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Abstract
Typically, the Crack Tip Opening Displacement (CTOD) is used only to quantify the crack closure phenomenon. However, more information about crack tip phenomena can be extracted from the CTOD curves, which can be used for a better understanding of fatigue crack growth. The main objective here is the development of a numerical tool for the automatic analysis of CTOD plots, which can be obtained either numerically using the Finite Element Method (FEM) or experimentally using Digital Image Correlation (DIC). The parameters extracted are the elastic and plastic CTOD in loading and unloading regimes, the corresponding load ranges, the crack opening and closure levels and the dissipated energy. This tool is expected to promote a fast and efficient analysis of DIC and FEM results, facilitating the implementation of CTOD analysis in the fatigue community.
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NOMENCLATURE

	a	= Crack length
	CT	= Crack Tension (specimen)
	CTOD	= Crack Tip Opening Displacement
	CTODe	= Elastic CTOD
	CTODp	= Plastic CTOD
	da/dN	= Fatigue crack growth rate
	DIC	= Digital Image Correlation
	E*	= Dissipated energy
	F	= Applied load
	FCG	= Fatigue Crack Growth
	Fcl	= Crack closure load
	FEM	= Finite Element Method
	Fep,L	= Load corresponding to elastic-plastic transition
	Fmax	= Maximum applied load	
	Fmin	= Minimum applied load
	Fop	= Crack opening load
	FU	= Applied force during unloading (=Fmax-F)
	K	= Stress intensity factor
	se,L	= Slope of elastic regime during loading
	se,U	= Slope of elastic regime during unloading
	W	= Specimen’s width
	K	= Stress intensity factor range (Kmax-Kmin)
	Keff	= Effective stress intensity factor range (Kmax-Kopen)
	U*op	= Crack opening level
	U*cl	= Crack closure level
	e,L	= Elastic CTOD range during loading
	e,U	= Elastic CTOD range during unloading
	p,L	= Plastic CTOD range during loading
	p,U	= Plastic CTOD range during unloading







1. Introduction
Fatigue crack growth (FCG) is usually studied using K, the range of stress intensity factor range, assuming that this elastic parameter is the crack driving force. However, several problems have been detected in the use of da/dN-K models. In fact, these curves are purely empirical, with dimensional inconsistence. They are valid only in the small scale yielding regime, whose boundaries are not easy to define. Additionally, the da/dN-K curves are not able to explain the effect of stress ratio and variable loading amplitude. K simplifies the study of FCG but does not promote the understanding of crack tip phenomena. The replacement of K by an effective value, which includes the effect of crack closure phenomenon Elber, 1970, mitigated these problems without solving them (and raised new issues) Vasudevan, 1994.
In fact, FCG is linked to non-linear and irreversible mechanisms acting immediately ahead of crack tip, in the process zone. Therefore, different non-linear parameters have been proposed and correlated with FCG rate, namely, the plastic strain Pokluda, 2013, the size of cyclic plastic zone Ould Chikh, 2008, the dissipated energy Klingbeil, 2003, the J-integral Wang, 2019, and the Crack Tip Opening Displacement (CTOD) Tvegaard, 2004. CTOD versus load curves have been presented in literature by many authors Matos, 2007, Yusof, 2013, but most of the times only the crack closure level is extracted from them. However, the CTOD, which is a classical parameter in the study of ductile fracture, is able to feel other crack tip phenomena. In recent years our research team started using to the plastic CTOD, and several advantages were identified. It can be predicted numerically using the Finite Element Method (FEM) or measured experimentally using Digital Image Correlation (DIC). Besides, there is a dimensional agreement between the CTOD and da/dN, while the crack closure phenomenon appears in a natural way. The elastic deformation, which is not supposed to affect FCG rate, is excluded, and there is no effect of stress ratio Antunes, 2016. Additionally, the approach is applicable in both small scale and large scale yielding. The da/dN versus plastic CTOD models were used to predict fatigue threshold in vacuum Antunes, 2019, threshold, to predict qualitatively the effect of stress ratio, overloads and stress state Antunes, 304L, 2019, and to define the boundaries of small scale yielding. However, in order to implement the analysis of CTOD in the community devoted to FCG analysis, it is important to develop numerical tools to extract the main parameters from CTOD versus force plots. One of the reasons for the dominance of K in the last decades was the relatively simplicity of the analysis of experimental results, without the need of complex numerical analysis. Other approaches based on non-linear parameters gave promising results, but failed to shake the dominance of K because they needed parallel numerical analysis, which are relatively complex Zheng, 2013.
The main objective of the present work is therefore the development of a numerical tool to extract important FCG parameters from CTOD curves, obtained either numerically or experimentally. In fact, the accuracy of CTOD versus load curves and the correct extraction of parameters from these curves are fundamental to obtain feasible conclusions about FCG. A wrong approach significantly affects the quality of the parameters. This tool is expected to be of major importance for a fast and efficient analysis of DIC and FEM results, and to promote comparison of results from different authors. As far as the authors know, there is no other similar tool in the literature.
2. Identification of parameters	
The starting data is a finite number of pairs of points with the force and corresponding CTOD. Figure 1 presents a schematic representation of a typical CTOD versus load curve, with including the identification of the characteristic points. Identical curves can be seen in literature, obtained numerically and experimentally Pommier, Matos, Yosf. Points A and E correspond to the minimum and maximum loads, respectively. The corresponding values of CTOD can be obtained directly from the original data. Points B and G define crack opening and the crack closure, respectively. Points D and F define the boundaries of elastic regime during loading and unloading, respectively. Depending on the location used to measure the CTOD, a non-linear variation may occur between points B and C, where this point defines the beginning of the linear elastic regime.
From these characteristic points it is possible to define different parameters, which are interesting for fatigue crack growth analysis:
- The load range between points A and B define the crack opening level:

		(1)
while the load range between points A and G define the crack closure level:

		(2)
The mismatch between points G and B is an interesting issue, because it indicates that there are things happening while the crack is closed, namely crack tip plastic deformation.
- The load ranges between points C and D and between points E and F define the extent of the linear elastic regimes. These points can be used to estimate the fatigue threshold in vacuum Antunes, 2019, thereshold.
- The load range corresponding to the elastic-plastic regime may be considered effective, since it excludes crack closure and the elastic regime.
- The slope of the elastic regime is required to define the plastic CTOD range (p). Indeed, the plastic CTOD is assumed to be the crack driving force, which can be correlated with da/dN. However, two values may be obtained, namely for the loading and unloading portions of the load cycle, p,L and p,U, respectively.
- The elastic CTOD ranges, e,L and e,U, may be used to correlate with FCG in models that consider brittle mechanisms. In conjunction with total CTOD, the elastic CTOD may be used to define the boundaries of small scale yielding.
- The interior area of the loop is a measure of the dissipated energy, which can be used as an alternative to the plastic CTOD as driving force for FCG.
3. Algorithm to obtain parameters
	The correct identification of the main parameters of CTOD curves is of major importance, as previously mentioned. Accordingly, a well-defined sequence of steps is needed, as described next, which was implemented in a spreadsheet.
	The starting point is a set of points with the load and corresponding CTOD, obtained for one load cycle. Figure 2 presents the set of numerical points used to describe the algorithm, which are listed in Appendix A. These 138 points were obtained numerically for a CT specimen made of 18Ni300 steel, with a width W=36 mm, a crack length a=20.272 mm and a thickness of 0.1 mm Antunes, 18Ni300. The specimen was submitted to Fmax=49.61N and Fmin=5 N. The CTOD was measured at the first node behind crack tip. The first point in Figure 2 corresponds to the minimum load, which is followed by a progressive increase of load up to its maximum value and by the subsequent return to its minimum value. The number of points is variable depending on the FEM and DIC procedures.
(i) Crack opening and closure levels
The first step is the identification of the crack opening and closure levels, i.e., the forces FB and FG, respectively. Figure 3a is a detail of Figure 2, while Figure 3b is a schematic representation of the extrapolation procedure proposed to reduce the uncertainty associated with the load increment. Since the loading is applied in a finite number of increments, the crack is closed at one load step (1) and opened in the subsequent step (2). Thus, the crack is effectively opened between points 1 and 2, as highlighted in Figure 3b. The two points immediately after opening (2 and 3) are used to define a linear extrapolation and obtain the opening or closure load. Note that there are cases without closure, namely under plane strain conditions. In that situation, this step is skipped.
(ii) Slope of the elastic regime during unloading, se,U
The second step is the determination of the slope of the elastic regime. The identification is made during unloading (region EF in Figure 1a) because there is no interference of other phenomena, namely the contact of crack flanks. A similar approach, i.e., the analysis of the elastic regime during unloading, is used to obtain Young’s modulus of thin coatings using nano-indentation Antunes, Fernandes, 2007. The maximum load is identified and an auxiliary referential is considered, starting at maximum load, as illustrated in Figure 4a. Figure 4b plots the CTOD during the unloading phase in the auxiliary referential. Therefore, the point at the origin corresponds to the maximum load. The number of points considered to define the slope of the elastic regime is defined using the maximization of the correlation coefficient technique. The same approach was used to define the crack opening level from compliance measurements Borrego, 2001. This technique involves the calculation of the least squares correlation coefficient for the first two pairs of points starting from the origin (i.e., from the maximum load). Then, the next data pair is added and the correlation coefficient is computed again. The procedure is repeated for the whole data set (unloading). The last point used to define the slope of the linear regime is dictated by the maximum correlation coefficient. Figure 4b plots the correlation factor, which presents a nearly constant variation followed by a sudden decrease. The arrow indicates the peak of the correlation factor.

(iii) Elastic and plastic CTOD ranges during unloading
	The elastic CTOD can now be calculated:

		(3)
[bookmark: _Hlk26361940]where se,U is the slope of the elastic regime and FU denotes the applied force during unloading (i.e., Fmax-F). The maximum value of FU is the difference between the maximum load (Fmax=FE) and the closure load (FG). The plastic CTOD is the difference between the total and the elastic values:

 		(4)
[bookmark: _Hlk36487989]Figure 5 plots the variation of total, elastic and plastic CTOD during unloading. For the case under study, the CTOD is mainly elastic, being the plastic deformation relatively small. The plastic CTOD, CTODp or p, which is a main parameter for FCG analysis, is zero in the elastic regime, increasing progressively during unloading. The elastic and plastic ranges during unloading, e and p, respectively, are the maximum values of the elastic and plastic CTOD. Since the transition between the elastic and elastoplastic regimes is smooth and difficult to identify, it can be defined empirically as the point presenting CTODp = 0.001 μm. A linear interpolation between the two closest points to the transition criteria can be used to define the load corresponding to the transition. Vasco-Olmo et al. 2019 proposed an alternative procedure, based on the Appendix X2 of the ASTM E647 standard [ASTM], that deals with the determination of opening load from compliance. Segments of three data points are used to determine a slope, which is compared with the elastic slope. The transition between elastic and plastic regimes is proposed to occur when the relative error between the local slope and the elastic slope is higher than 5%.


(iv) Slope of the elastic regime during loading, se,L
[bookmark: _Hlk31878540]The next step is the determination of the slope of the elastic regime in the loading phase (region CD in Figure 1a). The analysis returns to the initial load referential and the calculation process is very similar to the one previously described for the unloading phase. It uses as first estimative the slope obtained in the unloading phase, i.e., se,L=se,U,. After the opening, it may exist a non-linear regime (BC in Figure 1a), particularly if the CTOD is not measured in the first node behind the crack tip. The unzipping of crack flanks up to the crack tip during the loading phase may produce this non-linearity. The linear regime (CD in Figure 1a) only starts after the crack is totally open. If the slope of the two points after opening is significantly different from se,U (maximum deviation allowed usually less than 1%) the first point is rejected and the analysis moves to the next point. The procedure is repeated until the slope reaches se,Utol, being tol the tolerance admitted for the slope. Therefore, the point C is the first data point after the crack opening that allows to fulfill the deviation criteria in the loading elastic regime.
There are some situations where the data does not allow to determine se,L given a tol and se,U as reference. These situations usually occur when analyzing experimental data where a small data sets are available and small measuring accuracies affects it. In these situations, retrieving parameters for the loading phase becomes impossible using the described algorithm. A small assumption can be made to still be able to retrieve parameters at the cost of some accuracy. Artificially, se,L can be set to be the same as se,U and the algorithm proceeds with this assumption. This assumption requires user input and should be used as the last resource in retrieving parameters from the data.



(v) Elastic and plastic CTOD during loading
CTODe and CTODp components are now calculated for the loading phase using the slope calculated from the loading phase, se,L:

		(5)
The elastic and plastic CTOD ranges are, respectively:

		(6)

		(7)
where the different variables are indicated in Figure 1. The procedure adopted to identify the load corresponding to the transition between elastic and elastoplastic regimes (point D) is identical to the one used in the unloading phase.
(vi) Calculation of the energy
The last step consists of the determination of the energy (Figure 1b). This calculation is carried out using a numerical integration method, where the trapezoidal rule was chosen:

		(8)

		(7)
Appendix A shows the implementation in Excel of the entire procedure described here. As already mentioned, the CTOD versus load results were obtained numerically using the finite element method for a CT specimen made of 18Ni300 steel having a crack length a=20.272 mm. Table A.1 contains all calculation values with the most important values highlighted. Table A.2 contains all parameters retrieved from the curve.


4. Application to DIC results
Digital Image Correlation (DIC) technique measures the displacement fields at the vicinity of the crack tip with high level of accuracy [Chu, 1985]. Yates et al. [2010] provided an overview of some applications of DIC in characterising full-field elastic-plastic crack tip displacement fields. These applications include the determination of K, crack closure, J-integral, crack tip plastic zones Vasco, 2016, 2018, stress intensity factors defined by the CJP crack tip field model Yang, Vasco, 2018. DIC is used here to obtain CTOD versus load plots by locating two points behind the crack tip. The location of these two points is a critical aspect in the interpretation of CTOD measurements and its subsequent application to fatigue crack growth.
4.1. Experimental procedure
For the experimental analysis of the CTOD, commercially pure titanium CT specimens (Figure 6a) with a thickness of 1 mm were tested at constant amplitude fatigue loading [Vasco, 2019]. Fatigue tests were conducted at a stress ratio of 0.1, applying 750 N as maximum load level. The surface of the CT specimen was sprayed with a random black speckle pattern over a white background, to enable the measurement of the displacement field by DIC. Fatigue tests were conducted on an Electropuls E3000 electrodynamic machine (Figure 6b) at a loading frequency of 10 Hz. A camera, fitted with a macro-zoom lens was placed perpendicularly to the face of the specimen. During fatigue testing, the cyclic loading was periodically paused to allow acquisition of a sequence of images at uniform increments through a complete loading and unloading cycle. The CCD camera viewing the speckled surface of the specimen was set up so that the field of view was 17.3×13mm (resolution of 13.7 μm/pixel) with the crack path located at the centre of the image. A fibre optic ring placed around the zoom lens provided illumination of the specimen surface (also shown in Figure 6b). The CTOD was measured between two points symmetrical to crack plane located behind crack tip at distances Lx=150 m and Ly=150 m (see Figure 6a). A sensitivity analysis was performed to explore the effect of the position of the two points behind the crack tip and it showed that the CTOD is accurately characterized by using data corresponding with horizontal and vertical distances behind the crack tip of 150 µm [Vasco, 2019].
4.2. Experimental results
A typical plot showing CTOD at increments of 25 N throughout a full loading cycle for a crack length of 9.40 mm is shown in Figure 7a. The CTOD is relatively large, with a maximum value of 37.8 m, creating a well-defined loop with no evidences of crack closure. Figure 7b presents the elastic and plastic CTOD extracted from the total CTOD, which in this case are of the same order of magnitude. The parameters extracted using the developed software are indicated in Table 1.
[bookmark: _GoBack]However, some difficulties were reported in the analysis of CTOD curves obtained by DIC using the software developed here. These difficulties were associated with the relatively small amount of measurement points, particularly in the linear elastic region observed after unloading from the maximum load. Since this region is fundamental to define the slope of the elastic regime, it is recommended to increase the number of measurements in future works. Besides, the CTOD values present some noise from measurement system, which affects the quality of results.
5. Application to FEM results
5.1. Numerical procedure
	A Middle-Tension specimen with a width of 160 mm and a thickness of 0.1 mm, made of 2050-T8 aluminium alloy, and with a central crack with initial size a0=25 mm, was modelled using the finite element method. A cyclic load was applied with maximum and minimum values of 641.28 and 68.9 N, respectively, which correspond to maximum and minimum K values of 23.8 and 2.6 MPa.m0.5. A purely kinematic elastic–plastic model was adopted assuming: (i) the isotropic elastic behaviour modeled by the generalized Hooke’s law, with elastic constants E =77 GPa and ν =0.33; (ii) the plastic behaviour modeled by the von Mises yield criterion, coupled with Lemaître–Chaboche kinematic hardening law under an associated flow rule. The Lemaître-Chaboche law is:

	,	(4)






where  is the backstress rate;  and  are material parameters and  is the equivalent plastic strain rate. The values assumed for    and were 265.41 MPa and 97.38, respectively, while the initial yield stress was Y0=383.85 MPa Antunes, 2050. 
	The finite element mesh comprised 6639 linear isoparametric elements and 13586 nodes, having elements with 88 m2 at the crack tip region. The crack was propagated at the minimum load by node release, after five load cycles. A total number of 159 crack propagations were modeled, corresponding to a crack advance of 1272 m, in order to stabilize the cyclic plastic deformation and the crack closure level. This model was implemented in the DD3IMP in-house code, which uses an updated Lagrangian formulation that follows a fully implicit time integration scheme Menezes, 2000. The contact of the crack flanks was modeled considering a rigid body (plane surface) aligned with the crack symmetry plane. A detailed description of the numerical model can be found in the literature Antunes, 2050.
5.2. Numerical results
Figure 8 presents three CTOD versus load plots, obtained at different positions along crack flank. The number of the node indicates its order behind crack tip, i.e., node 1 is the first node behind crack tip which is placed at a distance of 8 m. The increase of distance to crack tip increases the total CTOD, as could be expected. The CTOD versus load curve evaluated in nodes 5 and 10 presents a non-linear variation after crack opening and before the linear regime, which is due to unzipping of the nodes along crack flank up to the crack tip. The vertical line defines the end of this regime for all nodes.
Table 2 presents the parameters obtained following the procedure proposed here. Figure 9a presents the variation of the elastic and plastic CTOD ranges with the distance behind crack tip, d. The increase of d increases the elastic CTOD and decreases the plastic CTOD, which means that there is a decrease of the sensitivity to crack tip plastic deformation. The plastic deformation is about one order of magnitude lower than the elastic deformation. Remember that in the titanium studied by DIC, the elastic and plastic deformations were of the same order. Figure 9b presents the variation of U*, which represents the fraction of load cycle during which the crack is closed, with distance d. The crack opening value (U*op) is slightly higher than the crack closure value (U*cl), but the difference decreases with distance d. The increase of d decreases both values, as could be expected since the crack opens progressively up the crack tip.
6. Conclusions
This study presents a numerical tool to extract parameters from CTOD versus load plots, obtained numerically using FEM or experimentally using DIC. This tool is expected to be of major importance for a fast and efficient analysis results, as well as to promote the implementation of FCG analysis based on CTOD in the fatigue community.
The characteristic points of the CTOD versus load curve are those corresponding to minimum and loads, crack opening and closure loads, and transition from elastic to elastoplastic regimes. From these points different interesting parameters can be defined, namely, the crack opening and closure levels (U*op and U*cl, respectively), the elastic load ranges, the elastic CTOD ranges, e,L and e,U, the loading and unloading plastic CTOD ranges (p,L and p,U, respectively), and the dissipated energy.
A well defined sequence of steps is proposed, which was implemented in a spreadsheet. 
(i) The first step is the identification of the crack opening and closure levels. An extrapolation procedure is adopted to reduce the uncertainty associated with the load increment. 
(ii) The second step is the determination of the slope of the elastic regime during unloading, se,U. The unloading from maximum load is preferable because does not have the interference of phenomena like crack closure. The number of points considered to define the slope of the elastic regime is defined using the maximization of the correlation coefficient technique. 
(iii) The third step is the calculation of the elastic and plastic CTOD ranges during unloading. The elastic CTOD is equal to se,U(Fmax-F), therefore the elastic CTOD range is se,U(Fmax-Fcl). The plastic CTOD is the difference between the total and the elastic values.
(iv) The analysis moves to the loading phase. After crack opening there is a non-linear variation associated with the unzipping of crack flank up to the crack tip. If the slope of the two points after opening is significantly different from se,U, the first point is rejected and the analysis moves to the next point. The procedure is repeated until the slope reaches se,Utol, being tol the tolerance admissible  for the slope.
(v) The elastic and plastic CTOD ranges are calculated for the loading phase.
(vi) The plastic dissipated energy is calculated by numerical integration using the trapezoidal rule.
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Figure 1. (a) Schematic representation of CTOD versus load curve, including the identification of characteristic points. (b) Parameters for fatigue crack growth analysis.
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Figure 2. Original data points of CTOD versus load (CT specimen, W=36 mm, a=20.272 mm, plane stress, Fmax=49.61N, Fmin=5 N, 18Ni300 steel)
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Figure 3. (a) Data points near crack closure. (b) Schematic representation of the extrapolation procedure to define crack opening and closure loads.
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Figure 4. (a) Illustration of the auxiliary referential used to calculate unload parameters. (b) CTOD variation in the auxiliary referential and correlation coefficient.
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Figure 5. Variation of elastic and plastic CTOD during unloading.
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Figure 6. (a) Dimensions (mm) of the CT specimen tested. (b) Experimental set-up used to measure DIC data during fatigue testing.
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Figure 7. Experimental results of CTOD versus load. (a) Total CTOD. (b) Elastic and plastic CTOD..
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Figure 8. CTOD plots at different distances behind crack tip.
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Figure 9. (a) Elastic and plastic CTOD ranges. (b) Crack closure levels.





Table 1. Parameters extracted from CTOD versus load curve obtained by DIC.
	Parameter
	Value
	Units
	Parameter
	Value
	Units

	se,L
	0.0288
	[μm/N]
	se,U
	0.0288
	[μm/N]

	Fep,L
	191.22
	[N]
	Fep,U
	724.79
	[N]

	CTODep,L
	4.679
	[μm]
	CTODep,L
	37.04
	[μm]

	e,L
	19.46
	[μm]
	e,U
	19.46
	[μm]

	p,L
	17.92
	[μm]
	p,U
	12.78
	[μm]

	Energy
	6090.3
	[μJ]




Table 2. Parameters of CTOD curves (AA2050-T8)
	 
	Loading

	d
m
	Fop
N
	m
m/N
	Fep
N
	Δe
m
	Δp
m
	δp/δe
-

	0.008
	320.6
	0.0086
	436.8
	2.75
	0.657
	0.239

	0.04
	226.5
	0.0146
	438.2
	4.65
	0.501
	0.108

	0.08
	210.3
	0.0178
	438.3
	5.69
	0.453
	0.0795

	0.12
	198.2
	0.0205
	438.8
	6.57
	0.414
	0.0631

	0.16
	189.4
	0.0229
	438.7
	7.39
	0.383
	0.0518

	
	Unloading
	

	d
m
	Fcl
N
	Fep
N
	Δe
m
	Δp
m
	δp/δe
-
	Energy
J

	0.008
	284.9
	475.5
	3.04
	0.350
	0.115
	160.4

	0.04
	214.6
	469.4
	5.21
	0.172
	0.033
	149.8

	0.08
	202.4
	469.0
	6.38
	0.157
	0.0246
	137.8

	0.12
	191.8
	467.9
	7.35
	0.142
	0.0194
	128.1

	0.16
	183.1
	467.4
	8.21
	0.130
	0.0158
	119.7
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Table A.1 – Employing the algorithm to numerical results
	 
	
	
	
	
	Auxiliary referential
	 

	Load [N]
	CTOD [μm]
	CTODe
	CTODp
	R2
	Load [N]
	CTOD [μm]
	CTODe
	CTODp
	R2
	Energy [μJ]

	5.03732
	0
	
	
	
	 
	
	
	
	
	 

	5.73202
	0
	
	
	
	 
	
	
	
	
	0

	6.41197
	0
	
	
	
	 
	
	
	
	
	0

	7.00637
	0
	
	
	
	 
	
	
	
	
	0

	7.54964
	0
	
	
	
	 
	
	
	
	
	0

	8.01992
	0
	
	
	
	 
	
	
	
	
	0

	8.49171
	0
	
	
	
	 
	
	
	
	
	0

	8.74235
	0
	
	
	
	 
	
	
	
	
	0

	8.993
	0
	
	
	
	 
	
	
	
	
	0

	9.24365
	0
	
	
	
	 
	
	
	
	
	0

	9.49432
	0
	
	
	
	 
	
	
	
	
	0

	9.74508
	0.00308
	0.003091
	-1.1E-05
	
	 
	
	
	
	
	0.0296287

	10.4414
	0.01472
	0.014733
	-1.3E-05
	
	 
	
	
	
	
	0.1174853

	11.1377
	0.02638
	0.026374
	6.32E-06
	
	 
	
	
	
	
	0.1258062

	11.834
	0.03802
	0.038015
	5.37E-06
	
	 
	
	
	
	
	0.1336953

	12.5304
	0.04966
	0.049657
	2.75E-06
	0.999999901
	 
	
	
	
	
	0.1418008

	13.2269
	0.0613
	0.061302
	-1.5E-06
	0.999999907
	 
	
	
	
	
	0.1499075

	13.9234
	0.07296
	0.072946
	1.42E-05
	0.999999936
	 
	
	
	
	
	0.1582862

	14.6199
	0.0846
	0.08459
	9.87E-06
	0.999999955
	 
	
	
	
	
	0.166122

	15.3164
	0.09624
	0.096234
	5.58E-06
	0.999999961
	 
	
	
	
	
	0.1742293

	16.013
	0.10788
	0.10788
	-3.9E-07
	0.99999996
	 
	
	
	
	
	0.1823371

	16.7097
	0.11952
	0.119528
	-8E-06
	0.999999954
	 
	
	
	
	
	0.1904461

	17.4064
	0.13118
	0.131176
	4.34E-06
	0.999999964
	 
	
	
	
	
	0.1988969

	18.1031
	0.14282
	0.142823
	-3.3E-06
	0.999999969
	 
	
	
	
	
	0.2066653

	18.7998
	0.15446
	0.154471
	-1.1E-05
	0.99999997
	 
	
	
	
	
	0.2147749

	19.4966
	0.1661
	0.16612
	-2E-05
	0.999999968
	 
	
	
	
	
	0.222885

	20.1935
	0.17774
	0.177771
	-3.1E-05
	0.999999962
	 
	
	
	
	
	0.2309964

	20.8903
	0.18938
	0.189421
	-4.1E-05
	0.999999957
	 
	
	
	
	
	0.2391077

	21.5873
	0.20102
	0.201073
	-5.3E-05
	0.999999951
	 
	
	
	
	
	0.2472196

	22.2842
	0.21266
	0.212724
	-6.4E-05
	0.999999945
	 
	
	
	
	
	0.2553321

	22.9812
	0.2243
	0.224377
	-7.7E-05
	0.99999994
	 
	
	
	
	
	0.2634446

	23.6782
	0.23594
	0.236029
	-8.9E-05
	0.999999935
	 
	
	
	
	
	0.2715577

	24.3753
	0.24758
	0.247684
	-0.0001
	0.99999993
	 
	
	
	
	
	0.2796714

	25.0724
	0.25922
	0.259338
	-0.00012
	0.999999926
	 
	
	
	
	
	0.2877856

	25.7696
	0.2708
	0.270994
	-0.00019
	0.99999987
	 
	
	
	
	
	0.2943752

	26.4668
	0.28232
	0.28265
	-0.00033
	0.999999646
	 
	
	
	
	
	0.3008817

	27.164
	0.29382
	0.294306
	-0.00049
	0.999999195
	 
	
	
	
	
	0.3083771

	27.8612
	0.30564
	0.305962
	-0.00032
	0.999999231
	 
	
	
	
	
	0.3251989

	28.5585
	0.31752
	0.31762
	-1E-04
	0.999999246
	 
	
	
	
	
	0.335133

	29.2559
	0.32938
	0.329279
	0.000101
	0.999998978
	 
	
	
	
	
	0.3428394

	29.9533
	0.34124
	0.340938
	0.000302
	0.999998373
	 
	
	
	
	
	0.3511106

	30.6507
	0.35306
	0.352598
	0.000462
	0.999997593
	 
	
	
	
	
	0.3581696

	31.3481
	0.3648
	0.364257
	0.000543
	0.999996936
	 
	
	
	
	
	0.363933

	32.0456
	0.37648
	0.375918
	0.000562
	0.999996545
	 
	
	
	
	
	0.3702192

	32.7431
	0.3882
	0.387579
	0.000621
	0.999996256
	 
	
	
	
	
	0.3796618

	33.4407
	0.40024
	0.399242
	0.000998
	0.999995242
	 
	
	
	
	
	0.3984265

	34.1382
	0.41254
	0.410903
	0.001637
	0.999992392
	 
	
	
	
	
	0.4156102

	34.8358
	0.42502
	0.422566
	0.002454
	0.999986539
	 
	
	
	
	
	0.4303978

	35.5335
	0.43752
	0.43423
	0.00329
	0.999977607
	 
	
	
	
	
	0.4398081

	36.2312
	0.45008
	0.445894
	0.004186
	0.999965465
	 
	
	
	
	
	0.4506823

	36.9289
	0.46274
	0.457559
	0.005181
	0.999949731
	 
	
	
	
	
	0.4631034

	37.6266
	0.47546
	0.469223
	0.006237
	0.9999305
	 
	
	
	
	
	0.474173

	38.3244
	0.48824
	0.480889
	0.007351
	0.999907951
	 
	
	
	
	
	0.4853269

	39.0222
	0.5011
	0.492555
	0.008545
	0.99988206
	 
	
	
	
	
	0.4973386

	39.7201
	0.51404
	0.504223
	0.009817
	0.999852858
	 
	
	
	
	
	0.5094627

	40.4179
	0.52704
	0.515889
	0.011151
	0.999820603
	 
	
	
	
	
	0.520897

	41.1158
	0.54016
	0.527556
	0.012604
	0.999784856
	 
	
	
	
	
	0.5348611

	41.8138
	0.5535
	0.539226
	0.014274
	0.999743972
	 
	
	
	
	
	0.5531404

	42.5117
	0.567
	0.550894
	0.016106
	0.999697185
	 
	
	
	
	
	0.5691971

	43.2097
	0.5807
	0.562563
	0.018137
	0.999643308
	 
	
	
	
	
	0.5871916

	43.9077
	0.59458
	0.574232
	0.020348
	0.99958152
	 
	
	
	
	
	0.6045948

	44.6057
	0.60862
	0.585902
	0.022718
	0.999511392
	 
	
	
	
	
	0.6213641

	45.3038
	0.6229
	0.597573
	0.025327
	0.999431381
	 
	
	
	
	
	0.6419538

	46.0018
	0.63738
	0.609242
	0.028138
	0.999340665
	 
	
	
	
	
	0.6610525

	46.6999
	0.65226
	0.620913
	0.031347
	0.999235313
	 
	
	
	
	
	0.6897006

	47.398
	0.66738
	0.632584
	0.034796
	0.999114325
	 
	
	
	
	
	0.7113801

	48.0961
	0.68272
	0.644255
	0.038465
	0.998977217
	 
	
	
	
	
	0.7324397

	48.7943
	0.6985
	0.655928
	0.042572
	0.998819644
	 
	
	
	
	
	0.7644653

	49.4923
	0.71638
	0.667597
	0.048783
	0.998604547
	 
	
	
	
	
	0.8786822

	49.61
	0.7198
	0.669565
	0.050235
	0.998420065
	 
	
	
	
	
	0.1694649

	49.61
	0.71992
	0.669565
	0.050355
	0.998279142
	 
	
	
	
	
	0.0059532

	49.61
	0.72
	0.669565
	0.050435
	0.998171181
	0
	0
	0
	0
	
	0.0039688

	48.9116
	0.7084
	0.657938
	0.050462
	
	0.6984
	0.0116
	0.011627
	-2.7E-05
	
	-0.5714253

	48.2131
	0.69678
	0.646309
	0.050471
	
	1.3969
	0.02322
	0.023256
	-3.6E-05
	
	-0.5642945

	47.5147
	0.68516
	0.634682
	0.050478
	
	2.0953
	0.03484
	0.034883
	-4.3E-05
	
	-0.5561785

	46.8163
	0.67354
	0.623055
	0.050485
	
	2.7937
	0.04646
	0.04651
	-5E-05
	0.999999881
	-0.5480631

	46.118
	0.6619
	0.61143
	0.05047
	
	3.492
	0.0581
	0.058135
	-3.5E-05
	0.999999745
	-0.5408776

	45.4197
	0.65028
	0.599804
	0.050476
	
	4.1903
	0.06972
	0.069761
	-4.1E-05
	0.999999803
	-0.531834

	44.7214
	0.63866
	0.588179
	0.050481
	
	4.8886
	0.08134
	0.081386
	-4.6E-05
	0.99999986
	-0.5237198

	44.0232
	0.62702
	0.576555
	0.050465
	
	5.5868
	0.09298
	0.09301
	-3E-05
	0.99999985
	-0.5164936

	43.3251
	0.6154
	0.564933
	0.050467
	
	6.2849
	0.1046
	0.104632
	-3.2E-05
	0.999999874
	-0.5074936

	42.6269
	0.60378
	0.553309
	0.050471
	
	6.9831
	0.11622
	0.116256
	-3.6E-05
	0.999999901
	-0.4993811

	41.9288
	0.59214
	0.541687
	0.050453
	
	7.6812
	0.12786
	0.127878
	-1.8E-05
	0.999999899
	-0.4921142

	41.2308
	0.58052
	0.530067
	0.050453
	
	8.3792
	0.13948
	0.139498
	-1.8E-05
	0.999999911
	-0.4831573

	40.5328
	0.56888
	0.518446
	0.050434
	
	9.0772
	0.15112
	0.151119
	1.43E-06
	0.999999902
	-0.4758642

	39.8348
	0.55726
	0.506826
	0.050434
	
	9.7752
	0.16274
	0.162739
	1.02E-06
	0.99999991
	-0.4669358

	39.1369
	0.54562
	0.495207
	0.050413
	
	10.4731
	0.17438
	0.174358
	2.23E-05
	0.999999902
	-0.4596153

	38.439
	0.534
	0.483589
	0.050411
	
	11.171
	0.186
	0.185976
	2.35E-05
	0.999999908
	-0.450716

	37.7411
	0.52236
	0.47197
	0.05039
	
	11.8689
	0.19764
	0.197595
	4.48E-05
	0.999999903
	-0.4433682

	37.0433
	0.51074
	0.460353
	0.050387
	
	12.5667
	0.20926
	0.209212
	4.77E-05
	0.999999907
	-0.4344974

	36.3455
	0.4991
	0.448736
	0.050364
	
	13.2645
	0.2209
	0.220829
	7.06E-05
	0.999999903
	-0.4271228

	35.6477
	0.48746
	0.437119
	0.050341
	
	13.9623
	0.23254
	0.232446
	9.36E-05
	0.999999893
	-0.4190004

	34.95
	0.47584
	0.425503
	0.050337
	
	14.66
	0.24416
	0.244062
	9.81E-05
	0.999999894
	-0.4101726

	34.2524
	0.4642
	0.413889
	0.050311
	
	15.3576
	0.2558
	0.255676
	0.000124
	0.999999887
	-0.402758

	33.5547
	0.45256
	0.402274
	0.050286
	
	16.0553
	0.26744
	0.267291
	0.000149
	0.999999878
	-0.3946373

	32.8571
	0.44094
	0.39066
	0.05028
	
	16.7529
	0.27906
	0.278905
	0.000155
	0.999999878
	-0.3858526

	32.1596
	0.4293
	0.379048
	0.050252
	
	17.4504
	0.2907
	0.290517
	0.000183
	0.999999872
	-0.3783972

	31.4621
	0.41766
	0.367436
	0.050224
	
	18.1479
	0.30234
	0.302129
	0.000211
	0.999999863
	-0.3702783

	30.7646
	0.40602
	0.355824
	0.050196
	
	18.8454
	0.31398
	0.313741
	0.000239
	0.999999853
	-0.3621594

	30.0672
	0.39416
	0.344214
	0.049946
	
	19.5428
	0.32584
	0.325351
	0.000489
	0.999999557
	-0.3607326

	29.3698
	0.3823
	0.332603
	0.049697
	
	20.2402
	0.3377
	0.336962
	0.000738
	0.999998853
	-0.3524614

	28.6724
	0.37042
	0.320993
	0.049427
	
	20.9376
	0.34958
	0.348572
	0.001008
	0.999997681
	-0.3447707

	27.9751
	0.35854
	0.309384
	0.049156
	
	21.6349
	0.36146
	0.360181
	0.001279
	0.999996107
	-0.3364861

	27.2779
	0.34662
	0.297777
	0.048843
	
	22.3321
	0.37338
	0.371788
	0.001592
	0.999994045
	-0.3293079

	26.5806
	0.33472
	0.286168
	0.048552
	
	23.0294
	0.38528
	0.383397
	0.001883
	0.999991727
	-0.3204581

	25.8834
	0.32276
	0.274561
	0.048199
	
	23.7266
	0.39724
	0.395004
	0.002236
	0.999988958
	-0.3137347

	25.1863
	0.31066
	0.262956
	0.047704
	
	24.4237
	0.40934
	0.406609
	0.002731
	0.999985118
	-0.3089717

	24.4892
	0.29842
	0.25135
	0.04707
	
	25.1208
	0.42158
	0.418215
	0.003365
	0.999979553
	-0.3040141

	23.7922
	0.28612
	0.239746
	0.046374
	
	25.8178
	0.43388
	0.429819
	0.004061
	0.999972126
	-0.2969306

	23.0952
	0.27378
	0.228143
	0.045637
	
	26.5148
	0.44622
	0.441422
	0.004798
	0.999962908
	-0.2892953

	22.3982
	0.26124
	0.216539
	0.044701
	
	27.2118
	0.45876
	0.453026
	0.005734
	0.999950662
	-0.2852436

	21.7013
	0.24868
	0.204937
	0.043743
	
	27.9087
	0.47132
	0.464628
	0.006692
	0.99993577
	-0.2769449

	21.0044
	0.23604
	0.193335
	0.042705
	
	28.6056
	0.48396
	0.47623
	0.00773
	0.999918097
	-0.2699

	20.3076
	0.22336
	0.181734
	0.041626
	
	29.3024
	0.49664
	0.487831
	0.008809
	0.999897932
	-0.2619181

	19.6108
	0.2106
	0.170134
	0.040466
	
	29.9992
	0.5094
	0.499431
	0.009969
	0.999875173
	-0.2546794

	18.9141
	0.19776
	0.158535
	0.039225
	
	30.6959
	0.52224
	0.51103
	0.01121
	0.999849724
	-0.2473299

	18.2174
	0.18482
	0.146936
	0.037884
	
	31.3926
	0.53518
	0.522629
	0.012551
	0.999821315
	-0.2402408

	17.5208
	0.17182
	0.135339
	0.036481
	
	32.0892
	0.54818
	0.534226
	0.013954
	0.999790151
	-0.2322983

	16.8242
	0.15872
	0.123742
	0.034978
	
	32.7858
	0.56128
	0.545823
	0.015457
	0.999755994
	-0.2249598

	16.1276
	0.14552
	0.112145
	0.033375
	
	33.4824
	0.57448
	0.55742
	0.01706
	0.999718647
	-0.2174819

	15.4311
	0.13224
	0.10055
	0.03169
	
	34.1789
	0.58776
	0.569015
	0.018745
	0.999678171
	-0.2095498

	14.7346
	0.11888
	0.088954
	0.029926
	
	34.8754
	0.60112
	0.580611
	0.020509
	0.999634656
	-0.2015069

	14.0382
	0.10538
	0.07736
	0.02802
	
	35.5718
	0.61462
	0.592205
	0.022415
	0.999587449
	-0.1942164

	13.3419
	0.09166
	0.065768
	0.025892
	
	36.2681
	0.62834
	0.603797
	0.024543
	0.999534983
	-0.1878275

	12.6456
	0.07786
	0.054176
	0.023684
	
	36.9644
	0.64214
	0.615389
	0.026751
	0.999477652
	-0.1793138

	11.9493
	0.0639
	0.042584
	0.021316
	
	37.6607
	0.6561
	0.626981
	0.029119
	0.999414808
	-0.1716724

	11.2531
	0.04978
	0.030994
	0.018786
	
	38.3569
	0.67022
	0.638571
	0.031649
	0.999345865
	-0.1638089

	10.557
	0.03552
	0.019405
	0.016115
	
	39.053
	0.68448
	0.65016
	0.03432
	0.999270582
	-0.155506

	9.86086
	0.02106
	0.007815
	0.013245
	
	39.74914
	0.69894
	0.66175
	0.03719
	0.99918799
	-0.1476211

	9.1648
	0.00646
	-0.00377
	0.010233
	
	40.4452
	0.71354
	0.673338
	0.040202
	0.999098032
	-0.1388873

	8.46871
	0
	
	
	
	 
	
	
	
	
	-0.0569562

	8.22679
	0
	
	
	
	 
	
	
	
	
	0

	7.8955
	0
	
	
	
	 
	
	
	
	
	0

	7.42392
	0
	
	
	
	 
	
	
	
	
	0

	6.8603
	0
	
	
	
	 
	
	
	
	
	0

	6.20252
	0
	
	
	
	 
	
	
	
	
	0

	5.58976
	0
	
	
	
	 
	
	
	
	
	0

	4.88978
	0
	
	
	
	 
	
	
	
	
	0



Table A.2 – Parameters obtained from numerical results
	Loading Phase

	Fop [N]
	se,L [μm/N]
	Fep,L [N]
	CTODep,L [μm]
	δep,L [μm]
	δe,L [μm]
	δp,L [μm]
	EnergyL [μJ]

	9.56
	0.0167
	33.44
	0.400
	0.400
	0.670
	0.051
	22.03

	Unloading Phase

	Fcl [N]
	se,U [μm/N]
	Fep,U [N]
	CTODep,U [μm]
	δep,U [μm]
	δe,U [μm]
	δp,U [μm]
	EnergyU [μJ]

	8.86
	0.0166
	28.69
	0.371
	0.349
	0.673
	0.040
	-20.49
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