality and Sobolev inequality (2.3) that

(n—2)(11—1) (n—2)(11—1)
/ua+2112dx S (\/uadw)lal(\/ugf_nzdx) 7@1
D D D
(n=2)(,1—-1)
_(n=2)(;1 1) n a N\ T .
(/ uadm)l a <C7122(/ uo‘dx—l—/ |Vu5|2d:n)"*2>
D D D
2n(l; —1) 2(l—1) 2n(l; —1) _(m=2)(3—1)
s (/ uo‘dﬂv)l+ o« 4+ = (/ uo‘d:r:)l o
D D
a o n(ly—1)
( / Vus Pdz) (4.38)
D

where the inequality (2.1) is used. After inserting (4.30) and (4.35)-(4.38) into the second term of the
right side on (4.25), we get

IA

n(l]—1) (1 +pa—1) n(l]—1)
/ uo‘+ll—1d5’/ uPdr < ECL\DP Pyt ¢ Lot pp#
oD D Po
n(iy-1)
/|Vu2|2d:v T2 (W(1))

1_("_2)”%;1)_2172
l Hd _n@1-v 1
+—a+ ! ) . |D\1 p2(/ uo‘*QWuFdx)?
D

Po
(\Ill( )) h +¥C L |D’1 b2
apo
1_(n— 2)(11 1)—2pg "(1171>+l
We make use of the inequality (2.4) to get

o nly—1) _ (=23 -1)—2py - - _nlg-1) 2pp+2(—1)
([ 1vutPan) S ) T o 20 D i g ) RS

D 20

I —1

+n(18)a€/ ua72|Vu\2da:, (440)
D

11



1 1+(l1*(1¥+p2) 1 1 2(1; —14p9)
( / w2 Vul2dz) (U (1) < e / Ve + o (B ()T, (441
D 2 D 28
(n=2)(l; —1)—2 o nl;=1) 1 - — n(li—+a 2po+2(y —1)
(\Ijl(t))%_%iam ) (/ ‘Vu5|2d$) Qla +é < (6 n(ll 1)5"(11_1)_04 (\Ijl(t))1+ g%n(lll_l)
D 2c
1 —1
+(n( ! 8) +a)a€/ u* 2| Vul*de, (4.42)
D

where 0 < U= < 1 Due to (4.40)-(4.42), (4.39) becomes

n(ly—1) l1+po—1 200 — i —1 n(ly—1)
/ ua+l1—1ds/ uwPrdr < ﬁcit ’D|1_%2(\I/1(t))l+ 12— + ( (6% n( 1 ))nC L
oD D Po 2apg

n(ly—1) 2po+2(17 —1) _ e —
D 1-22_odnds (\lfl(t))lJr;aQT(lf—l) n (a+1y 1)dC¥
2epo
2(13 —14po) —n(l; —1 i —1)d nti-1
|D\1_%2(\I/1(t))1+ 1= L4py +(a n(ly g)(a—i— 1—1) o
a=po
n(ly—1)+a 2po+2(11 —1) 2 _ _
D=2 ent0a (0, (1)) A <” allh —1) | (eth—1)d
8po 2p0

+(a +n(ly —1))(a+1l; —1)d
4po

n(l;—1)
)C’ o ]D|1_I;25/ w2 Vul?dz. (4.43)
D

Similarly, the second term of the right hand on (4.26) can be estimated by

n(ly— l —1 _ _ n(ly—
/ vﬁ“Q—ldS/ vede < O D (wan) HF T Gl U e
oD D Po 2/3po

n(ly—1) 2g9+2(I—1) _ (o
|D’1_%E"U23W (\IJ2(t))1+ 2%2—71(122—1) + Mci@g R

2epo
_a2 2(lp—1+4q3) — -1 -1 n(la—1)
B4po
n(lp—1) (Ia—1) 2 _ _
DI R () A (122D Gl
8po 2po

-1 -1 n(la—1) _22
+(5+n(lz 4))(ﬁ+l2 )d)c D! “}?e/ 0?2 |Vo|2da. (4.44)
Po D

In what follows, we consider the integral [ D u* Ly de and / D VP~ 1uPrdz. With the help of Holder
inequality and Young inequality, we get

1 1 a—1 1 q1
u* fidr < ( uota- da:) atq—1 ( pOta— d;c) a+qp -1
D D

D
< a—l/ ua+Q1—1dx+ql/ a1,y
a+q—1Jp at+q—1Jp
< ol (/ ua+2zl—2dx)%‘p|l—%
at+qg—1"Jp
It (/ V222 ) §I§12112|D‘1—§I§}2__12
at+q—1"Jp
a—1 _ a—1 a+q —1
< a+2l; 2d 1 D
- a+2ll—2/Du x+a+q1—1( 04—1—211—2)‘ |
Q1 B42l—2 q a+q —1
I | SR dz + 1— D|, (445
5+2l2—2/p O<+Q1—1( 5+212—2)| | (4.45)
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where 0 < 5‘:2‘111;12, g:gl;:; < 1. Similarly the proof of the inequality (4.38), we make use of Holder

inequality and Sobolev inequality (2.3) to derive

/ O P e / o) T e / Pdr) T
D D

/ |V’U2] dz) (12/;1). (4.46)
We substitute (4.38),(4.46) into (4.45) to obtain
Jutonds < By o () T+ 0 ()
g O ) T ([ (vt pan T
bl M ) T ([ weipan) ™

where By is given by (4.8). Since 0 < n(lzjl), % < 1, it follows from the inequality (2.4) that

n(ly—1) o — n(l1 _ 1) n(ly—1) EIGE))

L =)= N a1
(W) e /D Vi Par) S < MDA (0 ()
+n(l14_1)a5/Dua_2|Vu\2dx, (4.48)
(W)~ /D voipan) T < £zl _”(BZQ b i (wy(r)) A
+W6/Du5—2|w|2dx. (4.49)
We use (4.48)-(4.49) to rewrite (4.47)
/D u*ty?dr < By+ PRy " f2;11_ QCW (\I'l(t))lJFQ(l1 : + 312, -2 2ql12 — 20% (‘1’2(t))1+%
= _atc)x((j-;ln(llgg D) wﬁngﬁiﬁl—)a (\Ifl(t))lJr%
=
e
- D
e i
Similarly, note that 0 < 53?;12’ 51279111:12 < 1, we can get that
/D VluPde < Ko+ T f%l_ 5 HEE () 4 P ;11 - QCW ()
i ;l:(_ll2; D5 AT () H
U [ e
y —
+m0%(gl)e/Dua_2]Vu\2dx, (4.51)

13



where K is given by (4.9). After inserting (4.33),(4.43),(4.50) into (4.25), we have

=2 (\Ifl(t)) 102(;1 N

Oék'obg

—1)d
Ui(t) < anBo+ pﬂak‘obz (040)

2ep

akobgn LICES)) P2 b=t (200 —n(ly — 1))n  ni-1
+ DI () ™+ 5 C e

2]
n(ly—1) 2pg+2(11 —1) _ (i —
obs| DI~ 2 emt 2w (1 (1)) R 4 (0t = Dd et
2ep0

1+42<11*‘11+P2) n (a — n(ll — 1))(04 e l)dcn(l};l)

apo

n(ly—+a 2pa+2(i1—1) oa—1a 2n(ly —1)
k‘ob3|D]1 2 87L(l1 D-a (\1,1( ))1+ a=n(i—1) c)E—|—2l1)—772 —

1+2(l1—1) qlan 2n(lg—1) 1+2(l2ﬂ_1)

(T (t) T +mc T (Wa(t))

(a — 1)(@ — n(ll — 1))77 2n(lq—1) n(l—1) 1+ 2(l—-1)
C o En(llfl)fa \\J t a—n(l;—1)
a+ 2l —2 (T1)

q (ﬁ — n(l2 — 1)) 2n(lg—1) _n(lg—1) 14 20a=1)
8 n(lo=1)=B oym(Wo (¢ B—n(lg—1)
(5 + 2 - 2)5 ‘ 1(a()

Ckk?()bg‘D’l e (\111( ))

+EH1/ ua2|Vu\2da:—a(a—1)bl/ ua2|Vu]2dx+eL1/ 0?72 | Vo dz.
D D D

where Hy, Ly are given by (4.20)-(4.21). The inequality (2.6) yields that

14221 p2—1 p2—1.3
\I] t [ < 1— \I’ t \II t
(W1 (t)) < oo )W (t) + 5 Vit),
2po—2 _1 —_
(@) < -2y e+ 2w,
«
14 atpat Ii+py—1 h+p—1_34
\IJ t a < 1— \Ij t \IJ t
(1(t)) < ( e YW1 (t) + e 1(2),
14 2p2420 -1 pp+li—1 ppth—1 3
U (¢ 20-n(-1) < (] — U (t U (t
( 1( )) 1 < ( 2a—n(l1—1)) 1()+2a—n(l1—1)) 1( )7
14 201=14py) Ilh — 1+ po li —1+4+p2
(W) T < (- ) i(e),
14 2224200 =) po+li—1 pptlh—1 3
U, (¢ amni-D < (1— 22—~ )y (¢ Wy (¢
( 1( )) 1 < ( a—n(ll—l)) 1()+a—n(ll—1) 1( )7
2(11 - 1) -1 —1
(0 0) T < - e+ P ),
14 _201-1) 1 —1 li—1 3
Wq(t a—nli-1) < (1 — ———— ) Wq(t (¢t
(T4 (1)) o< a—n(h—l)) 1()+a—n(ll—1) 1(2),
2(lp—1) lo—1 o —1
(a7 < (1= F )W) + o v),
1201 Iy — 1 Iy — 1 ;
U, (+ Bnla-1) < (1 — —= = \Ws(t o (t
( 2()) (2= —( 5—n(l2—1)) 2(t) B —n(la—1) 2(t)

Combining (4.53)-(4.62) and (4.52), we have

W (t) < anBo+ B1W,(t) + BsW3(t) +eH; /D w2 Vul?de + K1 Us(t) + K3U3(t)

—I—eLl/ 0?72 Vo)?dr — afa — 1)61/ u* 2| Vul*d,
D D

14

P2 (\Ill(t))l-f-Qpi;Q

(4.52)

(4.53)
(4.54)
(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)



where Bj, Bs, K1, K3 are defined by (4.11),(4.13),(4.15),(4.17). A similar computation leads to
Uh(t) < BnKo+ BoWy(t) + B4V (t) + eHo /D w2 Vul2de + KoWs(t) + KqUi(t)
+eLg /D VP72 Vo)?dz — B(B — 1)y /Dvﬁ_2]Vv|2dx, (4.64)
where the definitions of Ky, B2, By, Ko, K4 are showed by (4.9),(4.12),(4.14),(4.16),(4.18). Then,
adding (4.63) and (4.64), we get
U'(t) < anBo+ Ko+ (Br+ Ba)Wi(t) + (K1 + K)Wa(t) + (B + Ba)¥3(1)

+(K3 + Kq)U3(t) + (eHy + eHy — a(a — 1)by) / u* 2| Vul*dx)
D

+(eLy + €Ly — B(B — 1)01)/ 0?2 | Vo 2dz, (4.65)
D

where Ha, Ly are given by (4.21),(4.22). In virtue of the definition of € and ¢, the terms including
[pu*?|Vul*dz and [, v°~2|Vu|?dz are eliminate. Therefore, we have

U'(t) < anBy+ Ko+ (Br + B3)¥1(t) + (K1 + K3)Us(t)
+(Bs + By)Wi(t) + (Ko + Ky)W3(1). (4.66)

The equality a! 4+ b < (a +b)!,1 > 1 implies that
U'(t) < anBg+ Ko+ A1U(t) + AgT3(t), (4.67)

where Aj, Ay are defined by (4.10). Integrating (4.67) from 0 to ¢, we have

() dr
<t
XII(O) anBo + Ko + A1 + Ag73(t) ~

When t — T, we get

& dr
T > .
- [p(()) anBo + BnKo + A17 + Aam3(t)

Thus, if (u,v) blows up in the measure ¥(¢) at some finite ¢*, and there is a lower bound for blow-up
time. O

5 Applications

As applications, the section shows that an example illustrates our main results.

Example 1. Assume (u,v) is a classical solution of the following equation:

7
up =V - <(1 + uQ)Vu) + (g — |z]?)3, (xz,t) € D x (0,7T),
v =V- ((1 + 1)2)v1)> +(3- 2]3:\2)2, (x,t) € D x (0,7T),
du 3360 [ 5, Ov 3360 . / ,
U _ 2% de, 20 =209 d t) €D x (0,T
ov 74377(2 ° )/Du2 Y 74377( ) Dv z, (&) €dDx(0,1),
([ w(z,0) =1+ |z, v(z,0) =1+ [z]%, r €D,

where D = {z = (21,32, 23)|23 + 23 + 23 < 1}. Then (u,v) will blow up at T in the measure ®(t),

where
@(t):/udx+/vda:.
Q Q
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Moreover, the blow-up time T is bounded and
2.93737 x 10~7 < T < 0.1808.
Proof. Compared with problem (1.1), it is obvious that

o) =1+, po(v) = 1407,

7 5
fl(s):*gZ? fQ(S):SZa gl(S):S§, 92(8)2827
3360 _3¢ 3360 _
5
ar(@) = 3 o, aa(e) =3~ 2laf’, uo(z) = vo(x) =1+ |ol?
Set p1 = %, Q= Z, P2 =qo =2, by = c¢; = 1. From the definition of p, ¢, we get
7
p ) 4
Obviously, according to (3.2), we get
. ~ 3360
7T 7437

Then we compute that

3360 3360 3360 4 x 3360

_ 1 _ ~ 1.5074 — min{3 4 20 2 XY
Cr=max{l, 7ot = g g © 10T, Gy =min{3+ —a, o

+ 2} ~ 7.5222.

®(0) = / 1+ |z2dx +/ 1+ |z’ dz ~ 1.20428.
Q Q

—C1®(0) — p%’(g)#@e + C0217999(0) & 7.5394 > 0.

The conditions of the Theorem 3.1 are satisfied. Hence, the solution (u,v) must blow up in measure
®(t) at some time T and

+0oo ds
T< / =~ (0.1808.
1.20428 —1.5074s — 0.7052 4 7.2665s4

Now, we will show a lower bound for the blow-up time T by applying Theorem 4.1. We choose

3360 x 2
T 743r¢

Obviously, they satisfy (4.1)-(4.4). In addition, we compute py = d = 3. From [21], we get the
embedding constant C' ~ 7.5931. Let a = 3 = 7. Then, according to (4.20)-(4.22), we can get

Hy =L =1655.51, Ho~174.069, Lo ~ 121.848, &~ 0.0229561, €~ 0.0236306.
The (4.11)-(4.18) imply that
By ~ 68193.2, By~ 269.361, Bs~ 188897.7212, B, ~ 85.0504,

K1 = 184.929, Ko =~ 63708.6959, K3 =~ 58.3274, K, ~ 175868.0699.
It follows from (4.8)-(4.10) that

By ~ 0.0709626, Ky~ 0.0932553, A; ~ 68462.561, A ~ 188982.7716.
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Obviously, we can conclude that (u,v) blows up at a finite time 7" and (u,v) is unbounded in the
measure ¥ (¢) at a finite time T, where

\I'(t):/ u7dx—i—/ v'dz, t>0.
D D

And we have

T(0) = / uldx +/ vgda ~ 2.97107 x 1077,
D D

By Theorem 4.1, the blow-up time 7" is bounded below and

/oo dr
T >
w(0) anBo + BnKo + A7 + A273(t)

o0 dr
- /2_97107 3.4485759 + 68462.5617 + 188982.771673
2.93737 x 107".

Q

Therefore

6

2.93737 x 1077 < T < 0.1808.
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