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1 | INTRODUCTION

The modeling and understanding of infectious diseases is for many decades an object of intensive study. Going back
to the classical SIR model from Kermack and McKendrick [1] which describes the time evolution of the number of sus-
ceptible (S), infected (1) and recovered (R) individuals by a system of ordinary differential equations various refinements
were developed and extended exhaustively in the last 90 years. Among those extensions are the introduction of new
compartments e.g. to model vector-borne diseases such as Dengue or malaria, as well as more involved deterministic
and stochastic models, see e.g. [2, 3,4, 5, 6,7, 8,9, 10, 11, 12, 13]. Spatial disease spread can be modeled either in
a discrete or continuous way. Popular space-discrete models are the metapopulation approach [14, 15, 16] and for
Dengue recently [17, 18], Cellular automata [19, 20], epidemic spatial networks [21, 22, 23, 24], and lattice epidemic
models [25, 26]. For space-continuous models integro-differential equation epidemic models [27, 28] and diffusion
epidemic models [29, 30, 31], are studied. In the last 10 years numerous fractional epidemic models [32, 33, 34, 35]
were established. A distinct feature of fractional derivatives is the capability to model long-range interactions. In a
popular model, the second derivative in a classical diffusion model is substituted by a- order derivative.

Fractional differential equations are widely used to model non-local phenomena and t is nowadays an object
of important studies. In interacting particle systems we expect different patterns of spreading of the particles in
anomalous. Therefore, studying fractional diffusion approaches are more important when compared to the classical
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diffusion. This work is motivated by the work of Brockmann [32], where he has reported a developed technique
which allows a rigid and quantitative study of human diffusion on a geographical region using the spread of dollar
bills. The result was a super-diffusive behaviour caused by human mobility habits like flights and long car drives. The
distribution of travelling distances hence decays according to a power law similar to in Levy flights. Therefore, in this
work fractional STV model is formulated taking the fact that the human dispersal using a fractional Laplacian and

compare the dynamics to the classical diffusive case.

In this article, a fractional diffusion model is derived from the STRUV compartmental model with migration. To
simulate this equation numerically we adapt the Alternating Directions Implicit (ADI) scheme with a Crank-Nicholson
discretization to the fractional case. For this purpose a shifted version of the typical Griinwald-Letnikov finite differ-
ence approximation is used. The ADI method joined together with a fractional Crank-Nicholson scheme for fractional
diffusion examples was already implemented by Meerschaert et. al. [36, 37, 38, 39]. The novelty of this article is that
it is generalized to a system of coupled fractional reaction-diffusion equations. For this we derive the ADI splits with
the corresponding Griinwald-Letnikov operators. A numerical scenario and a comparison with the classical diffusion

case for Dirichlet boundary conditions can be found at the end of the article.

2 | MODEL DEFINITION

In this article, the system of ordinary differential equations (ODEs) for STV model is taken derive the fractional model.
Instead of using the system of equations for STRUV model as in [40], a reduced form is used by using the simplification
R(t) = N -S(t) - I(t)and U(t) = M -V (t) is given by the system of equations (1). The corresponding system of
ODEs is given as follows:

By -se-p-sw) v =gs

dI(t) ) ' B . _

1O st vio-urn 10 = & o
PO 5 (1-vit) 10 v V() =gy

where 8 and 8 are the infection rate from vectors to hosts and hosts to vectors respectively. The recovery rate from
the compartment I is given by y. The birth and death rates of the hosts are equal and denoted by p in order to maintain
constant population size. Similarly, a constant population of vectors is maintained by assuming that birth and death
rates v of the vectors to be equal. The initial conditions are given by S(0), I(0) and V (0) for the corresponding

compartments.

The susceptible and infected individuals are spatially distributed, where S(x, y, t), I(x,y,t) and V(x, y,t) rep-
resent the three state variables for the compartments. The initial conditions are given by the notations S(x, y, to),
I(x,y,ty) and V(x, y, tp). The two-dimensional spatial variables are denoted by x and y. Model (1) is redefined and
can be written in a form of a reaction-diffusion model as follows:

2 2
0S(x,y.1) :gs+as{d S(X,y,t)}ers{@ S(x.y. t)}

ot ax2 dy?
2 2
AI(x,y,t) :g1+aI 9%I(x,y,t) bl 0°I(x,y,t)
ot ox2 dy?
oV (x,y,t) v o2V (x, y,t) v o%v (x, y,t)
—=gv + +b 2
ot gvra ox2 oy2 @

on a finite rectangular domain x; < x < xy and y; < y < yy. The fractional orders are given by 1 < ay < 2 and
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1 < ap < 2. Dirichlet boundary conditions are used on the boundary x; < x < xyandy, <y < yq:

S(x=x1,y,t)=S(x=xg,y,t) =S(x,y =y, t) =S(x,y = yr,t) =0
I(x=x,y,t) =I(x=xg,y,t) =I(x,y =y, t) =I(x,y = yg,t) =0
Vix=x,y,t)=V(x=xg,y,t) =V(x,y =y, t) =V(x,y = yg,t) = 0.

The fractional derivatives of the previous equations are replaced by two-sided fractional derivatives and hence, the

two-sided fractional diffusion SIV-model yields,

0S(x,y,t)

%M S(x,y,t) o, % S(x,y,t) }
ot

— S _
=gs+a {(1 r) 3(x) L
a oy
+bS (1_r2)0 S(x,y,t) rzd S(x,y,t)
o(-y)e2 oy
0N I(x,y,t) 0N I(x,y,t)
— I _
=gr+a {(1 r) a(—X)D’1 +n X
0%2I(x,y,t) 0%2I(x,y,t)
I
+b {(1 -r) 3(—y)® +r ay%
oV(x,y,t) v 0NV (x,y,t) oMV (x,y,t)
— 5 —&vta (l-n) 3x)a M4y
092V (x,y,t) 0%V (x,y,t)
+rp N
o(-y)® oy
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ot
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0% F t 9% F t . . . R
06y, 8) d (%, ¥, 8) denote the negative (right) fractional derivatives.

with weights ri, r, € [0, 1], where 3(=x)% 3 (—y)%

3 | NUMERICAL SCHEME

@)

A Crank-Nicholson type system of finite difference equations can be obtained by substituting the shifted Griinwald

. . . . . 1
into the differential equation centered at time ¢,,1/2 = E(t'm +tp).

1 _ n+1/2 n+1/2, ,n+1/2
Spy" = 87y = A u sy psT RV

At - - + +

+ S (=) (85, ST + 65,,ST)) + 11 (83, ST + 85,,ST) }
At - - + +

Ay {(1 = r2) (85, ST} +85,,ST)) +r2(83,, 5711 + 5§zy55j)}

1/2 1/2 1/2
- = e sV - a7

At - - + +
{0 =)L I+ 8L 1) + r (851,20 + 84,17

it
2
At I~ g+l sI” 7n It g+l sIY n
+ S =8l 17T + 8L, 1) + ra(8L, 37 + 8,17
n+1 n _ n+1/2 n+1/2 zn+1/2 n+1/2
Vij _\/iJ_At{aIiJ -V LT Yy }

At - -
5 {(1 ) (BY VI + B V) 4 (8Y VI 55&\43)}

ayx iy arx iy

At - - + +
+ S =) (B, Vi w8l Vi) + ra (8l VI + Sl Vi |

After rearranging the terms, the previous equation can be written in the operator notations as (5):
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At At
(1_7{(1 r1)6a1x+r16a1x}_7{( r2)6a2y+r25a2y})s;y1
At
:(1+7{(1 r1)5a1x+r15a1x}+7{( r2)5a2y+r25a2y})5;’j

+ At {'u [15"+1/2 ﬁsn+1/2v111+1/2}

At
(- —{(1 ~ )8+ N8l = o (1= )8, + 128 zy}u"-”
—<1+—{(1—n>6w+na1x}+ L - r)8L, + L DT,

+ At {ﬁsn+1/2v,3+1/2 ([J+}’)In+1/2}

At
<1f—{(1—r1>6a1x+r16mx}——{(1 r2)8kyy + 128y, WV
=(1+ *{(1 _r1)6a1x +r16a1x}+ 7{(1 r2)6a2y +r25a2y})v,‘,:/'

n+1/2 n+1/2 zn+1/2 n+1/2
R e s T A I C)
Multi-dimensional diffusion equations are often solved with alternating directions implicit methods (ADI), where split-
ting is used to significantly reduce the computational work [41]. These techniques use a perturbation of Equation (5)
in order to derive schemes that requires only the implicit numerical solution in one direction where the other spatial
direction is computed iteratively. We obtain the equations

for S,
(- E{U )83 x + 11 50,”})(1 - 7{(1 W8S, + ’25a2y})5}fj'1
=(1+ 7{(1 - f1)5a’1x +I‘15a1x}(1 + 7{(1 rz)éa” + r25a2y})5,(1j ©)
+At {/1 }IS'H'I/Z ﬁ5n+1/2v,;;+1/2}’
for I,
(1- 7{(1 —f'])(sa']x +ré 1)(})(1 - 7{(1 ,2)50(” +’25£y})1,-’:f1
=(1+ —{(1 )8k x+ r16£1x})(1 + 7{(1 )6l + f25é+y})1,.", -
+At{ﬁ5n+1/2v,3-+1/2 (y+y)1-n+1/2}7
for v,
(1- —{(1 L +r15a1x})(1 - 7{(1 )8Y, + 16 2y})V,"j”
=1+ 7{(1 - /'1)5[11)( + r16a1x})(1 + 7{(1 ,2)5a2y 16 zy}) @
+At {61/’:/%1/2 _ ‘9\/;3”/2[;’,71/2 _ vV"J*”Z} '

The equations (6), (7) and (8) form Peaceman-Rachford type matrix equations defining ADI method. This can be split
as follows:
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for S,
s+ « At
(1- *{(1 )85+ 18 NS = (1+ —{(1- )85, + 263, })S
1 1 J 2 2y azy ©)
t n+1/2 n+1/2),n+1/2
+ o fumnsy 1 - gy Py 2
(1- —{(1 — )85, + 185, NS = (1+ —{(1 — )83 + 1185, DS); -
At 172 172, ,041/2
+*{l1 'usn-%—/ ﬂ5n+/ V,T—/}
for I,
(1- —{(1 ~ )8l + N8k NI = (1+ —{(1 — )8k, + 8L NI, .
At {ﬁsnﬂ/z 117/+1/2 (,U+}’)I"H/2}
(1- —{(1 ~r)8L,, + 8l NIT = (1+ —{(1 — )8k + 8L DI .
{ﬁs"”/z\/l’;”/z (y+y)l-n+1/2}
for v,
At . At
(1= S (= )8 + 8L Vi = (14 (1 = )80, + r28L,, DV,
(13)
A
+7t {Mn+1/2 B 8vn+1/2In+1/2 vv_n_ﬂ/z}
2 i i i
At It n+1
A (L +r26a2y}>r =(1+ —{(1 — )8k + 8L DI ”

+1/2 +1/2 +1/2 +1/2
{a.r" oV v }
. . A . .
To observe this multiply (9), (11) and (13) by (1 + 71‘ (- ’1)5;1x +n 6;1)()) on both sides and then multiply (10), (12)

and (14) by (1 - % ((1 = )85, x + 1, ) on both sides to obtain the Equations (6), (7) and (8). Equations(9), (10),

(11), (12), (13) and (14) calculates intermediate solutions S;.*J., I,.*j. and V:/ in order to develop the numerical solutions

apx

to S, I and V at time step n to the numerical solution S;’Jf”, IIFJ.” and V,.’}.” at time t,,1.

The algorithm of ADI splitting method [36] to solve the SIV-fractional diffusion model is given by:

Algorithm 1 ADI Scheme

1: In order to acquire the intermediate solution slice S* I* and V* a set of Ny —1 equations at the points x;, where,

i=1,2,..., Ny — 1 defined by equation (9) and (11) are solved |n|t|a|Iy on each fixed horizontal slice y = y; where
k=12, Ny -1

2: In addition, by alternating the spatial direction on every fixed verticle slice x = x¢ (k = 1,2,..., Ny — 1) a set of
Ny — 1 equations are solved at the points y; where j = 1,2,..., N, — 1 defined by the equations (10) and (12) in
order to obtain the solution for Szf, I,f;f1 and V[f at time n + 1.
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The shifted Griinwald operators used in this model yield

S) Ny—i+l
(a5) Mo

ST on _
60‘1 XSI/ (Ax)™

n
Bay .k * si+k—1,j’

S Ny—j+1
(blj) Sy

S”
Sa,, ys,"J (By)® Bagk S/{Zj+k—1’
(a.I.) Nx—i+1
I~ _ 1y
50{1 XI/’:/ (AX)“W kzo gahk Il+k 17

(bI) Ny—j+1
-
60{21}/11':7/' = (Ay)aZ Z Bay.k - I14+k 1

(aY) Nx—i+1
- 1
6(‘; V—n-_ J Z gahk v
k=0

1.X i (AX)"” i+k=1,°
(bl‘/) Ny—j+1

T (ay)®

Eagk \/I,_/+k 17

. (35) i+1

S

5a1,x5i,ij (Ax) Zg"ﬁ k- S: —k+1y
(b65)

S

60‘;)/51[:/ (Ay)a'2 Zgazk s/] k+1
(al) i+

It o

60‘1 XIlnj = (Ax) ng,k 'Iin—k+1,j
(bI) J+1

I+ rn

agytij T (Ay)or2 Zgazk Ilj k+1

. (a‘/) i+1
v —
e ,:]/ (Ax)@ Zg‘”k vl —k+1,
bV) J+1
v
60(2*}/\//’:’/ = (Ay)az Zgazk ,J —k+1 (15)

Analogously finite difference schemes for the S, I and V compartments are obtained by substituting the shifted

Griinwald operator into the equations from before. The corresponding ADI scheme reads:

(i). ADI split I:

i+1 Nx—i+1

* S *
Sij—nbj Zgamk “Sike1y T
k=0

J+1

=" +r2EUZga2k Sl + (1 =r)ES

T

r1)D$ Z Bay k- SH—k 1

Ny—j+1
Z Bag.k S/j+k1

At{ ﬁsn+1/2 n+1/2 #Sn+1/2},

iJ

Ny—j+1

—In +r2E,ngd2k Irj k+1+(‘I rZ)EU Z Eayk - I/J+/<1

{,BS"H/ZVIT/H/Z (Il+ )In+1/2}’

i+1 Nx—i+1
5 I * I
Ii; —nDj Zgauk gy (0= r1)Dij Z Bk Tippe 1)
k=0
J+1
i+1 Ny —i+1

* 14 *
Vij—nbj ng,k Vi~
k=0 k=0

J+1
= V +l‘2EU Zg"Qk

J k+1 +(]

v "
_’1)Dij Z Baik * Vieko1

Ny—j+1

14
rZ)E,‘j Z Boyk * \/IJ+k1

k=0
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At n+1/2 7nt1/2 n+1/2
+7{a(1—vu - w e

Atal.)j( X _ tb,)f
where D ,and E: . X represents the compartments S, I and V.
= 200 i T 2(by)® P P
(ii). ADI spllt 1R
J+1 Ny—j+1
Sn+1 -n Elj Zg"(Z k- Slj ke — (1= rZ)Eif Z Bay.k - sir,’f-:k—1
k=0
i+1 Nx—i+1
—S +r1Dlj Zga'1k S/ k+1j+(] ﬁ)Dé Z ga1’k.s;lk71‘j
k=0 k=0
At n+1/2),n+1/2 n+1/2
2 ¢ { “BS;; Vi T T HSy }
J+ Ny—j+1
IHH - rzEu Zgaz k Ilj k+1 -(1- rZ)E/i' Z oy k I//+k 1
k=0
i+1 Ny—i+1
_ Tk I * I *
=1 +nDj; Zgauk L gyt (0 =n)Dj; Z 8ok Likj
k=0 k=0
_ At n+1/2,,0+1/2 n+1/2
S {Bs AV = (a2
J+1 Ny—j+1
1 v 1 % 1
V/,T - ’ZEij kzogaz.k 'V/Z'tkﬂ rZ)E Z oy .k - Vutrk 1
i+1 Nx—i+1
—V +r1DIj ngk V k+1J+(1_r1)DV Z Eay k- vH—k 1
k=0

_ At {3(1 n+1/2)In+1/2 an+1/2}

Before solving the system of equations defined by ADI split | and ADI split Il, the intermediate solutions S,’; I,.’;. and
ij’ must be treated with care on the boundary in order to preserve the consistency of the set of equations defined by
(9), (10), (11), (12), (13) and (14) with (6), (7) and (8). By subtracting (10) from (9), (12) from (11) and (14) from (13) we
obtain,

At At .
(1- 510 - r)85,, + 65, NS + (1 + 0= r)85,, + 63, Sl =25}, (16)

At At .
(1= (1 = )8l + 26 LyDI w1+ S0 =8, + 6L, NI =2I;; (17)
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At - + At - + %
(1= A =85, + bz, DV + (1 + - A(1 = )65, + 265, WV =2V (18)

The boundary conditions for the intermediate solutions Sfj, I;;. and VI.;‘. (i.e.,i=0 or i=Nx for j=1,.,N,-1
) required to solve the set of equations (6), (7) and (8) are of the form

N At - + At - +
255, = (1= {(1- 12) 85,y + 1284y, N SG + (1 + S - 12)85,y + 1285,y 1) S5
" At - + At - +
285y, = (1= 50~ r2)85,y + 1284y, SN+ (1+ S - 12)835,y + 12845,y VSN, i (19)

. At - + At - +
205, = (1= {(1- 1) 85,y + 1285,y DITT + (1 + SHa- 12) 84y + 1282,y NIG;

xy
2 = (1= =8 w18l DIT 4 (14 A1 = 18D, + 18l DIT (20)
Nxj ~ 2 2)Cary T 2%y 1) Ny 2 2)Cayy T 1290y I Ny i
« At - + At - +
2vg = (1= S0~ r2)8ayy + 128ayy DV + (1+ S {a- 12)8yy + 1260y, NV
* At - + At - +
Wy, = (=210 = 12) 85y + 1280y NV + (14 Sla- r2)8ayy + 1280y, DV - (21)

Dirichlet boundary conditions are used and hence, S* ., S%, ., I*. I
04” = Nx,j>~0j

, L V. and V) . becomes zero.
Nxj’ "0yJ Nx.J

4 | EXAMPLE

The pattern of the spread of the infected hosts I and the infected vectors are quite similar in the figures. However,
the intensities of the number of infected in the corresponding compartments are different. In the simulations we
have considered the model parameters such that a disease outbreak will happen. The reproduction number of the
model 1is9.9997 > 1 (Rg = %,p =1/(72),B = 365/(7),v = 365/10,8 = 5v,y = 365/(14)). During the considered
time duration that is used in the the simulation therefore, there will be a increase in the disease infected and will
eventually converge to the endemic equilibrium outside the considered time period and hence a reduction of the
infected individuals can be seen. The model 3 is solved numerically by the ADI-CN scheme. To see the diffusion of

the infection the following set of initial conditions are used,

10) = 0.1 mid point of the finite grid (22)
elsewhere

S(0) = 0.9 mid point of the finite grid (23)
elsewhere

v (0) :{ 0 everywhere (24)

In this paper Dirichlet boundary conditions are of interest. Dirichlet conditions for both the S and I compartments
on the rectangular region x; < x < xy and y; < y < yy are of the form:

S(0,y,t) =S(1,y,t) = S(x,0,t) = S(x,1,¢t) =0
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I(0,y,t)=I(,y,t)=1I(x,0,t)=1I(x,1,t)=0 (25)
V(O,y,t)=V(1,y,t) =V(x,0,t) =V(x,1,t) =0

The corresponding numerical solutions of the fractional diffusion SIV-model is compared with the classical diffusion
SIV-model. Figure 1 and Figure 2 shows the results of the hosts and vectors corresponding to the fractional-order
1.2 compared with the corresponding classical case.

| _JO18) -

a) t= 0 days b) t= 60 days c) t= 120 days (d) t= 180 days
(e) t= 0 days (f) t= 60 days (g) t= 120 days (h) t= 180 days

FIGURE 1 Spread of the infected hosts I by Fractional Diffusion SIV-model where a = 1.2. and the classical
model in the host compartment.

| _JO10)

a) t= 0 days b) t= 60 days c) t= 120 days (d) t= 180 days
(e) t= 0 days (f) t= 60 days (g) t= 120 days (h) t= 180 days

FIGURE 2 Spread of the infected vectors V by Fractional Diffusion SIV-model where a = 1.2. and the classical
model in the host compartment.

It can be seen that the spread of the classical diffusion is slower than that of the fractional diffusion. Hence,
numerical results corresponding to the fractional model shows an anomalous diffusion which can be seen in the
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infected hosts.

5 | CONCLUSION

In this article, the reaction-diffusion SIV partial differential equation model is derived by using the multi-patch system
with the long term movements of the individuals. Further, here we introduce a model corresponding to the reaction-
diffusion approach to the existing SIV-epidemic model. The second derivative of the consistent classical reaction-
diffusion equations is substituted by using the a order fractional derivatives in the respective space derivatives. The
model is simulated using the alternating directions implicit (ADI) scheme with a Crank-Nicholson discretization. The
numerical results are compared with the results attained by the classical reaction-diffusion system. The results illus-

trate a anomalous diffusive behaviour compared to the classical diffusion approach.
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