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ABSTRACT. In this paper we introduce and study k—order Gaussian Fibonacci
Coding theory. We give illustrative examples about coding theory. This cod-
ing theory is a method bound to the Qp, Ri and E&k) matrices. This cod-
ing/decoding method is different from classical algebraic coding. k—order
Gaussian Fibonacci Coding method depends on matrix multiplication and can
be performed quickly and easily by today’s computers. This method will not
only ensures information security in data transfer but also has high correct
ability. Consequently, this method aims to increase the reliability of informa-
tion transfer by moving the coding theory to the complex space.

1. INTRODUCTION

Fibonacci numbers is defined by the recurrence relation of F,, = F,,_1 + F,,_» for
n > 2 with the initial conditions Fy = 0, F} = 1. Some authors satisfied and studied
a lot of generalizations of Fibonacci numbers in [1, 2]. In [3, 4], the Fibonacci Q-
matrix is defined as follows:
1 1
o= i

It is well known that nth power of the Fibonacci Q-matrix is shown by
n __ Fn+1 Fn
in [5] and [6].

A. F. Horadam in [7] introduced Gaussian Fibonacci numbers and in [8] defined
and established some general identities about Gaussian Fibonacci numbers. J. R.
Jordan in [9] extended some relations which are known for the usual Fibonacci
sequences to the Gaussian Fibonacci and Gaussian Lucas sequences.

The Gaussian Fibonacci sequence is GF,, = GF,_1 + GF,,_ with n > 1 where
GFy =i, GF; =1 in [9]. Also, one can see that

GF, =F,+iF,

where F), is the nth Fibonacci number.

Day by day, in order to ensure information security in terms of data transfer
over communication channel, many studies have been done and continue to be done.
Therefore, coding/decoding algorithms play an important role to ensure information
security. Especially, Fibonacci coding theory is one of the most preferred in this
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field. We can see examples of these in many studies. For example, in [10], A. P.
Stakhov gave a new approach to a coding theory using the generalization of the
Cassini formula for Fibonacci p-numbers and Q),-matrices in 2006. In 2009, M.
Basu and B. Prasad in [11] presented the generalized relations among the code
elements for Fibonacci coding theory. Also, M. Basu and M. Das introduced a
new coding theory for Tribonacci matrices in [12] and in 2014 they defined the
coding theory on Fibonacci n-Step numbers by generalizing the coding theory for
Tribonacci numbers in [13].

In this study we introduce a new k—order Gaussian Fibonacci coding theory
where k—order Gaussian Fibonacci numbers. This method aims to increase the
reliability of information transfer by moving the coding theory to the complex
space.

2. k—ORDER GAUSSIAN FIBONACCI NUMBERS

In [14], M. Asci and E. Gurel defined the k—order Gaussian Fibonacci numbers
{GF,(Lk)} by the following recurrence relation

n=0

n—j?

k
GF’I(Lk):ZGF(k) forn>0and k > 2
j=1

with boundary conditions for 1 — k <n <0,

1—4, ifk=1-—n
GF® = i, ifk=2-n
0, otherwise.
One can see that
; . (k
GF7(zk) = F7(Lk) + ZFI(L—)l

where Fék) is the nth k—order Fibonacci number.
The first few terms of the sequence GF" can be seen in the following

n | k=2|k=3|k=4|k=5|k=6

-5 1—1
—4 1—14 )
-3 1—1 i 0
-2 1—14 i 0 0
— 1—14 i 0 0 0
i 0 0 0 0

249 | 2449 | 240 | 240 | 241
3426 | 4+20 | 4+20 | 4+20 | 4420

1
0
1
20 142 | 144 | 1+3 | 1+¢ | 142
3
4
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Also, Asci and Gurel introduced the matrices Qy, Ry and E,(Lk) that plays the role
of the Q—matrix. Qg, Ry and Eflk) are defined the k£ X k matrices as the following:

11 1 - 11
10 0 -~ 00
01 0 - 00
Qe=1. . . . . . ’
0 0 . 00
L0 0 0 1 0],
T ar® gFE®, GFY, GrP ar® o0 ]
Gr®, cr®, GaF®, GF® o 0
Gr", ar, ar®, 0 0 0
Ry = . .
GE® gr® 0 0 0
Gr® o 0 - 0 0 i
L o 0 0 - 0 io1-il,
and
GF:i)kﬂ GF’IE?]C*Z GFT(Lk-;-)l GFvgk)
k k k k
GFr(LJr)k—z GFT(L-‘,-)]C—.?) Gk GF,§_)3
E®) = : : . : :
GF” Ganl e GFn—k'+2 GFn—k—i—l kxk

Theorem 1. [14] Let n > 1. Then
QiR = B, (2.1)

1 1]"[1 4

1 0 i 1—1
B GF,.1 GF,
- GF, GF,_,

Corollary 1. [14] Let k = 2.Then

Q"R

where GF,, is the nth Gauss Fibonacci number.

Corollary 2. [15] Let k = 3.Then

n

101 1 1+i 1 0
QiRs = |1 0 0 1 0 i
01 0 0 i 1—i

[ GTh2 GTh41  GT,
- | e, ar, ¢t
GT, GT,-1 GT,_o

where GT,, is the nth Gauss Tirbonacci number.
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3. APPLICATIONS OF k—ORDER GAUSSIAN FIBONACCI NUMBERS TO CODING
THEORY

In this section, we introduce a new k—order Gaussian Fibonacci coding the-
ory using k—order Gaussian Fibonacci numbers and @, Ry and E)(Lk) play very
important role in the construction of k—order Gaussian Fibonacci Coding theory.

We will now obtain the matrix E,(lk) using @k, Ry matrices for the k =2, k=3
values and examine the inverse.

For k = 2, introducing the square matrix )2 of order 2 as:

1 1
Q: = [1 0}
and the square matrix Ry of order 2 as:
1 )
Ha2 = [z 1- J
for n =1, we can use (2.1)
B = QR

EIETAR!
B 1 1

Gr?® Gr®
GF® GFY?

such that det B> = det(Qs.Ry) = det Qy. det Ry = (—1).(2 — i) = —2 + 4.
The inverse of E§2) is as:

(52)" = 175 A
5T5" 755!
_ 1 [—GFO GF, }
det BP [ GF1 —GI
1 [GFO GF, }
2414 | GFy -G
such that det (Ef))_l =g =-2-%

Also, by (2.1) for n = 2, we can get Eéz) as follows:

EY = Q3R
244 141
1+ 1

Gr? Gr®
GFY? GFY

such that det ESY = det (Q3.Rs) = (det Q2)° . det Ry = (—1)%.(2 — i) = 2 —i.
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The inverse of E§2) is as:
—1 2, 1; 13,
T+t —x— %1
(Ef)) — { 5,75, S5 }
~-GF®  GFY
det E® | GFYY —GFY

1 |[-GF? GF?
2—i| GFY —GFy

—1
_ 1

such that det (Eéz)) =z = % + %z

GF?, GRY
2 2
GF?®  ar®?,
~GF®,  Ggr?
2 2
GF?  —GF®),

For k = 3, introducing the square matrix Q)3 of order 3 as:

Theorem 2. E,(Lz) =

where E§2) = F + 1} .

1 1

~GF®,  Ggr?

1
2 2
GF?  —GF®),

= (detQ2)". det Ry

-1
Theorem 3. ET(E) =
det E{Y

1 11
Qs=11 0 0
01 0
and the square matrix R3 of order 3 as:
1+4 1 0
Ry=1| 1 0 i
0 1 1—1
for n = 1, we can use (2.1)
E® = Qs.Ry
2+ 1+4i Gr¥ Gr® Gr®

1
1+i 1 0| =|GF® GF® GF®
1 0 7 GF1(3) GFO(S) GF_SI)

such that det E%g) = det (Q3.R3) = det Q3. det R = 1.2i = 2i.
The inverse of Ef’) is as:

7

1 1.
2 PR

-1
()" - |-+

1, 1

2t 2

GFEGF® - (GEJ(‘“’))2 GFPGF® — GFYar®  aFPar® - (GF1(3>)2
= p |GRGHY —GRPGFY) GRPGRY) - (GFl(B))Q arPary® - arPary®
(GFI(B))Z ~GFPGR®  GFPGRY - arPar®  arPard - (GF2(3))2
GFAGF® - (GF(E?’))z arPar® - ar¥ar®  arPard - (GF1<3>)2
= i |GFPar® —aFPar®)  arPar® - (GFl(?’))Q GFPGFY — GFP arf
(GFl(f”)2 ~GFPGRY  GFPGR® — aFPGRY  GFPaFR® - (GF2<3>)2

_1
2 .
1 7
)

- 1
) 2
) + -
— 1
2

I opm

i
1, _
2
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1 .
such that det (E§3)> =1 =_

K2
21 2°

Also, by (2.1) for n = 2, we can get Eég) as follows:

EY = QR
A+42 244 1+ Gr® GFY® GF®
= |2+i 1+i 1 |=|cF® Gr® Gr®
] 3 3 3
141 1 0 GFQ() GFl() GF(E)

such that det ESY = det (Q3.Rs) = (det Q3)° . det Ry = 12.2i = 2.
The inverse of Eég) is as:

1; 1 1; 1 N
5 5 — 50 —5 —1

—1 2 2 2 2
3 . .
(Eé )) =|3— 31 -1 %—i—%z
1 .1 . .
—§—Z §+%Z 1+§Z

2 2
crVGR? - (6F) eFYeRY - RYGRY  GFPGRY - (GF)

2
Ly |GFPGE® — GEP GF® GFé”GFEL(GFZ(?’)) GFPGF® — GFPGF®

det Eém

2 2
crVGRY - (6RY)  GEYGRY - GRYGEY  GRYGEY - (GF)
. 2 p 2
GRIGEY — (GF®) GFYGRY - GRPGRY  GFPGRY - (GFY)
1

2
= am |GRUGFY ~GRYGRY  GRYGEY - (6RY) eRPIGRY - GFGR
2 2
GrUGRY - (6Ff)  eFPGRY - erYGFY  GRYGEY - (GFY)

GF®, GFY, GFEY 24+i 1+i 1
Theorem 4. ES’) = GFT(L‘j_)1 GF,ELS) GFS’_)1 where Efg) = |1+2 1 0
3 3 3 ;
Gr?®  ar®, GF®, 1 0
[ GF7§,3—)ZGF7(I3)7 GF(d)l GF(Ls)_ GFég—)lGFé?))l* ]
2 n_ !
(cr2,) GFY,GF), (er)
(3) (3)
h s () 1 | GEDGRY—  GRILGRL= GRYGRT), -
eorem 5. ( n ) = det B3 GF® ap® (GF(3)) ar® ar®
n—2 n+1 n n—1 n+2
3 (3) 3) (3)
GFrsleFn 1~ GFT(Ls)GFTEi_)l— GFy GFn+227
(ar) GFO,GF), (6ri)

For arbitrary k—positive integers, the square matrix ET(Lk) of order k and inverses
can be found similarly.
4. k—ORDER GAUSSIAN FiBoNAccI CODING/DECODING METHOD

In this section, we describe a new k—order Gaussian Fibonacci coding theory. We
put our message in a matrix of M and let us represent the initial message in the form
of the square matrix M of order k.We take the k—order Gaussian Fibonacci matrix

-1
E7(,,k) as a coding matrix and its inverse matrix (E,@) as a decoding matrix for

an arbitrary positive integer k.The transformation M X E,(Lk) = C'is called k—order
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—1
Gaussian Fibonacci coding and we name the transformation C' x Eflk) = M as

k—order Gaussian Fibonacci decoding. We define C' as code matrix.

5. ILLUSTRATIVE EXAMPLE OF k—ORDER GAUSSIAN FIBONACCI
CODING/DECODING METHOD

The given examples will be solved using the alphabet table below.

Using the arbitrary value of s, we write the following alphabet according to
mod30. We can extend the characters in the table according to our wishes. We
begin the ”s” for the first character.

[ A [ B [ c [ D [E [F G HIJTII]JJ
[ s Ts+1[[s+2[s+3 [ s+4[s+5[s+6[s+7[s+8][s+9]
L x I b | M [ NTJTOTJZ®PIJQ]RTISTIJT]J
[s+10[s+11[s+12[s+13[s+14[s+15][s+16[[s+17[[s+18 [ s+19]
L v [ v [ w][X v [ 2z ol ! *? [
[s+20s+21[s+22][s+23[[s+24 [s+25[[s+26]s+27[[s+28[ s+29]

Example 1. Let us consider the message matriz for the following message text:
HCODE n

Step 1: Let’s create the code matriz using the message text:

Cc O
-5 7
D E2><2

Step 2: Let’s write the code matriz C according to the alphabet table for the
arbitrary value ”s” we choose. For s = 2;

w=ls 3

5 6

Step 3: Fork=2,n=2, we use (2.1);

B = QR
o [24d 1+
~ o1+ 1

Step 4: The code message is:
C = Mx Eéz)
|4 16] 247 1474
5 6] |1+41 1
o |24+200 20+ 44
|16+ 116 11454
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Step 5: The decode message is:
-1
C x (Ef))
[24+20i 2044i] [ 2+ ¢
|16 + 117 11 + 54
~[4 16
|5 6
¢ o
- |D E

M

Let’s do the same example for s =3, k=2 and n = 4.

Step 1: Let’s create the code matrix using the message text:

Cc O
-5 7
D E2><2

Step 2: Let’s write the code matrix C according to the alphabet table for the
arbitrary value ”s” we choose. For s = 3

5 19
=l 7]
Step 3: For k=2, n =4, we use (2.1);
Ef) = Q%-Rz
_ 3+2i 241
o 241 1434
Step 4: The code message is:
C = MxE?
5 19| 3420 2+
6 7 241 144

_ 53 429; 29+ 243
o 32419 194 13:

Step 5: The decode message is:

-1
M = CX(Ef))
[ 53+29i 29+24i | [ -+ —-2i 24320

| 324190 19+ 13i i —2-1
_ 5 19

T ol6 7

_[c o

- | E

Example 2. Let us consider the message matriz for the following message text:

"K ORDER GAUSSIAN FIBONACCI NUMBERS"
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Step 1: Let’s create the code matriz using the message text: (We can fill our
message matriz by putting "0" in the spaces between the two words.)

WA~ =
H~m~co
IO N0
nwzZzZ2Zew
oS oIy
ocRQTmnE

6X6

Step 2: Let’s write the code matriz C according to the alphabet table for the
arbitrary value ”s” we choose. For s =1

11 27 15 18 4 5
18 27 7 1 21 19
19 9 1 14 0 6
M= 9 2 15 14 1 3
39 0 14 21 13

2 5 18 19 0 0
Step 8: Fork=06,n=3, we use (2.1);

EY = Q3.Rg

22741197 1044647 44 +367 16+24¢ 4422t 241
114 +62¢  52+32¢ 22+18 8+127 2+11¢ 1+
57+ 314 26+16t 11+97 4+6: 1+ 64 1

31+ 15¢ 15+ 70 7+ 3i 3+1 1454 0
15+ 70 7+ 31 3+ 1+ 54 0 0
7+ 31 3+ 1454 0 0 0

Step 4: The code message is:

c = MxEY

[11 27 15 18 4 57 [227+119i 104+64i 44+36i 16+24i 4+22i 2+
18 27 7 1 21 19 114 +62¢  52+32¢ 22+18 8+12¢ 24117 144
19 9 1 14 0 6 o7 + 313 26+1671 11497 4467 1+ 64 1

9 2 15 14 1 3 31+ 15¢ 15+7 7+ 3i 3+1 1+ 54 0
39 0 14 21 13 15+ 7 7+ 3i 341 1+ 54 0 0
2 5 18 19 0 0 7+ 3t 3+1 1454 0 0 0

[7083 + 3761¢ 3251 4+ 19515 1386 + 1100i 510+ 7166 131+ 719i 64 + 38i
8042 + 42527 3677 4 2217t 1552 4 13167 556 49047 134 4 740¢ 70 + 45¢
5872 + 30787 2698 4 1624¢ 1149+ 927¢ 422 45847 109 45937 48 + 28¢
3596 + 18867 1656 + 9841 709 45537 263 +349¢ 69+ 380: 35+ 113
25474 13117 1176 + 654¢ 504 4+ 3987 183 4+2997 44 + 2357 15+ 124

12639 + 1391 1221 4709 529+ 3817 201 + 2357 5543025 27+ 7:
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Step 5: The decode message is:

M = CX(E§6>)_1

[7083 4+ 3761i 3251 + 19517 1386 + 1100i 510 + 716i
8042 442527 3677 + 22177 1552 4 13167 556 + 904¢
987243078 2698 + 16247 1149 + 927 422 + 5844
o 3596 + 1886¢ 1656 + 9844 709 4 5537 263 + 349¢
2547 + 13117 1176 + 6544 504 4 398: 183 + 299
12639 + 1391¢ 1221 + 709 529 4 3817 201 + 2351
[_763 | 11317, 206 _ 10265,  _ 4483 _ 2407 ,
RN T VT O OV T
IEELIE A
T TeE g T BE 9
L AT T
TSRS LA S e
L 38748 12916 6458 19374 38748 38748
13289 + 2963 i 7985 + 82{3 i 2453 + &74
RS T T TS SR, W | e
I O D A )
_ AV, Td et O
TR RS RN AW, T 3u8 By
O Oy FCRNY 7 R A
3229 38748 38748 9687 38748 38748

11 27 15 18 4 5
18 27 7 1 21 19
199 1 14 0 6
T l9 2 15 14 1 3
3 9 0 14 21 13
2 5 18 19 0 0
[K 0 O R D E
R 0 G AU S
_|s 1 AN O F
~ |t B O N A C
c I 0 NU M
B E R S 0 0

Example 3. Let us consider the message matrix for the following message text:

"PUBLIC KEY"

Step 1: Let’s create the code matriz using the message text:

P
M= |L
K

v C
1 C

E Y3><3

13147192
134 + 7401
109 + 593:
69 + 380¢
44 + 2354
55 + 3024

64 + 38¢
70 + 451
48 + 281
35+ 114
15+ 124
27+ T7i

Step 2: Let’s write the code matriz C according to the alphabet table for the

arbitrary value ”s” we choose. For s =5

20
M= |16
15
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Step 8: Fork=3,n=06, we use (2.1);

E®) = QS.Rs
444 24i 244130 13+ 7i
= |24+13i 1347 T+4i
1347  T+4i 4+2

Step 4: The code message is:

C = MxEY
20 25 6] [44+24i 24+13i 13+ 7

= (16 13 7| |24+13¢ 13+7i T7+44
115 9 29 B+7 T+4 4+

(1558 + 847i 847 + 459i 459 + 252i
= |1107+602¢ 602+ 327¢ 327+ 178
1253 + 680z 680 + 3747 374 + 199

Step 5: The decode message is:

M = CX(E§6>>_1

(1558 + 847i 847+ 459i 459 + 252] [— —7gz' 3+% S+
= |1107+602i 602+ 327i 327+ 178i %+§z’ 1— 4 —§—§i
1253 +680i 680 +374i 374+199i| | 5+2i —Z—3i —2+3i
20 25 6
= |16 13 7
15 9 29
P U C
= |L I ¢
K E Y

6. CONCLUSION

In this paper we introduced and studied k—order Gaussian Fibonacci Coding
theory. This coding theory is a method bound to the @y, Ry and E7(,,k) matrices.
This coding/decoding method is different from classical algebraic coding. Since the
n, s, k values are arbitrarily chosen in the k—order Gaussian Fibonacci Coding the-
ory, it is difficult to estimate the information transmission between the two channels
by a third channel, which increases the reliability of the information transmission.
In addition, this method depends on matrix multiplication and can be performed
quickly and easily by today’s computers. With k—order Gaussian Fibonacci Cod-
ing theory, we can encrypt and send messages of the desired length by enlarging
the k value sufficiently. Consequently, this method aims to increase the reliability
of information transfer by moving the coding theory to the complex space.
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