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Abstract
The sedimentation of dilute particle suspensions in a channel flow into a cavity at finite Reynolds number is analysed numerically using a coupled lattice Boltzmann method with the discrete element method. The effects of fluid inertia, particle density and cavity size on the trap efficiency in the cavity are systematically investigated. The results show that decreasing the Reynolds number, and increasing the length and depth of the cavity all lead to an increase in the trap efficiency. A close examination of the trajectory of particles reveals three distinct dynamic behaviours in the cavity flow: i) resuspension, ii) circulation in the central vortex and iii) deposition near the tailing edge of the cavity. Three distinctive regimes were then identified using a dimensionless trap number Tp: a resuspension regime with Tp<1, a fully trapped regime with Tp>2.5, and a continuous circulating regime in between.
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[bookmark: OLE_LINK11][bookmark: OLE_LINK12][bookmark: OLE_LINK13]1. Introduction
Sedimentation, referring to as particles falling under the gravity in a particle-fluid suspension, is a process commonly used to separate either particles from the ﬂuid, or particles with diﬀerent settling velocities from each other. It is widely applied across various length scales, such as microfluidic device as well as large industrial equipment. For example, in biology and soft matter physics, sedimentation is used for separation of particles and cells in microfluids1, and exploration of the non-equilibrium state of active colloidal suspension2. In chemical and petroleum industries, sedimentation is used to dewater coal slurries, to post-treat wastewater, and to process drilling and mining ﬂuids containing rock and mineral particles of various sizes3-7. In addition, the sediment is also a major source of the pollution in the riverine environment, acting as both physical pollutants and primary carriers of chemicals 8-10, which has a significant impact on the riverine ecology as well as the human health11,12.
Hence, the study of sedimentation attracts an increasing attention from various communities, including chemical engineering, ecology, environmental science, fluid mechanics as well as particle technology. In the water treatment industries, the sedimentation tank is one of the most important components. However, the hydraulics and the hydrodynamics of the sediments are still less understood. The physical transportation of the sediment is a very complicated process, which is quite challenging to predict due to the complex fluid mechanics involved with the sediment particles13-16. Meanwhile, the sediment varies from fine-grained particles in the microchannel flow to coarse grains and granules in real industrial tanks. The dominating forces acting on the sediments can be very different when the sediment size changes17-18. Furthermore, the flow geometry and boundary conditions that can be smooth channels and rough channels with cavities19-25 also play important roles.
Based on the framework of single-phase fluid mechanics, detailed investigations of the channel flow over a cavity were performed to understand the hydrodynamics in the sedimentation tank26-30. The results showed that complicated vortex structures exist inside the cavity and the flow structure depends significantly on the aspect ratio of the cavity, i.e. the width to height ratio. Corner vortices appear in a relatively long cavity when the aspect ratio is larger than 4.0, which will merge into a single central vortex when the aspect ratio decreases from 4.0 to 0.5. Further decrease of the aspect ratio leads to the appearance of more central vortices below the primary one26. These vortices will have significant impact on the transportation of solids in the sedimentation tank. Additionally, the geometry and the size of the cavity also play important roles. 
Apart from the single-phase fluid mechanics studies, multiphase flow in a channel with cavities was also explored5,6,21-24. Haddadi and Di Carlo21 examined the entrapment of a dilute suspension over cavities involving neutrally buoyant particles in microfluidics. It was shown that an isolated finite size particle entrapped in the cavity migrates towards a stable orbit, which depends on cavity size, particle diameter and flow inertia. Similar particle trajectories were also obtained in a cubic lid driven cavity with a size of 10 cm using a stereo imaging method22. Kaushal and his co-workers23,24 performed a combined experimental and numerical study on optimisation of invert trap for sewer solid management. In their experiments, a 5 m long and 15 cm wide channel was built to explore the effects of the invert trap configurations, sediment types and flow rates on the retention ratio. The results showed that a rectangular shaped trap with trapezoidal base is the most efficient configuration for obtaining the highest sediment retention ratio. The numerical simulations were performed with the computational fluid dynamics (CFD) coupled with the discrete phase model (DPM), where the retention ratio was evaluated via the stochastic particle tracking routine. Their numerical results were consistent with the experimental observations. Al-Sammarraee et al.5,6 performed large-eddy simulation on the particle sedimentation in a longitudinal sedimentation basin of a water treatment plant and explore the effects of adding baffles to the tank. The results showed that larger particles settle quickly near the sump area, while the smaller particles tend to distribute evenly in the basin, because of the recirculation regions generated by turbulence. Altering the geometries of the tank could potentially enhance the settling of smaller particles. Moreover, the introduction of baffles effectively improves the settling performance of the tank, due to their suppression on the horizontal velocities of the flow.
It is clear that previous studies focused on either the flow structure inside the tank or the macroscopic transportation of the sediments. However, little attention was paid on the impact of fluid flow on sediment formation, which is a critical issue in riverine management and migration of pollutions in rivers. In addition, the microscopic behaviour and mechanisms of sedimentation are still not well understood, e.g. how do the sediment particles enter and get trapped in the cavity and what are the influences of buoyance, particle density and cavity sizes on the flow behaviour of sediments? Nevertheless, it is challenging if not impossible to obtain such information experimentally. With the development in computer modelling and numerical simulation, many advanced numerical approaches, such as the direct numerical simulation (DNS)31, the smoothed-particle hydrodynamics (SPH)32, the computational fluid dynamics (CFD)33,34, and the lattice Boltzmann method (LBM)21,35 coupled with the discrete element method (DEM)36,37 are widely adopted to analyse the two-phase flow problem and obtain detailed information on fluid flow as well as the motion of individual particle. In this work, LBM-DEM is hence employed to systematically investigate the transportation and entrapment of a dilute suspension in a channel flow over a rectangle cavity, and to explore the effects of inertial flow, particle density and cavity size on the trap efficiency in the cavity. 
[bookmark: OLE_LINK16][bookmark: OLE_LINK17]2. Numerical model
The LBM-DEM numerical approach is extended from our recent works38,39, where all the details of the models and parameters can be found. Here the computational framework is only introduced briefly.
[bookmark: OLE_LINK18][bookmark: OLE_LINK19]2.1 Lattice Boltzmann method (LBM)
In LBM, the fluid domain is discretised into non-overlapping lattice cells. In each cell, the fluid is represented by fictitious moving particles, which are only allowed to move in certain directions. The established nineteen-velocity model in 3D (D3Q19) is adopted. The property of the moving fluid particles is described by a density distribution function, which is governed by the single-relaxation-time lattice Boltzmann equation40-44,

,				(1)
where fi(x,t) is the density distribution function at position x and time t, Δt is the time step, τ is the dimensionless relaxation parameter and Fi denotes the external body force. fieq(x,t) is the distribution function at equilibrium state and defined as

,						(2)

where  is the lattice speed of sound and c is the lattice speed that is usually set as one in the computation. ωi is the weight coefficient determined by the D3Q19 lattice speed model, i.e. ω0 = 1/3, ω1,…,6 = 1/18, ω7,…,18 = 1/36.
The interactions between solid particles and fluid is a crucial issue in the multiphase flow modelling. Conventionally, the solid particles immersed in the fluid are modelled by the discrete lattice, which results in a fashion of step-wise (zig-zag) solid boundaries38,45,46. The momentum exchange between the solid and the fluid occurs at the boundary and is treated with the bounce-back of the fluid density functions. It was reported that the zig-zag pattern of the solid boundary could lead to large force fluctuations or inaccurate force evaluation, which can be improved by either increasing the particle-to-lattice resolution or introducing other spatial interpolation techniques47-48. 
In order to overcome the momentum discontinuity of the conventional bounce-back technique45-46, and retain the locality of the collision operator in LBM, an improved immersed moving boundary (IMB) technique, which was originally proposed by Noble and Torczynski49, is used to resolve the solid-fluid coupling, instead of using the zig-zag step-wise boundaries. The IMB scheme introduces an additional collision term Ωis and a total weighting function Bn in each lattice cell. The lattice Boltzmann equation (Eq. (1)) is then modified as,

.	(3)

The total weighting function Bn is the sum of all the contributions from each solid particle in the same cell, i.e. , where Bs is dependent on the solid fraction εs via the following function

.							(4)
According to Eq. (4), a complete fluid cell (Bs=0) is obtained when εs=0. Then Eq. (3) recovers the lattice Boltzmann equation of single-relaxation-time model, i.e. Eq. (1). When εs=1, i.e. a complete solid cell (Bs=1), Eq. (1) only keeps the new collision operator Ωis as well as the previous distribution function fi(x,t). The new additional collision term Ωis is given as

,					(5)
where us is the velocity of the solid particle. Consequently, the total hydrodynamic force and torque acting on each solid particle are calculated using the momentum exchange method, which sums up the additional collision operator over all the lattice nodes, as follows

						(6)
where xn-Xp is the vector from the centre of rotation to the coupled node.
[bookmark: OLE_LINK32]2.2 Discrete element method (DEM)
[bookmark: OLE_LINK65][bookmark: OLE_LINK66]In DEM, the motion of each particle is described using the Newton’s second law50,51,
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[bookmark: OLE_LINK44][bookmark: OLE_LINK67][bookmark: OLE_LINK70][bookmark: OLE_LINK71]where us,i and Ωs,i are, respectively, the transitional velocity and the rotational velocity of particle i, mi, Ii and ri are the mass, the moment of inertia, the radius of particle i, respectively. Gi,  and  the gravitational force, the fluid forces and torques, respectively.  and  are the normal and tangential contact forces,  and  are the rolling and twisting resistance torques. nij,  and  are the normal, tangential and rolling direction unit vectors, respectively.

The normal force  is described by the Hertz theory along with a viscoelastic damping term as50

,								(8)



where is the normal stiffness, E is the Young’s modulus, δN,ij is the normal overlap, ηN is the normal dissipation coefficient, and  is the relative velocity at the contact point. R is defined as the effective radius between two contacting particles, . Besides, the relative sliding, twisting and rolling motions are all considered in the DEM framework, of which the resistances are all approximated by a spring-dashpot-slider model,

								(9)





[bookmark: OLE_LINK1][bookmark: OLE_LINK2]In the above equations, ξT,ij, ξQ,ij, ξR,ij are the relative sliding, twisting, and rolling displacements, respectively.  and  are the relative spinning velocity and the relative rolling velocity. kT, kQ, kR are the sliding, twisting, rolling stiffness, respectively, and ηT, ηQ, ηR are the sliding, twisting, rolling damping coefficients, respectively. The sliding, twisting and rolling resistances all increase as the three relevant displacements accumulate up to some critical values, ,  and , where the particle starts to slide, spin or roll over each other. When the resistances exceed the thresholds, they all stay constant at the critical values given as

								(10)


where μf is the friction coefficient, a is the contact radius and is related to δN,ij by , and θcrit is the critical angle for the relative rolling of two particles. For , the rolling stiffness can be set as zero for non-adhesive particles, indicating that only a damping term is considered in the rolling resistance model52. More detailed discussion on the DEM model can be found in the literature53,54.
[bookmark: OLE_LINK46][bookmark: OLE_LINK47]2.3 Model setup

The sedimentation system consists of a rectangular duct and a cavity, as illustrated in Fig. 1. The cavity is placed in the middle of the duct. Periodic boundary conditions are applied in the x and y directions, and all the other faces are set as no-slip walls. The fluid flow is driven by a pressure gradient. The size of the duct is L×W×H=321×81×49 in the dimensionless lattice unit, which is commonly used in the LBM computation. The width of the cavity is the same as that of the duct, and two different values for the length and the height are considered, resulting in four configurations of the cavity. The pressure gradient that drives the fluid flow varies between 0.5×10-5 and 1.5×10-5, leading to a reference channel Reynolds number () of 28.44~88.32 based on the 3D Hagen-Poiseuille law in a duct55. Mono-sized particles with a diameter of d=6 are considered. The particles are generated and randomly distributed in the main channel with no particle initially placed inside the cavity. The number of particles is fixed at 110, which is equivalent to an overall concentration less than 1%. Thus, it is believed that the mainstream fluid field will not be disturbed by the particles. To investigate the influence of buoyance, the normalised mass density of the particle to the fluid density is varied from 1.1 to 2.0. The computational parameters used in the LBM-DEM are summarised in Table 1. Note that the Young’s modulus of the particles is reduced by two orders of magnitude from the actual value to avoid highly expensive computational cost. To obtain reliable results, each simulation is repeated three times and the results are averaged and reported here.
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Fig. 1 Schematic of the model setup.

Table 1 Computational parameters used in the LBM-DEM simulation
	[bookmark: OLE_LINK14][bookmark: OLE_LINK15]Physical parameters
	Actual
	Lattice value

	Fluid (LBM)

	Channel length (L)
	80 mm
	321

	Channel width (W)
	20 mm
	81

	Channel height (H)
	12 mm
	49

	Cavity length (l)
	10, 20 mm
	40, 80

	Cavity height (h)
	4, 8 mm
	16, 32

	Fluid density (ρf)
	1,000 kg/m3
	1

	Fluid kinematic viscosity (ν)
	1.0×10-4 m2/s
	0.05

	Pressure gradient (P)
	1.28×103~3.84×103 Pa/m
	0.5×10-5~1.5×10-5

	Channel Reynolds number (Re)
	25.44~85.32
	25.44~85.32

	Particle (DEM)

	Particle diameter (d)
	1.5 mm
	6

	Particle mass density (ρp)
	1,100~2, 000 kg/m3
	1.1~2.0

	Particle number (N)
	110
	110

	Youngs modulus (E)
	2.5×108 Pa
	3910

	Poisson ratio (νp)
	0.33
	0.33

	Friction coefficient (μf)
	0.3
	0.3



3. Model validation
To validate our LBM-DEM numerical approach, a sphere settling under gravity and the flow past a fixed sphere are analysed using LBM-DEM and compared with the theories and experimental work reported in the literature.
3.1 A sphere settling under gravity
A spherical particle with diameter of d is initially placed in the center of cuboid box of size 10d×10d×20d. The gravity is in the vertical direction and periodic boundary conditions are set in all the faces of the box. The particle density is 3.0 and three particle diameters are considered, d=6, 10, 16, which are all in the lattice unit. The relaxation parameter is fixed with 0.65. The particle starts to fall due to the gravitational force and finally reaches a constant speed, which is termed as the terminal velocity. It is well known that the terminal velocity with a very low particle Reynolds number (Rep<<1) can be derived analytically with the Stokes law56

.								(11)
Table 2 shows the terminal velocity obtained from the simulation and compares with the theoretical prediction (Eq. (13)). It can be seen that the relative errors are only within 4.0%, which demonstrates the accuracy of the LBM-DEM approach.
Table 2 Terminal velocity of gravitational settling
	Diameter
	Rep
	Simulation
	Theory
	Relative error

	6
	0.069
	5.778×10-4
	5.813×10-4
	0.60%

	10
	0.072
	3.619×10-4
	[bookmark: OLE_LINK91][bookmark: OLE_LINK92]3.488×10-4
	3.75%

	16
	0.072
	2.261×10-4
	[bookmark: OLE_LINK93][bookmark: OLE_LINK94]2.180×10-4
	3.73%


3.2 Flow past a fixed sphere
A spherical particle is fixed in the centre of a box with size of 20d×10d×10d. The inlet flow is set with a constant velocity U0 and the outlet is set as constant pressure boundary. All the other boundaries are periodic. The particle Reynolds number and the drag coefficient are calculated as

									 (12)
where Fd is the fluid drag force exerted on the particle.
[image: ]
Fig. 2 Drag coefficient as a function of particle Reynolds number.
Figure 2 shows the drag coefficient Cd as a function of the particle Reynolds number Rep. The solid line represents a widely accepted empirical law of the drag coefficient proposed by Schiller and Naumann57,

.							 (13)
It is clear that the simulation results are in good agreement with the empirical equation. The overall relative error is within 6%, except that it is slightly higher with 11% when Rep<1. Furthermore, the drag coefficient is already quite accurate with d=6, which implies that a relatively low size resolution can be employed to obtain acceptable accuracy and save computational cost. It is hence demonstrated that the coupled LBM-DEM is capable of accurate force evaluation, even with a relatively low grid size.
[bookmark: OLE_LINK58][bookmark: OLE_LINK59][bookmark: OLE_LINK60][bookmark: OLE_LINK63][bookmark: OLE_LINK64]4. Results and discussions
4.1 Trap of single particles in cavity flow
A single particle’s motion in the sedimentation system is first investigated. The particle’s property is the same as that shown in Table 1 and is initially released at the coordinate (x, y, z) = (201, 41, 7), which corresponds to the top of the rear edge of the cavity, in order to prevent the particle from settling into the cavity before the steady state fluid flow is fully developed. Figure 3 shows the time evolution of the particle’s vertical position and the velocity components in both horizontal and vertical directions, with the same Reynolds number and cavity size but different particle densities. It is clear that the particle with a density ρp=2.0 finally gets trapped in the cavity, while for particles of other densities periodic migration behaviour is observed, i.e. infiltration and resuspension. When the particle approaches the cavity, it first falls into the cavity, then quickly rises and escapes from the cavity. There is a sharp fall-and-rise on both the horizontal and vertical velocities. Furthermore, the heavier the particle is, the deeper it enters the cavity and the larger the reduction in the horizontal velocity is. Nevertheless, the variations of the vertical velocity seem to be similar for various particle densities considered, which implies that the vertical motion of the particle inside the cavity may not depend on the particle density.
	[image: ]
Fig. 3 The time evolution of (a) the vertical position z, (b) the horizontal velocity ux, and (c) the vertical velocity uz of a single particle with the same Renolds number Re=56.88 and cavity size of h=32 and l=80, but different particle densities.


The single particle’s position and velocity during a single period are extracted and plotted against the horizontal position, in order to explore the effects of the flow field and the cavity configuration on the particle’s trajectory. Figure 4 shows the typical trajectories of an un-trapped particle with different Reynolds numbers, particle densities and cavity sizes. It can be observed that with the same Reynolds number and cavity size, the heavier particle enters deeper into the cavity (see Fig. 4(a)), which is consistent with the results shown in Fig. 3(a). With the same particle density and cavity size, a larger fluid inertia (higher Reynolds number) inhibits the particle from entering deeper into the cavity, as shown in Fig. 4(b). As for the effect of the cavity size, it is found that a longer cavity (l=80) results in a longer entering distance into the cavity when the Reynolds number and particle density are the same (see Fig. 4(c)). On the other hand, no significant difference in the particle trajectory is observed for different cavity depths. The motion of a single particle is subject to several forces, including the gravity, the buoyant force and the lift force. The effects of gravity and buoyance can be merged into an effective gravity Geff, which is proportional to density difference, i.e. . The lifted force Fl is scaled as  in a channel flow58, where U is the mean fluid velocity and D is the dimension of the channel. The competition between these two forces determines the single particle trajectory. In the current work, the channel dimension, the fluid density and the particle size are kept constant. Therefore, the effective gravity and the lift force are only affected by the particle density and the fluid inertia, respectively. 

[image: ]
Fig. 4 The trajectories of a single particle over the cavity with: (a) different particle densities but the same Renolds number Re=85.32 and cavity size of h=16 and l=80; (b) different Reynolds numbers but the same particle density ρp=1.3 and cavity size of h=32 and l=80; (c) different cavity sizes but the same Renolds number Re=56.88 and particle density ρp=1.3. The dashed lines represent the boundary of the cavity.
	Figures 5 and 6 show the contour plots of the flow velocity in the vertical direction (Uz) at the steady state for different Reynolds numbers and cavity configurations, along with the typical streamlines. It was noticed that the flow field in the sedimentation system agrees qualitatively with that reported in the literature26-30. The vertical flow velocity around the front edge of the cavity is negative, while it becomes positive at the rear edge, which gives rise to the bending of the main streamlines. A single central vortex exists below the bending streamlines, where a circulating zone is formed with closed streamlines. It was also reported that additional vortices exist at the corner as the aspect ratio l/h reaches 4.0 and more central vortices appear below the primary one when l/h is below 0.5, due to the merge of the corner vortices26,30. From Fig. 5 it is clear that the central vortex enlarges as the Reynolds number increases, when the cavity size is fixed. The effect of the cavity size can also be found in Fig. 6, which is in good agreement with the previous observations26,30. 
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[bookmark: _Hlk39239855]Fig. 5 Flow fields with the same cavity size of h=32, l=80 but different Reynolds numbers, (a) Re=28.44, (b) Re=56.88, and (c) Re=85.32. The colormap represents the normalised velocity with respect to the maximum velocity. The red dot denotes the critical point on the lowest streamline.
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[bookmark: _Hlk39239865]Fig. 6 Flow fields with the same Reynolds number Re=56.88 but different cavity sizes, (a) h=16, l=40, (b) h=16, l=80, (c) h=32, l=40 and (d) h=32, l=80. The colormap is the same as that shown in Fig. 4. The red dot denotes the critical point on the lowest streamline.


From the simulations, the Stokes number () of the single particle can be estimated, which is in the range 0.0217~0.1185. Hence the single particle motion in the cavity is expected to be either following the main streamline or circulating in the central vortex. Hence the trap efficiency of the single particle for all the cases can be determined, which is summarised in Table 3. The trap efficiency is defined as the ratio of the number of particles trapped in the cavity to the total particle number considered in each simulation. Thus, the trap efficiency of a single particle can only be 1 or 0, depending on whether it is trapped or not. From Table 3 it is clear that for relatively low Reynolds number (Re=28.44), light particles (ρp=1.1 and 1.3) are not trapped at all, while heavier particles (ρp=1.5) start to get trapped in long cavities. For the relatively heavy particles (ρp=2.0), they are trapped in all the cavity configurations considered. With the increase of Reynolds number, the single particle is more likely to escape from the cavity. At Re=85.32, only the heaviest particle considered gets trapped in the largest cavity.
Table 3 The trap efficiency of a single particle*
	Re
	ρp
	Cavity dimensions

	
	
	h=16
l=40
	h=32
l=40
	h=16
l=80
	h=32
l=80

	28.44
	1.1
	0
	0
	0
	0

	
	1.3
	0
	0
	0
	0

	
	1.5
	0
	0
	1
	1

	
	2.0
	1
	1
	1
	1

	56.88
	1.1
	0
	0
	0
	0

	
	1.3
	0
	0
	0
	0

	
	1.5
	0
	0
	0
	0

	
	2.0
	0
	0
	1
	1

	85.32
	1.1
	0
	0
	0
	0

	
	1.3
	0
	0
	0
	0

	
	1.5
	0
	0
	0
	0

	
	2.0
	0
	0
	0
	1


* 0 = untrapped, 1 = trapped
4.2 Trap of particle suspensions in cavity flow
From the above discussions, it can be seen that the flow inertia, the particle density and the cavity configuration all have significant effects on the trap efficiency. In this section, simulations with multiple particles are performed to further explore the sedimentation mechanism. Figure 7 shows the snapshots of the particle suspensions at different time points. At the beginning of the simulation, all the particles are randomly distributed in the main channel, and no particles are trapped inside the cavity. Due to the higher density, the particles quickly fall to the bottom plane of the channel and transports with the fluid flow. When the suspensions approach the cavity, the majority of the particles is carried by the fluid and flows over the cavity, while some particles fall into the cavity and stay inside and some other are captured by the central vortex. After sufficiently long time, it is found out that the transportation of the suspensions enters a steady state, where no more particles deposit or circulate inside the cavity. Therefore, the total number of particles trapped inside the cavity can be evaluated at this point.
[image: ]
[bookmark: _Hlk39239878]Fig. 7 Snapshots of the particle suspensions for Re=56.88, h=32, l=80 and ρp=1.5. The time point for each subplot is t=0, t=100000, t=300000 and t=500000 from top to bottom, respectively. The flow field only contains a slice at the midplane in y direction. Hence some particles may be sheltered and look smaller.

Figure 8 presents typical trajectories of particle suspensions in the cavity, which can be classified into three categories, i.e. resuspension, deposition and circulation. Resuspension means that the particles are lifted by the fluid in the cavity and escape from the cavity. Deposition and circulation both are associated with the trapped situation but occur at different positions. Deposition is mostly observed at the rear edge of the cavity, where the particles are being lifted. Due to the collision with other particles or the disturbance of the local flow field, the lifted particle may lose its speed and fall off to the corner. Similarly, if the collision and the disturbance are experienced by the particle when it just enters the cavity, it may also cross the main streamline and get involved in the central vortex, which leads to the circulation. It should be noted that, the particle trajectories shown in Fig. 8 are not average result, but of different individual particles.
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[bookmark: _Hlk39239887]Fig. 8 Typical particle trajectories in the cavity. The dashed lines represent the boundary of the trap.
Based on the above discussions, the trap efficiency of the suspensions can be evaluated by counting the total number of particles trapped inside the cavity, which include the deposited ones as well as the circulating ones. Then the trap efficiency is defined as the ratio of the trapped particle number to the total particle number at the steady state. Figure 9 shows the trap efficiency η as a function of the particle density for different cavity configurations and Reynolds numbers. The results are averaged from three repeated simulations and the error bar is also attached. It is interesting to observe that the trap efficiency increases continuously from 0 to 1 as the particle density increases. For a fixed Reynolds number, the largest cavity (h=32, l=80) has the highest trap efficiency, followed by the cavity with size of h=32, l=40. The trap efficiency profile of h=16, l=80 is only slightly higher than that of h=16, l=40, both of which are lower than that of the cavity with h=32. This implies that increasing either cavity length or depth, i.e. larger volume of the cavity, results in a higher trap efficiency. Furthermore, an increase in the cavity depth has greater impact on the trap efficiency than the cavity length when the volume of the cavity is the same, as can be seen in Fig. 9. Additionally, for a fixed trap configuration, increasing the Reynolds number leads to the decline of the trap efficiency. For example, almost all the particles are trapped in the cavity of h=32, l=80 for particle density ρp=1.5 and Reynolds number Re=28.44, while the efficiency for the same configuration drops to about 54% as the Reynolds number increases to 56.88, which further decreases to 22% with Re=85.32.
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[bookmark: _Hlk39239895]Fig. 9 The variation of trap efficiency with particle density for different Reynolds numbers: (a) Re=28.44, (b) Re=56.88, (c) Re=85.32.

To better describe the behaviour of the particles in the cavity flow as well as the trap efficiency obtained from the simulation, a simplified empirical model is proposed here. First, it is assumed that the flow in the cavity is divided into two regimes, a mainstream regime and a vortex regime, of which the boundary is represented by the bending streamline. Once the particles cross the boundary and enter the vortex regime, they are assumed to be trapped in the cavity and will not escape again. Hence a critical point hc=(xc,yc,zc) on the boundary can be identified to distinguish the two regimes, which is marked as the red dot in both Fig. 5 and Fig. 6. Note that it is impractical to solve such cavity flow problem analytically, and the mathematical definition of the critical point is extraordinarily complicated. Therefore in the current study the critical point is defined with the following features: i) it belongs to the lowest the main streamline, below which the vortex streamline dominates; ii) The velocity gradient is parallel to the x-axis, ; iii) It is inside the cavity, (L-l)/2≤xc≤(L+l)/2 and -h≤zc≤0. Considering that the flow in y-direction is periodic and the pressure gradient is applied in x-direction, the velocity component Uy is negligible.
With the above definitions, this critical point can be quantitatively identified from the flow field data. Then a critical entering distance in the vertical direction is given as hcrit=h+zc (zc is negative according to the coordinate system), which is employed to characterise the maximum distance that a particle can enter into the cavity without being trapped. As a result, a criterion can be established to describe the sedimentation mechanism of the particles. Assuming that the actual entering distance that a particle travels into the cavity in vertical direction is hp, a dimensionless trap number is defined as

.										(14)
If Tp>1, the particle moves across the critical streamline and gets trapped. Otherwise, it escapes from the cavity and becomes resuspended. Hence the trap efficiency shown in Fig. 9 can be described as a function of the trap number, i.e., η=f (Tp).
	Assuming that the lift force caused by the fluid is negligible when a particle enters the cavity, the particle’s motion can be decomposed into a free falling in the vertical direction together with a transport in the horizontal direction. The vertical distance over which the particle travels can be estimated as

,									(15)
where g is the gravitational acceleration and tp is the time that the particle travels in the cavity. The travelling time is restricted by the horizontal motion over the cavity, which scales as tp=l/Ux. Hence Eq. (15) can be rewritten as

,										(16)


where  is the Froude number and  is the effective gravitational acceleration.
	It is shown in Fig. 5 and Fig. 6 that both the Reynolds number and the cavity configuration have great effects on the critical entering distance hcrit, which is independent of the particle property. Qualitatively, increasing the Reynolds number, increasing the cavity depth, or decreasing the cavity length all give rise to a shorter critical entering distance. Thus, the following scaling law is proposed to quantify hcrit

,								(17)
where a, b and c are not fixed parameters and need to be determined. Figure 10 shows the normalised critical entering distance as a function of the scaling parameter Th, where the parameters are determined as a=1 and b=c=2. It can be seen that with the increasing of Th, hcrit increases continuously from 0 and finally reaches the saturated value of h. It is expected that hcrit should be equal to h if the cavity length is infinitely large or the cavity depth is infinitely small, which is supported by Fig. 6b. Figure 10 only shows an example to reveal the general relationship between hcrit and the combination of the simulation parameters. Based upon the observation from Fig. 10, the following relationship can be deduced:

.									(18)
[image: ]
[bookmark: _Hlk39239907][bookmark: _GoBack]Fig. 10 The critical entering distance as a function of the scaling parameter Th. The fitting line is performed with an exponential function with the same form as Eq. (20).
Combining Eq. (16) and Eq. (18), we have

,								(19)

which provides an explicit form to estimate the trap number. To keep the trap number dimensionless, we have b=c. Generally, the trap efficiency increases with the increase of the trap number. In addition, as observed in Fig. 9, decreasing the Reynolds number, increasing the cavity length and increasing the cavity depth all lead to a higher trap efficiency. From Eq. (19) it is straightforward to obtain that , which indicates that a<2, b>1 and c<2. Furthermore, it can be inferred from Eq. (17) that a>0, b>0 and c>0. Therefore, the parameters are limited in the range 0<a<2, 1<b=c<2. A non-linear multivariate analysis shows that the results can be well described by Eq. (19) with a=1.533, b=c=1.417. Figure 11 shows the variation of the trap efficiency as a function of the trap number. The solid line denotes an empirical exponential fitting

,									(20)
where the fitting parameters are m=0.110, n=4.527, and the trap number is rescaled as

.								(21)
Note that the coefficient 1/100 only represents a rescale parameter to make the multivariate fitting convergent. Otherwise the fitting parameters m and n will be too small to compute. It can be seen that the trap efficiency increases continuously from 0 to 1 as the trap number increases, which is well-regressed on the same curve. When Tp<1, almost no particles are trapped in the cavity, while all the particles are completely trapped after Tp>2.5. In between, the trap efficiency rises rapidly as the trap number increases. For comparison, the results of the single particle listed in Table 3 are also included, which are represented by the triangles. A sudden jump of the trap efficiency occurs at around Tp=1.5, which corresponds to the median (i.e. 50%) point on the fitted curve for multiple particles. Thus this point can be regarded as the critical trap number that indicates a critical dynamic behaviour of the particles in the sedimentation system. For a single particle, it is expected that it will get trapped in the cavity when some criteria are met, which is a deterministic event when all the other parameters are determined. However, for a continuous particle-liquid flow, both the complicated particle-particle interactions and the particle-fluid hydrodynamic interactions have significant effects on the collective behaviour of the system, even when other parameters are fixed. The trap efficiency is a good representation of the statistical feature of the particle-fluid system, which is a collective outcome of flow morphology and particle dynamics21. Therefore, a continuous variation of the trap efficiency is expected. 
[image: ]
[bookmark: _Hlk39239918]Fig. 11 The variation of the trap efficiency with the trap number.
[bookmark: OLE_LINK76][bookmark: OLE_LINK77]5. Conclusions
[bookmark: _Hlk8221335]In this work, sedimentation of particle suspensions in a cavity flow system is systematically analysed using a hybrid LBM-DEM. The effects of Reynolds number, particle density and cavity sizes on the sedimentation of the particles into the cavity are explored in detail. It is shown that decreasing the Reynolds number, and increasing the size of the cavity all result in a higher trap efficiency. Furthermore, three different types of the particle’s dynamic behaviours in the cavity are observed. The first is resuspension from the cavity, where the particle undergoes a fall-and-rise motion due to the gravitational force and the lift force. The other two include a circulation in the central vortex inside the cavity and a deposition next to the rear edge of the cavity, which are believed to be caused by the interparticle collision and the disturbance of the local fluid field. The particles in both cases are identified as trapped in the cavity. In order to obtain a generalised criterion to characterise the trap efficiency, a dimensionless trap number Tp is introduced, which takes into consideration of flow inertia, particle property and cavity size. A semi-empirical exponential law is thus derived to describe the trap efficiency as a function of Tp. A critical trap number is identified as Tp,crit=1.5, which corresponds to the point where the trap efficiency rises fastest and is also supported by the trap behaviour of a single particle. As a result, three distinct regimes can be identified based on the value of Tp. When Tp<1, almost all the particles are resuspended from the cavity, while they are completely trapped when Tp>2.5. In between, the trap efficiency continuously increases from 0 to 1 as a function of Tp. The empirical law relates the statistical feature to the complex dynamics of the cavity flow system. It will be useful to estimate other quantities of the system apart from the trap efficiency. Further interests of the current work may lie in the comparison with experimental validation, as well as the extension of parameter space.
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