EXISTENCE OF SOLUTIONS FOR FRACTIONAL m-POINT
BOUNDARY-VALUE PROBLEMS AT RESONANCE WITH
p-LAPLACIAN OPERATOR
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ABSTRACT. In this paper, we considered a class of m-point boundary-value
problem of fractional differential equations at resonance with p-Laplacian op-
erator in the following;:

Dpep(Dgu(t) = f(tu(®), DG *u(t), DT u(t), D u(t)), 1€ (1)
u(0) = u'(0) = Dg+u(0) =0, D0+ u( Zm 1 al O+_ u(m)

where 2 < a <3, m1 <M < - < Nn-2,0< B <L, 3 < a+B <4,

22712 a;n; = 1, D8‘+ denote the Riemann-Liouville fractional derivative,

©p(s) = [s|P~2s is p-Laplacian operator. The existence of solutions to above

problem is obtained by using the extension of Mawhin’s continuation theorem.

It is note that our method dropped a usual condition in the process of inves-

tigating above problem. So, in some sense, we got a new result under weaker
condition than previous ones|8].

1. INTRODUCTION

In the present paper, we investigated a fractional m-point boundary value prob-
lem with p-Laplacian operator in the following

{ Dy, op(Dgu(t) = f(t7U(t),Da_QU( ), Dy u(t), Dg.ult)), t € (0,1), (1.1)
u(0) = u'(0) = Dg+“(0) =0, Do+ U( )= 221126‘11)& 2“(771‘)7 .
where 2 < a<3,0<8<1,3<a+8<4,0<m< << < Mo < 1,
a; € R, 22_12 ami =1, op(s) = [s[P7?s, 1 < p,1/p+1/q = 1, p, is invertible
and ¢, is its inverse operator, Dy, is Riemann-Liouville fractional derivative, f :
[0,1] x R* — R is continuous. Moreover, FBVP (1.1) happens to be at resonance
because the following problem

{ D0+<Pp(Do+u( ) =0, te(0,1),
u(0) = w/(0) = Dg,u(0) =0, D *u(l) = Y72 a; DG >u(n:)

has a solution z(t) = ct® !, where ¢ € R. In the passing decades, fractional
calculus became a very important method for many fields such as control theory,
biology,etc(see [1, 3, 10, 11]). Many scholars have paid more attention to it and
gained a few achievement.

In addition, the turbulent flow in a porous medium is a very important mechanics
problem. Leibenson [4] firstly introduced the p-Laplacian equation which is

(6p(2'(1)) = f(t,2(t),2"(1)), (1.2)
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where ¢,(s) = |s|P72s, p > 1.

Furthermore, there are a few articles which consider fractional differential equa-
tion at resonance with p-Laplacian. For example, in [8], Shen and Liu considered
the following problem

{ Dy, pp(Dgu(t)) = f(t, U(t),DO‘_QU( t), Daflugw) Dgyult ))7 te(0,1), (1.3)
u(0) = u'(0) = D0+u( ) =0, Do+ u( ):Zi:1 UzDo+ U(m)»

where 2 < a <3,0< 8 <1,3<a+8<4,n€(0,1),0 €R, X" 0,=1,
1 <m,m € N. The author[[8]] used the condition

1 p-p+y
T(B+ 1)1 (gf— B+1) Z"mq )70

It is the purpose of this paper to show that the assumption like above condition
1is not necessary for this class of differential equations. For the sake of better
illustrating the conclusion, we take the following boundary value problem (1.1)
which differ from (4.1). So, in some sense, our paper generalize some results(see[8]).

2. PRELIMINARIES

Let X and Y be Banach spaces with norms || - ||x and || - |y, respectively. We
call that a operator
MldomMﬁX : X NdomM —Y,
is quasi-linear if
(i) Im M is a closed subset of Y,
(ii) ker M := {u € X Ndom M : Mu = 0} is linearly homeomorphic to R™,
n € N.

Let X; = ker M, X5 be the complement space of X; in X, i.e., X = X1 & Xo.
Similarly, suppose Y7 be a subspace of Y, and Y5 a complement space of Y7 in Y.
Suppose P : X — X be a projector, @ : Y — Y7 be a semi-projector.

Let Ny : Q — Y, A €[0,1] is a continuous operator. Let ¥y = {u € Q : Mu =
Nyu}. Ny is said to be M-compact in Q if there is a Y7 C Y with dimY; = dim X3
and an operator R : Q x [0,1] — X continuous and compact such that for A € [0, 1],

(I = Q)NA(Q) cImM C (I - Q)Y, (2.1)
QNyz=0,A€ (0,1) & QNx =0, (2.2)
R( ) |E)\ (I P) |Z/\ ( )

and R(-,0) is the zero operator,
MI[P + R(-,\)] = (I — Q)Nx. (2.4)

Lemma 2.1. [6] Let (X, - [|x) and (Y, - |ly) be two Banach spaces, and Q@ C X
an open and bounded nonempty set. Suppose M : X Ndom M — Y be a quasi-linear
operator and Ny : Q — Y, X\ € [0,1] be M-compact in Q. Moreover, if the following
conditions hold
(i) Mu # Nyu for all (u,A) € (dom M NIN) x (0,1),
(i) @QNu #0 for all uw € 0 Nker M,
(iii) deg(JQN,ker M N, 0) # 0, where J : Im Q — ker M is a homeomorphism
with J(0) = 6 and N = Ny,

then the equation Mu = Nu has at least one solution in dom M N €.
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Definition 2.2. [6] Let X be a Banach space and X1 C X is a subspace. A mapping
Q : X — X1 is a semi-projector, if Q satisfies

(1)Q%*r = Qx, Yz € X,

(14)Q(px) = pQx, Vx € X, p € R.

Definition 2.3. [10] The Riemann-Liouville fractional integral of order ae > 0 of a
function u is given by

et = e [ 0= uteds

provided that the right side integral is point-wise defined on (0, 400).

Definition 2.4. [10] The Riemann-Liouville fractional derivative of order a > 0 of
a function u is given by

o L dy [f ()
P50 = gy @ ), = e

provided that the right side integral is pointwise defined on (0, +00), here n is the
smallest integer greater than or equal to a.

Lemma 2.5. [10] Assume that u € C(0,1) N L*(0,1) with a fractional derivative
of order a > 0 that belongs to C'(0,1) N L'(0,1). Then

I¢ DS u(t) = u(t) + 1t 4+ ot 2 4o ept®
o+o+

where

()",
MNa—i+1) 7

here n is the smallest integer greater than or equal to o.

—

Lemma 2.6. [10] Suppose u(t) € C[0,1] and 0 < S < «, then D05+Io+u() =
I8 Pu(t).

Lemma 2.7. [10] Let o > 0 and u € C(0,1) N L'(0,1). Then the differential
equation

Dg+u(t) =0

has a solution u(t) = c1t 1 + cot® 2 4 - fcpt*™™, ¢; €ER, i = 1,...,n, where
n—1<a<n.

Lemma 2.8. There exists k € {0,1,...,m—2} satisfies Y .-, ameC =1 7é 1 for
Ve>0andg>1.

Proof. Suppose the conclusion is not true, firstly, we have

Uit 5 . M2 a 1
nc+(q—1) petla=1) nc+(q—1) 1

1 I2 e m—2 as

DD ekt ern2)aD | \g, 1

m—2



It is equal to

Ui X 5 ) nfn_zl ay
ny Ty T 4y as
c+ m—.3 —1 c+ m—.?) —1 c+ m—.3 —1 ) -
WS VS s O
T g VAN
Secondly,
Uit ) 725 ) Nim—2
c —1 C —1 c —1
771+(q 772+q n;i;(le )
@) erm=3)(a-1) A O
—2)(g—1 —2)(g—1 . —2)(g—1
7ﬁ+(m )(g—1) n§+(m )(g—1) 77::7(;'% )(g—1) 1
Then, one has
Uit Up Mn—2 1
ny Y ns @Y cha=h
c+m=8)(g=1)  c+(m=3)(g-1) cHm=8)(a-1)
Hm-2)(g—1) +(m-2)(g—1) n’c”+172n—2)<q—1>
m 7 NN 1
1 1 1 1
i gt U
=005 M2 : : 3 ar
m—3 — m—3 — m—3 —1
=D m=3)(a=1) p(m=Ba=D
m—2)(qg—1 m—2)(qg—1 m—2)(g—1
=21 (m=2)(=1) (m—2)(a=1)
So,
1 1 1 1
it it 1
(m=8)a=1)  (m=3)(-1) (m-3)a-1)
1 2 m—2
=21 (m=2)(a=1) (m—2)(a=1)

is Vandermonde Determinant and 0 < n?~" < ¢~

Vet <1 it is well

known that the Vandermonde Determinant is not equal to zero, then

c

Uit 5 N —2 1
77§+(q—1) 7754-((1—1) fn+£g—l) 1
: : : | #0
;+(m*3)(q71) ;+(m*3)(q71) ;Jr_(g%ii)(qfl) 1
ni+(m—2)(q—1) n;+(m—2)(q—1) mcnt(;n—?)(q—l)

by a similar way. This is a contradiction with (2.5), so we get the conclusion.
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Remark. When ¢ = 2, we can see that Lemma 3.2 in [9] is a particular result
of Lemma 2.8.

In the following, let X = {u|u,DS‘fzu7D8‘f1u,D8‘+u € C|0,1]} with the usual
norm [ullx = max{|ullo, [1DS ulloc | DS ull e, 1D ulloc }, where [[u]oo = mas,cpo.
lu(t)], and Y = C[0, 1] with the usual norm ||y|ly = [|ylco-

Define the operator M : dom M C X — Y by

Mu = Dy, ,(Dgs u(t)), (2.6)
dom M = {u € X : D2, 0, (D% u) € Y, u(0) = ' (0) = DZ\ u(0) =0,
m—2 (2.7)
Dngu(l) = Z aiDgf2u(m)}.
i=1
Define the operator Ny : X — Y, A € [0,1],
Nyu(t) = M (t,u(t), DS 2u(t), DSy u(t), Dy u(t)), t € [0, 1],
so, FBVP(1.1) is equivalent to the abstract equation Mu = Nu, where N = Nj.

3. MAIN RESULT
In this section, we give the main results of this paper. First of all, we list the
following hypotheses.
(H1) There exist nonnegative functions a, b, c,d,e € Y satisfying
[t u,0,w,2))| < a(t) + () |uP~ + c(t)[o[PH + d(t)|wP~ +e(t)|2P,

for all t € [0,1], (u,v,w,2) € R%.
(H2) There exists a constant A > 0 satisfying

/01(1 - s)wq(ﬁ /OS (s — 7)1 f (7, u,v,w, z)dr)ds
- iai /Om (n; — s)wq(ﬁ /OS (s — 7)1 f (1, u,v,w, 2)d7)ds # 0,

for all t € [0,1], (u,v,w,2) € RY, |v] + |w| > A.
(H3) There exists a constant B > 0 satisfying
C(f(t,ct®=t cl(a)t, cl(a),0)

c(1—X) o

<0, (3.1)

or

C(f(t,ct* 1 cl(a)t,cl(a),0)
Co

for all |¢| > B, ¢ € R. Where C(y) and Cj are defined in (3.7).

c(1—=)) >0, (3.2)

We give the main result of this paper.

Theorem 3.1. Let f:[0,1] x R* — R be continuous and the condition (H1)-(H3)
hold, then BVP (1.1) has at least one solution provided that

1 ((a+1)p71
L(B+1)\T'(a+1)P"

£ Dbl + Dliclloc + Dlldlloc + flelloc) < 1. (3:3)



To get the conclusion, we need the following Lemmas.

Lemma 3.2. The operator M : dom M N X — Y is a quasi-linear, and

ker M = {u € X :u(t) = ct**, vt €[0,1], c € R}, (3.4)
ImM = {y D / <Pq(1—\(16) AS (s — 1)~ Yy(r)dr)ds
m—2 ;i s (35)
— Z ai/o (n; — s)wq(ﬁ/o (s — 1)~ y(r)dr)ds = O}.

Proof. By Lemma 2.5 and Dg+ op(Dgu(t)) = 0, then

Dgult) = ¢qleot’™).
so ¢g = 0. Thus,
u(t) = et o eat® 2 4 st 3,
Combining with u(0) = u/(0) = 0, we have ca = ¢3 = 0. So, u(t) = c1t* 1, ¢; € R.
ie., (3.4) is satisfied.
Suppose y € Im M, then there exists u € dom M satisfying

y(t) = Dy pp(Dgiult)).
Again, by Lemma 2.5, one has

u(t) = I pq (I y(s)) + et~
and
DE2ult) = DY I (I, y(s)) + D)t

Combining with 27:12 a;n; = 1, one has

1 B 1 s s — PV Ly (D dr)ds
/0(1 s)cpq(r(ﬁ)/o (s =7)" y(r)dr)d
_mE_Q:a' " i — S L Ss—Tﬁl T
P /0 (. )%(F(ﬁ)/o (s =) y(r)dr)ds = 0. (3.6)

On the other hand, suppose y € Y and satisfies (3.6). Let u(t) = I, ¢, (Io+y( ))s
we have u € dom M and Mu(t) = D0+<pp(D0+u( ) =y(t). Soy € ImM, i.e. (3.5)
holds. From above statements, we know M is a quasi-linear operator. O
Lemma 3.3. Suppose Q2 C X be an open and bounded set, then Ny is M-compact
in Q.

Proof. Define the projectors P: X — X; and @Q : Y — Y7 respectively by
Pu(t) = F(lagpa Tlu(0)tet, te0,1],
Qu(t) = LUk, telo,1],

where X; = ker M,Y; = {ctF,c € R},

and we define a functional
S

cw = [ 0= eutgs [ 6= utrraryis



m—2 1

Y [l [ o ) )

i=1
and a constant

S

Co = wp(/ol(l - 8)8@;(%/0 (s — 7)P~Lrkdr)ds
- 7?212@1- /07“ (i — S)Sﬁq(%ﬁ) /OS (s — T)BfldeT)ds))

-1
F@B+k+1) (B+k)(a- 1) +2)P7 (B + k)(q -+t
In fact, Co = C(t*). Here k € {0,1,...,m—2} satisfies >/, % a Zﬁ(q D¥ztka=l) o

1 which be as in lemma 2.8. Obvioubly, X1 =kerM =ImP and Y] = Im(). Thus,
we have dimY; = dim X; = 1. For any y € Y, we get

2 _C(Qy) k_C(y) kY 4k C(y)
Qy =gt = g Ot = =

Hence, Q% = Q, @ is a semi-projector and ker Q@ = Im M.

—Zk = Q.

Let Q C X be an open and bounded set with § € Q. For each u € €, we have
Q[(I — Q)Nx(u)] = 0. Thus, (I — Q)Nx(u) € InM = ker@. Next, taking any
y € ImM and noting Qy = 0, one get y € (I — Q)Y. So, (2.2) holds.

Define R : Q x [0,1] — X, by

R(u, \)(t) = ﬁ/o (t— s)a_lwq(ﬁ /Os(s — 7)1 - Q)N,\u(r))dr)ds.

Firstly, We know R(u,)) is continuous on Q x [0,1]. Moreover, for all u € €,
there exists a constant L > 0 such that |Ig+(I Q)Nxu(7))| < L, so R(Q, ),
Dgyo ZR(Q, ), Dgo 'R(Q,\) and DS, R(Q,\) are equicontinuous and uniformly
bounded. Thus, R Q x [0,1] — X5 is compact.
Infact,foru€§,0<t1<t2S1,2<a§370<ﬁ§1,3<a+ﬁ§4,wehave

|R(u, A)(t2) — R(u, A)(t1)]|

- ﬁ| / (ts — ) g (L, (I — Q)Nau(r)))ds

_ / (t1 = )" g (I, (I — Q)Nau(r)))ds|

IN

QDQ(L> h —s a—1 _ —s a—1 s 2 —s a—1 s
Fw/o ((t2 =) = (=) st [ (12— ) )

- -,

—

| DG 2 R(u, M)(t2) = Dg? R(u, A)(t)]



. / (= $)paI2 (T — Q) Nyu(r)))ds — / (b~ $)pqlIP, (I - Q)Nau(r)))ds|
0 0

< ([ a=9)— = 9dst [ (= s)as)

= #lbgz g

and

| DG R(u, M) (t2) — DG R(u, A) (1)

| / " o2 (T~ Q)Nyu(r)))ds - / " oa(IP (I — Q)Nxu(r)))ds|

Pq(L)(t2 —t1).
Since ¢ is uniformly continuous on [0, 1], so R(Q, \), Dgf2R(§, A) and DgflR(ﬁ, A)
are equicontinuous. Similarly, I g+ ((I = Q)Nyu(t)) C C]0,1] is equicontinuous

IN

too. Because ¢g(s) is uniformly continuous on [T, 7], we have D, R(Q, \) =
Iéi(([ — Q)N (Q)) is equicontinuous. Thus, R : Q x [0,1] — X3 is compact.
For each u € ¥, we have D€+<pp(D8‘+u(t)) = Nx(u(t)) € ImM. Thus,

1 1

RN = o5 / (t =" el / (s 1PN - Q)Nyu(r))dr)ds

= @y J, et ) 67 D on Dy,

Furthermore, one has

R(u, \)(t) = u(t) — ﬁDgflu(O)t"_l = (I — P)u(t).
Because R(u,0)(t) is zero operator, so (2.3) holds. Moreover, for any u € Q,
M[Pu+ R(u, \)](t)
Mg [ -9 e [ 0P - @tanas

4 ﬁDg‘flu(O)t“_l}
= (I = Q)Nxu(t),
which implies (2.4). So N is M-compact in Q. O
Lemma 3.4. Suppose (H1), (H2) hold, then the set
Q1 = {u€domM \ker M : Mu= ANu, A€ (0,1)}
1s bounded.
Proof. By lemma 2.5, one has
u(t) = I DS u(t) + et ! + cot® % 4 c3t* 2,

where ()
Iy ) "
0 T(a—i+1)

i=1,2,3.



Combining this with u(0) = «/(0) = 0, we get ¢; = ¢ =0 and

- D a(0)
Cc1 = F(a) .
o DYT'z(0)
HU‘HOO = ” O+D0+u+ 01:(0() t 1”00
1 /t ) | D 2(0)]
< — (t —8)*7ds||| D& ulloo + u
@) Jo | o)
1 1
< Dafl - - D -

Take any u € 4, then Nu € ImM = kerQ and QNu =0 for all t € [0,1]. By
using (H2), there exists to € [0, 1] such that | D3, *u(to)| + |DSi 'u(to)] < A. Thus
t

Dyt u(t) = DS Mu(to) + | Dgyu(t)d, (3.8)
to
t
DS %u(t) = DS ulto) +/ DS u(t)dt, (3.9)
to
IDg ulloo < A+ [IDgulloo, (3.10)
IDg?ulloo < A+ [IDG ulloo < 24 + || DFs ulloo, (3.11)
1
Julle € Tz (@+ DDl +C (312)
where C = —) Combining with Mu = ANw and D, u(0) = 0, we obtain

op(DGu(t)) = M2 Nu(t).
From (H1) and X € (0, 1) one has
(t — )71 (s, u(s), D5 2u(s), D5 u(s), Dgu(s))|ds

|<Pp(Dg+U ( ) )

+d(s)| DG uls) [P + e(s) | Dgu(s) [P ds
1 (e
< rg gy Ualle + Ibllocllulizs™ + lelloe | D52l
+ ldlloo | DG ull2 + llelloo | DF-ullZ71), ¥t € [0, 1]
By the virtue of |p,(Dg.u(t))| = |Dg.u(t)[P~! and the inequality (|a| + [b])? <
B(la|P + |b|P), where B = 2P~! when p > 2 and B =1 when 1 < p < 2, a,b € R.
One has
— (a+ 1)1
- Ui 0037
< gy ol + BB
+ el B(C + IDgsull55™) + lldll oo B(Cs + | Dy ull55)
+ llelloo | DE+ ull5s™),

where Cy, Cs, C3 are some constants. From (3.3), there exists a constant M; > 0
satisfying

1Dg w2 IDg: ull% + C

DS |0 < M. (3.13)
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Then, ; is bounded. O

Lemma 3.5. Suppose (H2) holds, then the set Q2 = {u € ker M : Nu € Im M} is
bounded.

Proof. For each u € g, we have u(t) = ct*~! for all ¢ € R and QNu = 0. By using
(H2), there exists a to € [0,1] satisfying [D3; 'u(to)| + |Dg *u(to)| < A, which
implies |¢| < m. Therefore, 2 is bounded. O

Define the isomorphism J : Im@Q — ker M by J(ctk) = ct® 1 ¢ € R, for all
t € 0,1].
Lemma 3.6. Suppose (3.1) holds, then
Qs ={ueckerM: —du+ (1 -N)JQNu=0, A €[0,1]}
is bounded.
Proof. Suppose (3.1) holds, for u € Q3, we have u(t) = ct®~! for ¢ € R. Then

O (r, e, D ()7, (), 0)

Co ’
where C(y) is defined in (3.7). If A = 1, then ¢ = 0. If A # 1, in view of (3.1), one
has

Aet®™t = (1-)) (3.14)

C(f(r,et® 1 cl'(a)T, (), 0)
Co

which contradicts to Ac¢2 > 0. i.e., Q3 is bounded.
Suppose (3.2) holds, it is similar to proof

c(1—)\) <0, (3.15)

Qs ={ueckerM : du+(1—XN)JQNu=0,Xe[0,1]}

is bounded. O

Proof of Theorem 3.1. Assume that € is a bounded open set of X with U3_;Q; C Q.
By Lemma 3.3, Lemmas 3.4 and 3.5, we have N is M-compact on 2,

(i) Mx # Nyx for each (u,A) € (dom M NoQ) x (0,1),
(ii) QNu # 0, for all u € 9Q Nker M.

Let H(u,A) = Au+ (1 — A)JQN(u). By Lemma 3.6 we know H(u, A) # 0 for each
u € 02 Nker M. Thus, we have
deg(JQN |ker a1, 2 Nker M, 0) = deg(H(+,0),Q2 Nker M,0)
=deg(H(-,1),2Nker M,0)
= deg(I,2 Nker M,0) # 0,

then (iii) of Lemma 2.1 is holds. Consequently, FBVP (1.1) have at least one
solution. 0O
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4. CONCLUSION

There are some articles which consider the boundary value problems of fractional
differential equation at resonance with p-Laplacian. For example, in [8], Shen and
Liu studied the following problem

{ Di (DG ul0) = 1(6:0) D3 o), D3 ) D). 1€ 01)
U(O) =u ( ) D0+u( ) =0, Do+ u( ) = Zi:l UZD0+ U(Wi%

where 2 < a <3,0< 8 <1,3<a+8<4,nm€(0,1),0, R, Y 0s =1,
1 <m,m € N, ¢p(s) = |s[P72s,1 < p,1/p+1/q = 1. In this paper, the author
used the condition

1 —B+1
T(B+ 1)a (g8 — B+ 1) Z"”’ ) #0.

Moreover, in other papers, the authors need the same assumption which similar to
above condition. In this paper, we considered the similar problems which do not
need the assumption like above condition. So, in some sense, our paper generalize
some results(see[8]).
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