MANNHEIM CURVES AND THEIR PARTNER CURVES WITH
MODIFIED ORTHOGONAL FRAME IN MINKOWSKI SPACE E?}
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ABSTRACT. In this paper, we study Mannheim curves and Mannheim pairs by
using the modified orthogonal frame in Minkowski 3-space Ef' We give some
characterizations of Mannheim Curves and their partner Curves in Ei”

1. INTRODUCTION

In the differential geometry, it is well known that the characterization of a regular
curve is an important problem that got a lot of attentions to many mathematicians.
The curvature & (s) and the torsion 7 (s) of a regular curve have a significant role
to identify the size and shape of the curve. Moreover, the relationship between the
Frenet vectors of the curves is another way for classification and characterization of
curves. Some curves have introduced and studied in the last two decades, especially,
the partner curves, i.e., the curves which are related each other at the corresponding
points, have got the attention of many mathematicians so far. The well-known of
the partner curves are Bertrand curves which are defined by the property that
at the corresponding points of two space curves, the principal normal vectors are
common. Bertrand curves and their partner curves have been studied see, for
example, [4, 7, 10, 13]. In 2007 and 2008, Liu and Wang in [8, 17] defined a curve
pair for space curves. They called these curves as Mannheim partner curves. If
there exists a correspondence between two curves in the three dimensional Euclidean
space E2 such that, at the corresponding points of the curves, the principal normal
vectors of the first curve coincide with the binormal vectors of the other one, then
the first curve is called a Mannheim curve, and the second one is called a Mannheim
partner curve of the first, and the pair of these two curves is called a Mannheim pair.
They showed that the curve ay (s1) is the Mannheim partner curve of the curve
a (s), where s, s1 are the arc length for the curves « (s) and ay (s1), respectively, if
and only if the curvature x; and the torsion 71 of a; (s1) satisfy an equation given
by

dT1 - K1

d31 o A
for some nonzero constant A\. They also studied the Mannheim partner curves
in the Minkowski 3-space E} and obtained the necessary and sufficient conditions
for the Mannheim partner curves in E$. In 2009, Orbay and Kasap in [12] gave
some characterizations of Mannheim partner curves in Euclidean 3-space. In 2011,
Kahraman and et al in [6] gave some characterizations of Mannheim partner curves
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in Minkowski 3-space E}. On the other hand, the moving Frénet frame is inap-
propriate for studying analytic space curves of which curvatures have discrete zero
points because the principal normal and binormal vectors might be undefined at zero
points. To solve this problem, in 1984, Sasai in [15] presented an orthogonal frame
and obtained a formula, which corresponds to the Frenet-Serret equations. Re-
cently, some authors in [3, 9, 10] have derived some characterizations of Mannheim
curves, Helices, Spherical curves, and the Bertrand curves by using this the mod-
ified orthogonal frame in Euclidean space E3. Furthermore, Biikcii and Karacan
in [2] have described the modified orthogonal frame with nonzero curvature and
torsion in Minkowski 3-space Ej.

However, to the best of our knowledge, there are no results dealing with the
characterizations of Mannheim curves according to modified orthogonal frame in
Minkowski 3-space E3.

Motivated by these papers, we will remove the condition of « (s) # 0 and consider
a general set of curves with a discrete set of zeros of « (s) to give some characteriza-
tions of Mannheim curves and their partner curves by using the modified orthogonal
frame in E$. The paper is organized as follows: In Section 2, we present some basic
definitions about the Minkowski 3-space E3}, curves including nonnull curves and
null curves, and the angle  between two vectors in E. Furthermore, we give the
definition of the modified orthogonal frame, Mannheim pairs and Mannheim curves
in the Minkowski 3-space E7. In Section 3, We give some characterizations of
Mannheim partner curves with the modified orthogonal frame and establish neces-
sary and sufficient conditions for the Mannheim partner curves in E$. In Section 4,
We give some characterizations of Mannheim curves with the modified orthogonal
frame and establish necessary and sufficient conditions for Mannheim curves in E3.
Moreover, we derive the relationships between the curvatures and the torsions of
the Mannheim pairs in E3.

2. PRELIMINARIES

In this section, we present some preliminaries used in our subsequent discussions.
The Lorentz-Minkowski space is the metric space E? = (R3, {, )) where the metric
(,) given by

(.,.) = —dz? + da3 + da3,

where (21,72, 23) is a rectangular coordinate system of E$. Based on this metric,
in £ an arbitrary vector v = (v, 74,73) is said spacelike if {v,) > 0 or v = 0,
timelike if (,v) < 0 and null (lightlike) if {7,v) = 0 and v # 0. Similarly, an
arbitrary curve o = « (s) in E can locally be spacelike, timelike or null (lightlike), if
all of its velocity vectors o’ (s) are spacelike, timelike or null (lightlike), respectively.
Spacelike curve in E3 is called pseudo null curve if its principal normal vector is null.
The norm of a vector « is given by ||v]| = v/|{7,7)|. Two vectors 5 and ~ are said to
be orthogonal in E3, if (3,7) = 0. A non-null curve « (s) is parameterized by arc-
length s if (o’ (s),a’ (s)) = £1. We say that a timelike vector is future pointing or
past pointing if the first compound of the vector is positive or negative, respectively.
For the vectors & = (21, %2,73) and y = (y1,¥2,¥3) in E}, the Lorentzian vector
product of x and y is defined by

—€e1 €2 €3
T XY= T1 T2 I3 | = ($3y2 — T2Y3,T3Y1 — T1Y3,T1Y2 — x2y1) s
Yyt Y2 Y3
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where {e1, ez, e3} the natural basis of E3, [11, 14].

Let a (s) be a space curve in Minkowski space E}, parameterized by arc-length s.
Denote by {t,n,b} the moving Frénet frame along the curve « (s). We also assume
that its curvature & (s) # 0 anywhere. Then for an arbitrary spacelike curve « (s)
in the space E$, the following Frénet formulae are given by

t'(s) 0 % 0 t(s)
n'(s) | =| —ex 0 7 n(s) |, (2.1)
b (s) 0 70 b(s)

where (t,t) = 1, (n,n) = e = £1, (b,b) = —¢ and (t,n) = (n,b) = (b,t) = 0, and
t (s) is the unit tangent, n (s) is the unit principal normal, b (s) is the unit binormal,
7 (s) is the torsion, and ¢, here, demonstrates the type of a spacelike curve « (s). If
e = 1, then « (s) is a spacelike curve with spacelike principal normal n and timelike
binormal b. If ¢ = —1, then « (s) is a spacelike curve with timelike principal normal
n and spacelike binormal b. Furthermore, for a timelike curve « (s) in the space
E3, the following Frénet formulae are given as follows,

' (s) 0 0 t(s)
n(s) |=|x 0 7 n(s) |, (2.2)
b (s) 0 —7 0 b(s)

where (t,t) = =1, (n,n) = (b,b) =1 and (¢,n) = (n,b) = (b,t) =0, [11, 16].
Now, we consider the curvature x(s) of a (s) has discrete points or x(s) is not
identically zero. Now we define an orthogonal frame {7, N, B} as follows
da dr
ds’ ds’ s
where T' X N is the vector product of 7' and N. The relations between those and
the classical Frénet frame {t,n,b} at non-zero points of x are

T=t, N==xn, B=kxb (2.3)

Thus N (sg) = B(sgp) = 0 when «(sp) = 0 and squares of the length of N and
B vary analytically in s. By the definition of {T, N, B} or Eq. (2.1), (2.2), and
(2.3), we deduce the following modified orthogonal frames: In case that « (s) is an
arbitrary spacelike curve in the space E$, then the orthogonal frame is

T’ (s) 0 10 T (s)
N'(s) | = | —er? % T N
B'(s) R B (s)

(s) | (2.4)
where (T, T) = 1, (N, N) = ex?, (B, B) = —ex2 and (T, N) = (N, B) = (B,T) =0,
and ¢, here, demonstrates the type of a spacelike curve a/(s). If e = 1, then a(s)
is a spacelike curve with spacelike principal normal N and timelike binormal B.
If ¢ = —1, then a/(s) is a spacelike curve with timelike principal normal N and
spacelike binormal B. Furthermore, in case that « (s) a timelike curve in the space
E3, then the orthogonal frame is

T’ (s) 0 10 T (s)
N'(s) | =| r* =% T N(s) |, (2.5)
B’ (s) 0 —7r = B (s)

K
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where (T,T) = —1, (N,N) = (B, B) = k? and (T,N) = (N, B) = (B,T) = 0. We
see that for k = 1, the Frénet-Serret frame coincides with the modified orthogonal
frame in the space E}, [2].

Definition 1. (i) Let u and v be future pointing (or past pointing) timelike vectors
m Ei” Then there is a unique real number ¢ > 0 such that

(u,v) = — |ul |v| cosh ¢.

(ii) Let u and v be spacelike vectors in E} that span a timelike vector subspace.
Then there is a unique real number ¢ > 0 such that

{u,y) = lul [v] cosh ¢.

(iii) Let u and v be spacelike vectors in E3 that span a spacelike vector subspace.
Then there is a unique real number ¢ > 0 such that

(u,y) = |u||v| cos ¢.
(iv) Let u be a spacelike vector and v be a timelike vector in E}. Then there is
a unique real number ¢ > 0 such that

(u,v) = |u| |v| sinh ¢,
where ¢ is the angle between the vectors u and v, [14].

Definition 2. The curve a(s) is called a general helix in Minkowski 3-space E3 if
and only if the ratio of curvature to torsion be constant, [1].

Definition 3. Let T' : a(s) and T'1 : oy (s1) be two curves in Minkowski 3-space
E3. If there exists a correspondence between the space curves I' and T'y such that
the principal normal vectors of I' coincide with the binormal vectors of I'y at the
corresponding points of curves, then I' is called as a Mannheim curve and I'y is
called a Mannheim partner curve of T'. The pair {T',T'1} is said to be a Mannheim
pair, [8].

From Definition 3, we see that there are five different types of the Mannheim
pair {I',T'1 } in Minkowski 3-space E5. Then we deduce the following Propositions:

Proposition 1. If the curve I'1 is timelike with a spacelike principal normal vector
and a spacelike binormal vector, then there are two cases:

(i) The curve T' is a spacelike curve with o spacelike principal normal and a
timelike binormal vector. In this case, we say that the pair {I',T'1} is a Mannheim
pair of the type 1.

(i) The curve T is a timelike with a spacelike principal normal and a spacelike
binormal vector. In this case, we say that the pair {T',T'1} is Mannheim pair of the
type 2, [6].

Proposition 2. If the curve I'y is a spacelike curve, then there are three cases:

(i) The curve T'y is a spacelike curve with a timelike binormal vector and the
curve I' is a spacelike curve with a timelike principal normal vector. In this case,
we say that the pair {T',T'1} is a Mannheim pair of the type 3.

(1i) The curve Ty is a spacelike curve with a spacelike binormal vector and the
curve I is a timelike curve with a spacelike principal normal. In this case, we say
that the pair {T',T'1} is a Mannheim pair of the type 4.

(ii) The curve Ty is a spacelike curve with a spacelike binormal vector and
the curve T' is a spacelike curve with a spacelike principal normal and a timelike
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binormal vector. In this case, we say that the pair {T',T1} is a Mannheim pair of
the type 5, [6].

3. MANNHEIM PARTNER CURVES WITH MODIFIED ORTHOGONAL FRAME IN E?

In this section, we extend the main results of Mannheim partner curves in E3 to
the Minkowski 3-space E} according to modified orthogonal frame.

Theorem 1. Let I': «a(s) be a Mannheim curve in E} parameterized by its arc
length s and let T'1: a1 (s1) be neither a null nor a pseudo null Mannheim partner
curve of I' with an arc length parameter si. The distance between corresponding
points of the Mannheim partner curves in E3} is constant.

Proof. Let consider the pair {I',I';} is a Mannheim pair. From Definition 3, we
can write

a(s) =aq(s1) +A(s1)Bi(s1), (3.1)
for some function A (s1). By taking the derivative of (3.1) with respect to s; and
using (2.4) and (2.5), we get

ds p K}
T— :T1+(S>\T1N1 + A +)\7 Bl, (32)
dsy R1

where 6 = +1, here, demonstrates the type of a curve a; (s1) either a spacelike or
a timelike. Since N and Bj are linearly dependent, we have (T, B1) = 0. By taking
the inner product of (3.2) with By, we get

N K}
—=—— 3.3
3 p (3.3)
By integrating (3.3), we obtain
c
A(s1) = , ¢>0. 3.4
(s1) = ) (3.4)
Thus from (3.1) and (3.4), we have
¢
_ - |- B
o) = antl = |t o)
= c|—||k1|=c
This completes the proof. (I

Remark 1. We note that in [9], the authors proved that the distance between
corresponding points of the Mannheim partner curves according to the modified
orthogonal frame in Euclidean space E3is not constant, but unfortunately it is false.
The distance is constant in Euclidean and Minkowski 3-space with respect to the
modified orthogonal frame.

Theorem 2. Let a pair of curves {I',T1} in E} with respect to the modified or-
thogonal frame. Then in case that

(i) the pair {T',T'1} is a Mannheim pair of the type 1 or 2. The necessary and
sufficient condition for Mannheim partner curves I'1 of T is

T = l‘% (1-c*r3). (3.5)
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(ii) the pair {T',T1} is a Mannheim pair of the type 3. The necessary and
sufficient condition for Mannheim partner curves I'y of I is

==t (1+). (3.6)

(iii) the pair {I',T1} is a Mannheim pair of the type 4 or 5. The necessary and
sufficient condition for Mannheim partner curves I'1 of T is

K
T = 701 (827'% — 1) . (3.7)
Where ¢ is a nonzero constant.

Proof. Let consider the pair {I',T'; } is a Mannheim pair of the type 1. From (3.1)
and (3.3), for 6 = —1, we obtain

d /
T2 T AN+ ()\’ + )\Kl> B, (3.8)
dSl K1
and .
A(sy)=—, c¢>0. 3.9
(s1) = — ) (3.9)
By substituting (3.9) into (3.8), we have
ds cT1
T— =T, — —DNy. 3.10
d81 ! K1 ! ( )

On the other hand, let 6 be the angle between T and T7 at the corresponding points
of I" and T'y in (3.1). Then, we can write
1
T =sinh 0T} + — cosh Ny, (3.11)
K1
By taking the derivative of (3.11) with respect to s1, we obtain
ds sinh 0

N— = (0’ + nl) cosh 0T + (9/ + /<;1) Ny + 7L cosh 0B;. (3.12)
dsy K1 K1

By taking the inner product of (3.12) with T, we get
(9/ + /-@1) cosh 6 = 0.

Therefore we have

0 = —k;. (3.13)
From (3.10) and (3.11), we find that
ds 1 —cTq
ds; sinhf  cosh’ (3.14)

Thus, we have

cothf = —cry. (3.15)
By taking the derivative of this equation with respect to s; and applying (3.13)
and (3.15), we obtain

T = lak (1 — 027'%) .
c

Conversely, if the curvature x; and the torsion 71 of I'; satisfy (3.5) for some
nonzero constant c. Then we define a curve I" by

a(s) = ay (s1) + iBl (s1), (3.16)
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and we will prove that I" is Mannheim curve and I'; is the partner curve of I'. By
taking the derivative of (3.16) with respect to s twice, we get

ds cT1
T— =T ——N 3.17
d$1 ! K1 b ( )
and
ds \? d*s CT cr?
N (| — +T72 = —CT1/€1T1 + -1 N1 1B1. (318)
dsy dsy K1 K1
Taking the cross product of (3.17) with (3.18), we have
ds \* cT
B<)_—mﬂ}%1M (3.19)
dSl

Again taking the cross product of (3.17) with (3.19), we get

ds 4 B1
N (dsl> = CT% (027% — 1) K—l,

Since both % and % have unit length, we get
1

ﬁ 4 B iCT% (CQT% — 1)
ds; K ’

Thus, we have

N=+1R.
K1

This means that the principal normal direction N of I' coincides with the binormal
direction By of I'y. Hence I' is Mannheim curve and I'; is the partner curve of I'.
In (i), if {T’,I'1} is a Mannheim pair of the type 2, we just replace (3.10) and
(3.11) with
d
T—S =177 — CT—INl, and T = cosh 0T + — smh 0N,
dsq K1
and the proof can be given by a similar way to (i).
In (ii), if {T",T';} is a Mannheim pair of the type 3, we just replace (3.10) and
(3.11) with
ds cT1 1 .
T— =T+ —Ny, and T = cos0T; + — sin Ny,
dSl K1 K1
and the proof can be given by a similar way to (i).
In (iii), if {T',T1} is a Mannheim pair of the type 4 or 5, we just replace (3.11)
with

d 1
T—s =T+ CT—lNl, and T = sinh 677 + — cosh 0Ny,
dsq K1 R1
or
ds 1
T—=1T+ Nl, and T = cosh 8T} + — sinh Ny,
dsy K1

and the proof can be given by a similar way to (i). Therefore, this completes the
proof. O
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Remark 2. A simple parametric transformation reduces
(i) The condition

T = i (1 —027%).

¢
to
1
71 = — tanh Kk1ds1 +co ).
c
(i) The condition
T = —m (1+c*r7).

to

1
71 =—tan | — [ k1ds1 +c¢co | .
c

K
T = ?1(027%71).

(#ii) The condition

to

T1 = %tanh (—/lﬂd& + CO) s df fer] <1,
or

T = écoth (—/mdsl +Co> , o if fer| > 1,

Thus, the existence of a Mannheim partner curve to a Mannheim curve is unique.

Proposition 3. Let I': a(s) be a Mannheim curve in E} parameterized by its arc
length s and let T'1: a1 (s1) be neither null nor pseudo null Mannheim partner curve
of T with an arc length parameter s1. If T: «(s) is a generalized helix according to
the modified orthogonal frame in E}, then T'1: oy (s1) is a straight line.

Proof. Let T, N, and B be the tangent, the principal normal, and the binormal
vectors of « (s), respectively. From the definition of the Mannheim curve and
properties of generalized helices, we have

(N,u) = (B1,u) =0,

where u is some constant vector. By taking the derivative of the last equality with
respect to s, we get

!
(By,u) = <5T1N1+I€1317u>
K1
/

= o1 (N, u) + % (By,u) =0,
1

and 0 = %1, here, demonstrates the type of a curve a(s). If § = 1, then «(s) is
a spacelike curve. If 6 = —1, then «a(s) is a timelike curve. Since N; and u are
linearly dependent, then (N7, u) # 0. Thus from the last equality, we get

T1 — O
Using the equalities in Theorem 2, we obtain
K1 = 0.

Hence, T'1: a1 (s1) is a straight line. This completes the proof. ]
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4. MANNHEIM CURVES WITH MODIFIED ORTHOGONAL FRAME IN E?

In this section, we give the characterizations of Mannheim curves using the
modified orthogonal frame in the Minkowski 3-space Ej.

Theorem 3. Let I': «a(s) be a space curve in E} with respect to the modified
orthogonal frame. Then

(i) In case that a (s) is a spacelike curve with spacelike principal normal N and
timelike binormal B. The necessary and sufficient condition for Mannheim
curves 1is

k=c(k®—71%). (4.1)

(ii) In case that a (s) is a spacelike curve with timelike principal normal N and
spacelike binormal B. The necessary and sufficient condition for Mannheim
Curves 1s

K= —c (IiQ + 7'2) . (4.2)
(iii) In case that « (s) is a timelike curve with spacelike principal normal N and
spacelike binormal B. The necessary and sufficient condition for Mannheim
CuTves 1s
k=c(r®—K?). (4.3)
Where ¢ is a nonzero constant.

Proof. (i) Let I': «(s) be a Mannheim curve in E} parameterized by its arc length
s and let T'y: «j (s1) be the Mannheim partner curve of I' with an arc length
parameter s;. Let consider the pair {I',T';1} is a Mannheim pair. From Definition
3, we can write

a1 (1) = (s) + (5 N (s), (1.4)
for some function p(s). By taking the derivative of (4.4) with respect to s and
using (2.4), we get

ds K
Tld—sl =(1- ,Lmz) T+ <// + ,uﬁ) N + urB. (4.5)
By taking the inner product of (4.5) with B;, we get
% K
B__K 4.6
m - (4.6)
By integrating (4.6), we obtain
w(s) = ¢ c>0. (4.7)

By substituting (4.7) into (4.4), we get

ay (s1) =a(s)+ wl\f (s), (4.8)

By substituting (4.6) and (4.7) into (4.5), we have
ds cT
Tld—sl =(1-cw)T+—B. (4.9)
Differentiating (4.9) with respect to s and applying the modified orthogonal frame
formulas in (2.4), we obtain

ds1\’ d*s 1 er’
Ny (d;> + Tlﬁ =—ew'T+—(n—c’ +er’) N+ —B (4.10)
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Taking the inner product of (4.10) with By, we get
K —ck® +cr? = 0. (4.11)

Thus, we deduce that

k=c(s®—71%).
Conversely, if the curvature x and the torsion 7 of curve « (s) satisfy (4.1) for some
nonzero constant ¢, then we define a curve I': a(s) by (4.8), and we will prove that
I' is Mannheim curve and I'; is the partner curve of I'. We have already found the

equality below:

ds cT
Tldisl = (1 — CH)T+ ;B

Differentiating the last equality with respect to s and applying the modified or-
thogonal frame formulas in (2.4) and (2.5), and the condition (4.11), we obtain

dsi\? . d? '
M(jﬁ +n 8 - _ewr+ LB, (4.12)
S K

N ds?
Taking the cross product of (4.9) with (4.12), we have

dsi \° N
(;;) By =c(ct'k — 7' —cTR) -~
Since both % and f—ll have unit length, we get

(alsl)3 B iC(CT/IifT/ — CTK)

ds K1

Thus, we have
By =+2LN.
K
Hence N and B; are linearly dependent. The proof of (ii) and (iii) can be given in
the same way. This completes the proof. 0
Proposition 4. If a generalized helix is the Mannheim partner curve of some curve
T': a(s) according to the modified orthogonal frame in E?. Then

(i) In case that a(s) is a spacelike curve with spacelike principal normal N
and timelike binormal B. The curve T': «(s) is a generalized heliz or the
following equality holds

T — cosh (c18+ ¢2).
K

(ii) In case that «(s) is a spacelike curve with timelike principal normal N
and spacelike binormal B. The curve I': a/(s) is a generalized heliz or the
following equality holds

1 T T\ 2 17 T\ 2
—In|—+ (f) +1]+=— (f) +1=c15+co.
2 K K 2K K

(iii) In case that a(s) is a timelike curve with spacelike principal normal N
and spacelike binormal B. The curve T': «(s) is a generalized helix or the
following equality holds

1 /T T T2
— arcsin (f) + —/1-— (7) =15+ ca,
2 K K K

for some nonzero constants c¢; and cs.
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Proof. (i) Let T', N, and B be the tangent, the principal normal, and the binormal
vectors of T': «(s), respectively. From the definition of the Mannheim curve and
properties of generalized helices, and from Proposition 3, we have T # constant
and

(N, u) = axk,
where u is some constant vector, a is a nonzero constant and x # 0. By taking the
derivative of the last equality with respect to s twice, we get

-
and
TR
—2kk" (T, u) + <7’/ + m) (B,u) = (k* — 7%) Ka. (4.14)
From (4.13) and (4.14), and from Theorem 3 (i), using s = ¢ (k* — 72), we obtain
(T,u) = #a, (4.15)
)
ds
and .
(B,u) = (4.16)

— Q.
e

Taking the derivative of (4.15) and (4.16) with respect to s. we obtain

d*(t/k
Y PR
2
c d(r/k)
<(42)
and
7d2(7'/l€)
ds?

27
d(r/k)
e (“52)
respectively. From these equations, we find that
B d?(7/K)

ds?

(dwn))Q s d(r/m)
ds Kk ds?

T
KR

Let 7/ = x (s), then we get the following differential equation
2 2
(z* —1) % — (‘g) =0. (4.17)
Solving this equation, we obtain that
x (8) = co,
or
z (s) = cosh (¢15 + ¢2),

for some nonzero constants cg, ¢; and cs.
In (ii), the proof can be given by a similar way to (i), but the differential equation
in (4.17) will be in the form

d2x dx\?
2, 1) &% ar -
(x + ) ds? o ds 0,
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Solving this equation, we obtain that
z (s) = co,
or

1 1
§ln(a¢+ x2—|—1) +§x\/x2+1:cls+02.

In (iii), the proof can be given by a similar way to (i), but the differential equation
in (4.17) will be in the form

d’z dz\?
— 2 _ _ —
(1 x)ds2+x<ds> 0

Solving this equation, we obtain that

z (s) = ¢y,
or
% arcsin (z) + V1 —122 =15+ co.
Therefore, this completes the proof. ([

Theorem 4. If a generalized heliz is the Mannheim curve T': «(s) according to
the modified orthogonal frame in E}. Then

(i) In case that a(s) is a spacelike curve with spacelike principal normal N
and timelike binormal B. The curvature and torsion of a(s) are obtained
as follows:

1 d A
=, ad T = ————
c(l—)\Q) c(l—/\z)

(ii) In case that a (s) is a spacelike curve with timelike principal normal N and
spacelike binormal B. The curvature and torsion of «(s) are obtained as
follows:

K for A #£ £1.

o P!
) T T Ay

(iii) In case that a (s) is a timelike curve with spacelike principal normal N and

spacelike binormal B. The curvature and torsion of a(s) are obtained as

follows:

1 A
- drT= ————— A\ #£ +1.
c()\Q—l)7 aneT C()\Q—l)’ Jor A#

Where ¢ is a nonzero constant and A is a real constant.

Proof. (i) Let I': a(s) be a generalized helix. From the definition of helix 2, the
curvature and torsion of « (s) satisfy the following equation

T
,:)\’
K

where A € R. Applying Theorem 3 (i), we obtain

1 I
TN T T -y
Similarly, applying Theorem 3 (ii) and (iii), we obtain
-1 dr -A
A T T Yy
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and
A

T (o) c(N-1)
respectively. This completes the proof. O

, and 7 =

Theorem 5. Let a pair of curves {T,T'1} in E3 with respect to the modified or-
thogonal frame.

(i) In case that the pair {T',T1} is a Mannheim pair of the type 1 or 2. Then

(T, Ty) = sinh @ or (T',T1) = — cosh 0, where 0 be the angle between T and

T, and
(i) cosh@ = —crq sinh 6. (ii) et sinh @ = (eck — 1) cosh 6,
(i) sinh? 60 = (eck — 1), (iv) cosh? @ = —c?r7y,

or

(i) sinh@ = —c7q cosh 0, (i) cT cosh @ = (eck — 1) sinh 6,
(iii) cosh®@ = (eck — 1), (iv) sinh® @ = —c*r7;.

(ii) In case that the pair {T',T1} is a Mannheim pair of the type 8. Then
(T, Ty) = cosf, where 0 be the angle between T and Ty and

(i) sin® = ¢y cosé, (#) et cosf = (1 + eck) sin 6,
(i4i) cos® 6 = (14 eck), (iv) sin® @ = c*77y.

1) In case that the pair {1',1'1} 18 a Mannheim pair of the type 4 or J. en
iii) I hat th ir {11} is a Mannhei ir of th 4 5. Th
(T, Ty) = sinh 0 or (T, T1) = cosh 6, where 6 be the angle between T and T}

and

(i) cosh@ = c¢7qsinh ), (ii) et sinh @ = (eck — 1) cosh 0,
(iii) sinh® 0 = (eck — 1), (iv) cosh® @ = 171,

or

(i) sinh @ = c71 cosh @, (ii) ¢t cosh @ = (1 + eck) sinh 4,
(iii) cosh? @ = (1 + eck), (iv) sinh? @ = 217y,

where ¢ 18 a nonzero constant and € = +1.

Proof. Let consider the pair {I',T';} is a Mannheim pair of the type 1. We can
prove (i) in the same way of Theorem 2 (i). Now, we can write

a1 (s1) =a(s) —eA(s) N (s), (4.18)

for some function A (s) and € = £1. By taking the derivative of (4.18) with respect
to s and using (2.4), we get

d !/
Tl% =(1+exs®)T - (6)\’ + eAZ) N — eATB. (4.19)
By taking the inner product of (4.19) with B;, we get
N K
— = 4.20
3 - (4.20)
By integrating (4.20), we obtain
c
A(s) = . e>0. 4.21
(5) =~ G ¢ (4.21)
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It follows that

d
T1% = (1+ek)T — ech. (4.22)
On the other hand, by taking the cross product of (3.11) with % = ef—ll, we get
B = —excosh 0T} — eg sinh OV . (4.23)
1

From (3.11) and (4.23), we get

ho
T = —sinh 0T — ¢ 2227 B, (4.24)
From (4.22) and (4.24), we get
dsi _ —(l+eck) et
ds ~ sinh®  coshf’

which implies that
cTsinh @ = — (1 + eck) cosh 6,

which is (ii). Also, we obtain

ds (14 eck) = —sinh#, (4.25)
d51
and p
dissl (cT) = cosh 6. (4.26)

Thus, by substituting (3.14) into (4.25) and (4.26), and using (i), we get
sinh? 0 = — (1 + ecr),

and

cosh?6 = —c?771.

Which are (iii) and (iv), respectively. Similarly, if the pair {I',T'; } is a Mannheim
pair of the type 2, 3, 4 or 5, the proof can be given by a similar way to (i). Therefore,
this completes the proof. [

5. CONCLUSION

In this paper, by using the modified orthogonal frame in Minkowski 3-space
E3, first, we defined Mannheim curves and Mannheim pairs. Next, we gave some
characterizations of Mannheim curves and their partner curves, and established nec-
essary and sufficient conditions for the Mannheim curves and their partner curves.
Moreover, we gave some characterizations for general helices which have Mannheim
curves and Mannheim partner curves. Finally, we derived the relationships between
the curvatures and the torsions of the Mannheim pairs.

REFERENCES

[1] M. Barros, A. Ferrandez, P. Lucas and M. A. Merono, General helices in the three dimensional
Lorentzian space forms, Rocky Mountain J. Math. 31 (2001), 373-388.

[2] B. Biikeii and M. K. Karacan, On the modified orthogonal frame with curvature and torsion
in 3-space, Mathematical Sciences and Applications E-Notes 4 (2016), 184-188.

[3] B. Biikcii and M. K. Karacan, Spherical curves with modified orthogonal frame, J. New Res.
Sci. 10 (2016), 60-68.

[4] M. Do Carmo, Differential geometry of curves and surfaces, Prentice- Hall, New Jersey
(1976).



(5]

(6]

[11]
[12]
[13]
[14]
[15]
[16]

[17]

sou

MANNHEIM CURVES AND THEIR PARTNER CURVES IN MINKOWSKI 3-SPACE 15

S. Izumiya and N. Takeuchi, Generic properties of helices and Bertrand curves, Journal of
Geometry 74 (2002), 97-109.

T. Kahraman, M. Onder, M. Kazaz and H. H. Ugurlu, Some characterizations of mannheim
partner curves in the minkowski 3-space E% Proceedings of the Estonian Academy of Sciences
60 (2011), 210-220.

F. Kaya and A. Yildirim, Bertrand partner curves according to darboux frame in the Euclid-
ean 3-space E3, Journal of Universal Mathematics 3 (2020), 53-58.

H. Liu and F. Wang, Mannheim partner curves in 3-space, Journal of Geometry 838 (2008),
120-126.

M. S. Lone M. S, H. Es, M. K. Karacan and B. Bukcu, Mannheim curves with modified
orthogonal frame in Euclidean 3-space, Turkish Journal of Mathematics 43 (2019), 648-663.
M. S. Lone M. S, H. Es, M. K. Karacan and B. Bukcu, On some curves with Modified orthog-
onal frame in Euclidean 3-space, Iranian Journal of Science and Technology, Transactions A:
Science 43 (2019), 1905-1916.

B. O’Neill, B, Semi-Riemannian Geometry with Applications to Relativity, Academic Press,
London (1983).

K. Orbay and E. Kasap, On Mannheim Partner Curves in E3, International Journal of
Physical Sciences 4 (2009), 261-264.

H. B. Oztekin and M. Bektas, Representation formulae for Bertrand curves in the Minkowski
3-space, Sci. Magna. 6 (2010), 89-96.

J. G. Ratcliffe, Foundations of Hyperbolic Manifolds, Graduate Texts in Mathematics,
Springer, New York (2006).

T. Sasai, The fundamental theorem of analytic space curves and apparent singularities of
Fuchsian differential equations, Tohoku Math Journal 36 (1984), 17-24.

J. Walrave, Curves and Surfaces in Minkowski space, Doctoral thesis, K. U. Leuven, Faculty
of Science, Leuven (1995).

F. Wang and H. Liu, Mannheim partner curves in 3-Euclidean space, Mathematics in Practice
and Theory 37 (2007), 141-143.

MATHEMATICS DEPARTMENT, FACULTY OF SCIENCE, TANTA UNIVERSITY, TANTA 31527, EGYPT.
E-mail address: ayman_ramadan@science.tanta.edu.eg

Current address: Mathematics Department, Faculty of Science, Mansoura University, Man-
ra 35516, Egypt.
E-mail address: ahmedelshenhab@mans.edu.eg

SS



