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Abstract. In this paper, we prove two identities involving quantum derivatives, quantum integrals, and
certain parameters. Using the newly proved identities, we prove new inequalities of Simpson�s and Newton�s
type for quantum di¤erentiable convex functions under certain assumptions. Moreover, we discuss the
special cases of our main results and obtain some new and existing Simpson�s type inequalities, Newton�s
type inequalities, midpoint type inequalities and trapezoidal type inequalities.

1. Introduction

Thomas Simpson has evolved essential techniques for the numerical integration and estimation of de�nite
integrals taken into consideration as Simpson�s rule during (1710-1761). Nevertheless, a comparable approxi-
mation became utilized by J. Kepler nearly earlier than 10 decades, so it�s also called Kepler�s rule. Simpson�s
rule consists of the 3-point Newton-Cotes quadrature rule, so estimation primarily based totally on 3 steps
quadratic kernel is every so often known as Newton-type results.
1) Simpson�s quadrature formula (Simpson�s 1/3 rule)Z �2

�1

F(x)dx � �2 � �1
6

�
F(�1) + 4F

�
�1 + �2
2

�
+ F(�2)

�
:

2) Simpson�s second formula or Newton-Cotes quadrature formula (Simpson�s 3/8 rule).Z �2

�1

F(x)dx � �2 � �1
8

�
F(�1) + 3F

�
2�1 + �2

3

�
+ 3F

�
�1 + 2�2

3

�
+ F(�2)

�
:

There are a huge variety of estimations associated with those quadrature rules withinside the literature,
certainly considered one among them is the subsequent estimation called Simpson�s inequality:

Theorem 1. Suppose that F : [�1; �2]! R is a four times continuously di¤erentiable mapping on (�1; �2) ;
and let



F (4)

1 = sup
x2(�1;�2)

��F (4)(x)�� <1: Then, one has the inequality����13
�
F(�1) + F(�2)

2
+ 2F

�
�1 + �2
2

��
� 1

�2 � �1

Z �2

�1

F(x)dx
���� � 1

2880




F (4)



1
(�2 � �1)4 :

In recent years, many writers have focused on Simpson�s type inequality in various categories of mappings.
Speci�cally, some mathematicians have worked on the results of Simpson�s and Newton�s type in obtaining a
convex map, because convexity theory is an e¤ective and powerful way to solve a large number of problems
from di¤erent branches of pure and applied mathematics. For example, Dragomir et al. [15] presented
the new Simpson�s inequalities and their applications in quadrature formulas for numerical integration. In
addition, some inequalities of Simpson�s type of s-convex functions were determined by Alomari et al. in [6].
Subsequently, Sarikaya et al. note the variance of Simpson�s type inequality based on convexity in [34]. For
the further studies of this area, one can consult [17,21,32].
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On the other hand, in the �eld of q-analysis, many researchers have carried out various studies due to
a high demand for mathematics involving quantum calculation modelling. This is the reason why Euler
began this stage in the development of what we now know as q�calculus and which also serves as a bridge
between mathematics and physics. Mathematical areas such as combinatorics, number theory, hypergeometric
functions, orthogonal polynomials, and areas of other sciences such as mechanics, quantum theory, and theory
of relativity, have received the applications of q�calculus [18�20,22,24]. Examining the published literature,
Euler appears as the �rst to give some results in this area due to the introduction of the parameter q in the
work on in�nite series presented by Newton. In the book of Ernst T. [18], about the history of q-calculus,
it is read that Jackson was the �rst to develop and systematize this area; in 1908-1909, Jackson de�ned the
general q-integral and q-di¤erence operator [22]. In 1969, Agarwal described the q-fractional derivative for the
�rst time [1]. During the years 1966 and 1967 the analogue of the fractional integral of Riemman�Liouville
appeared in the q�calculus setting, this is found in the work published by Al-Salaam [7] . Rajkovic in [33]
introduced a Riemman-type de�nition from a generalization of the de�nition of q�Riemman integral; and
Tariboon introduced �1Dq-di¤erence operator [8]. Recently, in 2020, Bermudo et al. introduced the notion
of �2Dq derivative and integral [10].
In classical analysis, integral inequalities are of particular interest, among them are Simpson�s inequality,

Ostrowski�s inequality, Chebyshev�s inequality, and others no less important. All of them have been translated
using the q-calculus tools and have been, in some cases using convexity criteria. Many mathematicians have
made studies in this area. [2�5,8,9, 12�14,20,23,25�31,35,38,39].

2. Preliminaries of q-Calculus and Some Inequalities

In this section, we �rst present some known de�nitions and related inequalities in q-calculus. Set the
following notation(see, [24]):

[n]q =
1� qn
1� q = 1 + q + q2 + :::+ qn�1; q 2 (0; 1) :

Jackson [22] de�ned the q-Jackson integral of a given function F from 0 to �2 as follows:

(2.1)

�2Z
0

F (x) dqx = (1� q)�2
1X
n=0

qnF (�2qn) ; where 0 < q < 1

provided that the sum converges absolutely. Moreover, he de�ned the q-Jackson integral of a given function
over the interval [�1; �2] as follows:

�2Z
�1

F (x) dqx =

�2Z
0

F (x) dqx �
�1Z
0

F (x) dqx :

De�nition 1. [36] The q�1-derivative of mapping F : [�1; �2]! R is de�ned as:

(2.2) �1DqF (x) =
F (x)�F (qx+ (1� q)�1)

(1� q) (x� �1)
; x 6= �1:

If x = �1, we de�ne �1DqF (�1) = limx!�1 �1DqF (x) if it exists and it is �nite.

De�nition 2. [10] The q�2-derivative of mapping F : [�1; �2]! R is de�ned as:

�2DqF (x) =
F (qx+ (1� q)�2)�F (x)

(1� q) (�2 � x)
; x 6= �2:

If x = �2, we de�ne �2DqF (�2) = limx!�2
�2DqF (x) if it exists and it is �nite.

De�nition 3. [36] The q�1-de�nite integral of F : [�1; �2]! R on [�1; �2] is de�ned as:
�2Z
�1

F (x) �1dqx = (1� q) (�2 � �1)
1X
n=0

qnF (qn�2 + (1� qn)�1) = (�2 � �1)
1Z
0

F ((1� �)�1 + ��2) dq� :

Alp et al. [8] proved the following q�1-Hermite-Hadamard inequalities for convex functions in the setting
of quantum calculus:
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Theorem 2. If F : [�1; �2]! R is a convex di¤erentiable function on [�1; �2] and 0 < q < 1. Then we have

(2.3) F
 
q�1 + �2
[2]q

!
� 1

�2 � �1

�2Z
�1

F (x) �1dqx � qF (�1) + F (�2)
[2]q

:

In [8] and [28], the authors established some bounds for the left and right hand sides of the inequality
(2.3).
On the other hand, in [10], Bermudo et al. gave the following de�nition and obtained the related Hermite-

Hadamard type inequalities:

De�nition 4. [10] The q�2-de�nite integral of F : [�1; �2]! R on [�1; �2] is de�ned as:
�2Z
�1

F (x) �2dqx = (1� q) (�2 � �1)
1X
n=0

qnF (qn�1 + (1� qn)�2) = (�2 � �1)
1Z
0

F (��1 + (1� �)�2) dq� :

Theorem 3. [10] If F : [�1; �2] ! R is a convex di¤erentiable function on [�1; �2] and 0 < q < 1. Then,
q-Hermite-Hadamard inequalities are given as follows:

(2.4) F
 
�1 + q�2
[2]q

!
� 1

�2 � �1

�2Z
�1

F (x) �2dqx � F (�1) + qF (�2)
[2]q

:

From Theorem 2 and Theorem 3, one can obtain the following inequalities:

Corollary 1. [10] For any convex function F : [�1; �2]! R and 0 < q < 1; we have

(2.5) F
 
q�1 + �2
[2]q

!
+F

 
�1 + q�2
[2]q

!
� 1

�2 � �1

8<:
�2Z
�1

F (x) �1dqx +

�2Z
�1

F (x) �2dqx

9=; � F (�1)+F (�2)

and

(2.6) F
�
�1 + �2
2

�
� 1

2 (�2 � �1)

8<:
�2Z
�1

F (x) �1dqx +

�2Z
�1

F (x) �2dqx

9=; � F (�1) + F (�2)
2

:

In [11], Budak proved the left and right bounds of the inequality (2.4).
The primary goal of this study is to show a few new generalizations of Simpson�s and Newton�s inequalities

for quantum di¤erentiable convex functions in the setting of quantum calculus. This is the number one
motivation of this paper. The thoughts and techniques of the paper may also open new venues for similar
studies on this �eld.

3. Crucial Identities

In this section, we prove three di¤erent identities to obtain the main results of this paper.
Let�s start with the following useful Lemma.

Lemma 1. If F : [�1; �2] � R! R is a q�1-di¤erentiable function on (�1; �2) such that �1DqF is continuous
and integrable on [�1; �2], then we have the following identity:

�F (�1) + (1� �)F (�2) + (�� �)F
�
�1 + �2
2

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx(3.1)

= (�2 � �1)
"Z 1

2

0

(q� � �) �1DqF (��2 + (1� �)�1) dq� +
Z 1

1
2

(q� � �)�1 DqF (��2 + (1� �)�1) dq�
#

where q 2 (0; 1) :

Proof. From De�nition 1, we have

(3.2) �1DqF (��2 + (1� �)�1) =
F (��2 + (1� �)�1)�F (q��2 + (1� q�)�1)

(1� q) (�2 � �1) �
:
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Using the fundamental properties of quantum integrals and from equality (3.2), we obtain thatZ 1
2

0

(q� � �) �1DqF (��2 + (1� �)�1) dq� +
Z 1

1
2

(q� � �)�1 DqF (��2 + (1� �)�1) dq�(3.3)

=

Z 1
2

0

(�� �) �1DqF (��2 + (1� �)�1) dq� +
Z 1

0

(q� � �)�1 DqF (��2 + (1� �)�1) dq�

= (�� �)
Z 1

2

0

F (��2 + (1� �)�1)�F (q��2 + (1� q�)�1)
(1� q) (�2 � �1) �

dq�

+q

Z 1

0

F (��2 + (1� �)�1)�F (q��2 + (1� q�)�1)
(1� q) (�2 � �1)

dq�

��
Z 1

0

F (��2 + (1� �)�1)�F (q��2 + (1� q�)�1)
(1� q) (�2 � �1) �

dq� :

From De�nition 3, we have the following relationsZ 1
2

0

F (��2 + (1� �)�1)�F (q��2 + (1� q�)�1)
(1� q) (�2 � �1) �

dq�(3.4)

=
1

�2 � �1

" 1X
n=0

F
�
qn

2
�2 +

�
1� q

n

2

�
�1

�
�

1X
n=0

F
�
qn+1

2
�2 +

�
1� q

n+1

2

�
�1

�#

=
1

�2 � �1

�
F
�
�1 + �2
2

�
�F (�1)

�
;

Z 1

0

F (��2 + (1� �)�1)�F (q��2 + (1� q�)�1)
(1� q) (�2 � �1) �

dq�(3.5)

=
1

�2 � �1
[F (�2)�F (�1)]

and Z 1

0

F (��2 + (1� �)�1)�F (q��2 + (1� q�)�1)
(1� q) (�2 � �1)

dq�(3.6)

=
1

�2 � �1

" 1X
n=0

qnF (qn�2 + (1� qn)�1)�
1X
n=0

qnF
�
qn+1�2 +

�
1� qn+1

�
�1
�#

=
1

�2 � �1

" 1X
n=0

qnF (qn�2 + (1� qn)�1)�
1

q

1X
n=1

qnF (qn�2 + (1� qn)�1)
#

=
1

�2 � �1

" 1X
n=0

qnF (qn�2 + (1� qn)�1)�
1

q

1X
n=0

qnF (qn�2 + (1� qn)�1) +
1

q
F (�2)

#

=
1

�2 � �1

�
1

q
F (�2)�

1

q (�2 � �1)

Z �2

�1

F (x) �1dqx

�
:

By substituting the computed integrals (3.4)-(3.6) in (3.3), we obtain the required identity (3.1) and the
proof is completed. �
Remark 1. In Lemma 1, if we choose � = 1

6 and � =
5
6 , then we obtain [37, Lemma 3].

Remark 2. In Lemma 1, if we choose � = � = q
[2]q
, then we obtain [35, Lemma 3.1].

Corollary 2. In Lemma 1, if we choose � = 0 and � = 1, then we obtain the following new identity

F
�
�1 + �2
2

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

= (�2 � �1)
"Z 1

2

0

q� �1DqF (��2 + (1� �)�1) dq� +
Z 1

1
2

(q� � 1)�1 DqF (��2 + (1� �)�1) dq�
#
:
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Remark 3. In Lemma 1, if we take the limit q ! 1�; then we have [16, Lemma 2.1 for m = 1].

Lemma 2. If F : [�1; �2] � R! R is a q�1-di¤erentiable function on (�1; �2) such that �1DqF is continuous
and integrable on [�1; �2], then we have the following identity:

�F (�1) + (�� �)F
�
2�1 + �2

3

�
+ (� � �)F

�
�1 + 2�2

3

�
+ (1� �)F (�2)�

1

�2 � �1

Z �2

�1

F (x) �1dqx(3.7)

= (�2 � �1)
"Z 1

3

0

(q� � �) �1DqF (��2 + (1� �)�1) dq� +
Z 2

3

1
3

(q� � �) �1DqF (��2 + (1� �)�1) dq�

+

Z 1

2
3

(q� � �) �1DqF (��2 + (1� �)�1) dq�
#

where q 2 (0; 1) :

Proof. From the fundamental properties of quantum integrals, we haveZ 1
3

0

(q� � �) �1DqF (��2 + (1� �)�1) dq� +
Z 2

3

1
3

(q� � �) �1DqF (��2 + (1� �)�1) dq�

+

Z 1

2
3

(q� � �) �1DqF (��2 + (1� �)�1) dq�

=

Z 1
3

0

(�� �) �1DqF (��2 + (1� �)�1) dq� +
Z 2

3

0

(� � �) �1DqF (��2 + (1� �)�1) dq�

+

Z 1

0

(q� � �) �1DqF (��2 + (1� �)�1) dq� :

If the same steps in the proof of Lemma 1 are applied for the rest of this proof, we can obtain the desired
identity (3.7). �

Remark 4. If we take � = 1
8 , � =

1
2 , and � =

7
8 in Lemma 2, then we obtain [17, Lemma 2].

Remark 5. If we take � = � = � = q
[2]q
, in Lemma 2, then we obtain [35, Lemma 3.1].

Corollary 3. If we take the limit q ! 1� in Lemma 2, then we obtain the following new identity

�F (�1) + (�� �)F
�
2�1 + �2

3

�
+ (� � �)F

�
�1 + 2�2

3

�
+ (1� �)F (�2)�

1

�2 � �1

Z �2

�1

F (x) dx

= (�2 � �1)
"Z 1

3

0

(� � �)F 0 (��2 + (1� �)�1) d� +
Z 2

3

1
3

(� � �)F 0 (��2 + (1� �)�1) d�

+

Z 1

2
3

(� � �)F 0 (��2 + (1� �)�1) d�
#

For brevity, let us prove another lemma that will be used frequently in the main results.

Lemma 3. The following quantum integrals holds for �; �; � � 0:

(3.8) 
11 =

Z 1
2

0

jq� � �j dq� =

8><>:
8�2+q
4[2]q

� �
2 ; q > 2�;

�
2 �

q
4[2]q

; q � 2�;

(3.9) 
12 =

Z 1

1
2

jq� � �j dq� =

8>>>>>><>>>>>>:

�
2 �

3q
4[2]q

; q < �;

8�2+5q
4[2]q

� 3�
2 ; � � q � 2�;

3q
4[2]q

� �
2 ; q > 2�;
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(3.10) 
13 =

Z 1
3

0

jq� � �j dq� =

8><>:
2�2

[2]q
+ q

9[2]q
� �

3 ; q > 3�;

�
3 �

q
9[2]q

; q � 3�;

(3.11) 
14 =

Z 2
3

1
3

jq� � �j dq� =

8>>>>>><>>>>>>:

�
3 �

q
3[2]q

; q < 3�
2 ;

18�2+5q
9[2]q

� �; 3�
2 � q � 3�;

q
3[2]q

� �
3 ; q > 3�;

(3.12) 
15 =

Z 1

2
3

jq� � �j dq� =

8>>>>>><>>>>>>:

�
3 �

5q
9[2]q

; q < �;

18�2+13q
9[2]q

� 5�
3 ; � � q � 3�

2 ;

5q
9[2]q

� �
3 ; q > 3�

2 ;

(3.13) 
1 =

Z 1
2

0

� jq� � �j dq� =

8><>:
2�3

[2]q [3]q
+ q

8[3]q
� �

4[2]q
; q > 2�;

�
4[2]q

� q
8[3]q

; q � 2�;


2 =

Z 1
2

0

(1� �) jq� � �j dq�(3.14)

= 
11 � 
1

=

8><>:
8�2+�+q
4[2]q

� �
2 �

q
8[3]q

� 2�3

[2]q [3]q
; q > 2�;

�
2 �

�+q
4[2]q

+ q
8[3]q

; q � 2�;


3 =

Z 1

1
2

� jq� � �j dq� =(3.15)

=

8>>>>>><>>>>>>:

3�
4[2]q

� 7q
8[3]q

; q < �;

2�3

[2]q [3]q
� 5�

4[2]q
+ 9q

8[3]q
; � � q � 2�;

7q
8[3]q

� 3�
4[2]q

; q > 2�;


4 =

Z 1

1
2

(1� �) jq� � �j dq� =(3.16)

= 
12 � 
3

=

8>>>>>><>>>>>>:

�
2 �

3(�+q)
4[2]q

+ 7q
8[3]q

; q < �;

8�2+5q+5�
4[2]q

� 3�
2 �

9q
8[3]q

� 2�3

[2]q [3]q
; � � q � 2�;

3(�+q)
4[2]q

� �
2 �

7q
8[3]q

; q > 2�;
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(3.17) 
5 =

Z 1
3

0

� jq� � �j dq� =

8><>:
2�3

[2]q [3]q
+ q

27[3]q
� �

9[2]q
; q > 3�;

�
9[2]q

� q
27[3]q

; q � 3�;


6 =

Z 1
3

0

(1� �) jq� � �j dq� =(3.18)

= 
13 � 
5

=

8><>:
18�2+�+q

9[2]q
� �

3 �
q

27[3]q
� 2�3

[2]q [3]q
; q > 2�;

�
3 �

�+q
9[2]q

+ q
27[3]q

; q � 2�;

(3.19) 
7 =

Z 2
3

1
3

� jq� � �j dq� =

8>>>>>><>>>>>>:

�
3[2]q

� 7q
27[3]q

; q < 3�
2 ;

2�3

[2]q [3]q
� 5�

9[2]q
+ q

3[3]q
; 3�

2 � q � 3�;

7q
27[3]q

� �
3[2]q

; q > 3�;


8 =

Z 2
3

1
3

(1� �) jq� � �j dq�(3.20)

= 
14 � 
7

=

8>>>>>><>>>>>>:

�
3 �

q+�
3[2]q

+ 7q
27[3]q

; q < 3�
2 ;

18�2+5q+5�
9[2]q

� �� q
3[3]q

� 2�3

[2]q [3]q
; 3�

2 � q � 3�;

q+�
3[2]q

� �
3 �

7q
27[3]q

; q > 3�;

(3.21) 
9 =

Z 1

2
3

� jq� � �j dq� =

8>>>>>><>>>>>>:

5�
9[2]q

� 19q
27[3]q

; q < �;

2�3

[2]q [3]q
� 13�

9[2]q
+ 35q

27[3]q
; � � q � 3�

2 ;

19q
27[3]q

� 5�
9[2]q

; q > 3�
2 ;


10 =

Z 1

2
3

(1� �) jq� � �j dq�(3.22)

= 
15 � 
9

=

8>>>>>><>>>>>>:

�
3 �

5(q+�)
9[2]q

+ 19q
27[3]q

; q < �;

18�2+13q+13�
9[2]q

� 5�
3 �

35q
27[3]q

� 2�3

[2]q [3]q
; � � q � 3�

2 ;

5(q+�)
9[2]q

� �
3 �

19q
27[3]q

; q > 3�
2 :
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Proof. Case I: Let q > 2�:
By the de�nition q-integral, we have


1 =

Z 1
2

0

� jq� � �j dq�

=

Z �
q

0

� (�� q�) dq� +
Z 1

2

�
q

� (�� q�) dq�

= 2

Z �
q

0

� (�� q�) dq� +
Z 1

2

0

� (�� q�) dq�

=
2�3

[2]q [3]q
+

q

8 [3]q
� �

4 [2]q
:

Case I: Let q � 2�:
From de�nition quantum integral, we get


1 =

Z 1
2

0

� jq� � �j dq� =
Z 1

2

0

� (�� q�) dq� =
�

4 [2]q
� q

8 [3]q
:

This gives the proof of the equality (3.13). The others can be calculated in similar way. �

4. Simpson�s type inequalities for quantum integrals

In this section, we prove a new generalization of quantum Simpson�s inequalities for quantum di¤erentiable
convex functions via quantum integrals.

Theorem 4. We assume that the given conditions of Lemma 1 hold. If the mapping j�1DqFj is convex on
[�1; �2], then the following Simpson�s type inequality holds:�����F (�1) + (1� �)F (�2) + (�� �)F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����(4.1)

� (�2 � �1) [(
1 +
3) j�1DqF (�2)j+ (
2 +
4) j�1DqF (�1)j]

where 
1-
4 are given in (3.13)-(3.16), respectively.

Proof. Taking the modulus in Lemma 1 and using the convexity of j�1DqFj, we obtain�����F (�1) + (1� �)F (�2) + (�� �)F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

"Z 1
2

0

jq� � �j j�1DqF (��2 + (1� �)�1)j dq� +
Z 1

1
2

jq� � �j j�1DqF (��2 + (1� �)�1)j dq�
#

� (�2 � �1)
"
j�1DqF (�2)j

(Z 1
2

0

� jq� � �j dq� +
Z 1

1
2

� jq� � �j dq�
)

+ j�1DqF (�1)j
(Z 1

2

0

(1� �) jq� � �j dq� +
Z 1

1
2

(1� �) jq� � �j dq�
)#

= (�2 � �1) [(
1 +
3) j�1DqF (�2)j+ (
2 +
4) j�1DqF (�1)j]

which completes the proof. �

Remark 6. If we take the limit q ! 1� in Theorem 4, then we have [16, Theorem 2.1 for s = m = 1].

Remark 7. If we assume � = � = q
[2]q

in Theorem 4, then we obtain [35, Theorem 4.1].
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Corollary 4. In Theorem 4, if we choose � = 0 and � = 1, then we obtain the following midpoint type
inequality ����F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

"
3

4 [2]q [3]q
j�1DqF (�2)j+

2q2 + 2q � 1
4 [2]q [3]q

j�1DqF (�1)j
#
:

Corollary 5. If we assume � = 1
6 and � =

5
6 in Theorem 4, then we obtain the following inequality����16

�
F (�1) + F (�2) + F

�
�1 + �2
2

��
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1) [(
�1 +
�3) j�1DqF (�2)j+ (
�2 +
�4) j�1DqF (�1)j]

where


�1 =

Z 1
2

0

�

����q� � 16
���� dq� =

8><>:
2

216:[2]q [3]q
+ q

8[3]q
� 1

24:[2]q
; 1

3 < q < 1;

1
24:[2]q

� q
8[3]q

; 0 < q � 1
3 ;


�2 =

Z 1
2

0

(1� �)
����q� � 16

���� dq�
=

8><>:
7

72:[2]q
+ q

4[2]q
� 1

12 �
q

8[3]q
� 2

216:[2]q [3]q
; 1

3 < q < 1;

1
12 �

1
24[2]q

� q
4[2]q

+ q
8[3]q

; 0 < q � 1
3 ;


�3 =

Z 1

1
2

�

����q� � 56
���� dq� =

=

8><>:
15

24:[2]q
� 7q

8[3]q
; 0 < q < 5

6 ;

250
216:[2]q [3]q

� 25
24:[2]q

+ 9q
8[3]q

; 5
6 � q < 1;


�4 =

Z 1

1
2

(1� �)
����q� � 56

���� dq� =
=

8><>:
5
12 �

15
24:[2]q

� 3q
4[2]q

+ 7q
8[3]q

; 0 < q < 5
6 ;

50
216:[2]q

+ 5q
4[2]q

� 25
24:[2]q

� 15
12 �

9q
8[3]q

� 250
216:[2]q [3]q

; 5
6 � q < 1

which is given by Tunç et al. in [37, Theorem 1], the coe¢ cients of j�1DqF (�2)j and j�1DqF (�1)j in this
inequality are more modi�ed than the inequality of Tunç et al..

Theorem 5. We assume that the given conditions of Lemma 1 hold. If the mapping j�1DqFj
p1 , p1 � 1 is

convex on [�1; �2], then the following Simpson�s type inequality holds:�����F (�1) + (1� �)F (�2) + (�� �)F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����(4.2)

� (�2 � �1)
�


1� 1

p1
11 (
1 j�1DqF (�2)j

p1 +
2 j�1DqF (�1)j
p1)

1
p1

+

1� 1

p1
12 (
3 j�1DqF (�2)j

p1 +
4 j�1DqF (�1)j
p1)

1
p1

�
where 
11; 
12 and 
1-
4 are given in (3.8), (3.9), and (3.13)-(3.16), respectively.
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Proof. Taking the modulus in Lemma 1 and using the power mean inequality, we have�����F (�1) + (1� �)F (�2) + (�� �)F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

24 Z 1
2

0

jq� � �j dq�
!1� 1

p1
 Z 1

2

0

jq� � �j j�1DqF (��2 + (1� �)�1)j
p1 dq�

! 1
p1

+

 Z 1

1
2

jq� � �j dq�
!1� 1

p1
 Z 1

1
2

jq� � �j j�1DqF (��2 + (1� �)�1)j
p1 dq�

! 1
p1

35 :
By using the convexity of j�1DqFj

p1 , we have�����F (�1) + (1� �)F (�2) + (�� �)F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

24 Z 1
2

0

jq� � �j dq�
!1� 1

p1

�
 
j�1DqF (�2)j

p1

Z 1
2

0

� jq� � �j dq� + j�1DqF (�1)j
p1

Z 1
2

0

(1� �) jq� � �j dq�
! 1

p1

+

 Z 1

1
2

jq� � �j dq�
!1� 1

p1

�
 
j�1DqF (�2)j

p1

Z 1

1
2

� jq� � �j dq� + j�1DqF (�1)j
p1

Z 1

1
2

(1� �) jq� � �j dq�
! 1

p1

35
=

�


1� 1

p1
11 (
1 j�1DqF (�2)j

p1 +
2 j�1DqF (�1)j
p1)

1
p1

+

1� 1

p1
12 (
3 j�1DqF (�2)j

p1 +
4 j�1DqF (�1)j
p1)

1
p1

�
and the proof is completed. �

Remark 8. If we take the limit q ! 1� in Theorem 5, then we have [16, Theorem 2.3 for s = m = 1].

Remark 9. If we assume � = � = q
[2]q

in Theorem 5, then we obtain [35, Theorem 4.2].

Corollary 6. If we assume � = 1
6 and � =

5
6 in Theorem 5, then we obtain the following inequality����16

�
F (�1) + F (�2) + F

�
�1 + �2
2

��
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

�
�
1� 1

p1
1 (
�1 j�1DqF (�2)j

p1 +
�2 j�1DqF (�1)j
p1)

1
p1

+ �
1� 1

p1
2 (
�3 j�1DqF (�2)j

p1 +
�4 j�1DqF (�1)j
p1)

1
p1

�
where 
�1 � 
�4 are given in Corollary 5 and

�1 =

Z 1
2

0

����q� � 16
���� dq� =

8><>:
2

36[2]q
+ q

4[2]q
� 1

12 ;
1
3 < q < 1;

1
12 �

q
4[2]q

; 0 < q � 1
3 ;

�2 =

Z 1

1
2

����q� � 56
���� dq� =

8><>:
5
12 �

3q
4[2]q

; 0 < q < 5
6 ;

50
36[2]q

+ 5q
4[2]q

� 15
12 ;

5
6 � q < 1;
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which is given by Tunç et al. in [37, Theorem 3], the values of �1; �2 and the coe¢ cients of j�1DqF (�2)j
p1

and j�1DqF (�1)j
p1 in this inequality are more modi�ed than the inequality of Tunç et al..

Corollary 7. In Theorem 5, if we choose � = 0 and � = 1, then we obtain the following midpoint type
inequality

����F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

 
q

4 [2]q

!1� 1
p1

0@j�1DqF (�2)jp1 q

8 [3]q
+ j�1DqF (�1)j

p1
q
�
[3]q + q

2
�

8 [2]q [3]q

1A
1
p1

+

 
2� q
4 [2]q

!1� 1
p1
 
j�1DqF (�2)j

p1
6 [3]q � 7q [2]q
8 [2]q [3]q

+ j�1DqF (�1)j
p1

 
1

2
� 3q

4 [2]q
�
6 [3]q � 7q [2]q
8 [2]q [3]q

!! 1
p1

:

Theorem 6. We assume that the given conditions of Lemma 1 hold. If the mapping j�1DqFj
p1 , p1 > 1 is

convex on [�1; �2], then the following Simpson�s type inequality holds:

�����F (�1) + (1� �)F (�2) + (�� �)F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����(4.3)

� (�2 � �1)

24
 1
r1
16

 
j�1DqF (�2)j

p1

4 [2]q
+
(2q + 1) j�1DqF (�1)j

p1

4 [2]q

! 1
p1

+

1
r1
17

 
3 j�1DqF (�2)j

p1

4 [2]q
+
(2q � 1) j�1DqF (�1)j

p1

4 [2]q

! 1
p1

35

where p�11 + r�11 = 1 and


16 =

Z 1
2

0

jq� � �jr1 dq� ; 
17 =
Z 1

1
2

jq� � �jr1 dq� :

Proof. Taking the modulus in Lemma 1 and using the Hölder inequality, we have

�����F (�1) + (1� �)F (�2) + (�� �)F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

24 Z 1
2

0

jq� � �jr1 dq�
! 1

r1
 Z 1

2

0

j�1DqF (��2 + (1� �)�1)j
p1 dq�

! 1
p1

+

 Z 1

1
2

jq� � �jr1 dq�
! 1

r1
 Z 1

1
2

j�1DqF (��2 + (1� �)�1)j
p1 dq�

! 1
p1

35 :
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Applying the convexity of j�1DqFj
p1 , we have�����F (�1) + (1� �)F (�2) + (�� �)F ��1 + �22

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

24 Z 1
2

0

jq� � �jr1 dq�
! 1

r1
 
j�1DqF (�2)j

p1

Z 1
2

0

�dq� + j�1DqF (�1)j
p1

Z 1
2

0

(1� �) dq�
! 1

p1

+

 Z 1

1
2

jq� � �jr1 dq�
! 1

r1
 
j�1DqF (�2)j

p1

Z 1

1
2

�dq� + j�1DqF (�1)j
p1

Z 1

1
2

(1� �) dq�
! 1

p1

35
= (�2 � �1)

24
 1
r1
16

 
j�1DqF (�2)j

p1

4 [2]q
+
(2q + 1) j�1DqF (�1)j

p1

4 [2]q

! 1
p1

+

1
r1
17

 
3 j�1DqF (�2)j

p1

4 [2]q
+
(2q � 1) j�1DqF (�1)j

p1

4 [2]q

! 1
p1

35
and the proof is �nished. �

Remark 10. If we take the limit q ! 1� in Theorem 6, then Theorem 6 becomes [16, Theorem 2.2 for
s = m = 1].

Corollary 8. If we assume � = 1
6 and � =

5
6 in Theorem 6, then we obtain the following inequality����16

�
F (�1) + F (�2) + F

�
�1 + �2
2

��
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

24� 1
r1
3

 
j�1DqF (�2)j

p1

4 [2]q
+
(2q + 1) j�1DqF (�1)j

p1

4 [2]q

! 1
p1

+ �
1
r1
4

 
3 j�1DqF (�2)j

p1

4 [2]q
+
(2q � 1) j�1DqF (�1)j

p1

4 [2]q

! 1
p1

35
where

�3 =

Z 1
2

0

����q� � 16
����r1 dq� ; �4 = Z 1

1
2

����q� � 56
����r1 dq� :

5. Newton�s type inequalities for quantum integrals

Some new generalized versions of quantum Newton�s inequalities for quantum di¤erentiable convex func-
tions are o¤ered in this section.

Theorem 7. We assume that the given conditions of Lemma 2 hold. If the mapping j�1DqFj is convex on
[�1; �2], then the following Newton�s type inequality holds:�����F (�1) + (�� �)F �2�1 + �23

�
+ (� � �)F

�
�1 + 2�2

3

�
+ (1� �)F (�2)�

1

�2 � �1

Z �2

�1

F (x) �1dqx

����(5.1)

� (�2 � �1) [(
5 +
7 +
9) j�1DqF (�2)j+ (
6 +
8 +
10) j�1DqF (�1)j]

where 
5-
10 are given in (3.17)-(3.22), respectively.

Proof. If we consider Lemma 2 and apply the same method that used in the proof of Theorem 4, then we
can obtain the desired inequality (5.1). �

Remark 11. If we assume � = � = � = q
[2]q

in Theorem 7, then we obtain [35, Theorem 4.1].
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Corollary 9. If we take the limit q ! 1� in Theorem 7, then we obtain the following Newton�s type inequality�����F (�1) + (�� �)F �2�1 + �23

�
+ (� � �)F

�
�1 + 2�2

3

�
+ (1� �)F (�2)�

1

�2 � �1

Z �2

�1

F (x) dx
����

� (�2 � �1) [(
�5 +
�7 +
�9) j�1DqF (�2)j+ (
�6 +
�8 +
�10) j�1DqF (�1)j]
where


�5 =

Z 1
3

0

� j� � �j d� = �3

3
+
1

81
� �

18
;


�6 =

Z 1
3

0

(1� �) j� � �j d� = 18�2 + �+ 1

18
� 28
81
� �

3

3
;


�7 =

Z 2
3

1
3

� jq� � �j d� = �3

3
� 5�
18
+
1

9


�8 =

Z 2
3

1
3

(1� �) j� � �j d� = 18�2 + 5 + 5�

18
� �� 1

9
� �

3

3
;


�9 =

Z 1

2
3

� j� � �j d� = �3

3
� 13�
18

+
35

81
;


�10 =

Z 1

2
3

(1� �) j� � �j d� = 18�2 + 13 + 13�

18
� 5�
3
� 35
81
� �

3

3
:

Remark 12. If we take � = 1
8 , � =

1
2 , and � =

7
8 in Theorem 7, then we obtain the following inequality����18

�
F (�1) + 3F

�
2�1 + �2

3

�
+ 3F

�
�1 + 2�2

3

�
+ F (�2)

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1) [(�5 +�7 +�9) j�1DqF (�2)j+ (�6 +�8 +�10) j�1DqF (�1)j]

where

�5 =

Z 1
3

0

�

����q� � 18
���� dq� =

8><>:
1

256:[2]q [3]q
+ q

27[3]q
� 1

72[2]q
; 3

8 < q < 1;

1
72[2]q

� q
27[3]q

; 0 < q � 3
8 ;

�6 =

Z 1
3

0

(1� �)
����q� � 18

���� dq� =
=

8><>:
1

32[2]q
+ 1

72[2]q
+ q

9[2]q
� 1

24 �
q

27[3]q
� 1

256[2]q [3]q
; 1

4 < q < 1;

1
24 �

1
72[2]q

� q
9[2]q

+ q
27[3]q

; 0 < q � 1
4 ;

�7 =

Z 2
3

1
3

�

����q� � 12
���� dq� =

8><>:
1

6[2]q
� 7q

27[3]q
; 0 < q < 3

4 ;

1
4[2]q [3]q

� 5
18[2]q

+ q
3[3]q

; 3
4 � q < 1;

�8 =

Z 2
3

1
3

(1� �)
����q� � 12

���� dq�
=

8><>:
1
6 �

q
3[2]q

� 1
6[2]q

+ 7q
27[3]q

; 0 < q < 3
4 ;

1
2[2]q

+ 5q
9[2]q

+ 5
18[2]q

� 1
2 �

q
3[3]q

� 1
4[2]q [3]q

; 3
5 � q < 1;

�9 =

Z 1

2
3

�

����q� � 78
���� dq� =

8><>:
35

72[2]q
� 19q

27[3]q
; 0 < q < 7

8 ;

343
256[2]q [3]q

� 91
72[2]q

+ 35q
27[3]q

; 7
8 � q < 1;
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�10 =

Z 1

2
3

(1� �)
����q� � 78

���� dq�
=

8><>:
7
24 �

5q
9[2]q

� 7
72[2]q

+ 19q
27[3]q

; 0 < q < 7
8 ;

49
32[2]q

+ 13q
9[2]q

+ 91
72[2]q

� 35
24 �

35q
27[3]q

� 343
256[2]q [3]q

; 7
8 � q < 1

which is given by Erden et al. in [17, Theorem 1] but in our inequality the coe¢ cients of j�1DqF (�2)j and
j�1DqF (�1)j are in modi�ed form.

Theorem 8. We assume that the given conditions of Lemma 2 hold. If the mapping j�1DqFj
p1 , p1 � 1 is

convex on [�1; �2], then the following Newton�s type inequality holds:�����F (�1) + (�� �)F �2�1 + �23

�
+ (� � �)F

�
�1 + 2�2

3

�
+ (1� �)F (�2)�

1

�2 � �1

Z �2

�1

F (x) �1dqx

����(5.2)

� (�2 � �1)
�


1� 1

p1
13 (
5 j�1DqF (�2)j

p1 +
6 j�1DqF (�1)j
p1)

1
p1

+

1� 1

p1
14

�
(
7 j�1DqF (�2)j

p1 +
8 j�1DqF (�1)j
p1)

1
p1

�
+


1� 1
p1

15 (
9 j�1DqF (�2)j
p1 +
10 j�1DqF (�1)j

p1)
1
p1

�
where 
5-
10 and 
13-
15 are given in (3.17)-(3.22) and (3.10)-(3.12), respectively.

Proof. If we apply the steps used in the proof of Theorem 5 and taking into account Lemma 2, we can obtain
the required inequality (5.2). �

Corollary 10. If we take the limit q ! 1� in Theorem 8, then we obtain the following Newton�s type
inequality�����F (�1) + (�� �)F �2�1 + �23

�
+ (� � �)F

�
�1 + 2�2

3

�
+ (1� �)F (�2)�

1

�2 � �1

Z �2

�1

F (x) dx
����

� (�2 � �1)
�
�
1� 1

p1
11 (
�5 j�1DqF (�2)j

p1 +
�6 j�1DqF (�1)j
p1)

1
p1

+�
1� 1

p1
12

�
(
�7 j�1DqF (�2)j

p1 +
�8 j�1DqF (�1)j
p1)

1
p1

�
+�

1� 1
p1

13 (
�9 j�1DqF (�2)j
p1 +
�10 j�1DqF (�1)j

p1)
1
p1

�
where 
�5-


�
10 are de�ned in Corollary 9 and

�11 =

Z 1
3

0

j� � �j d� = �2 + 1

9 [2]q
� �
3
;

�12 =

Z 2
3

1
3

j� � �j d� = 18�2 + 5

18
� �;

�13 =

Z 1

2
3

j� � �j d� = 18�2 + 13

18
� 5�
3
:
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Remark 13. If we take � = 1
8 , � =

1
2 , and � =

7
8 in Theorem 8, then we obtain the following inequality����18

�
F (�1) + 3F

�
2�1 + �2

3

�
+ 3F

�
�1 + 2�2

3

�
+ F (�2)

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

�
�
1� 1

p1
14 (�5 j�1DqF (�2)j

p1 +�6 j�1DqF (�1)j
p1)

1
p1

+�
1� 1

p1
15

�
(�7 j�1DqF (�2)j

p1 +�8 j�1DqF (�1)j
p1)

1
p1

�
+�

1� 1
p1

16 (�9 j�1DqF (�2)j
p1 +�10 j�1DqF (�1)j

p1)
1
p1

�
where �5-�10 are given in Remark 12 and


14 =

Z 1
3

0

����q� � 18
���� dq� =

8><>:
1

32[2]q
+ q

9[2]q
� 1

24 ;
3
8 < q < 1;

1
24 �

q
9[2]q

; 0 < q � 3
8 ;


15 =

Z 2
3

1
3

����q� � 12
���� dq� =

8><>:
1
6 �

q
3[2]q

; 0 < q < 3
4 ;

1
2[2]q

+ 5q
9[2]q

� 1
2 ;

3
4 � q < 1;


16 =

Z 1

2
3

����q� � 78
���� dq� =

8><>:
7
24 �

5q
9[2]q

; 0 < q < 7
8 ;

49
4[2]q

+ 13q
9[2]q

� 35
24 ;

7
8 � q < 1

which is given by Erden et al. in [17, Theorem 4] but the values of �14-�15 and the coe¢ cients of j�1DqF (�2)j
p1 ,

j�1DqF (�1)j
p1 are in more modi�ed form.

Remark 14. If we assume � = � = � = q
[2]q

in Theorem 8, then we obtain [35, Theorem 4.2].

Theorem 9. We assume that the given conditions of Lemma 2 hold. If the mapping j�1DqFj
p1 , p1 > 1 is

convex on [�1; �2], then the following Newton�s type inequality holds:�����F (�1) + (�� �)F �2�1 + �23

�
+ (� � �)F

�
�1 + 2�2

3

�
+ (1� �)F (�2)�

1

�2 � �1

Z �2

�1

F (x) �1dqx

����(5.3)

� (�2 � �1)

24
 1
r1
18

 
j�1DqF (�2)j

p1

9 [2]q
+
(3q + 2) j�1DqF (�1)j

p1

9 [2]q

! 1
p1

+

1
r1
19

 
j�1DqF (�2)j

p1

3 [2]q
+
q j�1DqF (�1)j

p1

3 [2]q

! 1
p1

+

1
r1
20

 
5 j�1DqF (�2)j

p1

9 [2]q
+
(3q � 2) j�1DqF (�1)j

p1

9 [2]q

! 1
p1

35
where p�11 + r�11 = 1 and


18 =

Z 1
3

0

jq� � �jr1 dq� ; 
19 =
Z 2

3

1
3

jq� � �jr1 dq� ; 
20 =
Z 1

2
3

jq� � �jr1 dq� :

Proof. If we apply the steps used in the proof of Theorem 6 and taking into account Lemma 2, we can obtain
the required inequality (5.3). �
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Remark 15. If we take � = 1
8 , � =

1
2 , and � =

7
8 in Theorem 9, then we obtain the following inequality����18

�
F (�1) + 3F

�
2�1 + �2

3

�
+ 3F

�
�1 + 2�2

3

�
+ F (�2)

�
� 1

�2 � �1

Z �2

�1

F (x) �1dqx

����
� (�2 � �1)

24� 1
r1
17

 
j�1DqF (�2)j

p1

9 [2]q
+
(3q + 2) j�1DqF (�1)j

p1

9 [2]q

! 1
p1

+�
1
r1
18

 
j�1DqF (�2)j

p1

3 [2]q
+
q j�1DqF (�1)j

p1

3 [2]q

! 1
p1

+�
1
r1
19

 
5 j�1DqF (�2)j

p1

9 [2]q
+
(3q � 2) j�1DqF (�1)j

p1

9 [2]q

! 1
p1

35
where

�17 =

Z 1
3

0

����q� � 18
����r1 dq� ; �18 = Z 2

3

1
3

����q� � 12
����r1 dq� ; �19 = Z 1

2
3

����q� � 78
����r1 dq�

which is given by Erden et al. in [17, Theorem 2] but the values of �17-�19 are in more modi�ed form.

6. Conclusions

We conclude our work by mentioning that here, we gave the extension of quantum Simpson�s and quantum
Newton�s inequalities for quantum di¤erentiable convex functions under certain parameters in the setting of
quantum calculus. It is important to mention that our results transformed into some new and known results
by considering the limit q ! 1� and by di¤erent variations of the involved parameters in our main results.
We strongly believe that it is an interesting and new problem for the upcoming researchers who can obtain
similar inequalities for other kinds of convexity and quantum integrals.
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