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Abstract

In this paper, we investigate an impulsive coupled system of fractional integro–differential equations having
Caputo derivatives. The existence and uniqueness results of the system are obtained with the help of
Kransnoselskii’s type fixed point theorem. Different kinds of Ulam stabilities are discussed. An example is
presented to support the results.
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1. Introduction

Fractional order derivatives are the generalized forms of integer order derivatives. The idea about the
fractional order derivative was introduced at the end of sixteenth century (1695) when Leibniz used the
notation dn

dσn for nth order derivative. By writing a letter to him, L’Hospital asked the question that what
would be the result if n = 1

2? Leibniz answered in such words, “An apparent Paradox, from which one day
useful consequences will be drawn” and this question becomes the foundation of fractional calculus. In that
time, many mathematicians like Fourier and Laplace contributed in the development of fractional calculus.
After that, when Riemann and Liouville introduced Riemann-Liouville derivative which is a fundamental
concept in fractional calculus, the fractional calculus became the most interesting area for researchers.
Fractional order derivative is a global operator, which is used as a tool for modeling different processes
and physical phenomena occur in mathematical biology [14], electro-chemistry [11], control theory [21],
dynamical process [19], image and signal processing [17], etc. For more applications of fractional order
differential equations, we refer the reader to [1, 8, 15, 23, 24, 13, 31, 25].

The most preferable research area in the field of fractional differential equations(FDE ′s) which received
great attention from the researchers is the theory regarding the existence of solutions. Many researchers
developed some interesting results about the existence of solutions of different boundary value problems
(BVP’s), using different fixed point theorems. For details we refer the reader to [2, 6]. Most of the time, it
is quite intricate to find the exact solutions of nonlinear differential equations, in such a situation different
approximation techniques are introduced. The difference between exact and approximate solutions is now a
days dealing with the help of Hyers–Ulam (HU) type stabilities, which was first introduced in 1940 by Ulam
[20] and then answered by Hyers in the following year, in the context of Banach spaces. Many researchers
investigated HU type stabilities for different problems with different approaches [7, 10, 12, 22, 26, 27, 28,
29, 30, 32].
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Zhang [33], studied the upper and lower solution method for the initial value problem:

Dα0+u(σ) = φ(σ, u(σ)), σ > 0, α ∈ (0, 1),

u(0) = 0,

where φ : [0, 1]× [0,+∞)→ [0,+∞) is continuous and φ(σ, ·) is nondecreasing for each σ ∈ [0, 1].
Bai et al. [5], using the lower and upper solution method, studied the existence of iterative solution of

fractional initial value problem with non-monotone term

Dα0+u(σ) = φ(σ, u(σ)), for each σ ∈ (0, T ), 0 < T <∞,
σ1−αu(σ)|σ=0 = u0 6= 0.

Ali et al. [3], studied a coupled system, for the existence and uniqueness of solution, using Riemann-
Liouville derivative

Dαu(σ) = φ1(σ, v(σ),Dαu(σ)), Dβv(σ) = φ2(σ, u(σ),Dβv(σ)), σ ∈ J ,
Dα−1u(0+) = β1Dα−1u(T −), Dα−1u(0+) = γ1Dα−1u(T −),

Dβ−1v(0+) = β2Dβ−1v(T −), Dβ−1v(0+) = γ2Dβ−1v(T −),

where σ ∈ J = [0, T ], T > 0, α, β ∈ (1, 2] and β1, β2, γ1, γ2 6= 1. Dα, Dβ are the Riemann-Liouville fractional
derivatives and φ1, φ2 : [0, 1]× R× R→ R are continuous functions.

In [23], Wang et al. presented stability of the following coupled system of implicit fractional integro-
differential equation having anti-periodic boundary conditions

cDαu(σ)− φ1(σ, v(σ), cDαu(σ))− 1
Γ(γ1)

∫ σ
0

(σ − s)γ1−1f(s, v(s), cDαu(s))ds = 0, ∀ σ ∈ J ,
cDβv(σ)− φ2(σ, u(σ), cDβv(σ))− 1

Γ(γ2)

∫ σ
0

(σ − s)γ2−1g(s, u(s), cDβv(s))ds = 0, ∀ σ ∈ J ,
u(σ)|σ=0 = −u(σ)|σ=T = 0, cDr1u(σ)|σ=0 = −cDr1u(σ)|σ=T ,

v(σ)|σ=0 = −v(σ)|σ=T = 0, cDr2v(σ)|σ=0 = −cDr2v(σ)|σ=T ,

where 1 < α, β ≤ 2, 0 ≤ r1, r2 ≤ 2, γ1, γ2 > 0 and J = [0, T ], T > 0. φ1, φ2, f, g : J × R × R → R are
continuous functions.

Motivated from the above work, we focus our attention on the following coupled impulsive fractional
integro-differential equations with Caputo derivatives of the form:

cDαu(σ)− φ1(σ, Iαu(σ), Iβv(σ)) = 0, σ ∈ ω, σ 6= σj , j = 1, 2, . . . , p,

∆u(σj)− Ej(u(σj)) = 0, j = 1, 2, . . . , p,

∆u′(σj)− E∗j (u(σj)) = 0, j = 1, 2, . . . , p,
cDβv(σ)− φ2(σ, Iαu(σ), Iβv(σ)) = 0, σ ∈ ω, σ 6= σk, k = 1, 2, . . . , q,

∆v(σk)− Ek(v(σk)) = 0, k = 1, 2, . . . , q,

∆v′(σk)− E∗k (v(σk)) = 0, k = 1, 2, . . . , q,

σ1−αu(σ)|σ=0 = u1, σ2−αu′(σ)|σ=0 = u2,

σ1−βv(σ)|σ=0 = v1, σ2−βv′(σ)|σ=0 = v2,

(1)

with 1 < α, β ≤ 2, φ1, φ2 : [0, T ]× R2 → R are continuous functions and

∆u(σj) = u(σ+
j )− u(σ−j ), ∆u′(σj) = u′(σ+

j )− u′(σ−j )

∆v(σk) = v(σ+
k )− v(σ−k ), ∆v′(σk) = v′(σ+

k )− v′(σ−k ),

where u(σ+
j ), v(σ+

k ) and u(σ−j ), v(σ−k ) are the right limits and left limits respectively, Ej , E∗j , Ek, E∗k : R → R
are continuous functions and cDα, Iα are the α-order Caputo fractional derivative and integral operators
respectively.
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The remaining article is arranged as follows: In Sect. 2, we present some basics definitions, theorems,
and lemmas which will be used in our main results. In Sect. 3, we use suitable cases for the existence and
uniqueness of solution for the proposed system (1) using Kransnoselskii’s type fixed point theorem. In Sect.
4, we discuss different kinds of stabilities in the sense of Ulam, under certain conditions. In Sect. 5, an
example is given to support the main results.

2. Axillary Results

In this section, we present some basic notations, definitions, and results that are used in the whole article.
Let T > 0, ω = [0, T ]. The Banach space of all continuous functions from ω into R is denoted by C(ω,R)

with the norm
‖u‖ = sup {|u(σ)| : σ ∈ ω}

and the product of these spaces is also a Banach space with the norm

‖(u, v)‖ = ‖u‖+ ‖v‖.

The weighted space of continuous functions with 1− α, 1− β > 0 are denoted as:

ϑ1 = C1−α(ω) = {u : (0, T ]→ R : σ1−αu(σ) ∈ C(ω,R)},

ϑ2 = C1−β(ω) = {v : (0, T ]→ R : σ1−βv(σ) ∈ C(ω,R)},
with the norms

‖u‖ϑ1 = sup{|σ1−αu(σ)| : σ ∈ ω},
‖v‖ϑ2

= sup{|σ1−βv(σ)| : σ ∈ ω},
respectively. Their product ϑ = ϑ1 × ϑ2 is also a Banach space with the norm ‖(u, v)‖ϑ = ‖u‖ϑ1

+ ‖v‖ϑ2
.

Definition 2.1. [9] Let u ∈ C(ω,R), the Caputo fractional integral of order α is defined by

Iα0+u(σ) =
1

Γ(α)

σ∫
0

(σ − ζ)α−1u(ζ)dζ,

where Γ(·) is the Euler Gamma function defined by Γ(α) =
∞∫
0

e−σσα−1dσ, α > 0.

Definition 2.2. [9] Let u ∈ C(ω,R), then the Caputo fractional derivative of order α is defined by

cDα0+u(σ) =
1

Γ(p− α)

σ∫
0

(σ − ζ)p−α−1up(ζ)dζ,

where p = [α] + 1 and [α] denote the integer part of the real number α.

Lemma 2.3. Let u be any function and let α > 0, then the Caputo fractional derivative for the homogeneous
differential equation

cDαu(σ) = 0, α > 0

has solution
u(σ) = σp−1cp−1 + σp−2cp−2 + · · ·+ σc1 + c0.

and for non-homogeneous differential equation

cDαu(σ) = φ1(σ), α > 0,

has a solution
Iα cDαu(σ) = Iαφ1(σ) + σp−1cp−1 + σp−2cp−2 + · · ·+ σc1 + c0,

where cj−1 ∈ R, j = 1, 2, . . . , p and p− 1 < α < p.
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Theorem 2.4. (Altman[4]) Let Λ 6= 0 be a convex and closed subset of Banach space ϑ. Consider two
operators =1,=2 such that

1. =1(u, v) + =2(u, v) ∈ Λ;

2. =1 is contractive operator;

3. =2 is compact and continuous operator.

Then there exists (u, v) ∈ Λ such that =1(u, v) + =2(u, v) = (u, v) ∈ ϑ.

The following definitions and remarks are taken from [13, 16].

Definition 2.5. The given system (1) is HU stable if there exists Nα,β = max{Nα,Nβ} > 0 such that, for
κ = max{κα,, κβ} > 0 and for every solution (ξ, ζ) ∈ ϑ of the inequality

|cDαξ(σ)− φ1(σ, Iαξ(σ), Iβζ(σ))| ≤ κα, σ ∈ ω,
|∆ξ(σj)− Ej(ξ(σj))| ≤ κα, j = 1, 2, . . . , p,

|∆ξ′(σj)− E∗j (ξ(σj))| ≤ κα, j = 1, 2, . . . , p,

|cDβζ(σ)− φ2(σ, Iαξ(σ), Iβζ(σ))| ≤ κβ , σ ∈ ω,
|∆ζ(σk)− Ek(ζ(σk))| ≤ κβ , k = 1, 2, . . . , q,

|∆ζ ′(σk)− E∗k (ζ(σk))| ≤ κβ , k = 1, 2, . . . , q,

(2)

there exists a solution (u, v) ∈ ϑ with

‖(u, v)(σ)− (ξ, ζ)(σ)‖ϑ ≤ Nα,βκ, σ ∈ ω.

Definition 2.6. The given system (1) is generalized HU stable if ∃ N ′ ∈ C(R+,R+) with N ′(0) = 0 such
that for any approximate solution (ξ, ζ) ∈ ϑ of the inequality (2), there exists a solution (u, v) ∈ ϑ of (1)
satisfying

‖(u, v)(σ)− (ξ, ζ)(σ)‖ϑ ≤ N ′(κ), σ ∈ ω.

Definition 2.7. [16] The given system (1) is HUR stable with respect to ψα,β = max{ψα, ψβ} with ψα,β ∈
C(ω,R) if ∃ a constant Nψα,ψβ = max{Nψα ,Nψβ} > 0 such that for any κ = max{κα,, κβ} > 0 and for any
approximate solution (ξ, ζ) ∈ ϑ of the inequality

|cDαξ(σ)− φ1(σ, Iαξ(σ), Iβζ(σ))| ≤ ψα(σ)κα,, σ ∈ ω,
|∆ξ(σj)− Ej(ξ(σj))| ≤ ψα(σ)κα, j = 1, 2, . . . , p,

|∆ξ′(σj)− E∗j (ξ(σj))| ≤ ψα(σ)κα, j = 1, 2, . . . , p,

|cDβζ(σ)− φ2(σ, Iαξ(σ), Iβζ(σ))| ≤ ψβ(σ)κβ , σ ∈ ω,
|∆ζ(σk)− Ek(ζ(σk))| ≤ ψβ(σ)κβ , k = 1, 2, . . . , q,

|∆ζ ′(σk)− E∗k (ζ(σk))| ≤ ψβ(σ)κβ , k = 1, 2, . . . , q,

(3)

there exists a solution (u, v) ∈ ϑ with

‖(u, v)(σ)− (ξ, ζ)(σ)‖ϑ ≤ Nψα,ψβψα,β(σ)κ, σ ∈ ω.

Definition 2.8. The coupled system (1) is generalized HUR stable with respect to ψα,β = max{ψα, ψβ}
with ψα,β ∈ C(ω,R) if there exists a constant Nψα,ψβ = max{Nψα ,Nψβ} > 0 such that for any approximate
solution (ξ, ζ) ∈ ϑ of the inequality (3) there exists a solution (u, v) ∈ ϑ of (1) satisfying

‖(u, v)(σ)− (ξ, ζ)(σ)‖ϑ ≤ Nψα,ψβψα,β(σ), σ ∈ ω.
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Remark 2.9. Let (ξ, ζ) ∈ ϑ is a solution of inequalities (2) if there exists a functions Kφ1 ,Lφ2 ∈ C(ω,R),
depends on ξ, ζ respectively, such that

1. |Kφ1
(σ)| ≤ κα, |Lφ2

(σ)| ≤ κβ , σ ∈ ω

2. 

cDαξ(σ) = φ1(σ, Iαξ(σ), Iβζ(σ)) + Kφ1(σ),

∆ξ(σj) = Ej(ξ(σj)) + Kφ1j , j = 1, 2, . . . , p,

∆ξ′(σj) = E∗j (ξ(σj)) + Kφ1j
, j = 1, 2, . . . , p; ,

cDβζ(σ) = φ2(t, Iαξ(σ), Iβζ(σ)) + Lφ2
(σ),

∆ζ(σk) = Ek(ζ(σk)) + Lφ2k
, k = 1, 2, . . . , q,

∆ζ ′(σk) = E∗k (ζ(σk)) + Lφ2k
, k = 1, 2, . . . , q.

3. Existence and Uniqueness

In this section, we discuss the existence and uniqueness of solutions of the proposed system (1).

Theorem 3.1. Let α ∈ (1, 2] and φ1 be any linear and continuous function. The fractional impulsive
differential equation 

cDαu(σ) = φ1(σ), σ ∈ ω, t 6= σj , j = 1, 2, . . . , p,

∆u(σj) = Ej(u(σj)), j = 1, 2, . . . , p,

∆u′(σj) = E∗j (u(σj)), j = 1, 2, . . . , p,

σ1−αu(σ)|σ=0 = u1, σ2−αu′(σ)|σ=0 = u2,

(4)

has a solution

u(σ) =
1

Γ(α)

∫ σ

σz

(σ − π)α−1φ1(π)dπ +

z∑
j=1

1

Γ(α)

∫ σj

σj−1

(σj − π)α−1φ1(π)dπ

+

z∑
j=1

(σ − σj)
Γ(α− 1)

∫ σj

σj−1

(σj − π)α−2φ1(π)dπ +

z∑
j=1

Ej(u(σj))

+

z∑
j=1

E∗j (u(σj))(σ − σj) +

z∑
j=1

σα−1
j u1 +

z∑
j=1

σσα−2
j u2; z = 1, 2, . . . , p. (5)

Proof. Consider

cDαu(σ) = φ1(σ), σ ∈ ω, α ∈ [0, 1). (6)

For σ ∈ [0, σ1), Lemma 2.3 gives

u(σ) =
1

Γ(α)

∫ σ

0

(σ − π)α−1φ1(π)dπ + a1σ + a2, (7)

u′(σ) =
1

Γ(α− 1)

∫ σ

0

(σ − π)α−2φ1(π)dπ + a1.

Using initial conditions σ1−αu(σ)|σ=0 = u1 and σ2−αu′(σ)|σ=0 = u2, we obtain

a1 = σα−2u2 and a2 = σα−1u1.
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Substituting a1 and a2 in (7), we get

u(σ) =
1

Γ(α)

∫ σ

0

(σ − π)α−1φ1(π)dπ + σα−1u1 + σα−1u2,

u′(σ) =
1

Γ(α− 1)

∫ σ

0

(σ − π)α−2φ1(π)dπ + σα−2u2.

Again for σ ∈ [σ1, σ2), Lemma 2.3 gives

u(σ) =
1

Γ(α)

∫ σ

σ1

(σ − π)α−1φ1(π)dπ + b1σ + b2, (8)

u′(σ) =
1

Γ(α− 1)

∫ σ

σ1

(σ − π)α−2φ1(π)dπ + b1.

Using initial impulses

b1 =
1

Γ(α− 1)

∫ σ1

0

(σ1 − π)α−2φ1(π)dπ + E∗1 (u(σ1)) + σα−2
1 u2,

b2 =
1

Γ(α)

∫ σ1

0

(σ1 − π)α−1φ1(π)dπ − σ1

Γ(α− 1)

∫ σ1

0

(σ1 − π)α−2φ1(π)dπ

+ E1(u(σ1))− σ1E∗1 (u(σ1)) + σα−1
1 u1.

Substituting the values of b1, b2 in (8), we get

u(σ) =
1

Γ(α)

∫ σ1

0

(σ1 − π)α−1φ1(π)dπ +
1

Γ(α)

∫ σ

σ1

(σ − π)α−1φ1(π)dπ

+
(σ − σ1)

Γ(α− 1)

∫ σ1

0

(σ1 − π)α−2φ1(π)dπ + E1(u(σ1))

+ E∗1 (u(σ1))(σ − σ1) + σα−1
1 u1 + σσα−2

1 u2,

u′(σ) =
1

Γ(α− 1)

∫ σ1

0

(σ1 − π)α−2φ1(π)dπ +
1

Γ(α− 1)

∫ σ

σ1

(σ − π)α−2φ1(π)dπ

+ E∗1 (u(σ1)) + σα−2
1 u2.

Similarly for σ ∈ [σj , σj+1)

u(σ) =
1

Γ(α)

∫ σ

σz

(σ − π)α−1φ1(π)dπ +

z∑
j=1

1

Γ(α)

∫ σj

σj−1

(σj − π)α−1φ1(π)dπ

+

z∑
j=1

(σ − σj)
Γ(α− 1)

∫ σj

σj−1

(σj − π)α−2φ1(π)dπ +

z∑
j=1

Ej(u(σj))

+

z∑
j=1

E∗j (u(σj))(σ − σj) +

z∑
j=1

σα−1
j u1 +

z∑
j=1

σσα−2
j u2.
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Corollary 3.2. In view of Theorem 3.1, our coupled system (1) has the following solution:

u(σ) = 1
Γ(α)

∫ σ
σz

(σ − π)α−1φ1(π, Iαu(π), Iβv(π))dπ

+
z∑
j=1

1
Γ(α)

∫ σj
σj−1

(σj − π)α−1φ1(π, Iαu(π), Iβv(π))dπ

+
z∑
j=1

(σ−σj)
Γ(α−1)

∫ σj
σj−1

(σj − π)α−2φ1(π, Iαu(π), Iβv(π))dπ

+
z∑
j=1

Ej(u(σj)) +
z∑
j=1

E∗j (u(σj))(σ − σj) +
z∑
j=1

σα−1
j u1 +

z∑
j=1

σσα−2
j u2

z = 1, 2, . . . , p,

v(σ) = 1
Γ(β)

∫ σ
σz

(σ − π)β−1φ2(π, Iαu(π), Iβv(π))dπ

+
z∑
k=1

1
Γ(β)

∫ σk
σk−1

(σk − π)β−1φ2(π, Iαu(π), Iβv(π))dπ

+
z∑
k=1

(σ−σk)
Γ(β−1)

∫ σk
σk−1

(σk − π)β−2φ2(π, Iαu(π), Iβv(π))dπ

+
z∑
k=1

Ek(v(σk)) +
z∑
k=1

E∗k (v(σk))(σ − σk) +
z∑
k=1

σβ−1
k v1 +

z∑
k=1

σσβ−2
k v2,

z = 1, 2, . . . , q.

(9)

Now, for transformation of the given system (1) into a fixed point problem. Let the operators =1,=2 :
ϑ→ ϑ be defined as

=1(u, v)(σ) = (=1
∗(u(σ)),=1

∗∗(v(σ)),

=2(u, v)(σ) = (=∗2(u, v)(σ),=∗∗2 (u, v)(σ)),

=1(u, v)(σ) =



=∗1(u(σ)) =
z∑
j=1

Ej(u(σj)) +
z∑
j=1

E∗j (u(σj))(σ − σj) +
z∑
j=1

σα−1
j u1 +

z∑
j=1

σσα−2
j u2

z = 1, 2, . . . , p,

=∗∗1 (v(σ)) =
z∑
k=1

Ek(v(σk)) +
z∑
k=1

E∗k (v(σk))(σ − σk) +
z∑
k=1

tβ−1
k v1 +

z∑
k=1

σσβ−2
k v2

z = 1, 2, . . . , q,

(10)

and

=2(u, v)(σ) =



=∗2(u, v)(σ) = 1
Γ(α)

∫ σ
σz

(σ − π)α−1φ1(π, Iαu(π), Iβv(π))dπ

+
z∑
j=1

1
Γ(α)

∫ σj
σj−1

(σj − π)α−1φ1(π, Iαu(π), Iβv(π))dπ

+
z∑
j=1

(σ−σj)
Γ(α−1)

∫ σj
σj−1

(σj − π)α−2φ1(π, Iαu(π), Iβv(π))dπ

z = 1, 2, . . . , p,

=∗∗2 (u, v)(σ) = 1
Γ(α)

∫ σ
σz

(σ − π)β−1φ2(π, Iαu(π), Iβv(π))dπ

+
z∑
k=1

1
Γ(α)

∫ σk
σk−1

(σk − π)β−1φ2(π, Iαu(π), Iβv(π))dπ

+
z∑
k=1

(σ−σk)
Γ(α−1)

∫ σk
σk−1

(σk − π)β−2φ2(π, Iαu(π), Iβv(π))dπ

z = 1, 2, . . . , q.

(11)

For additional analysis, the following hypothesis need to hold:
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(H1) For σ ∈ ω and x1, x2 ∈ R, there are o, τ, υ ∈ C(ω,R+) such that

|φ1(σ, x1(σ), x2(σ))| ≤ o(σ) + τ(σ)|x1(σ)|+ υ(σ)|x2(σ)|

with o1 = supσ∈ω o(σ), τ1 = supσ∈ω τ(σ) and υ1 = supσ∈ω υ(σ) < 1.
Similarly, for σ ∈ ω and x1, x2 ∈ R, there are o∗, τ∗, υ∗ ∈ C(ω,R+) such that

|φ2(σ, x1(σ), x2(σ))| ≤ o∗(σ) + τ∗(σ)|x1(σ)|+ υ∗(σ)|x2(σ)|

with o2 = supσ∈ω o
∗(σ), τ2 = supσ∈ω τ

∗(σ) and υ2 = supσ∈ω υ
∗(σ) < 1.

(H2) Ej , E∗j : R→ R are continuous and there exist constants GE ,GE∗ ,G′E ,G′E∗ , ĜE , ĜE∗ , Ĝ′E , Ĝ′E∗ > 0, such
that for any (u, v) ∈ ϑ

|Ez(u)| ≤ GE |u|+ G′E , |Ez(v)| ≤ ĜE |v|+ Ĝ′E ,

|E∗z (u)| ≤ GE∗ |u|+ G′E∗ , |E∗z (v)| ≤ ĜE∗ |v|+ Ĝ′E∗ ,

where z = 1, 2, . . . , p.
(H3) For all x1, x2, x

∗
1, x
∗
2 ∈ R and for each σ ∈ ω there exists constants Lφ1 > 0, 0 < L∗φ1

< 1, such that

|φ1(σ, x1, x2)− φ1(σ, x∗1, x
∗
2)| ≤ Lφ1

|x1 − x∗1|+ L∗φ1
|x2 − x∗2|.

Similarly, for all x1, x2, x
∗
1, x
∗
2 ∈ R and for each σ ∈ ω there exists constants Lφ2

> 0, 0 < L∗φ2
< 1, such that

|φ2(σ, x1, x2)− φ2(σ, x∗1, x
∗
2)| ≤ Lφ2

|x1 − x∗1|+ L∗φ2
|x2 − x∗2|.

(H4) Ez, E∗z : R → R are continuous and there exists constants LE ,LE∗ ,L∗E ,L∗E∗ such that for any
(u, v), (u∗, v∗) ∈ ϑ

|Ezu(σ)− Ezu∗(σ)| ≤ LE |u− u∗|, |Ezv(σ)− Ezv∗(σ)| ≤ L∗E |v− v∗|,
|E∗z u(σ)− E∗z u∗(σ)| ≤ LE∗ |u− u∗|, |E∗z v(σ)− E∗z v∗(σ)| ≤ L∗E∗ |v− v∗|.

Here we use Kransnoselskii’s fixed point theorem to show that the operator =1 +=2 has at least one fixed
point. Therefore, we choose a closed ball

ϑr =
{

(u, v) ∈ ϑ, ‖(u, v)‖ ≤ r, ‖u‖ ≤ r

2
and ‖v‖ ≤ r

2

}
⊂ ϑ,

where

r ≥ G1 + G∗1 + o1G3 + o2G∗3
1− (G2 + G∗2 + G3G4 + G∗3G∗4 )

.

Theorem 3.3. If the hypothesis (H1)–(H4) hold, then the given system (1) has at least one solution.

Proof. 1. For any (u, v) ∈ ϑr, we have

‖=1(u, v) + =2(u, v)‖ϑ ≤ ‖=∗1(u)‖ϑ1
+ ‖=∗∗1 (v)‖ϑ2

+ ‖=∗2(u, v)‖ϑ1
+ ‖=∗∗2 (u, v)‖ϑ2

. (12)

From (10), we get

|σ1−α=∗1(u(σ))| ≤
z∑
j=1

|σ1−α||Ej(u(σj))|+
z∑
j=1

|σ1−α||E∗j (u(σj))||(σ − σj)|+
z∑
j=1

|σα−1
j ||σ1−αu1|

+

z∑
j=1

|σσα−2
j ||σ1−αu2|, z = 1, 2, . . . , p.
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This implies that

‖=∗1(u)‖ϑ1 ≤z|σ1−α|(GE‖u‖+ G′E) + z|σ1−α|(GE∗‖u‖+ G′E∗)|(σ − σz)|
+ z|σα−1

z ||σ1−αu1|+ z|σσα−2
z ||σ1−αu2|

≤G1 + G2‖u‖. (13)

Similarly, we can obtain

‖=∗∗1 (v)‖ϑ2
≤ G∗1 + G∗2‖v‖, (14)

where

G1 =zG′E |σ1−α|+ zG′E∗ |σ1−α||σ − σz|+ z|σα−1
z ||σ1−αu1|+ z|σσα−2

z ||σ1−αu2|,
G2 =zGE |σ1−α|+ zGE∗ |σ1−α||σ − σz|, for z = 1, 2, . . . , p, and

G∗1 =zĜ′E |σ1−β |+ zĜ′E∗ |σ1−β ||σ − σz|+ z|σβ−1
z ||σ1−βv1|+ z|σσβ−2

z ||σ1−βv2|,

G∗2 =zĜE |σ1−β |+ zĜE∗ |σ1−β ||σ − σz|, for z = 1, 2, . . . , q.

Also, we have

|σ1−α=∗2(u, v)| ≤|σ
1−α|

Γ(α)

∫ σ

σz

∣∣(σ − π)α−1
∣∣ |φ1(π, Iαu(π), Iβv(π))|dπ

+

z∑
j=1

|σ1−α|
Γ(α)

∫ σj

σj−1

∣∣(σj − π)α−1
∣∣ |φ1(π, Iαu(π), Iβv(π))|dπ

+

z∑
j=1

|σ1−α||(σ − σj)|
Γ(α− 1)

∫ σj

σj−1

∣∣(σj − π)α−2
∣∣ |φ1(π, Iαu(π), Iβv(π))|dπ,

for z = 1, 2, . . . , p. (15)

Now by (H1)

|y(σ)| =|φ1(σ, Iαu(σ), Iβv(σ))|
≤o(σ) + τ(σ)|Iαu(σ)|+ υ(σ)|Iβv(σ)|

≤o(σ) + τ(σ)
1

Γ(α)

σ∫
0

∣∣(σ − s)α−1
∣∣ |u(s)|ds+ υ(σ)

1

Γ(β)

σ∫
0

∣∣(σ − s)β−1
∣∣ |v(s)|ds.

Now taking supσ∈ω on both side, we get

‖y‖ ≤ o1 + τ1
|σα|‖u‖
Γ(α+ 1)

+ υ1
|σβ |‖v‖
Γ(β + 1)

. (16)

Applying supσ∈ω to (15) and using (16) in (15), we get

‖=∗2(u, v)‖ϑ1
≤

(
o1 + τ1

|σα|‖u‖
Γ(α+ 1)

+ υ1
|σβ |‖v‖
Γ(β + 1)

)(
|σ1−α||(σ − σz)α|

Γ(α+ 1)

+
z|σ1−α||(σz − σz−1)α|

Γ(α+ 1)
+
z|σ1−α||σ − σz||(σz − σz−1)α−1|

Γ(α)

)

≤o1G3 + τ1
|σα|‖u‖G3

Γ(α+ 1)
+ υ1

|σβ |‖v‖G3

Γ(β + 1)

≤o1G3 + G3G4‖(u, v)‖. (17)
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Similarly

‖=∗∗2 (u, v)‖ϑ2
≤ o2G∗3 + G∗3G∗4‖(u, v)‖, (18)

where

G3 =
|σ1−α||(σ − σz)α|

Γ(α+ 1)
+
z|σ1−α||(σz − σz−1)α|

Γ(α+ 1)
+
z|σ1−α||σ − σz||(σz − σz−1)α−1|

Γ(α)
,

z = 1, 2, . . . , p,

G∗3 =
|σ1−β ||(σ − σz)β |

Γ(β + 1)
+
z|σ1−β ||(σz − σz−1)β |

Γ(β + 1)
+
z|σ1−β ||σ − σz||(σz − σz−1)β−1|

Γ(β)
,

z = 1, 2, . . . , q,

G4 = max

{
τ1

|σα|
Γ(α+ 1)

, υ1
|σβ |

Γ(β + 1)

}
and

G∗4 = max

{
τ2

|σα|
Γ(α+ 1)

, υ2
|σβ |

Γ(β + 1)

}
.

Putting (13), (14), (17) and (18) in (12), we get

‖=1(u, v) + =2(u, v)‖ϑ ≤G1 + G2‖u‖+ G∗1 + G∗2‖v‖+ o1G3 + G3G4‖(u, v)‖
+ o2G∗3 + G∗3G∗4‖(u, v)‖

≤G1 + G∗1 + o1G3 + o2G∗3 + (G2 + G∗2 + G3G4 + G∗3G∗4 )‖(u, v)‖
≤r.

Hence, ‖=1(u, v) + =2(u, v)‖ϑ ∈ ϑr.
2. Next for any σ ∈ ω, (u, v), (ξ, ζ) ∈ ϑ

‖=1(u, v)−=1(ξ, ζ)‖ϑ ≤‖=∗1(u)−=∗1(ξ)‖ϑ1
+ ‖=∗∗1 (v)−=∗∗1 (ζ)‖ϑ2

≤
z∑
j=1

|σ1−α||(Ej(u(σj))− Ej(ξ(σj)))|+
z∑
k=1

|σ1−β ||(Ek(v(σk))− Ek(ζ(σk)))|

+

z∑
j=1

|σ1−α||(E∗j (u(σj))− E∗j (ξ(σj)))||σ − σj |

+

z∑
k=1

|σ1−β ||(E∗k (v(σk))− E∗k (ζ(σk)))||(σ − σk)|

≤(zLE + z|σ − σz|LE∗)|σ1−α|‖u− ξ‖+ (zL∗E + z|(σ − σz)|L∗E∗)|σ1−β |‖v− ζ‖
≤L(%1 + %2)‖(u− ξ, v− ζ)‖.

Here L = max{LE ,LE∗ ,L∗E ,L∗E∗},

%1 = z|σ1−α|+ z|σ1−α||σ − σz|, z = 1, 2, . . . , p,

and
%2 = z|σ1−β |+ z|σ1−β ||σ − σz|, z = 1, 2, . . . , q.

Therefore, =1 is a contractive operator.
3. Now, for continuity and compactness of =2, we make a sequence Ts = (us, vs) in ϑr such that
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(us, vs)→ (u, v) for s→∞ in ϑr. Thus, we have

‖=2(us, vs)−=2(u, v)‖ϑ ≤‖=∗2(us, vs)−=∗2(u, v)‖ϑ1
+ ‖=∗∗2 (us, vs)−=∗∗2 (u, v)‖ϑ2

≤

(
Lφ1
|σα|‖us − u‖
Γ(α+ 1)

+
L∗φ1
|σβ |‖vs − v‖
Γ(β + 1)

)(
|σ1−α||(σ − σz)α|

Γ(α+ 1)

+
z|σ1−α||(σz − σz−1)α|

Γ(α+ 1)
+
z|σ1−α||σ − σz||(σz − σz−1)α−1|

Γ(α)

)

+

(
Lφ2 |σα|‖us − u‖

Γ(α+ 1)
+
L∗φ2
|σβ |‖vs − v‖
Γ(β + 1)

)(
|σ1−β ||(σ − σz)β |

Γ(β + 1)

+
z|σ1−β ||(σz − σz−1)β |

Γ(β + 1)
+
z|σ1−β ||σ − σz||(σz − σz−1)β−1|

Γ(β)

)

≤G3

(
Lφ1
|σα|‖us − u‖
Γ(α+ 1)

+
L∗φ1
|σβ |‖vs − v‖
Γ(β + 1)

)

+ G∗3

(
Lφ2
|σα|‖us − u‖
Γ(α+ 1)

+
L∗φ2
|σβ |‖vs − v‖
Γ(β + 1)

)
.

This implies ‖=2(us, vs)−=2(u, v)‖ϑ → 0 as s→∞, therefore =2 is continuous.
Next, we show that =2 is uniformly bounded on ϑr. From (17) and (18), we have

‖=2(u, v)‖ϑ ≤‖=∗2(u, v)‖ϑ1 + ‖=∗∗2 (u, v)‖ϑ2

≤o1G3 + o2G∗3 + (G3G4 + G∗3G∗4 )‖(u, v)‖
≤r.

Thus, =2 is uniformly bounded on ϑr.
For equicontinuity, suppose η1, η2 ∈ ω with η1 < η2 and for any (u, v) ∈ ϑr ⊂ ϑ where ϑr is clearly

bounded, we have

‖=∗2(u, v)(η1)−=∗2(u, v)(η2)‖ϑ1 = max |σ1−α(=∗2(u, v)(η1)−=∗2(u, v)(η2))|

≤

(
o1 + τ1

|σα|‖u‖
Γ(α+ 1)

+ υ1
|σβ |‖v‖
Γ(β + 1)

)(
|σ1−α||(η1 − σz)α|

Γ(α+ 1)

− |σ
1−α||(η2 − σz)α|

Γ(α+ 1)
+
z|σ1−α||η1 − η2||(σz − σz−1)α−1|

Γ(α)

)
.

This implies that
‖=∗2(u, v)(η1)−=∗2(u, v)(η2)‖ϑ1

→ 0 as η1 → η2.

In the same way, we have

‖=∗∗2 (u, v)(η1)−=∗∗2 (u, v)(η2)‖ϑ2 → 0 as η1 → η2.

Hence
‖=2(u, v)(η1)−=2(u, v)(η2)‖ϑ → 0 as η1 → η2.

Thus, =2 is equicontinuous. So =2 is relatively compact on ϑr. Hence, by the Arzelà–Ascoli Theorem,
=2 is compact on ϑr. Thus all the conditions of Theorem 2.4 are satisfied. So the given system (1) has at
least one solution.
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Theorem 3.4. Let the hypothesis (H3)–(H4) be satisfied with

∆1 + ∆3 +
(∆2Lφ1 + ∆4Lφ2)|σα|

Γ(α+ 1)
+

(∆2L∗φ1
+ ∆4L∗φ2

)|σβ |
Γ(β + 1)

< 1, (19)

then the given system (1) has a unique solution.

Proof. First we define an operator ϕ = (ϕ1, ϕ2) : ϑ→ ϑ, i.e. ϕ(u, v)(σ) = (ϕ1(u, v), ϕ2(u, v))(σ), where

ϕ1(u, v)(σ) =
1

Γ(α)

∫ σ

σz

(σ − π)α−1φ1(π, Iαu(π), Iβv(π))dπ

+

z∑
j=1

1

Γ(α)

∫ σj

σj−1

(σj − π)α−1φ1(π, Iαu(π), Iβv(π))dπ

+

z∑
j=1

(σ − σj)
Γ(α− 1)

∫ σj

σj−1

(σj − π)α−2φ1(π, Iαu(π), Iβv(π))dπ

+

z∑
j=1

Ej(u(σj)) +

z∑
j=1

E∗j (u(σj))(σ − σj) +

z∑
j=1

σα−1
j u1

+

z∑
j=1

σσα−2
j u2, z = 1, 2, . . . , p

and

ϕ2(u, v)(σ) =
1

Γ(β)

∫ σ

σz

(σ − π)β−1φ2(π, Iαu(π), Iβv(π))dπ

+

z∑
k=1

1

Γ(β)

∫ σk

σk−1

(σk − π)β−1φ2(π, Iαu(π), Iβv(π))dπ

+

z∑
k=1

(σ − σk)

Γ(β − 1)

∫ σk

σk−1

(σk − π)β−2φ2(π, Iαu(π), Iβv(π))dπ

+

z∑
k=1

Ek(v(σk)) +

z∑
k=1

E∗k (v(σk))(σ − σk) +

z∑
k=1

σβ−1
k v1

+

z∑
k=1

σσβ−2
k v2, z = 1, 2, . . . , q.

In view of Theorem 3.3, we have

|σ1−α(ϕ1(u, v)− ϕ1(ξ, ζ))| ≤

(
L∗φ1
|σβ |

Γ(β + 1)

)(
|σ1−α||(σ − σz)α|

Γ(α+ 1)
+
z|σ1−α||(σz − σz−1)α|

Γ(α+ 1)

+
z|σ1−α||σ − σz||(σz − σz−1)α−1|

Γ(α)

)
|v− ζ|

+

[(
Lφ1
|σα|

Γ(α+ 1)

)(
|σ1−α||(σ − σz)α|

Γ(α+ 1)
+
z|σ1−α||(σz − σz−1)α|

Γ(α+ 1)

+
z|σ1−α||σ − σz||(σz − σz−1)α−1|

Γ(α)

)
+ (zLE + z|σ − σz|LE∗)|σ1−α|

]
|u− ξ|.
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Taking supσ∈ω, we get

‖ϕ1(u, v)− ϕ1(ξ, ζ)‖ϑ1
≤

(
∆1 +

∆2Lφ1 |σα|
Γ(α+ 1)

+
∆2L∗φ1

|σβ |
Γ(β + 1)

)
‖(u, v)− (ξ, ζ)‖

for z = 1, 2, . . . , p,

where

∆1 =z|σ1−α|LE + z|σ1−α||σ − σz|LE∗

∆2 =
|σ1−α||(σ − σz)α|

Γ(α+ 1)
+
z|σ1−α||(σz − σz−1)α|

Γ(α+ 1)
+
z|σ1−α||σ − σz||(σz − σz−1)α−1|

Γ(α)
,

for z = 1, 2, . . . , p.

Similarly

‖ϕ2(u, v)− ϕ2(ξ, ζ)‖ϑ2
≤

(
∆3 +

∆4Lφ2
|σα|

Γ(α+ 1)
+

∆4L∗φ2
|σβ |

Γ(β + 1)

)
‖(u, v)− (ξ, ζ)‖,

for z = 1, 2, . . . , q,

where

∆3 =z|σ1−β |L∗E + z|σ1−β ||(σ − σz)|L∗E∗

∆4 =
|σ1−β ||(σ − σz)β |

Γ(β + 1)
+
z|σ1−β ||(σz − σz−1)β |

Γ(β + 1)
+
z|σ1−β ||σ − σz||(σz − σz−1)β−1|

Γ(β)
,

for z = 1, 2, . . . , q.

Hence

‖ϕ(u, v)− ϕ(ξ, ζ)‖ϑ ≤

(
∆1 + ∆3 +

(∆2Lφ1
+ ∆4Lφ2

)|σα|
Γ(α+ 1)

+
(∆2L∗φ1

+ ∆4L∗φ2
)|σβ |

Γ(β + 1)

)
‖(u, v)− (ξ, ζ)‖.

This implies that the operator ϕ is a contraction. Therefore, (1) has a unique solution.

4. Ulam’s stability analysis

In this section, we study different kinds of stabilities, like HU , generalized HU , HUR and generalized
HUR stability of the proposed system.

Theorem 4.1. If assumptions (H1)–(H2) and inequality (19) are satisfied and

F = 1−

(
∆1 +

∆2L∗
φ1
|σβ |

Γ(β+1)

)(
∆3 +

∆4Lφ2 |σ
α|

Γ(α+1)

)
[

1−

(
∆1 +

∆2Lφ1 |σα|
Γ(α+1)

)][
1−

(
∆3 +

∆4L∗
φ2
|σβ |

Γ(β+1)

)] > 0,

then the unique solution of the coupled system (1) is HU stable and consequently generalized HU stable.
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Proof. Consider (ξ, ζ) ∈ ϑ be an approximate solution of inequality (2) and let (u, v) ∈ ϑ be the unique
solution of the coupled system given by

cDαu(σ)− φ1(σ, Iαu(σ), Iβv(σ)) = 0, σ ∈ ω, σ 6= σj , j = 1, 2, . . . , p,

∆u(σj)− Ej(u(σj)) = 0, j = 1, 2, . . . , p,

∆m′(σj)− E∗j (u(σj)) = 0, j = 1, 2, . . . , p,
cDβv(σ)− φ2(σ, Iαu(σ), Iβv(σ)) = 0, σ ∈ ω, σ 6= σk, k = 1, 2, . . . , q,

∆v(σk)− Ek(v(σk)) = 0, k = 1, 2, . . . , q,

∆n′(σk)− E∗k (v(σk)) = 0, k = 1, 2, . . . , q,

σ1−αu(σ)|σ=0 = m1, σ2−αm′(σ)|σ=0 = m2,

σ1−βv(σ)|σ=0 = n1, σ2−βn′(σ)|σ=0 = n2.

(20)

By Remark 2.9 we have 

cDαξ(σ) = φ1(σ, Iαξ(σ), Iβζ(σ)) + Kφ1
(σ),

∆ξ(σj) = Ej(ξ(σj)) + Kφ1j
, j = 1, 2, . . . , p,

∆ξ′(σj) = E∗j (ξ(σj)) + Kφ1j , j = 1, 2, . . . , p,
cDβζ(σ) = φ2(σ, Iαξ(σ), Iβζ(σ)) + Lφ2

(σ),

∆ζ(σk) = Ek(ζ(σk)) + Lφ2k
, k = 1, 2, . . . , q,

∆ζ ′(σk) = E∗k (ζ(σk)) + Lφ2k
, k = 1, 2, . . . , q.

(21)

By Corollary 3.2, the solution of problem (21) is

ξ(σ) = 1
Γ(α)

∫ σ
σz

(σ − π)α−1(φ1(π, Iαξ(π), Iβζ(π)) + Kφ1
(π))dπ

+
z∑
j=1

1
Γ(α)

∫ σj
σj−1

(σj − π)α−1(φ1(π, Iαξ(π), Iβζ(π)) + Kφ1(π))dπ

+
z∑
j=1

(σ−σj)
Γ(α−1)

∫ σj
σj−1

(σj − π)α−2(φ1(π, Iαξ(π), Iβζ(π)) + Kφ1
(π))dπ

+
z∑
j=1

(Ej(ξ(σj)) + Kφ1j ) +
z∑
j=1

(E∗j (ξ(σj)) + Kφ1j )(σ − σj) +
z∑
j=1

σα−1
j u1

+
z∑
j=1

σσα−2
j u2, z = 1, 2, . . . , p,

ζ(σ) = 1
Γ(α)

∫ σ
σz

(σ − π)β−1(φ2(π, Iαξ(π), Iβζ(π)) + Lφ2
(π))dπ

+
z∑
k=1

1
Γ(α)

∫ σk
σk−1

(σk − π)β−1(φ2(π, Iαξ(π), Iβζ(π)) + Lφ2(π))dπ

+
z∑
k=1

(σ−σk)
Γ(α−1)

∫ σk
σk−1

(σk − π)β−2(φ2(π, Iαξ(π), Iβζ(π)) + Lφ2(π))dπ

+
z∑
k=1

(Ek(ζ(σk)) + Lφ2k
) +

z∑
k=1

(E∗k (ζ(σk)) + Lφ2k
)(σ − σk) +

z∑
k=1

σβ−1
k v1

+
z∑
k=1

σσβ−2
k v2, z = 1, 2, . . . , q.

(22)
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We consider

|σ1−α(u(σ)− ξ(σ))|

≤ |σ
1−α|

Γ(α)

∫ σ

σz

∣∣(σ − π)α−1
∣∣ |φ1(π, Iαu(π), Iβv(π))− φ1(π, Iαξ(π), Iβζ(π))|dπ

+

z∑
j=1

|σ1−α|
Γ(α)

∫ σj

σj−1

∣∣(σj − π)α−1
∣∣ |φ1(π, Iαu(π), Iβv(π))− φ1(π, Iαξ(π), Iβζ(π))|dπ

+

z∑
j=1

|σ1−α||(σ − σj)|
Γ(α− 1)

∫ σj

σj−1

∣∣(tj − π)α−2
∣∣ |φ1(π, Iαu(π), Iβv(π))− φ1(π, Iαξ(π), Iβζ(π))|dπ

+

z∑
j=1

|σ1−α||Ej(u(σj))− Ej(ξ(σj))|+
z∑
j=1

|σ1−α||E∗j (u(σj))− E∗j (ξ(σj))||(σ − σj)|

+
|σ1−α|
Γ(α)

∫ σ

σz

∣∣(σ − π)α−1
∣∣ |Kφ1(π)|dπ +

z∑
j=1

|σ1−α|
Γ(α)

∫ σj

σj−1

∣∣(σj − π)α−1
∣∣ |Kφ1(π)|dπ

+

z∑
j=1

|σ1−α||(σ − σj)|
Γ(α− 1)

∫ σj

σj−1

∣∣(σj − π)α−2
∣∣ |Kφ1(π)|dπ +

z∑
j=1

|σ1−α||Kφ1j |+
z∑
j=1

|σ1−α||Kφ1j ||σ − σj |.

As in Theorem 3.4, we get

‖u− ξ‖ϑ1 ≤

(
∆1 +

∆2Lφ1
|σα|

Γ(α+ 1)

)
|σα−1|‖u− ξ‖ϑ1

+

(
∆1 +

∆2L∗φ1
|σβ |

Γ(β + 1)

)
|σα−1|‖v− ζ‖ϑ1

+ (∆2 + z|σ1−α|+ z|σ1−α||σ − σj |)κα, z = 1, 2, . . . , p (23)

and

‖v− ζ‖ϑ2 ≤

(
∆3 +

∆4Lφ2 |σα|
Γ(α+ 1)

)
|σβ−1|‖u− ξ‖ϑ2 +

(
∆3 +

∆4L∗φ2
|σβ |

Γ(β + 1)

)
|σβ−1|‖v− ζ‖ϑ2

+ (∆4 + z|σ1−β |+ z|σ1−β ||σ − σk|)κβ , z = 1, 2, . . . , q. (24)

From (23) and (24), we have

‖u− ξ‖ϑ1 −

(
∆1 +

∆2L∗
φ1
|σβ |

Γ(β+1)

)

1−

(
∆1 +

∆2Lφ1 |σα|
Γ(α+1)

)‖v− ζ‖ϑ1 ≤
(∆2 + z|σ1−α|+ z|σ1−α||σ − σj |)

1−

(
∆1 +

∆2Lφ1 |σα|
Γ(α+1)

)
|σα−1|

κα

and

‖v− ζ‖ϑ2 −

(
∆3 +

∆4Lφ2 |σ
α|

Γ(α+1)

)

1−

(
∆3 +

∆4L∗
φ2
|σβ |

Γ(β+1)

)‖u− ξ‖ϑ2 ≤
(∆4 + z|σ1−β |+ z|σ1−β ||σ − σk|)

1−

(
∆3 +

∆4L∗
φ2
|σβ |

Γ(β+1)

)
|σβ−1|

κβ
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respectively. Let

P1 =

(
∆1 +

∆2L∗
φ1
|σβ |

Γ(β+1)

)

1−

(
∆1 +

∆2Lφ1 |σα|
Γ(α+1)

) , P2 =
(∆2 + z|σ1−α|+ z|σ1−α||σ − σj |)

1−

(
∆1 +

∆2Lφ1 |σα|
Γ(α+1)

)
|σα−1|

,

P3 =

(
∆3 +

∆4Lφ2 |σ
α|

Γ(α+1)

)

1−

(
∆3 +

∆4L∗
φ2
|σβ |

Γ(β+1)

) and P4 =
(∆4 + z|σ1−β |+ z|σ1−β ||σ − σk|)

1−

(
∆3 +

∆4L∗
φ2
|σβ |

Γ(β+1)

)
|σβ−1|

.

Then the last two inequalities can be written in matrix form as[
1 −P1

−P3 1

] [
‖u− ξ‖ϑ1

‖v− ζ‖ϑ2

]
≤
[
P2κα
P4κβ

]

[
‖u− ξ‖ϑ1

‖v− ζ‖ϑ2

]
≤

 1
F

P1

F

P3

F
1
F

[P2κα
P4κβ

]
(25)

where

F = 1−

(
∆1 +

∆2L∗
φ1
|σβ |

Γ(β+1)

)(
∆3 +

∆4Lφ2 |σ
α|

Γ(α+1)

)
[

1−

(
∆1 +

∆2Lφ1 |σα|
Γ(α+1)

)][
1−

(
∆3 +

∆4L∗
φ2
|σβ |

Γ(β+1)

)] > 0.

From system (25) we have

‖u− ξ‖ϑ1
≤ P2κα
F

+
P1P4κβ
F

‖v− ζ‖ϑ2 ≤
P2P3κα
F

+
P4κβ
F

,

which implies that

‖u− ξ‖ϑ1
+ ‖v− ζ‖ϑ2

≤ P2κα
F

+
P1P4κβ
F

+
P2P3κα
F

+
P4κβ
F

.

If κ = max{κα, κβ} and Nα,β = P2

F + P1P4

F + P2P3

F + P4

F , then

‖(u, v)− (ξ, ζ)‖ϑ ≤ Nα,βκ.

Thus the system (1) is HU stable. Also, if

‖(u, v)− (ξ, ζ)‖ϑ ≤ Nα,βN ′(κ),

with N ′(0) = 0, then the given system (1) is generalized HU stable.

For the next result, we assume that:
(H5) Let ∃ two nondecreasing functions wα, wβ ∈ C(ω,R+) such that

Iαwα(σ) ≤ Lαwα(σ) and Iβwβ(σ) ≤ Lβwβ(σ), where Lα,Lβ > 0. (26)
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Theorem 4.2. If assumptions (H1), (H2), (H5) and inequality (19) are satisfied and

F = 1−

(
∆1 +

∆2L∗
φ1
|σβ |

Γ(β+1)

)(
∆3 +

∆4Lφ2 |σ
α|

Γ(α+1)

)
[

1−

(
∆1 +

∆2Lφ1 |σα|
Γ(α+1)

)][
1−

(
∆3 +

∆4L∗
φ2
|σβ |

Γ(β+1)

)] > 0,

then the unique solution of the given system (1) is HUR stable and accordingly generalized HUR stable.

Proof. With the help of Definitions 2.7 and 2.8, we can achieve our result, doing the same steps as in Theorem
4.1.

5. Example

Here we present a specific example, as follows:

Example 5.1. 

cD 6
5 u(σ)− 2+I

6
5 u(σ)+I

5
4 v(σ)

80eσ+50(1+I
6
5 u(σ)+I

5
4 v(σ))

= 0, σ 6= 3
2 ,

∆u( 3
2 ) = Ej(u(σj)) =

|u( 3
2 )|

70+|u( 3
2 )| ,

∆u′( 3
2 ) = E∗j (u(σj)) =

|u( 3
2 )|

70+|u( 3
2 )| ,

cD 5
4 v(σ)− t cos(u(σ))−v(σ) sin(σ)

50 − u(σ)
25+u(σ) = 0, σ 6= 3

2 ,

∆v( 3
2 ) = Ek(v(σk)) =

|v( 3
2 )|

70+|v( 3
2 )| ,

∆v′( 3
2 ) = E∗k (v(σk)) =

|v( 3
2 )|

70+|v( 3
2 )| ,

σ1−αu(σ)|σ=0 = u1, σ2−αu′(σ)|σ=0 = u2,

σ1−βv(σ)|σ=0 = v1, σ2−βv′(σ)|σ=0 = v2.

(27)

From system (27), we see that α = 6
5 , β = 5

4 and σ1 = 3
2 . Also, for σ ∈ [0, e] and u1, u2, v1, v2 ∈ R+ we can

easily find

Lφ1 = L∗φ1
=

1

80e50
, Lφ2 = L∗φ2

=
1

25
, LE = L∗E =

1

70
, LE∗ = L∗E∗ =

1

70
.

From Theorem 3.4, we use the inequality, and get

∆1 + ∆3 +
(∆2Lφ1

+ ∆4Lφ2
)|σα|

Γ(α+ 1)
+

(∆2L∗φ1
+ ∆4L∗φ2

)|σβ |
Γ(β + 1)

≈ 0.825607 > 0,

hence (27) has unique solution with

F = 1−

(
∆1 +

∆2L∗
φ1
|σβ |

Γ(β+1)

)(
∆3 +

∆4Lφ2 |σ
α|

Γ(α+1)

)
[

1−

(
∆1 +

∆2Lφ1 |σα|
Γ(α+1)

)][
1−

(
∆3 +

∆4L∗
φ2
|σβ |

Γ(β+1)

)] ≈ 0.981382 > 0.

Thus, with the help of Theorem 4.1, the given system (27) is HU stable and also generalized HU stable.
Likewise, we can justify the conditions of Theorem 3.3 and 4.2.
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6. Conclusion

In this article, we used the Kransnoselskii’s fixed point theorem, to acquire the necessary cases for the
existence and uniqueness of solution for the proposed system of fractional integro–differential equations.
Further, under specific assumptions and conditions, we proved different kinds of Ulam’s stability of the
system.

References

[1] N. Ahmad, Z. Ali, K. Shah, A. Zada, G. Rahman, Analysis of implicit type nonlinear dynamical problem
of impulsive fractional differentail equations, Complexity, (2018), 15 pages.

[2] B. Ahmad, S. Sivasundaram, On four point nonlocal boundary value problems of nonlinear integro-
differential equations of fractional order, Appl. Math. Comput., 217 (2010), 480–487.

[3] Z. Ali, A. Zada, K. Shah, Ulam stability to a toppled systems of nonlinear implicit fractional order
boundary value problem, Bound. Value Probl., 2018(1), (2018).

[4] M. Altman, A fixed point theorem for completely continuous operators in Banach spaces. Bull. Acad.
Pol. Sci. 3 (1955), 409–413.

[5] Z. Bai, S. Zhang, S. Sun, C. Yin, Monotone iterative method for fractional differential equations,
Electron. J. Differential Equations, 2016(06) (2016), 1–8.

[6] M. El-Shahed, Nieto, Non trivial solutions for a nonlinear multi-point boundary value problem of frac-
tional order, Comput. Math. Appl., 59 (2010), 3438–3443.

[7] S. M. Jung, Hyers–Ulam stability of linear differential equations of first order, Appl. Math. Lett., 19
(2006), 854–858.

[8] A. Khan, M. I. Syam, A. Zada et al., Stability analysis of nonlinear fractional differential equations with
Caputo and Riemann-Liouville derivatives, Eur. Phys. J. Plus, 2018 (2018), 133: 264.

[9] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Application of Fractional Differential Equation,
North-Holl and Mathematics Studies, 204. Elsevier Science B. V, Amsterdam, (2006).

[10] M. Obloza, Hyers stability of the linear differential equation, Rocznik NaukDydakt, Prace Mat., 13
(1993), 259–270.

[11] K. B. Oldham, Fractional differential equations in electrochemistry, Advances in Engineering software.,
41 (2010), 9–12.

[12] U. Riaz, A. Zada, Z. Ali et al., Analysis of nonlinear coupled systems of impulsive fractional differential
equations with Hadamard derivatives, Math. Probl. Eng., Article ID 5093572, (2019), 20 pages.

[13] U. Riaz, A. Zada, Z. Ali, Y. Cui, J. Xu, Analysis of coupled systems of implicit impulsive fractional
differential equations involving Hadamard derivatives, Adv. Difference Equ., 2019(226) (2019), 1–27.

[14] F. A. Rihan, Numerical Modeling of Fractional Order Biological Systems, Abs. Appl. Anal., (2013).

[15] R. Rizwan, A. Zada, X. Wang, Stability analysis of non linear implicit fractional Langevin equation
with noninstantaneous impulses, Adv. Difference Equ., (2019) 2019: 85.

[16] I. A. Rus, Ulam stabilities of ordinary differential equations in a Banach space, Carpath. J. Math, 26
(2010), 103–107.

[17] J. Sabatier, O. P. Agrawal, J. A. T. Machado, Advances in Fractional Calculus, Dordrecht: Springer.,
(2007).

18



[18] S. G. Samko, A. A. Kilbas, O. I. Marichev, Fractional Integrals and Derivatives: Theory and Applica-
tions, Gordon and Breach, Yverdon, (1993).

[19] V. E. Tarasov, Fractional Dynamics: Application of Fractional Calculus to Dynamics of particles, Fields
and Media, Springer, Heidelberg; Higher Education Press, Beijing., (2010).

[20] S. M. Ulam, A Collection of the Mathematical Problems, Interscience, New York., (1960).

[21] B. M. Vintagre, I. Podlybni, A. Hernandez, V. Feliu, Some approximations of fractional order operators
used in control theory and applications, Fract. Calc. Appl. Anal., 3(3) (2000), 231–248.

[22] J. Wang, L. Lv, W. Zhou, Ulam stability and data dependence for fractional differential equations with
Caputo derivative, Electron. J. Qual. Theory Differ. Equ., 63 (2011).

[23] J. Wang, A. Zada, H. Waheed, Stability analysis of a coupled system of nonlinear implicit fractional
anti-periodic boundary value problem, Math. Meth. App. Sci., (2019). DOI: 10.1002/mma.5773.

[24] A. Zada, S. Ali, Stability Analysis of multi-point boundary value problem for sequential fractional
differential equations with noninstantaneous impulses, Int. J. Nonlinear Sci. Numer. Simul., 19 (7)
(2018), 763–774.

[25] A. Zada, S. Ali, Stability of integral Caputo–type boundary value problem with noninstantaneous
impulses, Int. J. Appl. Comput. Math., (2019), 5: 55.

[26] A. Zada, W. Ali, S. Farina, Hyers–Ulam stability of nonlinear differential equations with fractional
integrable impulses, Math. Meth. App. Sci., 40(15) (2017), 5502–5514.

[27] A. Zada, S. Ali and Y. Li, Ulam–type stability for a class of implicit fractional differential equations with
non–instantaneous integral impulses and boundary condition, Adv. Difference Equ., 2017, 2017:317.

[28] A. Zada, W. Ali and C. Park, Ulam’s type stability of higher order nonlinear delay differential equations
via integral inequality of Grönwall–Bellman–Bihari’s type, Appl. Math. Comput., 350 (2019), 60–65.

[29] A. Zada, S. Faisal, Y. Li, On the Hyers-Ulam Stability of first order impulsive delay differential equations,
J. Func. Spac., (2016), 6 pages.

[30] A. Zada, F. Khan, U. Riaz, T. Li, Hyers–Ulam stability of linear summation equations, PUJM, 49(1)
(2017), 19–24.

[31] A. Zada, U. Riaz, Kallman–Rota type inequality for discrete evolution families of bounded linear oper-
ators, FDC, 7(2) (2017), 311–324.

[32] A. Zada, U. Riaz, F. Khan, Hyers–Ulam stability of impulsive integral equations, Boll. Unione Mat.
Ital., 12(3) (2019), 453–467.

[33] S. Zhang, The Existence of a Positive Solution for a Nonlinear Fractional Differential Equation, J. Math.
Anal. Appl., 252 (2000), 804–812.

19


	Introduction
	Axillary Results
	Existence and Uniqueness
	Ulam's stability analysis
	Example
	Conclusion

