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Abstract In this paper, we give a new method to show a monotonicity result for a
function f satisfying (,Vj f)(t) < 0 ((uVy.f)(t) < 0) with v € (0, 1], which has never
been solved in other papers. In addition, we give an example to illustrate one of our main
results.
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1 Introduction

Discrete fractional calculus and its applications has become an attractive topic in
recent years, since Miller and Ross [1] initiated the discrete fractional calculus in 1988. For
the basic theory of discrete fractional calculus, we could refer to [2-10] and the references
therein. It is well known that monotonicity results play an important role in the study of

discrete fractional calculus, and numerous monotonicity results about fractional calculus
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have been published. In [11-15], the authors obtain the monotonicity of f for v € (1,2).
In [16], the authors have summarized the monotonicity and convexity results of f, for
(AYF)(t), (VY f)(t) with v € (1,2). But there are few monotonicity results for a function
f when v € (0,1]. In [17, 18], the authors just presented the v-increasing (or v-decreasing)
results for v € (0,1), but they do not guarantee that these results hold for v = 1.

In this paper, we give a new method to show some monotonicity results for v € (0, 1],

which are listed as follows:

Theorem 1.1. Assume f: (hN), = R, (,V1f)(t) <0 for t € (hN)gi0n, v € (0,1]. If

I'(k+v)
Her = e
for k € Ny, then (V5 f)(t) <0 for ¢t € (hAN),q2n.

Theorem 1.2. Assume f : (hN), = R, (,V} ,f)(t) <0 for t € (AN)ai2n, v € (0,1]. If

h”((Flzi_llf;M”f(a) - Ffzy_l) S (kh b — 1), f(a+ 1+ h)

=0

(1—v)f(a+kh) >

for k € Ny, then (V,,f)(t) <0 for t € (AN)42p.

2 Preliminaries

Let Fp denote the set of real valued functions defined on a domain D. We use the
notation (hN), := {a,a+h,a+2h,---}, (AN)TX :={--- ;a—2h,a—h,a,a+h,a+2h, -},
where h > 0, a € R. Let p(t) :=t — h for t € (hN),44. For the convenience of the reader,
we recall some of the notation to be used here. For a function f € Fy),, the backward

h-difference operator is defined as

t)— f(t—nh
(Vhf)(t) = f( ) £( ), te (hN)(H_h. (2.1)
For arbitrary ¢, v € R, the h-factorial function is defined by
_ Lt +v)
t=hr—h 2 2.2
FT 2

where I is the Euler gamma function with + ¢ Z_ U {0}, and we use the convention that

t7 =0, when % + v is a non-positive integer and % is not a non-positive integer.

Definition 2.1. (See [8, Definition 2.2]). Let f € Fun),, and v > 0 be given. The
fractional h-sum ,V," f is defined by

WY 1)) =% ST (t— p(sh)f(sh), t € (hN),, (2.3)

and (,V,f)(t) = f(t), p(sh) = (s = Dh, (V" f)(a) = 0.
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Definition 2.2. (See [8, Definition 2.3]). Let f € Fiuy)
where n € Ny. The Riemann-Liouville like fractional h-difference ,V7} f is defined by

ve(n—1,n)and p=n—v,

a?

t

Y /e h —, 2 1
LN = (TRTP D) = 55 Th( D (= psh)F o). € s
s:%—l—l
(2.4)
Remark 2.1. It is clear that Definition 2.2 is also true for v = n.
The following property is useful in this paper:
Property 2.1. The nabla difference of the hA-rising factorial function satisfies
SVt = sh)f = —v(t — p(sh); (2.5)
where (V(t — sh)y = (tfsh)zfl(f*smrh)z.
Proof. By formula (2.1), we have
_ 1 _ _
SVh(t — Sh)z = E [Svh<t — Sh)lfb —s Vh<t —sh + h)}ﬂ
1 [h’T(%—s—}—V) h”F(%—s+1+y)}
Al DL —ys) D(E—s+1)
h”_1<1 %—S—FV)F(%—S—{-V)
r—s I(f—s)
B _Vhy_lf‘(% —s+v)
L(f —s+1)
— u(t - p(sh)) T
The proof is complete. n

Lemma 2.1. Let v € (n — 1,n| and g = n — v, where n € N;. The following formula is
equivalent to (2.4):

_h : =T
(VY F)(E) = T(—v) s_,;ﬂ(t —p(sh)), " " f(sh), ve(n—1,n), t € (AN)grnn, 2.6
(VrA)(t), v=mn, t € (hN)orn.

Proof. If v = n, then we have

(VN = (VWY "D = (VYR IE) = (VEN(@).



If v € (n —1,n), then we have

t

WVENE) = (ViY@
Vi (Vi X el )

t

h

LS sk ().

_ yn—1
Vi (F(n —v—1) ol
S=h

Repeating the similar procedure n — 1 times, we obtain

Vi) = ViV, "))
= 3 ()T ().
The proof is complete. O

Definition 2.3. Let v € (n — 1,n], and set 4 = n — v, where n € N;. The Caputo like
h-difference operator ,V7j,  f of order v for a function f € Fy), is defined by

t

h

(VL)) = (Vi ( Zf))(t>=% S (1= p(sh)E (VRS (sh), ¢ € (Mg
A (2.7)

Definition 2.4. (See [8, Definition 2.3]). Let v # —1,—2,---. Then we define the v-th
order nabla fractional h-Taylor monomial H,, (t,a) by

X _(t-a)y ., T(5*+v)
Ho(t,a) = I'(v+ 1h) =h I'(v +h1)r(t*Ta)’ (2:8)

where t € (hN),.
Lemma 2.2. Assume the functions f, g : (hN), — R and b, ¢ € (hN),, b < ¢. Then we

have the following summation by parts formulas:

c

S (sh)(Vag)(sn) = LEIRNE S g (vapsn). (29
S Hplsh)(Vag)(sh) = LN Sm any@pyen). (210)



Proof. By formula (2.1), we have

Vi(fg)(t) = =[f(t)g(t) — f(p(t))g(p(t))]

[F(®)g(t) = F(D)g(p(t)) + F()g(p(t)) — F(p()g(p(t))] (2.11)
= fO)(Vag)(t) + g(p(1)) (Vi f)(1),

or, alternatively, we have

ValF)(t) = 3 [F(a(t) — Fp(0)alp(t))]

= 109 — F(p)alt) + FpDg(t) — FlpNalote)]  (212)
— (Vi) () + F(p(£) (Vag) (D).

If we take the summation on both sides of (2.11), (2.12), we can obtain the formulas (2.9),
(2.10), respectively. This completes the proof. H

S =3 =

Lemma 2.3. Assume f : (hN), — R, and v € (0,1). Then the following formula holds:

(TN = T @) + GV, (2.13)

Proof. According to the summation by parts (2.10) and Definition 2.3, we have

Vi D) = (VYR )) (@)

t

:ﬁ%iEE:( p(sh)i" (Vi f)(sh)

i

F(lh_ » [(t — Sh)h;:l’f(Sh) " _ Z v(t — p(Sh))Ff(Sh)]

s=3+1

The proof is complete. O

Lemma 2.4. Let f € Fun),, and v > 0. Then

Vi N ”( f)() (2.14)

where t € (hN)a4p, and f(s) = f(sh).



Proof. By Definition 2.1, we have

(VR () = )

CT@)

s=211
= (Vi) (%) .
0

The proof is complete.
Lemma 2.5. (See [2, Theorem 3.93]). Assume v € R* and pu € R such that u, p+ v,

and p — v are nonnegative integers. Then we have that

: —v w F 1 7,/
<1> va (t - (I)M = [‘('Lfi;;r)l) (t - a’)/H_ , L€ Nm
(i) VA(t — a)F = L (1 — @, 1€ Ny
Lemma 2.6. Assume v € R and g € R such that p, g+ v, and p — v are nonnegative

integers. Then we have that
(1) oV, (t = a)f = 05 (t— o)™, t € (hN),,
(i) Vit — )y = st —a)y ™", t € (MN)ayan.
Proof. (i) Let f(s) = (sh — a)}, = W"(s — %)F. Then, using Lemmas 2.4, 2.5, we have

Vil - aff = V)
= WV s - ()
L(p+1) <t — a)W

— pptv
F(p+v+1)\ h
['(p+1) =7
=——"(t—a)™.

F(u—i—u—i—l)( Vi

(ii) By Definition 2.2, we have
Vit = a)f = Vi (a9, - o))
I'(p+1) ( Py e—s
n t— q)tm V)
F(u+n—y+1)v (t=a)
_ T+ =
= F(u—y—i—l)(t_a)h .
O

This completes the proof.
Remark 2.2. In Lemma 2.6, when g+ v and p— v are negative, the conclusion still holds

true.



3 Main Results

In this part, we give a new method to show the monotonicity results for v € (0, 1].
Theorem 3.1. Assume f : (hN), 1 = R, (V7 f)(t) <0 for t € (hN)gyon, v € (0,1]. If

Ik +v)

flatkh) 2 FoF 1

fla+h) (3.1)

for k € Ny, then (V,f)(t) <0 for t € (hAN)sq2n.

Proof. If v = 1, it is easy to show that (V,f)(t) <0 for t € (hAN)g42n. If v € (0,1), by

Lemma 2.1, we have

>
e

Y (= p(sh)y" " f(sh).

s=3+1

WD = 5

We prove that f(a + nh) < Fr(z;g?(:tl))f(a + h) for n € Ny, by the principle of strong

induction. When t = a + 2h, we have
h F+2
(Vi[)(a+2h) = (=) > (a+2h—p(sh))," " f(sh)
s=p+1

= h(~vf(a+h) + fla+2h)) <0

that is,
fla+2h) <vf(a+h).

So, we have
fla+2h) = fla+h) < (v—=1)f(a+h) <0.

Now, we assume f(a+ kh) < TUth 1)f(a—i—h) for k=1,2,--- ,n. When t = a+ (n+1)h,

r( Q)
we have
L Ftn+l
(Vi f)(a+ (n+1)h) =T > (a+ (n+1)h— p(sh)), """ f(sh)
5:%+1
ot il ) > immh kh)" T f(a + kh + h)

nh+h kh), "~ f(a + kh + h)

k‘

+h”f(a (n+1)h) <0,
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By Lemma 2.6, we have

a 07
"T(w) '(0)
that is,
h - ——i(sh—a); "
s=3+1
%+n+1 v—1 a
t=a+nh+h h B ——h (s - +v—1)
e (o) 2 l@tnhd2h=sh, T)T(s — 9)
s=3+1
k=s—(241)  h ——h" Tk +v)
—_—— nh+h—kh)," " ——= = 0.
I'(—v) k:o( Jn L(v)[(k+1)
Then, we obtain
B A T'(k+v) h'T(n+v)
— h+h—kh);" ! = )
M & G D T TR )
So, we have
hu+1 n—1l
fla+ (n+1)h) < ) > (nh+h—kh), " fla+kh+h)
k=0
= T(v+ k)
< o —v—1
<) ;(nh + h—kh), OWCES] fla+h)
_ TI'(n+v)
= T’ @t

Hence, by the condition (3.1), we have

fla+ (n+1)h) — fla+nh) < -t

Therefore, we conclude (Vjf)(t) < 0 for ¢ € (hN)442,. The proof is complete.

]

Corollary 3.1. Assume f : (hN),1p — R, (Vi f)(t) > 0 for t € (hN)gyon, v € (0,1]. If

I'(k+v)

fatkh) < FoFw+ 1)

fla+h)

for k € Ny, then (V,,f)(t) > 0 for t € (hN)4 0.

(3.2)

Proof. Put ¢ = —f. Then g(a + kh) > F(F(k—+l') (a + h). Consequently, each of the

TR+ 9

hypotheses of Theorem 3.1 is satisfied. Therefore, we conclude that (V5g)(¢) < 0, whence

(Vif)(t) >0 for t € (hN),405. The proof is complete.
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Theorem 3.2. Assume f: (AN), = R, .V}, f)(#) <0 for t € (AN)ay0n, v € (0,1]. If

& (élif : >) fla >—F’E”fi> Z_:<kh+h—lh)rﬁf<a+lh+h> (3.3)

1=0
for k € Ny, then (V,,f)(t) <0 for t € (AN)40p.

(1—v)f(a+kh) >

Proof. 1f v = 1, clearly, the conclusion is true. If v € (0, 1), by the formula (2.13), and

Lemma 2.1, we have

t

(V0 =~ ) s D (= plsh))y " (sh)

s=3+1
When t = a + 2h, we have
. (2h)” -
(Vielath) = =g Z (a+2h = p(sh));"" f(sh)
=—h"1—-v)f(a)—h "V (a h)+h™" f(a+2h) <0,

that is,
fla+2h) <vf(a+h)+ (1 —v)f(a).

So, according to the condition (3.3), we have
fla+2h)— fla+h) <0.
When t = a + (n + 1)h, we have
(Vi S)(a+ (n+1)h)

_Mﬂa) LD hz (a+ (n+1)h — p(sh)), " f(sh)

I'1-v) [(—v) farst!
s—g-1=k ((n+1)h),” . h ; T A
—— i) £( Hr(—y);( h+h—kh);" f(a+kh+h)
I P o PR Y
Ti—v) f( )+F<_y> k:o( h+h—kh),”" f(a+kh+h)
+hfla+ (n+1)h) <O0.
So, we obtain
fla+(n+1)n) < n ((FTEJ_DV];) fla) — Plz”j:) ; (nh +h —kh); "~ f(a + kh + h)
_P “;zl*_l);;) " fa) - FT—:) k;0<nh+ h— kR) " f(a + kh + h)
+vf(a+nh).

Nej



Hence, by the condition (3.3), we have

R0+ DR

I'1—-v)

n—2

fla+(n+1)h) = fa+nh) <

hu+1

NEm (nh+h—kh), " f(a+kh+ h)

(]

k=0
+ (v —1)f(a+nh) <O0.

Thus, we conclude (Vj f)(t) <0 for t € (hN),19,. The proof is complete. O

Corollary 3.2. Assume f : (hN), = R, (,V} f)(t) > 0 for t € (AN)qy0n, v € (0,1]. If

k—2

(1—v)fla+kh) < h (kh+h—1h); "t fla+1h+h) (3.4)

for k € Ny, then (V,f)(t) > 0 for t € (hAN)42n.

Proof. Let ¢ = —f. Then (1 — v)g(a + kh) > %—Pyﬁwg(a) - %Zf;oz(kh +h —
lh),:”’1 g(a + lh + h). Consequently, each of the hypotheses of Theorem 3.2 is satisfied.
Therefore, we conclude that (V5,g)(t) < 0, whence (V,f)(t) > 0 for t € (hN)g425. The

proof is complete. O

4 Example

Now, we give an example to illustrate Theorem 3.1.

Example 4.1. Consider f(t) = (%)t, t € (AN)arn, (JVif)(t) <0fort e (hN)gigZ7 V= %7
a=0,h=1 1If
I'(k+v)
C(v)T(k+1)
for k € N2, then (V4 f)(t) <0 for t € (hN)*+3".
When t = a + 2h, we have

fla+kh) > fla+h) (4.1)

i

(@ Zf)(a+2h)—$ S™ (20— p(sh);7 f(sh)
h : =1 =1
= Ty (@I @t by + (7 e 20)

= —vh™f(a+h)+h™" f(a+ 2h)

_13+32
208 8
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which implies

When t = a + 3h, we have

(V5 f)(a+3h) = =) Z (a+ 3h — p(Sh)),:Tlf(sh)
- —F(ﬁV) [(Sh)Ff(a 4 R) + (2h), 7 f(a+ 2R) + (h), " “f(a + 3h)
v(l —v)

— 2T fa+h)—vh ' fla+2h) + b f(a+ 3h)

S ORRIOR)

33
52 =
this yields
1
fla+3h) < W; ) f(a +h).
Further, when n = 1, we obtain
3>F(1+%) 3 1 3
8- Ir()re 8 2 8§
that is,
Ir'l+v)

that is,
I'2+v) flat+h) = v(v+1)

fla+2h) > m

Hence, we conclude that

fla+3h) < ”(”; D fa+h) < fla+2h) <vfla+h) < flat h).

Therefore, we conclude that f(t) is nonincreasing on (AN)?5".
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