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1 Introduction

It is well known that many phenomena can be described by the differential
equations with boundary conditions. Furthermore, as a natural extension of
the usual differential equations, the study of fractional type differential equa-
tions, which depend not only on integer order derivations but also on fractional
derivatives, has been one of the recent and important research areas in math-
ematics. For more details one can refer to [7, 8, 24]. Furthermore, recent
studies have shown that this research area provides also many efficient tools
in the study of models of many phenomena in various fields of science and
engineering, such as visco-elasticity, electrochemistry, control, electromagnetic,
aerodynamics, etc( for example see [1, 2, 3, 4, 5, 6]). In particular, many peo-
ple have contributed to this research area by obtaining many interesting results
about the existence of solutions to boundary value problems for fractional dif-
ferential equations ( see [15, 16, 18, 24] and the references therein). In addition
to the fractional differential equations, recently, fractional ¢g—differential equa-
tions involving a variety of boundary conditions have been intensively studied
by several researchers, see for example [13, 20, 26, 28, 29, 30]. Using different
fixed-point theorems, many authors have established existence results for some
differential equations involving g—fractional derivatives. For more details, we
refer the reader to [17, 19, 21, 22, 23, 31] and the references therein. The study
of coupled systems involving fractional g—differential equations is also impor-
tant because such systems may occur in various problems of applied nature.
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Such coupled systems of fractional g—differential equations have been studied
by many scholars [11, 12, 14, 27, 31]. In this paper, we discuss the existence
and uniqueness results for the following coupled system of nonlinear Caputo
fractional g—differential equations:

Dz (t) =30, fittbz(t),y(t), t€[0,1],1<a<20<qg<1,
Diy(t) =30 g (t,a(t),y(t), t€[0,1],1<B<20<qg<]1,

z(0) =¢(x), Dgz(l)=0x(n),0<n<1,

y(0)=¢(y), Dgy(l)=Ay(u),0<p<1,

where D, is the usual g—derivative operator, Dy denote the Caputo fractional
g—derivative of order v, v = a,f respectively, fi, ¢; : [0,1]] x R x R = R
(i=1,..,k),k € N*, p,¢: C(]0,1],R) — R are given continuous functions
and 6, \ are real constants.

The rest of the paper is organized as follows. In Section 2, we introduce
some definitions and lemmas which will necessary to introduce main results. In
Section 3, as the first main result, the uniqueness conditions for solution of the
Caputo fractional g—differential system (1)is introduced and the related proof
is realized by Banach’s fixed point theorem. As the second main result, it is
shown by Leray-Schauder’s alternative that there are some conditions leading
to the existence of more than one solution for the system (1). Finally, in the
last section, we give some examples to illustrate our main results.

2 Preliminaries

We give some necessary definitions and mathematical preliminaries associated
with the setting of fractional g—calculus. More details, one can consult [9, 10,
25].

For a real parameter ¢ € (0,1), a g—real number denoted by [a], is defined
by

[al, = 1_q,aER.

The g—analogue of the power function (a — b)" with n € Ny is
(a—b)(o)—l H a—bg’),n€N,a,beR.

More generally, if 5 € R, then

) a — bg’
(a—b) Ha— bP T



It is easy to see that [a(y — 2)]/®) = a®(y — 2)(®). And note that if b = 0, then
(B) = B
alP) =aP.

The g—gamma function is defined by

(1-g"
Fq ('U) = W,U c R\{O’_l,_2,...}70 < q < 1,

and satisfies T'; (v + 1) = [v],Ty (v) .
The g—derivative of a function f is defined by
flaz) — f (@)
(l-q=

and the g—derivatives of higher order by

(Do) () = 24 0,(Dy ) (0) = lim (Dyf) ().

DYf=f,Dlf =Dy (D" f),neN.
The g—integral of a function f defined in the interval [0, b] is given by
(L5 @) = [ FOdt=2(0-0 f )" e 0.8,
0 n=0

If a € [0,b] and f is defined in the interval [0, ], its g—integral from a to b is

defined by \ \
[ roae= [ rwae- [ roae

Similarly as done for derivatives, an operator ;' can be defined as

If (@) = f (@), 13 f (2) = I, (137" ) (2) ,n €N

The fundamental theorem of calculus applies to these operators D, and I, i.e.,

Dquf ((E) =f ((E),

Definition 1 /[8]. Let o > 0 and f be a function defined on [0,1]. The fractional
q—1integral of the Riemann-Liouville type is given by Igf (t)=f(t) and

1

1o (1) = W/O (t —qs) ™Y f(s)dgs,a > 0,t € [0,1].

Definition 2 [10]. The Caputo fractional q—derivative of order a > 0 is de-
fined by
Dgf(t)=1""“D;" f(t),a >0,

where m is the smallest integer greater than or equal to c.

For more details on g—integral and fractional g—integral, we refer the reader
to [25].



Lemma 3 [10]. Let a,3 > 0 and f be a function defined in [0,1]. Then the
following formulas hold:

LISISF(t) = ISHPf(t);

2. DOISF(t) = f(1).

Lemma 4 [10]. Let « > 0 and o be a positive integer. Then the following
equality holds:

a o oTQ ta ot j
L0 = Py 0= S 0

Lemma 5 [10]. Let « € RT\N. Then the following equality is valid:
Do f(t Z 2f(0).
j=0 ‘1

In order to obtain the uniqueness and existence results for the fractional q— differential
system (1), we need the following lemma:

Lemma 6 Suppose that (F;);_; , € C([0,1],R) and consider the problem

k
DYz (t)=> Fi(t), te0,1,1<a<20<qg<1keN, (2)
=1

with the conditions
z(0)=¢(z),Dyzx (1) =0z (n),0 eR,0<n <1

Then, we have

-3 S

(04 2) 0
1_9772/ a—l -(s)dqs+<1+1_9nt)<p(a:),

g)@D
Fi () dgs + 9772/0 Fi(s)dqs

where 0 # %

. . k
Proof. Applying the operator I3 on the equation Dg'z (t) = > ;_, Fi(t) and
by applying Lemma 5, we get

koot (4 — gs)@ D
0 :Z/ (trq<)a>F () dys + ko + rat, @



where ¢y and ¢; are arbitrary constants. By the boundary condition x (0)

¢ (z), we conclude that ko = ¢ (z).
Furthermore, g—derivation of (4) with respect to ¢ produces

(a=2)

s [ =1, (¢t~ gs) |
= ;/0 T, (o) F;(s)dgs + ki1.

Using the boundary condition Dyz (1) = 6x (), we obtain that

s)@D
K1 = 1_977 [9 Z/ ———————F;(s)dgs

5)@?
Z/ a_l S F(s) ds + 05 ()

Substituting the value of kg and k; in (4), we obtain the solution (3).

]
Now, let us introduce the space

X xY ={(z,y) : x,y € C([0,1],R)},
endowed with the norm ||(z,y)|| = ||z|| + ||y|| where
2]l = sup{|z(#)],¢ € [0,1]} and [jyl| = sup{[y(?)[, ¢ € [0, 1].

It is clear that (X x Y, ||(z,y)||) is a Banach space.

3 Main Results

In view of Lemma 6, we define an operator O : X XY — X x Y by:

O (z,y) () = (O1 (z,9) (), Oa(z,y) (1)),

where

k t —gs (—1)
Or (2,y) (1) = Z/ %fi(w(s),y(s))dﬁ
(a 1)
1—9712/ T o fi(s2(s),y(s))dgs
(a 2)
a—1 —— fi(s,x(s),y(s))dgs

+( 19n)<p(af),



and

koot (g )1
Oz (z,y) (1) = Z/ %gi (s, (8),y(s))dys (8)
)Y
1_)\,“ Z/ q a0 (s,2(5),y(s)) dys
(ﬂ 2)
1—)\,u Z/ gl(svx(s)ay(s))dqs
+(1+ 1_”;”) 5.

where 1 — Ay # 0 and 1 —60n # 0.

Observe that the existence of a fixed point for the operator O implies the
existence of a solution for the problem (1).

For convenience we introduce the notations:

1 16] n° 1
Vi = , 9
LT et D) o, et T, (@) (©)
- 0)
Ve = (”u—em ’
and
B
A ! Al L o
LD T, (B D) 1= wiTy (3)
B K
B2 = (Hllx\ul '

3.1 Existence and Uniqueness conditions for solutions

As the first result, we concern with the uniqueness of solution for the Caputo
fractional g—differential system (1) using Banach’s contraction mapping princi-
ple.

To accomplish this easily, we need the following auxiliary conditions:

(Hy) For each i = 1,..., k, the functions f;, g; : [0,1] x R? — R are contin-
uous and there exist constants w; > 0, w; > 0 such that for all ¢t € [0,1] and

Zj,Yj GR,_] = 172a

|fi (t, 21, 22) — fi (By1,92)] < wi (|20 — 1| + |22 — 32]),



and

lgi (t,21,22) — g5 (t,y1,92)| < @i (|1 —y1| + |22 — 12|),

(Hs) go : C([0,1],R) — R are given continuous functions with ¢ (0) =
¢ (0) = nd there exist constants d; > 0,2 > 0 such that

o (@) e <dlle—yll, o) -] <dafz—yl.

Theorem 7 Suppose that (Hy) and (Hz) hold. If the inequalities

k k
1 1
E wivl < 5 — 51V2 and E wiAl < 5 — 52A2, (11)

i=1 i=1

are valid, then the Caputo fractional q— differential (1) has a unique solution on
[0,1].

Proof. Let us fix M; = supycpo1)|fi (£,0,0)[, Ni = sup,ejoq719: (£,0,0)| and
define

Vi M+ Vs A YE N+ Ay
% (vl Zz 1w1+51> % (Al Zz 1w1+52>

We first show that OB, C B,, where B, = {(z,y) € X x Y :||(z,y)|| < r}, we
find the following estimates based on the assumptions (Hy) and (Hz):

|fl (t’xvy” < |f2 (tvxvy)_fi (t7010)|+f1 (tvoao)Swl(”x”—’_uy”)—’_M

r > max

IN

wi ||z, yl| + My <wir + M, i=1,.., k.
Similarly, we have

IN

@i ||z, yl| + Ni <wir + Ny, i =1, ..., k.

and
lp (@) <éorllz|| < orr, o (y)] < b2yl < dar



By these estimates, we have:

01 (z, y) (1)]

_ Z/ tqu
—¢s) (a=1)
|1|f|;7]| Z/ q |fi(s,2(s),y(s))|dgs

|1—9WIZ/ a—l fi(svx(s)ay(S))dqs

(14 25 ) @

Oé

1
|fi (s, (s),y (s))| dgs

k
1 1617 1
< ; M.
- [ (a+1)+|1—9n|1“q(a+1)+\1_977|r ];th i)
(4 >
+ 1+ (517"
( 11— 0n]
k k
= <V1 Zwi—i—élVg) T+V12Mi
=1 i=1
Hence
k k ,
”Ol (z,y)|| < (Vl lei + 61V2> r+ Vi ZlMl < 5
In a similar manner, it can be shown that
k k .
102 (z,y)|| < <A1 Zwi + 52A2> r+ A ZNi < 3
i=1 i=1

Consequently
10 (z,y)ll <,

which implies that ¢B, C B,. Now for z;,y; € B,,j = 1,2 and for all t € [0, T,



we obtain:

\01 (z1,91) (t) — O1 (z2,92) ()]

5@
Z / Fi (5,21 (5) 1 (5)) = fi (s (5) 92 (5))] s

IN

(w )

o 977 Z / - qs i (5,21 (8) 91 (8)) = i (5,22 (5) , 2 (9)) ds

(a 2)

g Z S 1 9 9) = £ ) s

+(1+ lften) (lp 1) ~ o 2)).
By (Hy) and (Hs), we have

|01 (z1,91) — O1 (z2,y2)||
k

1 10| n 1 )
< Wi + +
; (Fq (a+1)  [1=0nTg(a+1) [1—-0nT;(a)
0
(14 2 ) 8] ther = aal = .
Hence,
k
|01 (21, 91) — O1 (z2,92)| < (Zwivl + V251> 21 — 22,91 — 2l (12)
i=1
Similarly, we can have
k
102 (21, 41) — O2 (22, y2)[| < (ZwiAl + A252) 1 — @251 — g2l (13)
i=1

It follows from (12) and (13) that

10 (21, 91) = O (22,2l

k
(Z w;V1+ Vo + ZwiAl + A2> 1 — 22,91 — ¥l

i=1 i=1

which shows that O is a contraction in view of the hypothesis: Z _qwiV1+
Zi:l w; A1 < 1— (Va1 + Asds) . Hence, by Banach’s fixed point theorem, the
operator O has a unique fixed point which corresponds to the unique solution
of fractional g—differential system (1).This completes the proof.
]

In the next result, we show the existence of solutions for the g—fractional
system (1) by applying Leray—Schauder’s alternative [8].



Lemma 8 Let O : E — E be a completely continuous operator (i.e.,a map that
restricted to any bounded set in E is compact). Let ©(0) = {x € E : x = pO(x)
for some 0 < p < 1}. Then either the set ©(0) is unbounded, or O has at least
one fized point.

For the forthcoming result, we need to provide the following conditions:

(Hs) For each i = 1,..., k, the functions f;, g; : [0,1] x R? — R are continu-

ous and there exist real constants a; b;,d;, a, b;, d;, > 0 and a; > 0, a; > 0 such

79
that for any x1,z2 € R, we have
|fi (t, 21, 22)] < a; + b |z1| + dy |22,

and , ) )
g (t, 21, 22)| < a; +b; 21| + d; [22].

(Hy) ¢,¢ : C(]0,1],R) — R are continuous functions with ¢ (0) = ¢ (0) =0
and there exist constants 1%; > 0,195 > 0 such that
o (@) <drllzll, 1o ()] < D2yl for all z,y € C([0,1],R).

Theorem 9 Assume that hypotheses (H3) and (Hy4) hold. Furthermore, assume
thatﬁ;ﬁ% and)\;éi. If

k k
Z (blvl + dlAl) <1l-— ’191V2, Z (b;Al + d;Vl) <1-— ’192A2, (14)

i=1 i=1
then the fractional q—differential system (1) has at least one solution on [0,1].

Proof. In the first step, we show that the operator O : X XY — X X Y is
completely continuous. By continuity of the functions f;,¢; (i = 1,...,k) ¢ and
¢, it follows that the operator O is continuous.

Let € X x Y be defined. Then there exist positive constants L, K;

(i=1,...,k)such that | f; (¢, z,y)| < Li, |g: (t, z,y)| < K;, for each (z,y) € Q and
constants I, Iy shch that |p (z)] < Iy, |¢ (y)| < s for all z,y € C ([0,1],R).

10



Then for any (z,y) € Q, we have
|01 (z, ) (1)]

5@
< Z/ £ (522 (5) . (5)] dys
ol =0
\1—977| Z/ |fi(s,2(s),y(s))]dgs
52
\1_977| Z/ |fi (s,2(s),y(s))]dygs
ol
+O+1—%JW“”
<

k
1 0 1
Li( + 10 n >
— Fy(a+1) 1-6nTi(a+1) |1-6nT;(a)

1=

(
|0]¢
1 II

which implies that

k
101 (z, )| < ZLN1 + VoIl
i=1
Similarly, we get
k
102 (2, y)[| < KilAy + Aslly.
i=1
Thus, it follows from the above inequalities that the operator O is uniformly
bounded.
Next, we show that O is equicontinuous sets of X. Let ¢1,ts € [0,1] with
t1 < ty. Then, we have

\01 (, y)( 2) = O1 (2,9) (1)

(fx )

t‘qs Y2985 (s, (s),y(s)) dgs

IN

(@ 1)
_Z/ e fi (5,7 (s),y(s)) dys

_ —qs) ((’ 2
|9||1|fi 977t|1| Z/ q Ifi (5,2 (s),y(s))] dgs

_ (Oz 2)
S 2 ) e

101t — ta]

|
S @l

11



Hence, we obtain
01 (z,y) (t2) — O1 (z,y) (t1)]
t|(ty —qs) 7Y = (¢, — qs)(a_l)’

k ¢
LZ/ d,s
i:Zl 0 Iy (a) /
(ta — qs) _1)’

. |9||t2 | g
+ZL/ q<a> da ZL/ T, (a)

[ts — 1] 5)( @ 0] |t — ]
|1—977|Z dgs + =] (lzo| +IIy) .

Therefore,

IN

|01 (z,y) (t2) — O1 (2, y) (t1)] (15)

k k
@ «@ i Lz i— Li (a) 9
< té ) t( ) Ez:l ) 4 |t2 _ tl‘ <| Zz_l n ‘ |

Iy(a+1 1-0n T, (a+1)

S L 0]
= + 11 .
=T, ) =0

We can also show that
|02 (z,y) (t2) - 02 (z,y) (t1)] (16)

k
4| dic1 Ki:“(ﬂ) |A|
|1 —AulTq (B+1)

‘tf) —tt’

zle L H2>.

T MIT, (B) L=l

Thanks to (15) and (16), we can state that |O (z,y) (t2) — O (x,y) (t1)]] — 0
as to —t;1 — 0. Therefore, O : X xY — X X Y is completely continuous by
application of the Arzela-Ascoli theorem.

Finally, we show that the set © defined by

O ={(z,y) € X xY : (z,y) = pO (z,y),0 < p <1},
is bounded. Let (x,y) € ©, then (z,y) = pO (x,y) . For each t € [0,1], we have
z(t) =pO1(z,y) (1), y(t)=pO2(z,y)(t).
Then
[z (@) = [pO1(2,y) ()] <
- 1 |0 n*

1

a; + b ||z| + di ||y { + +
2 (@i +billell+ vl | oy + T, v D T T Iy (@)

6]
+ {1+ 0 .
( TS ]

12



Hence,

k k k
llz]| < (Z b;V1+ 191V2> ||l + ZdiV1 llyll + ZaiV1 + Va. (17)

i=1 i=1 i=1

We also have

k k k
lyll <> b |z + (Z d;A, szz) Iyl + Y a;A + A (18)

i=1 i=1 i=1

It follows from (17) and (18), that

lol+ gl < |3 (571 + AL ) + 91V

1=1

]

M=

37 (daAs + V1) + 920 o]

1

.
Il

-

+ (aivl + a;Al) +Va + As.

1=1

Consequently,

Zf:l (aivl + CL;A1) + Vo + Ay
10 )

Iz, )l <

where
k k
II = min {1 — < (bzvl + diA1) + 191V2> , 1 — (Z (biAl + d2V1> + 192A2> } .
=1 =1

This shows that © is bounded. Hence, by Lemma 8, the operator O has at least
one fixed point. Hence, the fractional g—differential system (1) has at least one
solution on [0, 1]. The proof is complete. m

13



3.2 Examples

Example 10 Consider the following coupled system of fractional g— differential
equations

= |z (t)] 1 e 3t in(2wy(t)) s 2(t)

~ RS ITRED +tat+ G T “aor
y(t 2

39052%) (e~ F1u (0] + arctan (t2 + 1) ,t € [0,1],

Reslen

D

+

3 _ _ sin’a(t) i ly(t)] 1+sinh(1+25¢")
7 7 40V/mBE+1) T 20(et+2y/7) (1+]y(0)]) 15 (19)

_cos(z()+y(t)) 2
+40(1n(t+1)+ﬁ) +In (t +4t + 5) at € [05 1] )

D

where q = % So, it is easy to see that 0 #+ % and A # %L
On the other hand,

|z| 1 e 3'sin(27y)
t = S
fult,@.y) T A5 (I+z) 2 60w
cos lyl 2
txy) = tan (£2+ 1) .
Btew) = St mareye s oy e
and
sin? |yl 1 + sinh (1 4 25¢t)
g (t,z,y) = 5 + ; ;
407 (32 +1) ' 20 (et + 2y/m) (1 + |y (1)]) 15
cos (z (t) +y (1)) 2
- 1 4 .
g2 (1, 2,y) 40(1n(t+1)+ﬁ)+n(t + 4t +5)

So, fort € 0,1] and z;,y; € R,j = 1,2, we have

1 €—3t
t —fi(t < |z - — |ys —
|f1 (& m1,01) — fi(E,22,92)] < 67 (22 + 5) |1 — 22| + 307 ly2 — y2/,
|f2 (t )= fa(t | o< I+ g5y | |
20, 21, Y1 2\, T2, Y2 = 39 L1 — T2 30 (1 + £2) Y2 — Y21,
and
|91 (t ) =g (t )= 1 | |+ ; | |
x - x — |1 — T — Y2 —
g1 (L, 1, Y1) — g1 {t, T2, Y2 = 107 BE 1) 1 2 20 (¢ + 2¢/7) Y2 — Y2f,
1 1

t — t < — _ .
|92( 7$1»y1) 92( ,I27y2)| = 40(1H(t+1)+ﬁ) |.’E1 .’E2|+ 40(1D(t+1)+ﬁ) |y2 y2|

14



We can take

1 1 11 1
TS0 2T 3T T a0 T w00 T 1T 16
It follows that
1 16| n* 1
\V4 — + —+ :2.190,
' Ty(a+1)  [1—0nTy(a+1) " [1—0y[T,(a)
10|
v, = (1 —1.425
2 (*u—em
and
1 Al p? 1
A + + —2.613,
' To(B+1) 1= ATy (B+1) " [1—AulTy (B)
Al
A, = (1 — 0.743.
? (+I1Au
Then

2 2
1 1
D wiVi+ Vady = 0174 < o, D iy + Agdy = 0132 < .

i=1 i=1
Thus, by Theorem 7, fractional q— differential system (19) has a unique solution
on [0,1].

Example 11 To illustrate the second main result, we consider the fractional
q—differential system

3 __ cosh sin z(t) y(®)|z(t)] —t
Diz(t) = Jiass + samerny + DD THe@] T (etzﬂﬁﬂ)
x cos y(t
Jr5‘>2(‘1+(y)2‘(t)) + (27e3€(+)1)7t €[0,1],
g In(1+t¢ x(t e~ 3t 1
D;y (t) = 27((1+t2)) ("‘ 4(%()1;,an)2 ) ‘t)ﬁ()? COs (y (t)) + 38In(1+¢) (20)
sin(2mx(t arctan y(t
T T6rit2)? T 25(t+y1) L €[0,1],
z (0) = %{ sinz (t), Dgz(l)= %gc (%) ,
y(0) = g5cosy(t), Dgz(l) =13z (3),

where ¢ = 1 It is easy to see that 6 ;é and \ # %
On the other hand,

ey < o=t gl + e ol
,l’, = A )
! y ,/ 25(1 @)+
fa(t,zyy) < 1*64‘*” H+ HyH
In2
t < e, =
n(try) < ol el + gl

15



and

(t2,9) < o + = o] + = Iyl
926 Y) = 380 T g 11T 55 W
Using the given data, we find that
1 1 1 1
by = —dj=—— - by= — . dy = —
! 64" T 25(In(2)+1) 7 3277 2%
’ 1 ’ 1 ’ 1 4 1
bl - Ioadl_Goﬂ_Qv Q_EadQ_?57
1 |6 ™ 1
VvV, = + + = 2.828,
Lgla+1)  [1=0n[Tg(a+1) [1—-0nTy(a)
1 I\ 1
A, = + + = 3.691,
' T,(B+1) M =MfTy(B+1) " 1= [T, (B)
0] Al
Ve, = 1 =2.436, Ay =1 =20918
: - I TRV ’
and then
2
> (BiVi+diAy) = 0351 <110,V =0.945,
=1
2
3 (blAl + d2V1) = 0.325,1— U2Ay = 0.946.

=1

Obviously all conditions of Theorem 9 are satisfied. Thus, by the conclusion of
Theorem 10, the fractional q— differential system (20) has at least one solution

on [0,1].
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