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Abstract
In this paper, the nonlinear static analysis of Timoshenko nanobeams consisting of bi-directional functionally graded material (BFGM) with immovable ends is investigated. The scratching in the FG nanobeam mid-plane, is the source of nonlinearity of the bending problems . The non-local theory is used to investigate the nonlinear static deflection of nanobeam. In order to simplify the formulation, the problem formulas is derived according to the physical middle surface. The Hamilton principle is employed to determine governing partial differential equations as well as boundary conditions. Moreover, the differential quadrature method (DQM)  and direct iterative method are applied to solve governing equations. Present results for nonlinear static deflection were compared with previously published results in order to validate the present formulation. The impacts of the nonlocal factors, beam length and material property gradient on the nonlinear static deflection of BFG nanobeams are investigated. It is observed that these parameters are vital in the value of the nonlinear static deflection of the BFG nanobeam. 
Keywords: the Eringen’s non-local theory, nonlinear static deflection, bidirectional functionally graded, nanobeam, Timoshenko theory.
Due to the unique properties included in the functionally graded (FG) beams, including low density, high strength, thermal resistance, and toughness, they have attracted much attention among scholars and engineers [1][2]. Many research works have been conducted in the last few years on the different aspects included in FG beams [3][4][5][6][7][8][9][10][11][12][13][14][15][16][17][18][19][20][21][22][23][24][25][26][27][28]. Functionally graded materials (FGMs) have begun to find their ways into micro/nanobeams due to technological developments and achievements. Given the great potential of micro/nanobeams in engineering applications, gaining a proper understanding of their mechanical behavior is of great importance. The classic continuum theories suffer from inaccurate predictions done for the mechanical behavior of nanostructures [29]. In this regard, a few size-dependent elasticity mechanics have been developed, including the nonlocal theory [29], the theory  of modified couple stress (MCS) [30], and the theory  of the nonlocal strain gradient [31]. 
The buckling behaviour and the vibration behaviour of FG micro/nanobeams have bean investigated in many studies. For example, in a study, the free vibration of the FG Timoshenko microbeams were investigated according to the MCS theory [32]. In another study [33], the free vibrations of FG microbeams were analyzed using the theory of the strain gradient. A group of researchers has studied the nonlinearity of the  free vibration in the FG microbeams using the theory of MCS [34]. By applying the nonlocal theory, a finite element formulation was proposed to analyze the free vibrations in the FG nanobeams [35][36][37]. In these works, the static buckling behavior in the FG nanobeams depended into size was also studied using the nonlocal continuum model. In another work, the bending/buckling behaviors of FG nanobeam have been examined through an analytical approach concerning nonlocal theoriy based on  Timoshenko and Euler Bernoulli beam [38]. In addition, the vibrations were also examined in the simply supported (SS) Timoshenko FG nanobeams applying the MCS theory [39]. Through an analytical study, the size-dependent bending/ buckling behaviors were examined in the FG nanobeams considering the effects induced by thickness stretching [40]. Moreover, in many other researches, the vibration behavior and the buckling behavior of the FG micro/nanobeams have bean investigated [41][42][43][44][45][46][47][48][49][50][51][52][53][54][55].  
One of the critical issue in the field of structural engineering is the nonlinear bending of the beam exposed to very large displacements. The beam bending behavior is in nonlinear regime when the ends of a beam subjected to large transverse loads are axially immovable because of axial tension induced by a large deflection. Lately, a great number of researchers have been tried to investigate the nonlinear behavior of FG beams. Through a study conducted on the nonlinear behavior in the FG structures, the size dependency of nonlinear vibrations has been investigated in the FG microbeams using the Casimir force, combined electrostatic force, and temperature changes [56]. In another study, the non-linear bending behavior was investigated in the tapered FG beam subjected to the thermal/mechanical loads [57]. In a different work, an exact solution was proposed by some scholars to solve the nonlinear forced vibrations in the FG nanobeams by taking into account the surface effect [58]. The nonlinear vibrations of the size-dependent beam were investigated according to the Eringen’s nonlocal theory and the geometric nonlinear theory [59]. In addition to the done research, some other investigations were also conducted in order to study of the nonlineari vibration of the FG micro/nanobeams [60][61][62][63].  
The material properties of FG beams change along their thickness direction in a gradual manner, while the material properties of bi-directional functionally graded (BFG) nanobeams change along both length and thickness of the nanobeam (Fig. 1a). It worths mentioning that the ebove-mentioned studies are related to FG micro/nanobeams. The reported results regarding the BFG micro/nanobeams are not remarkable. In a few studies on the BFG nanobeams considering the buckling, bending, and vibration behaviors, the Eringen’s nonlocal theory was developed based on the differential quadrature method (DQM) using the Euler–Bernoulli theory [64][65][66]. The buckling and vibration behaviors were also analyzed in the BFG porous tapered micro/nanobeams and imperfect BFG porous micro/nanobeams applying theories of Euler–Bernoulli and Timoshenko beams  [67][68].   
As far as the authors know, there is no previous study focused on the mechanical behavior of the BFG microbeams with geometric nonlinearity.  Accordingly, in the present study, the impact of the nonlinearity related to geometry is thoroughly examined on the static deflection of BFG nanobeams applying the Eringen’s nonlocal theory. The remainder of this paper is structured as follows: Section 2 deals with BFG materials and Eringen’s nonlocal theory. Section 3 deals with the determination of non-local nonlinear governing equations and corresponding boundary conditions applying the theory of theTimoshenko beam. Section 4 deals with the use of DQM to solve the resulted equations in Section 3. Section 5 deals with the parametric study on the impact of material distribution, nonlocal factor, and boundary conditions on the static nonlinear deflection of BFG nanobeams. Finally, the paper concludes with Section 6.


Preliminaries
2.1 Functionally graded materials
Assum a BFG nanobeam with a length defined as L and a rectangular cross-section defined as  (b=width and h=height), and with immovable simple supports at both ends (Fig. 1(b)). Here, in order to simplify the calculations, the assumption is that Poisson’s ratio ν is constant. Moreover, mass density ρ as well as elasticity modulus  are defined as follows [64]:


  

Where m is the metallic constituent, c is the ceramic constituent,  and indicate the gradient parameters dictating the alteration profile of the material along the thickness direction and length direction of the nanobeam, respectively.
It worth mentioning that in the Eq. (1), the geometric mid-surface  is considered as a reference for the properties of the material. As is known, the geometric mid-surface may not coincide with the neutral surface in the BFG nanobeams when the material characteristics of the BFG nanobeam are asymmetric regarding its geometric mid-surface, resulting in stretching and bending coupling to develop. However, provided the physical neutral surface is identified as the coordinate system’s origin, the stretching and bending coupling will be eliminated (Fig. 1(b)).  
The relationship between the geometric mid-surface and physical neutral surface is expressed as follows [62]:

 In case the physical middle surface is considered as a reference, the effective characteristics of the material become
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	FIGURE 1 Bi-directional functionally graded (BFG) nanobeam: a) variation in mechanical properties, and b) physical neutral surface and geometric mid-surface.



2.2 Eringen’s nonlocal theory
Eringen’s nonlocal theory [29] assumes that the stress tensor matrix at any point of x in the material domain is dependent on two factors: 1) the strain tensor matrix corresponding to point x, 2) strain tensor matrix at all of rest of points in the domain. It is consistent with experimental data reported in the literature based on the lattice dynamics and the atomic theory. Based on the mentioned theory, components of the tensor matrix of the nonlocal stress at an arbitrary point of  in the homogeneous elastic body could be defined by following equation: 


Where  is the component for the classic local stress-tensor at point . A relationship can be defined between classic local stress-tensor and linear tensor matrix of the strain  using the fundamental equations for a Hookean material:

In Eq. (6)  is the kernel function known as nonlocal modulus, which depends on two variables  defined as the distance in Euclidean form and  that is determined as follows:


Where  represents the ratio of a characteristic internal length  (e.g., granular distance, lattice parameter) to a characteristic external length  (e.g., wavelength, crack length), which is related to each material using an adjusting constant, .  The magnitude is estimated through two ways: 1) by fitting the dispersion curves of plane waves to the dispersion curves of atomic lattice dynamics or, 2) experimentally.
According to study conducted by Eringen, the  non-local integral fundamental equation (Eq. (6)) could be expressed in differential form in the following way if the appropriate kernels function is chosen: 



Where indicates the Laplacian operator. For one dimension, it is possible to simplify the non-local constitutive relation (Eq. (9))  for an elastic material as follows:


where E, , , , and   are the elasticity modulus, shear modulus, normal axial stress, shear stress, axial and shear strain, respectively.

3. The governing equation and boundary conditions
The Timoshenko beam theory is applyed in the peresent analysis. Displacements of,  and  along the ,  and  directions of a point on the cross-section can be expressed as follows [39]:
,  
Where  and  are the axial and transverse displacements of a point on the beam mid-surface, respectively.  signifies the cross-section flextular rotations at any point on the beam neutral axis. t stands for time.
The strains are expressed by following equation (12) [63]:


Note the shear strain .
Using the Eq. (12), the potential energy U of the nano FGM is given by [63]:

                                      
Where the normal resultant force , shearing force  and flextural moment  are expressed in the form of following:

The virtual work carried on due to the applied external forces could be expressed as:


The Hamilton principle is implemented as follows:

The Substitution of  the terms for U and W, respectively, from Eqs. (13) and (15) into Eq. (16) and integrating by parts according to t and also x to relieve the virtual alterations δu and δw of any differentiation, and then by using the fundamental lemma of calculus can result in obtaining some governing equations in the form of following:



And boundary conditions at the point of x = 0, L are:
                

 
With the help of Eq. (17a), Eq. (17c) can be rewritten Eq. (17c) as fallow:

By using Eqs. (10a), (10b), (12) and (14), relations of the load-displacement and the moment- displacement based on the nonlocal theory could be expressed in the form of following:




In the above relations, the stiffness coefficients are expressed as follow:


It worths mentioning that the stiffness coefficient causing the coupling of the stretching and bending becomes zero, in other words:  [62].
Using the size-dependent equilibrium Eqs. (17a), (17b) and (20), the axial force (20a), shearing force (20b) and the moment (20c) could be expressed as a:



With the help of Eqs. (22a), (22b) and (22c), the non-linear equations of motion for a FG Timoshenko nanobeam in terms of the displacements can be obtained as:



It is clear that the orders of nonlinear equations of motion in the present BFG Timoshenko nanobeam model are greater than the orders of the model of the classical Timoshenko beam [24]. 

4. Solution procedure
In this section, the differential quadrature method (DQM) is used to solve Eqs. (23a)-(23c). First of all, in this section, a review is provided on the method. 
The main application of this approach is estimating the derivatives of a dependent variable using a weighted linear combination of variable values at the nodes (predefined points in the domain). Consider a continuous function on x (f(x)) over 1D domain, which can be expressed using Lagrange interpolation with predefined  points.

where  indicates the Lagrange interpolating function and  is the functional value corresponding to the  node. Thus, the approximation of the nth derivative of the function is given by:


Where  indicates the weight coefficient, representing the contribution of the functional value at the jth node to the nth derivative value at the ith node. The following equations indicate the weight coefficient:
For :



where



For  




In this study, the interpolation points’ locations are being taken as Gauss-Lobatto-Chebyshev type as they are considered to be resulting in higher accuracy:


Substituting Eqs. (24) and (25)  into Eqs. (23a)–(23c) will lead to a set of differential equations:




Where i = 1, 2, . . . , N.
It is possible to estimate the relevant boundary conditions in a similar way. That is, for a clamped-clamped (CC) BFG microbeam


And for a simply supported (SS) BFG microbeam:



Denoting the mode shape vector of a nonlinear vibration is expressed as follows:

Eqs. (30a)–(30c) and corresponding boundary conditions (31) and (32) can be expressed in a form of the matrix as:

Where F is the matrix of force;  is the linear stiffness matrix;  and  are nonlinear stiffness matrices that are linear and second- order functions in, respectively.  ,  and  are symmetric matrices and  is matric. These equations can be resolved by applying a direct iterative algorithm.

5. Numerical results
This section contains two separate subsections. In the first subsection, the verification of the proposed non-local model is presented based on comparisons with previously published models. In the second subsection, the significance of a number of parameters, including the nonlocal parameter, the material distribution, as well as the boundary conditions on the nonlinear static deflections of the BFG nanobeams will be presented. 

5.1 Model validation	
According to Table 1, to approve the reliability of the proposed formulation, the linear deflection ratios , i.e. nonlocal linear deflection to classical linear deflection ratios, for BFG nanobeams with clamped- clamped (CC) boundary conditions have been compared with ones of Nejad et al. [64] for various nonlocal parameters  and nanobeam length . The features related to geometry and material properties of applied nanobeam are derived from [64]. It should be noted that the linear deflection ratios of the BFG nanobeams can be obtained by neglecting the nonlinear terms. The authors of [64] used the nonlocal theory based on the theory of Euler–Bernoulli beam to derive results. Table 1 indicates that the present results is in accordance with the ones of Nejad et al. [64] and they have little difference.	


	TABLE 1 Comparison of linear deflection ratios Wr of clamped clamped BFG nanobeam


	L(nm)
	Fr
	
	
	
	
	
	

	
	(nm2)
	
	
	
	
	
	

	
	4
	
	8
	
	12
	
	16

	
	Present
	Ref[64]
	
	Present
	Ref[64]
	
	Present
	Ref[64]
	
	Present
	Ref[64]

	3
	0.9715
	0.98556
	
	0.73611
	0.72801
	
	0.61046
	0.62267
	
	0.4659
	0.47518

	6
	0.97912
	0.99368
	
	0.93976
	0.92942
	
	0.91145
	0.92966
	
	0.88316
	0.90064

	9
	0.98122
	0.99571
	
	0.97372
	0.96301
	
	0.96120
	0.9804
	
	0.95170
	0.97054

	12
	0.989412
	1.00383
	
	0.98580
	0.97495
	
	0.97641
	0.99594
	
	0.96690
	0.98605

	15
	0.9914
	1.00586
	
	0.99153
	0.98062
	
	0.98212
	1.00176
	
	0.98526
	1.00477

	18
	0.09945
	0.10089
	
	0.9941
	0.98325
	
	0.99412
	1.0140
	
	0.98788
	1.00744

	21
	0.09993
	0.10139
	
	0.99970
	0.98871
	
	0.99571
	1.01563
	
	0.99056
	1.01018



5.2 Parametric results
This section presents some numerical examples to investigate the impacts of the nonlocal factor, material distribution, boundary conditions on nonlinear static deflection of BFG nanobeam with thickness (h) equals to 100 nm and width(b) equals to 10 nm. The material of the BFG nanobeam are similar to ones applied in Reference [64]. To capture the different parameters’ effects on the nonlinear deflection in a better way, the results are presented in terms of the dimensionless deflection  and the dimensionless load parameter defined as following:
 
Fig.  2. demonstrates the linear and nonlinear dimensionless deflection  versus distance along the length of a SS nanobeam for different gradient parameters  and , when ,  and .
It worths noting that the behavior of FG beams with CC boundary conditions was same as the behavior of the beam with the SS boundary conditions. Hence, in order to avoid the repetition, the figure for CC boundary conditions are not depicted here. The increase of gradient index  or decrease of gradient index , reduces the ; the reason is that, increasing  as well as decreasing, increases the effective stiffness of BFG beams. Moreover, impacts of  and  are more obvious for 2< <3 and 0< <2.
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b)
FIGURE 2 Variation of the linear and nonlinear dimensionless deflection w/L versus distance along the length of a SS nanobeam a) for different gradient index along axis ,  Nz,  when Nx=1 and b) for different gradient index along length , Nx, when Nz=2

In Fig. 3, the dimensionless linear and nonlinear deflection along the non-dimensional length of nanobeam are plotted for CC and SS boundary conditions for various values of nonlocal factor of when  , ,  and .  According to the curve, there is significant impact on the dimensionless deflection concerning the change of  such as the dimensionless deflection increases as the nonlocal factorincreased. But the impact of the nonlocal factor is clearer when increased from 2 to 3 than that of 1 to 2. Fig 3,  also, shows that for all values of  the nonlinear deflections are less than their linear counterparts. This indicates that considering the geometric nonlinearity causes to increase the stiffness of the nanobeam. Furthermore, it is clear from Fig. 3 that the difference between linear and nonlinear deflection in CC nanobeam is negligible, in contrast to SS nanobeam.
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b)
FIGURE 3 Variation of the linear and nonlinear dimensionless deflection w/L along the length of nanobeam is plotted for different value of nonlocal parameter µ for a) CC nanobeam b) SS nanobeam

6. Conclusions
The present study proposed a Timoshenko beam model for nonlinear static analysis of the BFG nanobeam within the framework of the nonlocal theory. The being nonlinear due to the stretching impact of the FG beam’s mid-plane is the main origin of nonlinearity of assumed free vibration issues. The corresponding boundary conditions and the governing equations of motion are captured using the principle of Hamilton; the governing equations are solved by the method of differential quadrature and direct iterative method. Accuracy verification of the proposed formulation is done by comparing the captured nonlinear static deflections with those of the literature. The effect of nonlocal parameters, material property gradient parameters and boundary conditions on the nonlinear static deflection of the BFG nanobeams is explained in detail. 
In summary:

· The increase of gradient index  as well as decrease of gradient index , reduces the dimensionless deflection. when 2< <3 and 0< <2, the effects of  and  are more obvious.
· There is a significant effect on the dimensionless deflection concerning the change of  such as the dimensionless deflection increases as the nonlocal parameterincreases. The impact of the nonlocal factoris clearer when increased from 2 to 3 than one of 1 to 2.
· For all values of , the nonlinear deflections are less than their linear counterparts
· In contrast to SS nanobeam, the difference between linear and nonlinear deflection in CC nanobeam is negligible.
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