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1 | INTRODUCTION

Summary
In this paper, we study blow-up phenomena of the following p-Laplace type nonlinear
parabolic equations
u =V - [p(|Vul?)|VulP72Vu| + f(x,t,u), in Q x (0,1%),
under nonlinear mixed boundary conditions
p<|Vu|P>|Vu|P'2% +0(2)p(lul”)|ul”u = h(z,1,1), onTy X (0,1%),

and u = 0 on I’ X (0,#%) such that I'; UT, = 0Q, where f and & are real-valued
C!-functions. To discuss blow-up solutions, we introduce new conditions:

Foreachx € Q,z€0Q,t>0,u>0,and v > 0,

aF(x,t,u) <uf(x,t,u) + pu’ + v,

(D, 1)
aH(z,t,u) < uh(z,t,u) + pyuf +y,,

(D,2) : dvp(v) < P(v),

for some constants «, f, f,, 71, Y2, and 6 satisfying

Ap+1
R p< %Xy PmAg, and 0 < f < L Pmhs:
As p D

where p,, := inf . p(w), P(v) = /0" p(w)dw, F(x,t,u) = fou f(x,t,w)dw, and
H(x,t,u) = fou h(x,t, w)dw. Here, A is the first Robin eigenvalue and Ag is the

a>2,5>0, ﬂ1+

first Steklov eigenvalue for the p-Laplace operator, respectively.

KEYWORDS:
p-Laplacian; nonlinear parabolic equation; nonlinear boundary; blow-up

It is well-known that reaction-diffusion equations can describe lots of natural phenomena such as gravitational potentials,
heat flow, and fluid flow (see'®). Especially, nonlinear reaction-diffusion equations have been attracted the attention of many
researchers. The most famous example of nonlinearity, there are the p-Laplace operator (V - [|Vu|P~2Vu)) as a diffusion operator
and autonomous function f () as a reaction term. i.e.

u, =V - [|VulPVul + f(u). (D)

Of course, the equation can express a variety of natural and social phenomena and has been studied by many researchers

15120122

(see and references therein).
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On the other hand, lots of natural and social phenomena can be also affected by external stimuli. Therefore, it is important
to consider various boundary conditions such as the Dirichlet boundary condition, the Neumann boundary condition, and the
Robin boundary conditions, and so on. Especially, p-Neumann boundary conditions with autonomous function A(u):

[Vul?2 2% = hw) @
on
have been studied by lots of researchers because of their applicability (see'®23 and references therein).

In this paper, we deal with blow-up phenomena of the following p-Laplace type nonlinear parabolic equations under mixed

nonlinear boundary conditions:

Forp > 1,
u, = V- [p(IVul?)|VulP=2Vu] + f(x,1,u), in Qx(0,1*),
Bp[u] = h(z,t,u), onI’; X (0, 1), 3)
u=>0, on I, X (0, %),
u(-,0) = uy > 0, inQ,

where Q is a bounded domain in RN (N > 2) with smooth boundary 0Q, I'; and I, are disjoint open and closed subset of 9Q,
respectively, such that I'; UT", = 0€Q, and ¢* is maximal existence time of the solution u. Here, Bp [u] = h(z,t,u) onI"; X [0, t*)
stands for the boundary condition

p(IVuI")IVuI"_z? +0(2)p(|ul")|ul”u = h(z,1,u), on T X (0,1*),
n

where 6 is nonnegative C'!(0Q)-function. Moreover, we assume that the function p is a C'(R*)-function satisfying inf . , p(w) >
0, the function f is a C'(Q X R* x R*)-function, the function £ is a C'(0Q X R* x R*)-function, where R* = [0, c0). Also,
the initial data u,, is a nonnegative nontrivial C! (Q)-function satisfying the compatible condition B,[uy] = h(z,0,u,) onI'; and
ug=0onT}.

The equation (3) is generalized version of (I)-(2) which is well-known p-Laplacian parabolic equation under the nonlinear
Neumann boundary condition. The simple versions of the main equation (3) (such as autonomous functions f(u) and h(u)
instead of f(x,t,u) and h(z,t,u), p = 1, and p = 2) were studied by lots of researchers with respect to the blow-up theory
(see SBBIOITITBIORIRADSDERT0S)

Most of blow-up results which discussed nonlinear parabolic equations under nonlinear boundary conditions considered non-
negative functions or non-positive functions in the reaction term and the boundary term (for example, see'#212%), However,
we consider real-valued functions f and # instead of non-negative functions or non-positive functions. Also, we consider the
non-autonomous terms f and A include various types of functions such as k() f (u) or b(x) f (u).

Especially, Messaoudi?? studied the p-Laplacian parabolic equations with the autonomous reaction f (u):

Forp > 2,

u, = V- [|Vul"2Vul + f(u), in Qx (0,1"), “)
under the Dirichlet boundary condition. In this result, the blow-up solutions to the equation @) were obtained when the function
f satisfied

(4, : (p+€)/f(S)dSSuf(u), u>0,
0

and the appropriate initial data condition was satisfied.
In 2016, Ding and Shen'? studied blow-up phenomena to the p-Laplacian parabolic equations under nonlinear boundary
conditions
(b)), = V - [[VulP2Vul + k() f (),  in Qx (0,7,
|Vu|1"23—: = h(u), on 0Q X (0, 1*), 5)
u(-,0) =uy 20, on Q,
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where p > 2. In their blow-up conditions, the functions b and k satisfied the condition (7)) and the nonnegative functions f and
h satisfied

P / f(s)ds < uf(@), u>0,
Ay’

p/ h(s)ds < uh(u), u> 0.
0
In 2018, Zhang, Wang, and Wang=" obtained the blow-up solutions to the p-Laplace type nonlinear parabolic equation:
Forp > 2,

(b)), = V - [p(|Vul")| VulPVu] + a(x)k@) f @), in Qx (0,1, (6)
under the Dirichlet boundary condition, where the functions b, p, a, k, and f were some appropriate functions to construct the
nonnegative solutions. In their assumptions for the blow-up phenomena, the functions b, a, and k satisfied

lim s%b'(s) = 0,
s—=0+ (7)
b(s)>0, b'(s) <0, k(0) >0, k'(s) >0, a(s) >0,

for s > 0 and the functions p and f satisfied

(4, : (P+€1)/f(s)dssuf(u), u>0,
0

v
(B,) @ vp(v) < (p+¢€) / p(s)ds, u>0,
0
where €, and €, are positive constants with ¢; > %.
In 2019, Zhang and Tian2? obtained the blow-up solutions to the p-Laplace type parabolic equations under nonlinear boundary
conditions:

For p > 2,
(b)), = V - [p(IV )| VulP2Vul + a()k@) f W), in QX (0,1"),
(V1P| VulP=22 = h(w), on 9Q X (0, 1*),
u(-,0) =u, >0, on Q,

when the nonnegative functions b, a, and k satisfy the condition , the functions f and A satisfy the condition (AP)’ , and the

function p satisfies
12

(B,) : vp(v) < / p(s)ds.
0
Now, we introduce new blow-up conditions for the functions p, f, and A to obtain the solutions to the equation (E]) as follows:

Foreachx e Q,z€0Q,t>0,u>0,andv > 0,

aF(x,t,u) <uf(x,t,u) + pu’ +y,,
aH(z,t,u) < uh(z,t,u) + pu’ + y,,
(D,2) : bup(v) < P(v),

for some constants a, f,, f,, v, ¥», and 6 satisfying

(Dpl) :

An+1
a>2,86>0 p+= ﬂ2§<a—5—1>pm/lR,
/15 p

and
0<p, < <a_5 - 1) Pmts
P

where F(x,t,u) := [} f(x,t,w)dw, H(z,t,u) := [} h(z,t,w)dw, and P(v) = fow p(w)ds. Here, p,, := inf ., p(w), A is
the first eigenvalue of the Robin eigenvalue problem, and Ay is the first eigenvalue of the Steklov eigenvalue problem (which
were introuced in Section 2).
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There were several results that used the first eigenvalue to the blow-up conditions (see?34), Especially, the authors® obtained
blow-up solutions to the equation (4)) for p > 2, under the Dirichlet boundary condition, by using a condition

(C) : (p+€)/f(S)dsSuf(u)+ﬁu"+% u>0,
0

for some constants € > 0,0 < f < <4, and y > 0, where A, is the first Dirichlet eigenvalue of the p-Laplace operator.
Using the blow-up conditions (D, 1) and (D, 2), we obtain the main theorem as follows:

Theorem 1.1. Suppose that the functions f, A, and p satisfy the conditions (Dp 1) and (Dp 2). Also, the functions F and H are
nondecreasing in ¢. If the initial data u, satisfies

—1/P(|Vu0(x)|l’)dx+/ [F(x,o,uo)—ﬁ] dx—l/e(z)P(|u0(z)|P)dS+/ [H(z,O,uO)—Q] ds>0, (8
p a p a
Q o I,

1

then every nonnegative solution u to the equation (3)) blows up in finite time 0 < #* < T..

It is worthwhile to notice that the condition (D, 1) depends on the domain € and the boundary conditions, since §; and f,
depend on the first eigenvalues A and Ag. In fact, it is natural for blow-up conditions to depend on the domain and the boundary
conditions.

It is easy to see that the conditions (A,) and (Ap)’ cannot be unified because of the constant ¢ and the parameter p. From
this point of view, our condition (D, 1), which includes the conditions (A,), (Ap)’ , and (C,), is the most generalized blow-up
condition known so far.

We investigate the case p > 1, one of our crucial points. As far as the authors know, the case 1 < p < 2 wasn’t discussed
concerning the conditions introduced.

Our main results with p > 2 improve the results known so far. More precisely, the blow-up conditions (D, 1) and (D), 2) are
the generalized version of the conditions introduced in this section such as (4,), (A p)’ . (B,), (Bp)’, and (C,). We investigate this
in Remark 2.4.

2 | BLOW-UP PHENOMENA

In this section, we deal with the blow-up phenomena of the equation (3). From now on, we assume that the solution u is
nonnegative on € X [0, #*). In order to discuss the blow-up solutions to the equation , we introduce the definition of blow-up
solutions as follows:

Definition 2.1. We say that a solution u to the equation (3)) blows up in finite time #* > 0, if u satisfies

lim [ w*(x,t)dx = oo.
t—>1*—
Q
The blow-up condition (D,, 1) depends on the first eigenvalues A, and 4. These eigenvalues were introduced in the following

lemmas.
Lemma 2.2 (See”'l?), Let p > 1. Then there exist A > 0 and a nonnegative function ¢, € W '»(Q) such that

=V - [IV$olP 2V byl = Aglol” g, in €,
[Vapol? 222 + 0(2)| by 1P~ 2pg =0, onT,
$o =0, onT,.
Moreover, A is given by
. Jo IVw|Pdx + frl 0(z2)|lw|Pd S

Ag = inf s

cA p
wed Jo lwlpdx

where A 1= {w e W Q)|w=0onT,}.
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Lemma 2.3 (Seel®7), LetT", # @ and p > 1. Then there exist A¢ > 0 and a nonnegative function ¢, € W *(Q) such that

V- [V |72V byl = Igho |72 b, inQ,
[V 72222 + 0(2) by P2 by = AslbolP~2py, on T,
¢y =0, onT,.

Moreover, Ag is given by

o IVwlP + |wl?] arx+/r 9(z)|w|/’dS
Ag 1= inf
wea Jr. lwlrdS
where A 1= {w e W Q)|w=0onT,}.
Now, we prove Theorem|[I.1]

Proof of Theorem[I.1] For a solution u(x, t), we define functions A and B on [0, t*) by
A = / u?(x, tydx

Q
and

B(t) := —I—IJ/P(Wu(x, t)|”)dx+/ [F(x fu(x, 1)) — —] dx — ;/9(2)P(|u(z t)|")dS+/ [H(z, tu(z, 1)) — %] s
Q Q r, Iy

for t > 0. Firstly, we consider a case I'; # @J. We note that ', is open subset of 0Q. By the boundary condition, we have

B'(t) =/ [—p(|Vu|p)|Vu|1’_2VuVu, + f(x,t,uu, + %F(x,t, u)] dx

Q
+ / [—e(z)p(|u|p)|u|p—2uu,+h(z, t,u)u,+%H(z, ‘ u)] s o
l—‘]
2/—p(|Vu|”)|Vu|”‘2VuVutdx+/p(qul”)IVul” 2d—uu,dS+/f(x t,u)u,dx
Q 0Q

for all € (0, t*). Now, using integration by parts, it follows from (9) and the equation (@) that

B'(1) > / [f e t,wu, + V- [p(|Vul?) | VulP2Vu] u,] dx = /uf dx >0 (10)
Q Q
for all t € (0, t*). On the other hand, we have

A1) =2/uu, dx

Q

=2/ u[ £ Gt + V- IVl Va2 Vi) dx (1)
Q

_2/[”f("’”> p(IVul")| Vul’] dx+2/up(|Vu|”)|Vu|”'zau ds

0Q
for all € (0, *). Making use of the condition (Dp 1), we obtain from the boundary condition that

A1) =2/ [wf G, t,u) = p(IVul?)| Vul?] dx+2/ [uh(z,t,u) = 0(2)p(|ul?)|ul?| dS

Q r
22/ [aF(x, t,u) — puf — yl] dx + 2/ [aH(z, t,u) — pouf — yz] ds
Q r,

—2/p(IVuI”)IVuI”dx—2/9(Z)p(lul")|ul"d5

Q r,
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for all € (0, ¢*). It follows that

A'(®) 22aB(t)+2—a/P(|Vu|p)dx—2/p(|Vu|”)|Vu|”dx—2ﬁ1/u”dx
P Q Q Q
Q(Z)P(lul")dS—Z/H(Z)p(lul”)lul"dS—Zﬂz/u"dS

1 1—‘1 l—‘1

Thanks to the condition (D, 2), (T2)) implies that

(12)
L2

A1) 220{B(t)+2<a7f—1>pm /|Vu|"dx+/49(z)u”dS —2ﬂ1/u”dx—2ﬂ2/u1’d5
Q

r, Q r
for all t € (0,1*), where p,, := inf,_, p(w). Applying Lemma|2.2]and [2.3] we obtain that

A'(t) >2aB(t) — 2 <ﬁ1 + &> /u”dx +2 [(a_é - 1> P — &] / |VulPdx + / 0(z2)ufdS
As 2 p As J £

1

13
22aB(t)+2H<a—5—l> pm—&] /1R—<ﬁl+&>]/u"dx )
p As As 5

>2aB(1)

for all ¢ € (0, +*). Considering (I0), (I3)), and the initial condition B(0) > 0, it is easy to see that A’(r) > 0 and B'(¢) > 0 for all
t € (0,1*). Therefore, we obtain A(#) > 0 and B(¢) > 0 for all 7 € (0, #*). Now, we use the Schwarz inequality and (T3) to get

%A’(z)B(r) < %[A’(t)]z < / u’dx / u*dx | < A()B'(t)
Q Q
for all # € (0,¢*). Then it follows that
% [A—%(t)B(z)] >0
for all t € (0, t*). Then we have
AT (A (1) = 2aA™5 (1) B(f) > 2aA”3 (0) B(0). (14)

Integrating (T4) from O to ¢, we finally obtain

o]
AN 2 [ —5 : :
A" 2 (0) — a(a —2)A"2(0)B(0)t
Hence, the solution u blows up at finite time O < t* < T'. Furthermore, the upper bound T of the blow-up time satisfies
_ A(0)
" a(a —2)B(0)’
For a case I'; = @, we easily obtain the blow-up solution u because all integral with respect to I'; are 0. O

Remark 2.4. (i) Local existence and regularity of the solutions to the equation (3)) were discussed in” with some conditions
for the functions f, A, and p.

(ii) If a = 2, then we obtain from (I4) that T = co. i.e. the solution u blows up at t = oo.

(iii) The constant p depends on the function p, but can be any positive number. If we put p = 1, then we can choose § = 1.
Then the conditions for the constants a, §,, and f, should be

A+ 1
a>2, p+ 22 ﬁ2$<g—1>,lR,
AS p

and
0<ph < <2—1>/IS.
p
These imply that the condition (D), 1) and (D, 2) are the generalized version of the conditions (A,), (A p)’ . (B,), (Bp)’ ,and
().
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(iv) We assumed that F and H are nondecreasing in . This condition is an improvement condition than the following condition:
fi(x,t,u) >0, xeQ, t>0, u>0,
which was assumed in®®1012530, We illustrate this fact in Example[2.11}
(v) If we can choose the constants y, and y, of negative values while satisfying the conditions (Dp 1) and (Dp 2), then blow-up
may occur even in small initial data.

Next, we introduce simple versions of the equation (3)) and corresponding blow-up results. Firstly, we introduce the following
p-Laplacian parabolic equations:

Forp>1,
u =V - [|VulP2Vu] + f(x,t,u), in QX (0,1%),
|Vu|p—23—: +0()|ulP2u=0, on T x (0,1%), as)
u=0, onI’, X (0,1%),
u(-,0) = uy > 0, in Q.

We obtain blow-up solutions to the equation (I3)) as follows:

Corollary 2.5. Suppose that the function f satisfies the condition (D, 1):
Foreachx € Q, t > 0,and u > 0,
(D, 1) + aF(x,t,u) Suf(x,t,u) + piu’ + vy,

for some constants a, f, and y, satisfying « > 2 and g, < <% - 1) Ag. Also, the function F is nondecreasing in ¢. If the initial
data u satisfies

1 / Vug(x)|Pdx — & / 0(2)|ug(2)|Pd S + / [F(x, 0, uy) — ﬂ] dx >0,
a
P Q P I, Q

then every nonnegative solution u to the equation (I3) blows up in finite time 0 < t* < T.

Next, we introduce p-Laplace type parabolic equations under mixed boundary conditions:

Forp > 1,
u, =V - [p(IVul?) | Vul?Vu] + f(x,t,0),  in Qx(0,17),
B [u] =0, on T X (0,1%), 16)
M:O, on sz(o,t*),
u(-,0) = uy > 0, in Q.

We obtain blow-up solutions to the equation (I6) as follows:

Corollary 2.6. Suppose that the functions f and p satisfy the conditions (D, 1) and (D, 2):
Foreachxe Q, t>0, u>0,and v > 0,
(D, 1) @ aF(x,t,u) Suf(x,t,u)+ piu’ + vy,
(D,2) : dup() < P(v),

for some constants a, f;, y,, and ¢ satisfying a > 2,6 > 0, and §;, < <af - 1) PmAr- Also, the function F is nondecreasing in
t. If the initial data u, satisfies

—11) / P(|Vitg(x)|?)dx — % / 0(2) P(lug(2)|")d S + / [F(x,O,uo)—% dx > 0,

Q I, Q
then every nonnegative solution u to the equation (T6) blows up in finite time 0 < t* < T.

In order to understand the nonlinear mixed boundary conditions, we introduce the following p-Laplace type equations under
the nonlinear mixed boundary conditions:
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Forp>1,
u, = V- [p(IVul?)|VulP=2Vu] , in Qx (0,1"),
B,[u] = h(z,1,u), onI’; X (0,1"), (17
u=>0, onTI’, X (0,1%),
u(-,0) = uy > 0, in Q.

We obtain blow-up solutions to the equation (I7)) as follows:
Corollary 2.7. LetI'; # @. Suppose that the functions A and p satisfy the conditions (D, 1) and (D, 2):
Foreachz € 0Q, t > 0,andu > 0,

(D,1) @ aH(z,t,u) < uh(z,t,u) + pu’ + 7,,

(D,2) : évp(v) < P(v),

for some constants a, f,, and y, satisfyinga >2and 0 < f, < (% - ) P jkﬁ . Also, the function H is nondecreasing in ¢. If
the initial data u,, satisfies !
—1/P(|Vu0(x)|l’)dx— l/e(z)P(|uo(z)|l’)ar5+/ [H(z, 0, uy) — Q] ds >0,
p p a
Q I, I,

then every nonnegative solution u to the equation (T7) blows up in finite time 0 < * < T.

Now, we consider non-negative functions or non-positive functions, since there were improved blow-up results when f < 0
and h > 0 (see'®). We also improve the blow-up condition (D, 1) when F <0or H <0in Theoremand Theorem 2.9
Theorem 2.8. Let the function F be non-positive. Also, we suppose that the functions f, &, and p satisfy the following conditions
oy FQe, t,u) S uf(x,t,u) + piuf + 1y,

a, H(z,t,u) < uh(z,t,u) + pu’ +y,,
(D,2) : évp(v) < P(v),
forallx € Q,z€0Q,t>0,u > 0, and v > 0, for some constants a;, a,, fi;, f,, v;, and y, satisfying

Ap+1 1) 1)
pr+L—p < (% - 1) g 0 fy < <‘% - 1) Puss
S

(D, 1) :

and
2<a La, with a, >2.

Also, the functions F and H are nondecreasing in ¢. If the initial data u, satisfies

a

—11) / P(IVug(x)|P)dx + / [F(x,O,uO)—Z—l dx—% / 0(2) P(lug(2)|P)d S + / [H(z,o,uo)—ﬁ] ds >0,
2
Q Q 1 I,

then every solution u to the equation (3) blows up in finite time 0 < #* < T.

Proof. The proof is basically similar to the proof of Theorem Therefore, we state the main difference of the proof. For a
solution u(x, t), we define functions A and B on [0, *) by

A(f) 1= / u?(x, dx
Q
and
B(1) 1=—1—1)/P(|Vu(x,t)|p)dx+/ [F(x,t,u(x,t))—g] dx—%/0(z)P(|u(z,t)|”)dS+/ [H(z,t,u(z,t))—? s
Q Q

2 2
1 1

for each ¢ > 0. Then it follows from (9) and (T0) that

B'(1) = /ufdx >0

Q
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for all t € (0, 7*). On the other hand, we have from (I) that

Al =2 /[uf(xtu) p(IVul”)IVul"]dx+2/p(|Vu|”)|Vu|

0Q

p- 2‘3”uds

for all € (0, t*). Making use of the condition (Dp 1), we obtain from the boundary condition that

A1) 22/ [wf G, t,u) = p(IVul?)| Vul] dx+2/ [uh(z,t,u) = 0(2)p(|ul?)|ul?] dS
Q r
22/ [alF(x, t,u) — puf — yl] dx + 2/ [azH(z, t,u) — pouf — yz] ds
Q r

—2/p(IVuI”)IVuI”dx—2/9(Z)p(lul")|ul”d5
Q I,

for all # € (0,¢*). Since F is non-positive, we have

A1) >2a2B(t)+27/P(|Vu|P)dx— /p(|Vu|p)|Vu|pdx—2ﬂl/updx
Q

Q Q

(18)
+ — / 0(2)P(|u|?)dS —2 / 0(z)p(|ul?)|ul? dS — 28, / uPdS
I Iy
for all t € (0, t*). Thanks to the condltlon (D, 2), (T8) implies that

50
A'(t) > 2a,B(t) +2 <— - 1> P / |VulPdx + / 0(z)uPdS |- 2p, /updx - 2ﬂ2/u”dS
P I, Q I
for all € (0,1*), where p,, := inf ., p(w). Applying Lemma[2.2]and 2.3 we obtain that

A'(t) >2a,B(t) — 2 <ﬁ1+&>/updx+2[<ﬁ—1> Pm 2] /|Vu|"dx+/0(z)u”dS
As Q P A Q I,
>2a,B(t) + 2 H(Lé - 1) - &] Ag — <ﬂl + &>] /u"dx
p As As 5

>2a, B(1)
for all 7 € (0, ¢*). Hence, by similar way to the proof of Theorem[I.1} we can easily obtain

2

)

A(t) > poe - .

A" 72 (0) — ap(a, —2)A™ 2 (0)B(0)¢

Hence, the solution u blows up at finite time O < t* < T'. Furthermore, the upper bound T of the blow-up time satisfies
A(0)

ay(ay, —2)B(0)

O

Theorem 2.9. Let the function H be non-positive. Also, we suppose that the functions f, h, and p satisfy the following

conditions
o FCe,tu) Suf(x,tu) + ful +y,

" ayH(z,t,u) < uh(z,t,u) + o + 75,
(D,2) : évp(v) < P(v),
forallx € Q,z €0Q,t > 0,u > 0, and v > 0, for some constants a,, a,, fi;, f,, v;, and y, satisfying

AR+1 a6 a,6
B+ By < 7—1 PmArs 0= B, < 7—1 Pmhss

(D, 1)
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and
2<ay <a with o >2.

Also, the functions F and H are nondecreasing in ¢. If the initial data u,, satisfies

_%/P(|Vu0(x)|1’)dx+/ [F(x,O,uo)—g] dx
Q

) 1
—11) / 6(2) P(|uy(2)|7)d S + /

1 1—‘1

H(z,0,uy) — 2—2] ds >0,
1

then every solution u to the equation (3) blows up in finite time 0 < #* < T.

Proof. The proof is basically similar to the proof of Theorem [I.T] and Theorem [2.8] Therefore, one can easily complete this
proof by following the proof of Theorem[I.T]and Theorem [2.8] O

Remark 2.10. It is trivial that if £ < 0, then F < 0. However, F' < 0 does not imply f < 0.
The following example is given to demonstrate the application of Theorem [I.1]

Example 2.11. Let a function u be a nonnegative solution to the equation

u,=V- <<L + 1) Vu) + 1283 + 612 | x|t

IVul
+(7? = Du + 3ulem(0—(=97 (=117} in QX (0,7%), (19)
u=0, on Q2 X [0,1%),
u(x,00=1-Y7" x2, in Q.

Here, the domain € is {x = (x|, Xy, X3,X,) | Z?zl xi2 < 1} which is a unit ball of R*. Let us consider p = 2, then it is known

that the first eigenvalue 4, is z2 — 1 when the dimension of the unit ball is 4, under the Dirichlet boundary condition (see™*).

It follows that 0 < §; < (0’2—5 - 1> (> — 1)p,,. From the equation (T9), we have

1
p(v) = - +1,
D2
fx, tu) = 1286 + (2 — Du + 66| x|t + 3uzema"{0’_(’_9)3('_“)3},
h(z,t,u) = 0.
Moreover, we can easily see that the functions p and f* satisfy the conditions (D, 1) and (D, 2), by choosing a = 3, g, = #,

y =0, and 6 = 1. Also, the functions b and p satisfy the conditions which we assumed. Now, we obtain by simple calculations

that
AQ0) = / ugdx

Q
1

=27 / [(1 =] P dr
0
=0.822
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and
B(0)

1
=—§/[|Vu0|2+2|Vu0|] dx+/
Q

Q

2 _
32u3+u(3)+ﬂ 3 luﬁ] dx

1

=—7r2/ (4r2 +4r) rdr

3 La- r2)2> rdr

0
1
2 214 213 -
+2n 20 -r)'+1-r)y + ——
0
=0.193,
since we have from the functions b, p, and f that
3 3 2 - 1
F(x,t,u) = 32u* + v’ [2|x|t + emax{0.~(=9y(t—11) }] + 22
¥ 2 9
P(v) = 21)% + .
It follows from Theorem I.1]that u blows up in finite time 0 < * < T and

= 29 40
3B(0)
Remark 2.12. Differentiating the reaction term f(x, 7, u) in Example[2.T1T| with respect to u, we can obtain by simple calculation
that
filx, t,u) = 6| x|
forO0<t<9ort>11, and

£iGe,tou) = 3u? [2|x| —6(t — 9)2(t — 10)(t — 11)2e~-9C=11? (20)
for9 <t < 11. Then follows that f,(x,7,u) is negative when u > 0 and ¢ satisfies
(t — 9)2(t — 10)(t — 11)2e~=(=11" I
3

In fact, if we put # = 10.5, then we have from the fact |x| < 1 that
(1= 9 = 10 = 112 =028 2 B

which implies that f,(x, t, u) is not nonnegative for all x € Q, ¢ > 0, u > 0.
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