GENERAL DECAY AND BLOW-UP OF SOLUTIONS FOR A
NONLINEAR WAVE EQUATION WITH MEMORY AND
FRACTIONAL BOUNDARY DAMPING TERMS
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ABSTRACT. The paper studies the global existence and general decay of so-
lutions using Lyaponov functional for a nonlinear wave equation, taking into
account the fractional derivative boundary condition and memory term. In
addition, we establish the blow up of solutions with nonpositive initial energy.

1. INTRODUCTION

Extraordinary differential equations, also known as fractional differential equa-
tions are a generalization of differential equations through fractional calculus. Much
attention has been accorded to fractional partial differential equations during the
past two decades due to the many chemical engineering, biological, ecological and
electromagnetism phenomena that are modeled by initial boundary value problems
with fractional boundary conditions. See Tarasov [19], Magin [13], and Valério et
al [20].

In this work we consider the nonlinear wave equation

uy — Au + auy + fotg(t —38)Au(s)ds = [ulP~%u, =€ Q,t>0,

ou __ Q,

(1.1) S = —b0y""u, ey, t>0,
UZO, x€F1>t>Oa
u(z,0) = uo(x), wu(z,0)=ui(x), T €,

where € is a bounded domain in R™, n > 1 with a smooth boundary 02 of class
C? and v is the unit outward normal to 92 = I'y UT';, where I'g and I'; are closed
subsets of 9Q with To N Ty = 0.

a,b >0, p>2 and 9;"" with 0 < o < 1 is the Caputo’s generalized fractional
derivative (see [7] and [8]) defined by:

1 t
OMu(t) = =———— [ (t— )% M Dy (s)d >0
Pt = gy [ =9 e (s, g0,
where T' is the usual Euler gamma function. It can also be expressed by
(1.2) O Mu(t) = I/ (t),

where 1%" is the exponential fractional integro-differential operator given by

1 t
] / (t— s)aflefn(tfs)u(s)ds, n > 0.
0

I%My(t) = m
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In the context of boundary dissipations of fractional order problems, the main
research focus is on asymptotic stability of solutions starting by writing the equa-
tions as an augmented system (see [15]). Then, various techniques are used such as
LaSalle’s invariance principle and multiplier method mixed with frequency domain,
(see [2], [3], [6], [7], (8], [16], [19]).

In [2], Akil and Wehbe used semigoup theory of linear operators to prove stability
of the following problem

Uy — Au = 0, zeQ, t>0,
%:—bata’"u, z€ly, t>0, >0, 0<a<l,

uw=0, zely, t>0,
u(z,0) = uo(z), u(z,0) =ui(x), =€

In [14], Mbodje carried on the study by investigating the decay rate of energy to
prove strong asymptotic stability if = 0, and a polynomial decay rate E(t) < % if
n > 0.

Later in [11], Kirane and Tatar proved global existence and exponential decay
of the following wave equation with mild internal dissipation

(1.3)
ug(x,t) — Au(z, t) + aug(z, t) + f(fg(t —s)Au(s)ds = f(z,t), Te€Q,t>0,
9u(z,t) + fot K(z,t — s)us(x, s)ds = h(z,t), z €Ty, t >0,
UO(SC,t):O $€F1,t>0,
u(z,0) =up(z) u(z,0) =ui(z) x e Q.

where the homogeneous case was also considered in [4] by Alabau and al, in order

to establish polynomial stability, then in [5] for exponential decay.

Dai and Zhang [8] replaced fot K(z,t — s)us(x, s)ds by 0fu(z,t) and h(z,t) by

|u|™"1u(z,t), and managed to prove exponential growth for the same problem.
Noting that the nonlinear wave equation with boundary fractional damping case

was first considered by authors in [18], where they used the augmented system to

prove the exponential stability and blow up of solutions in finite time.

Motivated by our recent work in [18] and based on the construction of a Lya-
punov function, we prove in this paper under suitable conditions on the initial data
the stability of a wave equation with fractional damping and memory term. This
technique of proof was recently used by [9] and [18] to study the exponential decay
of a system of nonlocal singular viscoelastic equations.

Here we also consider three different cases on the sign of the initial energy as re-
cently examined by Zarai and al [21], where they studied the blow up of a system
of nonlocal singular viscoelastic equations.

The organization of our paper is as follows. We start in sect.2 by giving some
lemmas and notations in order to reformulate our problem (1.1) into an augmented
system. In the following section, we use the potential well theory to prove the global
existence result. Then, the general decay result in section 4. In sect.5, following a
direct approach, we prove blow up of solutions.



2. PRELIMINARIES
Let us introduce some notations, assumptions, and lemmas that are effective for

proving our results.

Assume that the relaxation function g satisfies
(G1) g : Ry — R, is a nonincreasing differentiable function with

(2.1) g(0) >0, 1—/ g(s)ds=1>0
0

(G3) There exists a constant £ > 0 such that
(2.2) g (t) < =¢&g (), vt > 0.

We denote

t

(2.3 gou) )= [ g3 Ju(®) —u(s) ds
and

N = {w e Hi|I(w) >0} U {0},

H} (Q) ={ue H'(Q),ulr, =0}.
Lemma 1. (Sobolev-Poincaré Inequality, see [16])
If either 1 < g < %, (N >3)orl<q<+oo (N =2). Then there exists C, > 0
such that

lullg+1 < Cl[Vull2, Vu € Hy (),

Lemma 2. (Trace -Sobolev embedding )
For all p such that

2(n—1)
24 2 <
(24) <P= n—2
we have
H} (Q) < LP(Ty).
We denote by B, the embedding constant i.e.,
[ullp.ro < Bqllull2.

Lemma 3. ([21], p. 5, Lemma 2 or [12], p. 1406 ,Lemma 4.1)
Consider a nonegative function B(t) € C?%(0,00) satisfying

(2.5) B"(t) —4(6+1)B'(t) + 4(6 + 1)B(t) > 0,
where § > 0.

If

(2.6) B'(0) > r2B(0) + o,

then

(2.7) B'(t) >y, Vt>0

where lg € R, ro represents the smallest root of the equation
(2.8) =4+ D)r+(5+1)=0.

i.e. T =2(0 + 1) — 2,/(d + 1)4.
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Lemma 4. ([21], p. 5, Lemma 3 or [12], p. 1406 ,Lemma 4.2)
Let J (t) be a non-increasing function on [tg, 00) verifying the differential inequality

(2.9) J (2> a+bJ ()5, t>1>0,

where o > 0, b € R, then there exists T* > 0 such that
(2.10) lim J(t) =0,
t—T*—

with the following upper bound cases for T*
(i) When b < 0 and J(tp) < min {1, a/(—b)}

In \/?b

1
2.11 T* .
( ) <to+ = T&b )

(ii) When b= 0,

J(to)
2.12 T <t .
( ) <to+ \/a
(iii) When b > 0,
J(to)
2.13 T <
(2.13) <72
or
35+1 (5(} 1
. * < _ _ 25
(2.14) T < i+ 25 (1 [+ cJ(to)] )
where

b 6/(2+9)
=(2)
«

Definition 1. We say that u is a blow-up solution of (1.1) at finite time T™* if
1

2.15 lim — =0.
(2.15) LI T

Theorem 1. ([14], Theorem 1)
Consider the constant
0= (m) " !sin (an)

and the function u given by

(20—1)

(2.16) p@ =", 0<a<l, (€
Then, we can obtain
(2.17) O =1'"*".

which is a relation between U the ”input” of the system
(2.18) Did(&,1) + (€2 + (&, t) = UL, t)u(€) =0, t>0,7>0, E€R



and the ”output” O given by

+oo
(2.19) O(t) = o / B, Du(E)de, R, >0,

— 00

Now using (1.2) and Theorem 1, the augmented system related to our system
(1.1) may be given by

(2.20)
Uy — Au + auy + fotg (t —s)Au(s)ds = [ulP72u, z€Q,t>0,
OB(&,) + (€2 +m)B(&, 1) — ug(w, t)u(€) = 0, z€To, & €R,E >0,
9u — by [T 0, t)p(E)de, z €T, £ €R,t >0,
u =0, rel,t>0,
u(z,0) =up(x), wu(x,0)=ui(x), T €,
¢(&,0) =0, ¢ eR,

where by = bp.

Lemma 5. ([3], p. 3, Lemma 2.1)
ForallA€e D, ={A € C:3mA#0}U{X € C: ReX+n > 0}, we have

Y R (3] .7 a—1
AA_/,OO n+A+£2d€_Sin(mT)(n+A) '

Theorem 2. (Local existence and Uniqueness)
Assume (2.4) holds. Then for all (ug,u1,dy) € Hp () x L*(Q) x L*(—o0,+00),
there exists some T small enough such that problem (2.20) admits a unique solution

ue C([0,7), Hy, (Q)),
(2.21) { ue € C((0,T), L*(2)),

(b € C([Ov T)? Lz(foov +OO)

3. GLOBAL EXISTENCE

Before proving the global existence for problem (2.20), let us introduce the func-
tionals:

1) = (1 - g(s)ds> I9ull2 + (g0 V) (1) — [Jull

and

5= 3 [(1= [ oto1as) w0l + 6o v )] = Ll

The energy functional E associated to system (2.20) is given as follows:
(3.1)

1 1 K 1 1 b oo
B0 = glhulies (1= [ o) I9uleg (oo v =S+ [ [ joteonPcan

Lemma 6. If (u, @) is a regular solution to (2.20), then the energy functional given
in (3.1) verifies
(3.2)

d 1 1 oo
GE0) = —olul= 50 () IVuls 5 (0 0 Vu) )b [ [ € emlots dedp <o
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Proof. Multiplying by u; in the first equation from (2.20), using integration by
parts over (), we get

1 1 ¢ 1
hul— [ Awwde s alutg+ 5 (1= [ g)as) Ivulg + 5 (a0 v 0
0

= /\u|p*2uutdx.
Q

Therefore

Stz + (1 /t ()ds ) [Vull3 + 1 (90 V) (1) — — Jull
2|z 2 (1= Z(go i
7 |z +3 Ogs s ullz + 35 (goVu pup

(3.3) e
+a||ut||%+b1/ ut(:c,t)/ w(€)p(€,t)dedp = 0.

r —o00

Multiplying by b1¢ in the second equation from (2.20), and integrating over I'g x
(—00, +00), we get

by d o0 e
» ;dt/m | lte.agao+ b /F | €+ wiote.oagan
. —+o00

b, /F wi(z, 1) /_ W)€, t)dedp = 0.

From (3.1), (3.3) and (3.4) we obtain

d 1 1 Feo
SO = —alul=39 () [Vull3+3 (o o Voo ()b | 0 | @ miote.opasdp <o

O

Lemma 7. Assuming (2.4) holds and that for all (uo,u1,¢,) € Hp, (Q) x L*(9) x
L?(—00,+00), verify

(3.5) g =CL (ﬁE(O)) <1

p—2
I(UO) > 0,

Then, u(t) € X, ¥Vt e [0,T].

Proof. As I(ug) > 0, there exists T* < T such that
I(u) >0, Vte[0,T7).

This leads to:

_ K s)ds uz o Vu 271) §
56) (1 /Og( )d>IIV I3+ (g0 V) (t) < —=J(t), Vte[0,T7)

Using the Poincare inequality, (2.1), (2.3), (3.5) and (3.6), we obtain

lully < CZIIVull}

(3.7) 2p 22
<or(SZm0) T 1wl



Thus
t
<1 f/ g(S)dS) IVull3 + (g 0 Vu) () — [[ullb > 0, vt € [0,T7).
0

Consequently uw € H,Vt € [0,T*).
Repeating the procedure, 7% can be extended to 7', and that makes the proof of
our global existence result within reach. O

Theorem 3. Assume (2.4) holds. Then for all
(uo,u1, o) € Hp (Q) x L*(Q) x L*(—00, +00)
verifying (3.5), the solution of system (2.20) is global and bounded.

Proof. From (3.2), we get

(3.8)

vy (1= [ a0 ) 19+ 5 00 90 (0= Sl

/Fo/m (&, 0)2dgdp

— 1 b Foo
> - 2, PFP— - 2, = “1 2 )
> gl + P2 ivuig 10+ 5 [ [ o nracds
Or I(t) > 0, therefrom
+o0o
el + IVl + by / | 1ot 0radp < 100,

where C4 :max{%,%ﬂ}. O

E(0) = E(t) = ||usz

4. DECAY OF SOLUTIONS
To proceed for the energy decay result, we construct an appropriate Lyapunov

functional as follows:

€2b1

71#2@)7

(4.1) L(t) = e1 E(t) + 291 (1) + 5

where

1/11(15):/Qutud:r,

0= [ 0 / +:<£2 ) ( / t¢<§,s>ds>2dsdp,

and €1, €5 are positive constants.

Lemma 8. If (u, ¢) is a regular solution of the problem (2.20). Then, the following
equality holds

/FO/+°°£ +n)¢ £t/¢§’ Ydsdédp —
/FD (x,t)[w 6(&, )p(E)dédp - /FO/*‘” ole. 0P dedp.
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Proof. From the second equation of (2.20), we have

Integrating (4.2) over [0,t], and using equations 3 and 6 from system (2.20), we get

(4.3) / (€2 + (&, 5)ds = u(w, u(€) — 6(£,1), Va € T,
hence,
(4.4) €+ ) / 6(€,5)ds = u(z, (&) — 4(6,1), V€T,

A multiplying by ¢ followed by an integration over 'y x (—o00, +00), leads to

/Fo /;m(fz +m)e(€,t) /Ot (&, 5)dsdedp =
/Fo u(x,t) /:O o(&, t)pu(§)dedp — /FO /J:O 16(¢, 1) dgdp.

Lemma 9. For any (u, @) solution of problem (2.20), we have
(4.5) aB(t) < L(t) < azB(1),
where a1, are positive constants.

Proof. From (4.3), we get

(16) /¢¢ - 0 e,
Thus

' LB OP | Julz,)PEE) (€ ule, )u(E)
@) </ d’(f’s)ds) @ T @D @4

A multiplying by &% 4 7 in (4.7) followed by an integration over Ty X (—0c0, 4+00),
leads to

+oo “+o0 2
w0l < [ [ s dfd [ Juta o2 / g‘“’ dédp
+°°|¢>s, xt>(>|dd
+2/FU/ ¢

Using Young’s inequality in order to have an estimation of the last term in (4.8),
we get for any § > 0

(4.8)

oo (. 5, z,t g€ )] Jul, b))
/ro/ dgdp /ro/ (& +n)3 (E +n)z dedp
oo |¢ 5 t)|
(4.9) < /F / dfdp

+oo 2
o] \u(a:,t)|2/_oo gf;dfdp.




Combining (4.9) and (4.8), we obtain
25 + 1 oo t)|
()] < ( /F/ |¢§ dgd
0

(410 +°° 12 (€)
+ (26 +1) . |u(z,t)|2[m £2+nd§dp.
Since EQ}HI < %, then
25+1 +°°
a0l < Copt) [ ot oracdo
(4.11) o 200)
25+ 1 2 dédp.
£+ [ o) /OOf ¢

Applying Lammas 2 and 5 we get

+oo
(412) o) < (2 / | Iote.0dgn+ 40,25+ ]Vl

20m

By Poincare-type inequality and Young’s inequality, we obtain

(4.13) [ ()] < 2||ut||2 < ||VU||%
Adding (4.13) to (4.12):

bl bl
[Py (8) + §¢2(t)| < [0+ 5@2@‘
1 1
(4.14) < Sllwls + 5 [AoBybi (20 +1) + CL] [ Vull3
20 + 1 +°°
— t)|°déd
2[2577}/%/ H& 1)l ded.
Therefore, By the energy definition given in (3.1), for all N > 0, we have:

01 (8) + By (0)] < NB() + -

N
e |3 + ;HWHZ

1
(4.15) +3 [AgByb1(26 + 1) + C — N]||Vul3

bi [20+1 teo
+2{ - ]/F AR

From (3.7) and (4.15), we finally get

b 1-N
[1(0) + 5 2 (8)] < NE(t) + —5— [lue3

-2
(4.16) {AOB b1(26 + 1)+ O, — N} | Vul|3

by [20+1 +oo 2
5 Bt =] [ etepacan

where N and ¢; are chosen as follows

2 1 2p(AgB 2 1 v
N > ma: {5+ 7 p(Ao qb;(52+ )+ C.)

€1 Z NEQ.

;13
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Then, we conclude from (4.16)
a1 E(t) < L(t) < asE(t),
where
a1 = €1 — Neg
and

ag = €1 + Neo.

Now, we prove the exponential decay of global solution.

Theorem 4. If (2.4) and (3.5) hold. Then, there exist k and K, positive constants
such that the global solution of (2.20) verifies

(4.17) E(t) < Ke %,

Proof. By differentiation in (4.1), we get

L) = e B () + eauel |2 + 62/ wppuds

(4.18) . R
b 2 dsdédp.
e 1/r0/oo (€ +n)¢<£,t>/0 6(&, 5)dsdédp

Combining with (2.20) to obtain

L'(t)=eE )+ e [Hut”g — |Vul3 + [l — a/ uutdx}
Q

+oo
(4.19) ~bies /F u(et) [ @t ey

—+o0 - t
+bies /F /_ (€ + el t) /0 o€, s)dsdedp.

An application of Lemma [8] leads to

L'(t) = e, E'(t) + e2]lull — el Vull3 + e2lull}
(4.20) +o00 ,
*blﬁg/ / lo(&,t)| dfdpfaq/ uugde.
F() — 00 Q

Using Poincare-type inequality and Young’s inequality on the last term of (4.20),
we get for all &' >0

1
(4.21) / uupdr < — ||lug]|2 + C.8'||Vul|3.
Q 46

From (4.20), (4.21) and (3.2), we obtain

4
48’

“+o0
T eallull? — bres / / (¢, 1)[2dedp.

L'(t) < [aer + e2(1+ 5)| lluell3 + e2 [-1+ 'Cua] | Vul

(4.22)
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Using (3.7) to get

(4.23)
@
46’

+oo
e, /F [ I6(€, 0)|2dedp.

On the other hand, from (3.5)

2p

p—2
)7 1 ul}

L) < [~aer + o1+ 2] [l + 2 [—1 L Cuat O

2p

—1+C¥( 2)’%2 <0.

For a small enough ¢’, we may have

1+ 8Ca+cr(—P ) <,
p—2

Then, choosing d > 0, depending only on ¢’ such that

a
(1) < [~aes +e2(1+ )] lluel3 = exdl|Vull

+oo
“bres /F / (€, 1) 2dedp.

Equivalently, for all positive constant M, we have

(4.24)

a

L’(t) < |:CL€1 + 62(1 + 475,

M M
+ 30| Il + | a1l
(4.25) Y o
sna |5 -1| [ loteopacs - aneo,

For €; and M < min{2,2d} chosen such that

ea(1+ 4%, + %)
—

€1 >

We obtain from (4.25)

—€2M
Qa2

(4.26) L'(t) < —MeE(t) < L(¢),

as a result of (4.5). Now, a simple integration of (4.26) yields
L(t) < L(0)e™*

where k = % Another use of (4.5) provides (4.17). O

5. BLow up

In the current section, we follow the same approach given in [7] to prove the
blow up of solution of problem (2.20).
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Remark 1. By integration of (3.2) over (0,t), we have

E(t) = —a/ ||us||2ds

6.1 +§(1— [ st2as) 19l + 3 g0 v 0

b, /0 t /F 0 / j<52+n>|¢<£,s)|2dfdpds.

Now, let us define F(t):

F(t) = [ul+a / Jul3ds
(5.2) - (1 -[ g<s>ds) IVl ~ & (g0 Vu) (6 + biH)

where

(5.3) ) = | t / 0 / :0(52 ) ( / (e, z)dz>2 dédpds.

Lemma 10. Assuming ||Vul||3 is bounded on [0,T), Then
(5.4) H(t) < C < +o0.
More precisely
H()< ClBe nCs [02(1 1a+C3 2« ]I‘(a)T4
where

Cy = sup {[[Vull3,1}.
te[0,T)

Proof. Using (2.17) and (2.18), we obtain
t

(5.5) 6(6t) = [ u©c € (e s)ds, Vi€ T,
0

A Holder inequality yields

t 3 o gt 3

(5.6) & t) < (/ ,u2(§)e_2(52+")(t_s)ds> (/ |u(x,s)|2ds> , Vzel,.
0 0

On the other hand,

(5.7) ( / t ¢<f,s)ds)2 < /0 10, ) s

From (5.6 (5.7), we obtain

(/ #(€,8) s> <T/Ot [/0 u2(§)62(§2+n)(sz)dz/os |u(3:,z)|2dz] ds

Applying Lemma [2] leads to

t s
(5.9) /F (/ ) s> dprqC’lT/O [/0 M2(5)6—2<52+”)<S—Z>dz] ds.
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Since z € (0, s), we choose 3C > 0 such that s — z > 2 to term (5.9) into

t 2
10 /r </0 (b(g’s)ds) = %BqQT?’ﬁ(é)e_C?“Q*").

A multiplication by ¢ + 7 followed by integration over (0,t) x (—oco, +00), yields

t “+ o0
H(t) < CyBye "2T? / [ / 52““@025264 ds
0 0

(5.11) S0
+ Cy Bye "% T? / [ / 520‘_160252@} ds
o LJo
Then
1 t “+ o0
H(t) < iCque*”CZCgo‘flTB/ [/ yaeydy] ds
(5.12) 0 LJo

1 . t —+oo
+ §Cqu67"CQC§’_2a7)T“/O {/0 yo‘leydy] ds.
Applying a special integral ( Euler gamma function), we obtain

1
(5.13) H(t) < 5()qu€*”02 (C3* o+ C3 72| T() T

Lemma 11. Suppose p > 2, then

(5.14)
F(t) > (p+2)||uel3

2 {-BO+ / s~ 5 (1 / (335 ) [Vl = 5 (905 0.
by /0 /F 0 / ;w(€2+n)l¢(£78)l2d€dpd8}

Proof. We differentiate with respect to ¢ in (5.2), then we get
F'(t) = 2/ uugdx + al|ul)3
1 1
(5.15) + 59O IVull3 = 5 (9" Vu) (¢)

+2b1//ro/+oog +0)p(E, s /qsg, )dzd¢dpds.

Using divergence theorem and (2.20), we obtain

¢
F(t) = 2|juq |3 72/ Vu/ g (t —s)Vu(s)dsdz
Q 0

+ o0
(5.16) + 2ulf?, + 2b, /F u(a,t) / HW(E)B(E, t)dedp

— 00

+oo t
by / / (€ + m)o(e.1) / o(¢. 5)dsdédp.
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By definition of of energy functional in (3.1) and relation (5.1), we give the following
evaluation of the third term of (5.16)

“+ o0
2ull2 = plludll? + pl| Vull2 + pby / / I6(¢.8)*dédp — 2pE(0)
0 — 00

61+ o[l — g (1o [ gis) 19U - 0o v 0

t +oo
2 2
+b1/0 /FO /_OO (& +n)le(, 5)] dfdpds:|.

We can also estimate the last term of (5.16) using Lemma [8]:

+oo '

2 J—

/ro /m (€ +77)¢>(€,t)/0 $(&, 5)dsdedp =
+oo

—+oo
/F (e, /_ ol Ou(dedp - /F 0 /_ IR
From (5.17), (5.18) and (5.16), we get

(5.18)

+oo
F'0) > (04 2wl + (- 2| Vul2 + ba(p — 2) / / 6(¢. D)|2dedp

519) 42|50 +a [ Juldas - 50~ [ gavult - 5o v .

t +oo
H)1/0 /F /m (€2+n)|¢(§78)|2d§dpd3]

Taking p > 2, we obtain the needed estimation

F'(t) = (p+ 2)lluel3

v { =m0 0 [ ulas— 5 (1= [ o1as) 19013 - S (g0 v o).

t +oo ) , }
+b1A /FO [oo (€ +m)e(€, 5)|"dEdpds

|
Lemma 12. Suppose p > 2 and that either one of the next assumptions is verified
(i) E(0) < 0.
(i) E(0) =0, and
(5.20) F/(0) > alluoll3.
(i11) E(0) > 0, and
(5.21) F'(0) > [F(0) + lo] + alluoll3,
where
r=p—2yp*—p
and

(5.22) lo = alluoll3 — 2E(0).
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Then F'(t) > allugl|3, for t > to, where

F7(0) — alluo|3]
2pE(0) ’

where tg = t* in case(i), and to = 0 in case(ii) and (iii)

Proof. (i) Case of E(0) < 0.
From (5.14), we have

(5.23) t* > max {0,

F'(t) = —2pE(0),
which clearly leads to :

’

F'(t) > F (0) — 2pE(0)t.
Then

F (t) > alluol3, vt > t*,
where t* as given in (5.23).
(ii) Case E(0) = 0.
Using (5.14) we got

Thus
Then, by (5.20)

F'(t) > allug|3, ¥t > 0.
(iii) Case E(0) > 0.

The proof of this case consist of getting to a differential inequality: B”(t)—pB’(t)+
pB(t) > 0 pursued by a use of Lemma 3. Indeed, from (5.15) we have

"(t) = uugdr + al|ul3
F@—zé d + alu]
(5.24) + 200 IVl — 5 (o o Vu) (1

+2bl//ro/+oog+n (s /¢g, \dzdédpds.

Or, the last term in (5.24) can be estimated using a Young’s inequality

//FO/%O5 +m)9(E; 5) /¢5, Ydzdédpds

(5.25) <3 /0 / U / ;w(£2+n>|¢<£,s)2d5dpds

L LS (o) o

On the other hand

t t
d

(5.26) 2/ /usudxds:/ —||us||§ds: ||u||§— Hung
0 JQ o ds

By Young’s inequality, we get

t t
(5.27) Jul < / usl|2ds + / Jul3ds + luoll2
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Now, we remake (5.24) using (5.25) and (5.27)

(5.28)

t t
F/(t) < [lull3 + usll? +a / luellZds + a / Jul3ds + alluo2

1(1/t (5)ds) [Vl - 5 (g0 V) 0 m//ﬂ)/ms T 0)I6(E, 5) Pdedpds
+b1/ /Fo/mg +) (/ S(5, 2) z) dédpds.

From definition of F' in (5.2), inequality (5.28) also becomes

t 400
F/(t) <F () + g3 + by / / / (€ +1)|o(&, ) Pdedpds
(5.29) 0 /T J—o0

t
+a [ uelBds + alluo .
0

Thus by (5.14), we get

t
F"(t) = p{F'(t) = F(t)} > 2||ul|3 + ap/ lus|[3ds — palluoll3 — 2pE(0)
0

(5.30) . oo

o [ [ €@ ol o) Pdedpas.

0 JI'g J—o0
Hence
(5.31) F'(t) = pF'(t) + pF(t) + plo > 0,
where
lo = alluoll5 — 2E(0).

Posing

B(t) = F(t) + lp.
Leads to
(5.32) B"(t) — pB'(t) + pB(t) > 0
By Lemma (3) and for p = § + 1, we conclude that if
(5.33) B'(t) > (p—2v/p? —p)B(O)—I—aHuOHS.
Then

F'(t) = B'(t) > al|luoll3 Vvt >0.
O

Theorem 5. Suppose p > 2 and that either one of the next assumptions is verified
(i) E(0) < 0.
(i) E(0) =0 and (5.20) holds.

2 1
(iii) 0 < E(0) < G2 (%) Ll )T g (5.21) holds.

Then, In the sense of Definition 1, the solutwn (u, @) blows up at finite time T*.
For case (i):

(5.34) T* <ty — j((i(;)).
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Moreover, if J(to) < min {1, \ /%b} , we get

1 —b
(5.35) T <ty + In .
Vb = — J(to)
For case (ii): we get either
J(to)
. T <tyg—
(536) <to— 5o,
or
J(to)
. T <+t
(537) <tot G
For case (iii):
J(to)
5.38 T <
(5.39) <200
or else
(5.39) T <tg+2 B =),
o

where v, = ”4;4, c= (3)217;1, J(t), b and o are as in (5.40) and (5.54) respectively.

Note that to = 0 in cases (ii) and (iii). For case (i), we have as in (5.23): ¢, = ¢*.

Proof. Consider

(5.40) J(t) = [F(t) +a(T = )luol3] ™, ¢ € [to, T].
We differentiate on J(t) to get

(5.41) T (t) = =y J ()5 [F'(8) = alluo|3]

and again

(5.42) (6 = =IO Gw),

where

"

(643 G = F' (1) [F(0) +aT ~ Olluoll3] — (L+70) {F 1)~ alluo 3}
Using (5.14), we obtain

F'(t) = (p+2)[lue3

ran{-m0) 0 [ s =3 (1= [ atas) 19013 - S (g0 v 0.

t +o00 ) . }
+b1~/0 /1“O /_Oo (& +m)e(E, s)|"dedpds
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Consequently

F"(t) > —2pE(0)
(5.44) {Huﬁllzﬂ / usl13ds ~ (1— /tg<> )||Vu||2—1<gow><>

+b1/ /F /m € 4 n)lg(e, )|2d£dpds}

Or, from from (5.15) and the fact that ||ul|3 — |Juo||3 = 2]3 Jo usudxds, we attain

t
F'(t) — al|ug||? :2/ uutdx—i—Qa/ /usud:cds
Q 0 Ja
t “+o0 S
2
v [ [ @ o) [ ot adsapas.

Going back to (5.43) with (5.44) and (5.45) in hand, we get

(5.45)

(5.46)
G(t) = —2pE(0)J (1)

e {udd+a [ uatzas— 3 (1 [ oo)is) 1Vul - 5 o V) 0

v [ [ 7@ vt oPasapas
<tz [ igas— 5 (1 [ otoras) 1vul - 5 o v 0
+bI/ /Fg/mg +1) (/ 6(¢,2) ) d&dpds]

4(1+71){/ uutdera/ /usudxds+ Lo )||Vu||271(g o V) (£) .

+b1//ro/+oo§ +n)o(&, s) /qﬁ& dzdé“dpdS}-

For sake of simplicity, we introduce the following notations
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=l o [ alas— 5 (1= [ atsras) 1913 - 5 (oo v @)

+b1A /FO/Jroof +1n) <0 (&, 2) z) dédpds,
B- /uutdﬁa//uudxds+1g()||vu||2—1(govu)()
+b1//po/_+w§ Fmote.s) [ o Jazdcdpas,

C =l +a [ fuutgas — 5 (1= [ olsas) V0l - 3 00 V) 0
+b1/ /Fo/foog + )l6(&, 5) 2dgdpds.

Therefore

(5.47) Q(t) > —2pE(0)J(t)1 +p{AC — B},
Note that, Vw € R and Vt > 0,

(5.48)

Aw? +2Bw +C = [w2||u||§+2w/ uupdr + |ut%}
Q

+a/0t [w2|u||§+2w/9uusdx+ ||u3||§] ds
#r1) (=5 (1= [ o) 19l - 0o w0 )

+u (300 1V0lE - 5 (' 00 1)

o [Tl (f weon)

2wl ) / o€, 2)dz + ¢<5,s>|ﬂ dedpds.

Hence

(5.49)

Aw? 4 2Bw + C = [w||ul|2 + HWHQ]Z + a/o [w|ull2 + ||Us||2]2 ds
w4 1) (5 (1= [ o6)as) 1908 - 5090 @) +u (o IVul - 5 (0 0 V) 0)

+b1//FU/_+OO£ ) [ /¢£, )z + |6(€, )] dedpds.
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It is clear that
Auw?+2B+C>0

and
(5.50) B2~ AC < 0.
Then, from (5.47) and (5.50), we obtain

(5.51) G(t) > —2pE(0)J(t) ", t > to.
Hence, by (5.42) and (5.51)

p*> —4p
9

Or, by Lemma [12], J'(t) < 0, where ¢ > t,.
A multiplication by J'(¢) in (5.52), followed by an integration from ¢ to ¢ leads

(5.52) J'(t) < B0)J(), > to.

to
(5.53) J (t)2 >0+ bJ(t)2+%7
where
Gan | P (P ) = ) = 2= B0 00) 7 | 00
_ plp—4)?
b=, =1 PO

_ ’ —allu 22 o
Note that o > 0, is equivalent to E(0) < (2p=4)(F"(t0) 16!} oll3) J(to) 7

Lemma [4] ensure the existence of a finite time 7* > 0 such that

lim J(t) = 0.

t—T*—

, which by

That involves

(5.55)

—1

t 1 ¢ 1
lim HUII§+G/ ull3ds — = 1—/9(8)ds IVull3 — = (g0 Vu) (t) + biH(t)|  =0.
t—T*— 0 2 0 2

ie.

(5.56)
K 1 K , 1
i {Jul 4o [ fuldas = 5 (1 [ a(o)ds) I9ul} = 5 (g0 V) () + ()] = o
t—T*— 0 2 0 2
So, there exists a T such that tg <7 < T* and |Vul|3 — +ocoast — T~.

Indeed, if it is not the case, then ||Vu||3 remained bounded on [to, T*), which by
Lemma [10] leads to

Jim [Jull3 +b1H(t)] = C < 400,

contradicting (5.56). O
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6. CONCLUSION

Much attention has been accorded to fractional partial differential equations dur-
ing the past two decades due to the many chemical engineering, biological, ecological
and electromagnetism phenomena that are modeled by initial boundary value prob-
lems with fractional boundary conditions. In the context of boundary dissipations
of fractional order problems, the main research focus is on asymptotic stability of
solutions starting by writing the equations as an augmented system. Then, various
techniques are used such as LaSalle’s invariance principle and multiplier method
mixed with frequency domain. we prove in this paper under suitable conditions
on the initial data the stability of a wave equation with fractional damping and
memory term. This technique of proof was recently used by [18] to study the ex-
ponential decay of a system of nonlocal singular viscoelastic equations.

Here we also considered three different cases on the sign of the initial energy as
recently examined by Zarai and al [21], where they studied the blow up of a system
of nonlocal singular viscoelastic equations.

In next work, we try to extend the same study of this paper to a general source
term case.
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