GLOBAL BOUNDEDNESS AND ASYMPTOTICS OF A CLASS OF
PREY-TAXIS MODELS WITH SINGULAR RESPONSE

WENBIN LYU!, ZHI-AN WANG?

ABSTRACT. This paper is concerned with a class of singular prey-taxis models in a smooth
bounded domain under homogeneous Neumann boundary conditions. The main challenge of
analysis is the possible singularity as the prey density vanishes. Employing the technique of a
priori assumption, the comparison principle of differential equations and semigroup estimates, we
show that the singularity can be precluded if the intrinsic growth rate of prey is suitably large and
hence obtain the existence of global classical bounded solutions. Moreover, the global stability of
co-existence and prey-only steady states with convergence rates is established by the method of
Lyapunov functionals.
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1. INTRODUCTION AND MAIN RESULTS

Prey-taxis, a widespread biological phenomenon, describes the movement of predators towards
higher density concentrations of prey. It plays important roles in biological control and ecological
balance such as regulating prey (pest) population to avoid incipient outbreaks of prey or forming
large-scale aggregation for survival (cf. [4, 23, 25]). The prototypical prey-taxis model was
proposed by Kareiva and Odell in [11] to interpret the field experimental patterns formed by
individual ladybugs (predators) and aphids (prey), which reads as (see equations (55)-(56) in

[11]):
{ ou =V - (d(w)Vu) — V - (ux(w)Vw) + yuF (w) — uh(u), (1.1)
Ow = DAw — uF(w) + f(w), '

where u = u(z,t) and w = w(x, t) denote the population densities of predator and prey at position
x and time ¢, respectively, and D > 0 is a constant denoting the prey diffusivity. The term V -
(d(w)Vu) describes the predator diffusion with coefficient d(w), and —V - (ux(w)Vw) accounts for
the prey-taxis with coefficient x(w), where both diffusion and prey-taxis coefficients depending the
prey density relating to individual foraging behaviors (see some explicit examples in [11]). F(w) is
called the functional response function - the predator’s intake rate as a function of prey density.
There are various possible functional response functions (cf. [9, 22]) among which the most
well-known are the so-called Holling type I (i.e. Lotka-Volterra), II and III. h(u) = 1 + au with
« > 0 denotes the predator’s mortality rate including natural death and intra-specific competition
(if @« > 0). f(w) is the birth-death function of prey and its typical forms include f(w) =
pw(l —w/K) (Logistic type) or f(w) = pw(l —w/K)(w/k — 1) (Bistable or Allee effect type)
for 0 < k < K with intrinsic growth rate u > 0 and carrying capacity K > 0.

The prey-taxis model (1.1) proposed in [11] with non-constant d(w) and x(w) was first studied
in [7] on the global existence of solutions and pattern formations for the Holling type I and II

1

functional response functions. When d(w) is constant and y(w) = W(U = 1,2), the traveling

wave solution of (1.1) was investigated in [15]. When both d(w) and x(w) are constant, the
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prey-taxis model (1.1) has been widely studied in recent years (cf. [7, 8, 16, 26, 28, 29, 34]).
The numerous variants of (1.1) have also been studied, such as indirect prey-taxis (cf. [1, 21,
27]), three-species prey-taxis (cf. [20, 30]), predator-taxis (cf. [3, 35]). We remark that in the
original prey-taxis model (1.1) proposed in [11], both diffusion and prey-taxis coefficients are
non-constant. This seems to be a common feature for taxis models, like the original Keller-Segel
chemotaxis derived in [6, 12, 13] and density-suppressed motility models (cf. [5, 17, 18]) where
both diffusion and chemotaxis coefficients depend on the chemical concentration. Amongst many
possible mechanisms, one important class is the singular taxis response y(w) = i based on the
Weber-Fechner law, which has many prominent applications (cf. [10, 12]). Though the works
[7, 15] consider prey-dependent coefficient y(w), the singular case was ruled out to overcome the
technical obstacle by assuming that 0 < x(0) < co. The purpose of this paper is to study the
prey-taxis model (1.1) with singular prey-taxis coefficient y(w) = L. Specifically we consider the
following prey-taxis model

ut:Au—XV-(u%)—i—auF(w)—au—bu”, e, t>0,

wt:Aw—uF(w)—Fﬁw(l—%), €N, t>0, (1.2)
Vu-v=Vw- -v=0, x e t>0, .
u(z,0) = up(z), w(x,0) = wo(x), x € Q,

where

e ) C R"is a bounded domain (habitat of species) with smooth boundary 02 and v is the
unit outer normal vector of 9€2. All parameters x, a, 8,0,a,b and K are positive, where
x is the prey-taxis coefficient, « is the conversion rate, a is the natural death rate of the
predator, b denotes the death rate of the predator due to intra-specific competition, (3 is
the intrinsic growth rate of the prey and K is the environmental carry capacity.

e The functional response function satisfies

F € C?*([0,00)), F(0) =0, F(w)>0in (0,00) and F'(w) > 0 in [0, 00), (1.3)

which covers a wide class of functions including but not limited to Holling type I, II, III.
e The initial data satisfy

ug € C°(Q), wo € CH(Q), up >0, ug # 0 and wy > 0 in Q. (1.4)

The goal of this paper is to investigate the global existence and asymptotic behaviors of so-
lutions to (1.2). The main challenge encountered in our analysis is the possible singularity at
w = 0. Hence to establish the global well-posedness of (1.2), the key is to rule out the possibility
that w = 0 (i.e. to prove w has a positive lower bound) in finite time. This is, however, obscure
from the governing equation of w (i.e. second equation of (1.2)). Indeed, to prove that w may
have a positive lower bound, we need the a priori bound of w which in turn relies on a priori
estimate that w has a positive lower bound. How to untie such a tangling to prove that w is away
from zero is the crucial ingredient in our analysis. In this paper, we shall employ the technique
of a priori assumption and show that w could be strictly positive for all £ > 0 if 8 > 0 is suitably
large. Precisely we have the following results on the global boundedness of solutions to (1.2).

Theorem 1.1 (Global boundedness). Let @ C R™"(1 <n <7) be a bounded domain with smooth
boundary and let assumptions (1.3)-(1.4) hold. Then for any initial data (ug,wo) satisfying con-
dition (1.4), there is a number Sy > 1 such that the problem (1.2) with f > By admits a unique
classical solution (u,w) satisfying

u, we COQ x [0, +00)) NC%H(Q x (0, +00))

and u > 0,w > 0 in Q x (0,400). Moreover, there exists a constant C' > 0 independent of time t
such that

1
)| oo : o — < ,
u(s )l poe (o) + lw(- ) lwreo ) + Hw(-,t) HLOO(Q) <C forallt>0
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With the global existence of solutions, we next explore the asymptotic behavior of solutions.
To this end, we define the function

Buw (1- %)
= 1.

o) == (15)

and assume
¢ € CH0,4+00), ¢(0) = lim ¢(w) > 0 and ¢'(w) < 0 in [0, 400). (1.6)

w—

The assumption on ¢ can be satisfied by many types of functional response function. For example,
if F(w) = w is of Holling Type I, then (1.6) is automatically fulfilled and if F(w) = 5% is of

Holling Type II, then (1.6) is satisfied under the restriction A > K.
By simple calculations, we find that (1.2) has three possible homogeneous steady states (us, ws):

( )= (0,0) or (0, K), if oF (K) < a,
ot (0’0) or (OaK) or (u*,w*), if OZF(K) > a,

where (uy,w,) > 0 is the unique positive solution of the following equations (details are shown
in the appendix):

w
aF(wy) —a—bul ' =0, wu.F(w,) — pw, (1 — ?) =0. (1.7)
The trivial equilibrium (0,0) is called the extinction steady state, the semi-trivial equilibrium
(0, K) is called the prey-only steady state and the positive equilibrium (us,w,) is called the
co-existence steady state.
For the convenience of presentation, we let

1 K
w= g min { inf un(e), 3}, 7 = mas ol ). I}

Then the global stability theorem is stated below.

Theorem 1.2 (Global stability). Let the assumptions in Theorem 1.1 and (1.6) hold. Then the
following results hold.

(1) If the parameters satisfy aF(K) > a and

o AaF (w,)w?

X" < min_ F'(w), (1.8)

us F?(0) w<w<w

then there exist some constants C, A1, Ao, T1 > 0 such that the solution (u,w) obtained in
Theorem 1.1 satisfies for all t > T that

Ce Mt if o > 2,

(2) If the parameters satisfy aF(K) < a, then there exist some constants C, A3, Ay, To > 0
such that the solution (u,w) obtained in Theorem 1.1 satisfies for all t > Ty that

Ce st if oF(K) < a
)| ooy T 0 (1) = Kl oo () < ’
The rest of this paper is organized as follows. In Section 2, we prove the global boundedness
of solutions of (1.2) and prove Theorem 1.1. Then, we show the large time behaviour of solutions
for (1.2) and prove Theorem 1.2 in Section 3.
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2. GLOBAL EXISTENCE

In this section, we establish the global boundedness of solutions to system (1.2). In what
follows, we shall use C;(i = 1,2,---) to denote a generic positive constant which may vary in
the context. For simplicity, we abbreviate fg Jo f(-;s)dzds and [, f(-,t)dx as fot Jo fand [q f,
respectively. We start with the local existence of solutions and extensibility of global solutions
for system (1.2).

Lemma 2.1 (Local existence and extensibility). Let the assumptions in Theorem 1.1 hold. If
the initial data satisfy the condition (1.4), then there exist Tyae € (0,00] and a pair (u,w) of
functions

u, w € COUQ % [0, Trnaz)) N C*H(Q x (0, Tnaz)),
which solves (1.2) in the classical sense such that w > 0,w > 0 in Q x (0, Tez). Moreover, we
have
either Tiar = +00 or limsup (||u(-, )]z + ||w(-, t)||pie0) = +00.
t/(Tmaat
Now, we prove a basic property of w, i.e., the uniform L*°—norm of w.

Lemma 2.2. Let (u,w) be a solution of (1.2) and denote w = maX{HonLoo(Q),K} > 0. Then
it follows that
|w|| ooy <@ for all t € [0, Trnaa)-

Proof. The result is a direct consequence of the maximum principle applied to the second equation
in (1.2). Indeed with w(z, t) := max {||wol| ,(q), K }, owing to the nonnegativity of u and F', we
find that

W =0>Aw—uF(w)+pw(l-§) z€Q,t>0,

Vw-v=0 x e i, t>0,
w(z,0) > wo(x) x € Q.
Hence the comparison principle of parabolic equations implies w < w on Q X [0, Tynaz)- [l

An application of Lemma 2.2 and Young’s inequality yields the uniform L!—norm of w.

Lemma 2.3. Let (u,w) be a solution of (1.2). Then there exists a constant C' > 0 such that
/ u<C forallte|0,Th)-
Q

Proof. Integrating the first equation of (1.2) over Q by parts and using the boundary condition,

we get
d
— u:—a/u—i-oz/uF(w)—b/uU. (2.1)
dt Ja Q Q Q

Due to Lemma 2.2 and the assumption on F', we can find a constant C; > 0 such that
F(w) < 017
which along with Young’s inequality yields a constant Cs > 0 such that

a/uF(w)—b/uggaCl/u—b/uUSCQ. (2.2)
Q Q Q Q

Therefore, inserting (2.2) into (2.1), we find

d
g Qu_ a/ﬂu—l—C2

This alongside the Gronwall inequality finishes the proof. ]

In order to extend the local solution obtained in Lemma 2.1 to be global, it suffices to derive
that ||u(-, )|z + ||w(:,t)|[}y1.00 is uniformly bounded in time using the extensibility condition in
Lemma 2.1. This requires, from the governing equation of u (i.e. the first equation of (1.2)), that
w has a positive lower bound for all ¢ > 0 to avoid the possible singularity. In what follows, we
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shall employ the technique of a priori assumption (cf. [19, 31]) to achieve this goal. That is, we
first assume that the solution (u,w) of (1.2) satisfies

iggf)w(:v,t) >w, forallte|0,Tha) (2.3)

where w is a positive number to be determined later. Then, under the a priori assumption (2.3),

we derive the priori uniform-in-time estimates of solutions to obtain the global solution. Finally

we close the a priori assumption by showing that global solution we obtain indeed satisfies (2.3).

With the a priori assumption (2.3) and the semigroup theory of parabolic equations, we first
derive the upper bound for .

Lemma 2.4. Let (u,w) be a solution of (1.2). Then there is a constant By > 1 such that for all
B > By it holds that

2F7(@)

llull oo () < B and ||Vwl| gy < C for any t € [0, Tinaz),

where C' > 0 is a constant independent of t.
Proof. Given any T € (0, Tyq4z), we let

M:=M(T) = sup_|ullp=(0)-
t€[0,T)

Step 1: We claim that there exists a constant C7 > 0 such that
[Vwl| o) < C1 (lwollwreey + M+ B)  for any ¢ € [0,T). (2.4)
Indeed, due to Lemma 2.2 and the assumption on F', we can find a constant Cy > 0 such that
F(w) < Cs. (2.5)
Let (etA)tZO

formula for the second equation of (1.2), we have

t t w
w = ePwy — / et =IByF (w)ds + B/ et=5)8y (1 - —) ds.
0 0 K

be the Neumann heat semigroup defined in 2. Then by the variation-of-constants

Let p1 > 0 denote the first nonzero eigenvalue of —A in  under Neumann boundary conditions.
An application of the smoothing estimates for the Neumann heat semigroup [32, Lemma 1.3] and
(2.5) yields some constants C3, Cy > 0 such that

t
IVl ey <IIVeBwoll ey + /0 V3 (0P ()| e ey s

o w2 fo (- 2]

t
SCgHonwl,oo(Q) + 03/ (1+(t— 8)_%)€_M1(t_s)HUF(U])HLOO(Q)dS
0

‘w <1 a %) HLoo(Q) ds =0

t
SCgHU)QHWLoo(Q) + CQCgM/ (1 + (t — S)ié)efﬂl(tis)ds
0

t 1
4 035/ (14 (t = s)3)em (=)
0

7772

t
+ C3f <w+ w) / (14 (t—s)"2)em=9)gs
K 0
§C4(H7~UOHW17°°(Q) + M + p).

Thus the claim is proved.
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Step 2: With the variation-of-constants formula for the first equation of (1.2), we get for any
te (0,7

t
=By 0) = y / L= (A—a)y . <UW> s
0

w
t t

+ a/ =)A=y P (w)ds — b/ elt=8)(A=a)yo g
0 0

which implies

t Vw
o etamayy / (t=)(A-a)g . (YW
[l oo () < He u( ,())HLOO(Q) + x ; e V-lu 0 M ds
t 2.7
+a/ He(t’s)(A*a)uF(w)H ds @7
0 Lo ()
=1 + I, + Is.

Now, we estimate the right hand side of the above inequality. By the maximum principle of
parabolic equations, we directly have

I < uol[ Lo (0)- (2.8)

Let n < g<n —1—% and p = n4—fl. Since 1 < n < 7, it holds that p > 5. By the smoothing

estimates for the Neumann heat semigroup [14, Lemma 3.1], Lemma 2.3, the priori assumption
(2.3) and (2.4), we find some constant C5 > 0 such that

t
I <C5/ (1+(t—s)_%_ﬂ) e~(t=9) u@ ds
0 ) (2.9)
<o (U =) ) Il | Tl oy s

By the Gagliardo-Nirenberg inequality, there are constants Cg, C7 > 0 such that
2q—1 1 2g—n

1 = 1 n 1
”quzq(Q) < C6Hu||Lig(Q)Hu||;ﬁ(Q) and ”VU’HEM(Q) < C7(||Vw||L§g(Q)Hszio(Q) + ||w||zoo(9))~

Substituting the above inequalities into (2.9) gives a constant Cg > 0 such that

L< @t Gttt O (2.10)
w w w
Similarly, we may find some constants Cg, C19, C11 > 0 such that
¢
I3 SC’g/ H(—A + a)re(tfs)(Afa)uF(w)‘ ds
0 Lr(Q)
t
<Cuo [ (¢~ 5)77 e ooy
0 (2.11)

¢ p=1 1
<O [ (= 5770l 2 g s
p—1
SCllM L
where p > & and % < r < 1. According to the definition of p, we have
4q—1-n p-1
4q p

Therefore, substituting (2.8), (2.10), (2.11) into (2.7), we get some constant Cj2 > 1 independent
of M and t > 0 such that

4q—1— 2q—
4,

2q—1 n 2q—n 1
M < CioM 5 +CaM ™ 0 +CpaB 5a M i . (2.12)
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Now we define

w

n+1
4q _\\ Zn—2¢+1
) 1
Bo = max ( (3012) (w)> ,1

Note that 4‘1_4# > 201 and 291 < 1. Then if 8 > By, we can directly derive from (2.12) that

4q n+1
M < {uw)%ﬁ%}qw)%f%< I (2.13)
m n n n n .
S max4 1, 12 = 12 = 9F () )
which along with (2.6) completes the proof. O

Now, we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. We divide the proof into two steps.
Step 1: Under the a priori assumption (2.3), by Lemma 2.4, we find a constant C7 > 0 such
that

||UHL00(Q) + va”Loo(Q) < Cp forallt € (0,Tmax)

which alongside the extensibility condition in Lemma 2.1 yields the global existences of solutions.
To complete the proof, it remains only to show that there is some constant w > 0 such that the
global solution we obtain satisfies the a priori assumption (2.3). This will be shown in the next
step.

Step 2: Thanks to Lemma 2.4 and the second equation of (1.2), we find

wy = Aw + (B—Fiuw)u>w—f{w2 2Aw+§w—§w2. (2.14)

We consider the following initial value problem of ordinary differential equation
gi(t) = 59(t) — £g*(t) >0,
9(0) = inf_ g wo(z),

which has the explicit solution

This implies
) K
g(t) > min {g(O), } . (2.15)
Therefore, g(t) is a lower solution of the following partial differential equation

Gi=AG+5G - 2G> 2€Q,t>0,
VG v =0, e t>0, (2.16)
G(0) = wo(z), x €.
Then we have
G(z,t) > g(t), for all (z,t) € Q x [0, Trmaz)-

Combining (2.14), (2.15) and (2.16), and using the comparison principle of parabolic equations,
one has

w(z,t) > G(z,t) > min { inf wo(x), —;{} for any (z,t) € Q x [0, Thhaz)-
€S

Clearly if we simply take w = 3 min { inf wo(z), %}, then the a priori assumption (2.3) is fulfilled.
x€)
This completes the proof. O
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3. STABILITY AND DECAY RATE

In this section, we are devoted to studying the large time behavior of solutions to the problem
(1.2). To this end, we first improve the regularity of u and w.

Lemma 3.1. There ezist some constants 01,02 € (0,1) and C > 0 such that

U w <C forallt>1.
| ”02+91»1+971(§x[t,t+1]) i ‘|C2+9271+072(§x[t,t+1]) = J

In particular, one can find C > 0 such that
|Vl g ) + IVwlpoo() < C - for allt > 1.
Proof. Thanks to Theorem 1.1, we get some constants C1, Cs > 0 such that
0 <u(z,t) <Ci, Cy <w(z,t) <Ciand |Vw(z,t)| <Cp forallz e, t>0. (3.1)
We can rewrite the first equation of system (1.2) as
up =V -a(z, t,u, Vu) + b(x,t,u, Vu) forallz € Q, t >0, (3.2)
where

a(x,t,u, Vu) = Vu — u@ and b(z,t,u, Vu) = auF(w) — au — bu’.
w

This along with (1.3), (3.1) and Young’s inequality gives some constants Cs, C, C5 > 0 such that
1
a(x,t,u, Vu)Vu = |Vul? — “Yw - Vu > §\Vu|2 —Cs,
w

la(z,t,u, Vu)| < [Vul + Cy, |b(x,t,u, Vu)| < Cs.

Applying the regularity result in [24] to (3.2), we get some constants 1 € (0,1) and Cg > 0 such
that

1
[l < Cg forall t > 5

9,9 =
CvL 2 (Ox[tt+1])

Similarly, the regularity of w can be obtained. This combined with the Schauder estimate yields
the desired result on u and w. ([

Our proof is based on the Lyapunov functional method. For clarity, we define two functionals
and analyze their basic properties which shall be used later.
Given a positive number w, let ¥ : (0,00) — R defined by

" F(s) - F(w)
— [ 2T s, 3.3
Ve (n) /w ) U (3.3)
Then 1 is convex with ¢ (w) = ¥ (w) = 0, which implies 1), (n) > 0 for all n > 0. Choosing
F(s) = s for any s > 0 in (3.3), we obtain
n

p=(n) = Ya(n) =n-w-wh—, 7>0. (3-4)
Similarly, it holds that ¢, is convex with ¢4 (@) = ¢_(w) = 0, which implies ¢ (n) > 0 for all
n > 0.

To study the large time behavior of solutions, we split our analysis into two cases: aF'(K) > a
and aF'(K) < a below.

3.1. Case of co-existence: aF(K) > a. As mentioned above, there exist three possible ho-
mogeneous steady states (0,0), (0, K) and (us,wy), where u, and w, are defined in (1.7). In
this situation, we shall prove the co-existence steady state (u.,w,) is global asymptotically stable
under some extra conditions. We further show the convergence rate is exponential if ¢ > 2 and
algebraic if 1 < ¢ < 2. To this end, we present an inequality below which is a direct consequence
of [33, Lemma 3.5].
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Lemma 3.2. Let

ol i e (12),
) 2, if o€2,+00).

If u € LY(Q), then for any constant u, > 0, there exist a constant C > 0 such that
|lu — u*H%m(Q) < C’/ (W' —ul™) (u—w) forall t>0.
Q

For any nonnegative continuous functions u,w : Q — (0, 00), we define an energy functional of
(1.2) as follows:

Fluyw) = /Q pu (1) + @ /Q Yo (), (3.5)

where ¢, (u) is defined in (3.4) and v, (w) is given in (3.3). Simple calculus implies F is
non-increasing in ¢ as shown in the following lemma.

Lemma 3.3. If aF(K) > a, 8 > By and (1.8) holds, then there exists a constant C > 0 such

that
& Fuw) +C{</ﬂ(u—u*)m>i + [ —w*>2} <0 Joralt>0,  (36)

where F is defined in (3.5) and m is defined in Lemma 3.2. Moreover, there exists a constant

C > 0 such that
+oo +oo
/0 (/Q(u—u* ) / / w — w* < C. (3.7)

Proof. Using equations in (1.2) and integration by parts yield

if(u,w)=/QUt—“*/QI:f*“/Q“’t_O‘FWQ/QFT;)
:/Qu(aF( ) —a—bu’" )+a/( wF(w) +pw (1= 1))
. |Vu|2 /Vu Vuw u*/Q(aF(w)abug_l)

(w)|Vw]? Bw (1 - %)
_oéF(w*)/Q}ﬂ(w)—aF(w*)/Q <_U+F(w)K>

_/Q(u —uy) (aF(w) —a—bu” ) + a/ (F(w) — F(wy)) (—u + W) (3.8)

Q

Vul? Vu-V o 2 \Vw|?
T [ TS ) [ D0
Q u Q uw Q

F2(w)  w?
_ w— )l — w4 a w) — Flw Bw(l—$) Pu.(1-%)
- b/Q( ) L)+ /Q(F( ) — F(w,)) < ) Pl )
n -
\VUF Vu-Vw F'(w)w? Vw2

We first estimate I3 which can be written as I3 = XAXT with X = (%, %) and matrix A
defined by

Us — X
(w)w? .
—Xe B (w) s
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Noting (1.8), we have

Fllw)yw?  x?*u?
F2(w) 4

which ensures A is semi-positive definite. Now, we estimate the terms I; and Is. Thanks to

Lemma 3.2, we find a constant C7 > 0 such that

au, F(w,) >0,

b 2
I < G [ = wxl| T ) - (3.9)
By the mean value theorem, we have
L= a/ F/(6)¢/ (6)(w — w)? < a min F'(s) max W(s)\/(w —w)?, (3.10)
Q w<s<w w<s<w Q

where £ and & are between w and w, and ¢ is defined in (1.5). Substituting (3.9) and (3.10)
into (3.8) and using the semi-positive definite property of A, we get (3.6). Moreover, (3.7) is an
immediate consequence of integrating (3.6) with respect to time. O

Now we are ready to prove Theorem 1.2-(1).

Proof of Theorem 1.2-(1). We divide the proof into four steps.
Step 1: We claim

[u(-t) = usl[poorgy = 0 and  [Jw(:,t) = wull foo(q) = 0 as t — +o0.

Indeed, according to Lemma 3.1, [Ju(+, 1) — w[|pm(q) and [|w(-,t) — ws||2(q) are uniformly con-
tinuous. Thus from (3.7) in Lemma 3.3 and Barbalet’s Lemma [2], we get

[u(-t) = willpm(gy = 0 and  flw(-,t) —wil[j2g) = 0 ast — +oo. (3.11)
Invoking Lemma 3.1 again, we can choose C; > 0 such that
Hu — u*leoo(Q) + Hw — w*HWIOO(Q) <(C; forallt> 1, (312)
which along with the Gagliardo-Nirenberg inequality provides a constant C'5 > 0 such that
ot = s o) <Collt = el ol = iy < CoC 7 = s iy

Noticing (3.11), we get ||u—u.| o) — 0 ast — +oo. Similarly, it follows that ||w —w.| fe @) =
0 as t — +o0.
Step 2: We assert that there exist some constants C3,Cy > 0 and T* > 1 satisfying

03/9(u—u*)2 < /ngu*(u) < C’4/Q(u—u*)2 (3.13)

and
Cg/(w —w,)? < / Y, (W) < 04/(11) —w,)?, forallt>T" (3.14)
Q Q Q
Actually, noting the definition of v, (w), we use L’Hopital’s rule to get
o hw, (w) oy, (w) Y, (w) Y (we) P (wy)
lim ———— = lim ————— = lim x = —= = ,
wowe (W —wy)2  wowe 2w — wy)  wow.e 2 2 2F (wy)
which gives a constant € > 0 such that for all jw — w,| < e
F(w.) 2 Fl(w,) 2
—w,)? < Y. (w0) < —w,)?. 15

Utilizing the claim in step 1, we get some constant 7™ > 1 satisfying
[w — wil|poo(q) <& forallt>T"
which along with (3.15) implies (3.14). Similarly, we can get (3.13).

Step 3: If ¢ > 2, then m = 2. From (3.13) and (3.14), it follows that C%Lmin{l, LY F(u,w) <
Jo(uw—u)?+ [(w—w,)? Then by (3.6), we have %}'(u,w) + C% min{1, L} 7 (u,w) < 0, which
alongside the Gronwall inequality yields some constants Cs, Cg > 0 such that

F(u,w) < Cse~t for all t > T*.
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This together with (3.13) and (3.14) gives a constant C7 > 0 fulfilling
/(u — )+ / (w —w,)? < Cre=t for all t > T*.
Q Q

Applying the Gagliardo-Nirenberg inequality and (3.12), one can find a constant Cg > 0 such
that
it nie P
= el < Call = eyl = 757, < CoOT2 0T "

which gives the decay rate of [|u — .||z (). Similarly, the decay rate of ||w — wi||pe(q) can be
obtained.
Step 4: If 1 < 0 < 2, then 1 < m < 2. By (3.12), (3.13) and (3.14), we have

]—“%(u,w) gCﬁ {/Q(u—u*)2+a/9(w—w*)2}
§2i0§(1+ai){</§2(u—u*)2>’i + </Q(w—w*)2>i}
<FCirat)e, (1 jo) {</Q(“ B W’”)i ! /n(w . w*)z}

which along with (3.6) gives some constant Cg > 0 such that

v

d
ZF(ww) + CoFm (u,w) < 0. (3.16)

Due to % > 2, applying the comparison of ordinary differential inequality to (3.16), we find some
constant Cyg > 0 such that

m

Flu,w) < Cip(t+1)"2=m forallt > T,
which along with (3.13) and (3.14) yields a constant C1; > 0 so that

/(u — u,)? +/(w —w,)2 < Cy(t+1)" 7% forallt>T*
Q Q

Similarly, utilizing the Gagliardo-Nirenberg inequality and (3.12) as in step 3, we get the decay
rates of [|u — us|Loo () and [[w — wi| oo () O

3.2. Case of prey-only: oF(K) < a. In this case, we know there exist two possible homoge-
neous steady states (0,0) and (0, ). In this section, we shall show that the steady state (0, K)
is global asymptotically stable, where the convergence rate is exponential if «F'(K) < a and
algebraic if aF (K) = a. For any nonnegative continuous functions u,w :  — (0, 00), we define
an energy functional of system (1.2):

Ge(w,w) = [ ute [ vuctw) (3.17)
Q Q
where £ > 0 is a constant satisfying
a<§<%, if aF(K) < a
E=aq, if aF(K)=a
and Y (w) is given in (3.3). We show G¢ is non-increasing in t.
Lemma 3.4. Let > fy. If aF(K) < a, then there exist some constant C > 0 such that
d
—Ge(u, w) +C{/ u—l—/ u’ +/(w —K)Q} <0 forallt>D0. (3.18)
dt Q Q Q

If aF(K) = a, then we can find a constant C > 0 such that

iga(u,w)—i-(}’{/ﬂu”—i-/g(w—K)Q} <0 forallt>0, (3.19)
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where G is defined in (3.17). Moreover, there exists a constant C > 0 such that

/+00/u +/+Oo/w K)?<cC. (3.20)

Proof. If aF(K) < a, we can choose £ > « such that
aF(K) <¢(F(K) < a. (3.21)

Using equations in (1.2) alongside integration by parts, we have

%gg(u,w) /ut+f/wt EF( )/ wt
:/Qu(aF(w)—a w1 +£/ Fw)+ pu (1- )

'(w) |Vl B-%)
—<SF(K)/Q F2(u0) —§F(K)/Q<—U+ F(w)K > (3.22)
e _ B-%)
== (6= o) [ uPtw)+€ [ () = FU) =5

(- er) [[uns [ e [ ST

By the mean value theorem, we have

B1-%) w/vwow—Kﬂ
€ [ rtw) - roe) = = - 52 [ TS
55 : / / 2
< — —
where ( is between w and K. Inserting (3.23) into (3.22), utilizing { —a > 0 and a — £F(K) > 0
due to (3.21) and noticing (1.3), we obtain (3.18). If aF(K) = a, then we can choose £ = a to

obtain (3.19) similarly. Furthermore, (3.20) can be derived by integrating (3.18) and (3.19) with
respect to time. O

(3.23)

Now, using Lemma 3.4, we are in a position to prove Theorem 1.2-(2).

Proof of Theorem 1.2-(2). We shall prove the assertion in three steps.
Step 1: We claim

[u( )l ooy = 0 and  [Jw(,t) = K| pec(q) =0 ast— +oc.
Indeed, by Lemma 3.1, we see [[u(-,t)| 10y and [lw(-,t) — K| ;2(q) are uniformly continuous.
Thus we get from (3.20) in Lemma 3.4 and Barbalet’s Lemma [2]
[uC Ol oy =0 and  [lw(t) = K| 2 =0 ast— +oc. (3.24)
Invoking Lemma 3.1, we can choose C7 > 0 such that
[ullwree @) + lw — Kllwieoq) < C1 forall ¢ > 1, (3.25)
which along with the Gagliardo-Nirenberg inequality provides a constant Cy > 0 such that

_n_
[l oo () <Collullf HUII””

Wes < O Ju II”“’

(©)
Thanks to (3.24), we prove the convergence of |[ul[f(q). Similarly, the convergence of [jw —
K| 0 (q) can be gained.

Step 2: If aF(K) < a, then similar to Step 2 in the proof of Theorem 1.2-(1), we obtain some
constants C3,Cy > 0 and T > 1 satisfying

C /Q(w _ K2 < /Q¢K(w) < C4/Q(w _ KR, forallt>Th. (3.26)
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which along with Lemma 3.4 yields a constant Cs > 0 such that

d
Therefore, by the Gronwall inequality, we can find a constant Cg > 0 such that
Ge(u, w) < Coe™ ",

which together with (3.26) yields a constant C7 > 0 fulfilling
/u+/ w — K < Cre 9t forall t > T..

By the Gagliardo-Nirenberg inequality and (3.25), we find a constant Cg > 0 such that

_n_ C
lull ey < Collull T oy lull FHTy < COT T O T e (3.27)
and
|w = Kl[L=(a SCsllw—KH"“oo Jllw — K||"+2
@ W (3.28)

n

_n_ _1_
<Cg0y*? c;“e—mt for all ¢ > T,.

Therefore, the convergence rates of u and w are obtained.
Step 3: If aF(K) = a, thanks to the Holder inequality and (3.25), we find

/ngrar’al(/ﬂuff)‘l’
Jw-w < ore ([w-x7)"

This along with the fact (3.26) implies that for any t > T,

G (u,w) < (/Qu+a04/9(w _K)2>U
<27 (/Q u)a +270°CY (/Q(w _ K>2>U
<271+ a7CFC1 ) </Q o f o K>2> .

Hence, noting Lemma 3.4, we get some constant Cg > 0 so that

and

d
%ga(u,w) + CoGo (u, w) <0,

which subject to the fact o > 1 gives some constant Cig > 0 satisfying

Gu(u, w) < Cio(t +1)" 71 for all t > T. (3.29)

Similar to the derivation of (3.27) and (3.28), we use (3.26), (3.29) and the Gagliardo-Nirenberg
inequality to get some constants C11,C12 > 0 so that

-, )l oy + 0 8) = Kl ey < Crnlt 4+ 1)72 for all ¢ > T

This finishes the proof of Theorem 1.2-(2). O
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APPENDIX

We show there exists a unique solution (x,y) solving the following equations:

{aF(y) —a—bz"t =0, (A1)

cF(y)— By (1—#) =0,

where the function F' and parameters are the same as those in (1.2).
Step 1: Existence. We define a function G : [0, K| — R by

G(y) = aF(y) —a —bd" ' (y),
where ¢ is defined in (1.5). Then G is continuous in [0, K] which along with the simple observations
G(0) = —a—b¢" 1 (0) <0, G(K)=aF(K)—a>0
gives some constant yo € (0, K) such that G(yg) = 0. Let

_ By ( - %)

() (A.2)

Zo

then (xo,y0) satisfies (A.1).
Step 2: Uniqueness. Simple calculus implies for any y € (0, K)

G'(y) = aF'(y) —b(o — 1)67 > (y)¢' (y)-
Together with assumption (1.6), this implies for any y € (0, K)
G'(y) > 0.

Therefore, we get the uniqueness of yp. The uniqueness of xq is obvious by (A.2).
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