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The mass-spring-damper system is the minimum complex-
ity scenario that characterizes almost all the mechanical vi-
bration phenomena, it is well known that a second-order
differential equation model its dynamics. However, if the
damper has a magnetorheological fluid in the presence of a
magnetic field then the fluid shows viscoelastic properties.
Hence the mathematical model that best reflects the dy-
namics of this system is a fractional order differential equa-
tion. Naturally, the Mittag-Leffler function appears as an-
alytical solution. Accordingly we present here the math-
ematical modeling of the mass-spring-magnetorheological
damper system. The main result of our investigation is to
showhow the fractional order γ changeswhen the viscosity
damping coefficient β changes, this was found when vary-
ing current intensity in the range of 0.2 to 2 Amperes. A

Abbreviations: ABC, a black cat; DEF, doesn’t ever fret; GHI, goes home immediately.
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Helmholtz coil is used to produce the magnetic field. We
consider that this document has a high pedagogical value
in connecting the fractional calculation to mechanical vi-
brations and can be used as a starting point for a more ad-
vanced treatment of fractional mechanical oscillations.
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1 | INTRODUCTION

Themass spring damper system is a physical system used to studymechanical vibrations. When the viscous properties
of the fluid in the buffer remain constant, an ordinary differential equation of the second order serves as a mathemat-
ical model; that is to say, the evolution of said mechanical oscillations can be predicted when studying the analytical
solution of said equation. Three typical behaviors are observed from the values in the elastic spring constants, the
value of themass and the viscous damping coefficient, called: overdamped, critically damped and underdampedmove-
ment.

The viscous damping coefficient is an artificial parameter, which can not be accessed by a physical measurement
such as the mass or spring elasticity constant. It is an ad hoc parameter, which serves to justify all the energy losses
present in the movement of the mass, for example, the friction with the medium and the increase in the temperature
of the spring. If the height measured from the point of repose of the mass is x (t ) , by Newton’s second law, Hooke’s
law and assuming that the viscosity of the fluid in the damper directly affects the velocity of motion, then it is well
known that:

mx ′′ (t ) + βx ′ (t ) + k x (t ) = 0 (1)

is an equation that models the movement of the mechanical mass-spring-damper classic system. Here m is the value
of the mass, k is the elasticity constant of the spring and β is the viscous damping coefficient and analytical solution
is

x (t ) = x0 · exp
(
− β

2m
t
)
· cos ©«

√
k

m
− β 2

4m2
t
ª®¬ (2)

One of the most obvious applications of this model is the design of shock absorbers that support earthquakes
[1], [2]. However, classical dampers have the limitation that their viscous damping coefficient is constant, unlike mag-
netorheological damper capable of varying its viscosity. The equation 1 is analyzed for construct microfabricated
electromagnetic energy harvesters [3]. The research presented here could help medical researchers refine their ap-
proaches, for example [4] where they consider the viscous drag of blood flow.
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In this paper we will report what was observed experimentally, about the change of the fractional order of deriva-
tion versus the coefficient of viscous damping.

The way we are going to proceed is:

1. Record the mass-spring-magnetorheological damper experiment
2. Obtain the experimental data using the open source physics software Tracker Video Analysis and Modeling Tool

[5].
3. Adjust aMittag-Leffler function of a parameter using the routine by Igor Podlubny described in the article [6],[7],[8],

this will allow us to determine the fractional order of derivation.
4. Discuss the change in the fractional order of derivation with respect to the viscous damping coefficient.

We will begin by analyzing the change that the value of the viscous damping coefficient undergoes, when we
tune the value of the electric current in a range of 0.2 amps up to 2 amps, which induces different magnetic field
intensities in the Helmholtz coil, since fluid inside the damper is magnetorheological.

2 | FRACTIONAL CALCULUS. BASIC TOOLS

Fractional calculus is a branch of mathematical analysis dedicated to study integrals and derivatives of arbitrary order
even complex order (the term “fractional” is kept only for historical reasons), must be considered a branch of math-
ematical physics which deals with integro-differential equations, where integrals are of convolution type and exhibit
singular or non singular kernels of power law type [9], [10]. Interesting applications of the non-integer derivative can
see [11]-[12].

Most historians agree that the fractional calculus was developed for the first time on September 30, 1695 when
the Marquis de L’Hôpital writes a letter to Leibniz asking about the notation for the n-th derivative of a function:
What would happen if n were 1/2? [13], [14]. Since then many important mathematicians, Euler (1738), Fourier
(1820), Abel (1826), Liouville (1832), Riemann (1847), Laurent (1884), just for mention some of the twentieth century:
Weyl (1917), Hardy and Littlewood (1928), Riesz (1936), Erdélyi (1940, 1963, 1972), Caputo (1969), Podlubny (1996)
have continued the study of the derivative of arbitrary order and its applications.

Smart mechanical devices involve mathematical models more accurate to fitting experimental data [15]. It is
the case of magnetorheological fluids, wich are viscoelastic fluids capable of changing their mechanical properties
in the presence of a magnetic field. Its viscosity depends on the density of field lines hence non-locally, this is why
the fractional derivative is better for modeling this phenomenon. However commercial applications are still not so
common because in general it is difficult to build them and keep stable [16]. There are suspensions of different
magnetic materials, for example iron particles [17] and some constructed from inkjet fluids [18]. In our experiment
we have used toner powder given its magnetic properties. This dust suspended in seawater due to its electrical
conduction properties, resulting a fluid that increases its viscous damping coefficient to a threshold value when the
magnetic field intensity is increased.

Fractional model may cover a wide range of viscoelastic behavior. There are many rigorous work done by physi-
cists, applieds mathematicians and engineers etc. can be found [19]-[20], [21].
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2.1 | Magnetorheological fluids have viscoelastic properties

Magnetorheological fluids are suspensions of magnetic particles in a carrier fluid. In the presence of magnetic fields
it change their mechanical properties, in particular their viscosity presents both viscous and elastic behavior [22].
Viscoelasticity is a property possessed by bodies. It exhibit both viscous and elastic behavior through simultaneous
dissipation and storage of mechanical energy [23]-[24], [25]. The magnetorheological fluids are commonly used in
intelligent devices that adjust their viscosity in view of the requirement to which they are subjected. For example
dampers in the bases of a building can react to the intensity of an earthquake, see [26] for interesting seismic control
of structures. Moreover next example is a vehicle with magnetorheological dampers can respond to different driving
situations such as a tire puncture or a hole in the road [27]. By their nature, magnetorheological fluids are modeled
with greater precision by derivatives of non-integer order [28]-[29].

3 | FRACTIONAL DIFFERENTIAL EQUATION MODEL

It is necessary to make some assumptions in order to keep the model as simple as possible but without sacrificing
generality. We will assume that spring’s mass is negligible, that the movement of the mass is along a fixed vertical line
and it will be assumed that friction with air is included in the absorption of force by the damper. According to Hooke’s
Law, the spring exerts a restoring force that opposes the movement of the mass, Fs , it follows that:

Fs (t ) = −k x (t ) . (3)

In addition, the mass is connected to a magnetorheological damper that tends to slow the movement, this force
is proportional and of opposite direction to the speed of the mass, Fd , that is to say:

Fd (t ) = −β
d γ

d t γ
x (t ), 0 < γ ≤ 1. (4)

Where γ represents the order of the fractional temporal operator. It is at this point of the mathematical model
that the fractional derivative becomes important, since the derivative of the integer order does not reflect the vis-
coelastic nature of the shock absorber that we are considering, because its viscosity depends on non-local effects in
the magnetic field. There are experimental results that support this fact, can be found in [26], [28], [30] and some
more in their references.

From Newton’s second law F = ma , we have that the mass experiences a force F = Fs + Fd . To consider the
non-local effects of the viscoelasticity of the magnetorheological damper, the acceleration a , will be replaced by its

fractional generalization, a = d 2γ

d t 2γ
, so the equation of the mass-spring-damper with magnetorheological fluid is:

m
d 2γ

d t 2γ
x (t ) + β d

γ

d t γ
x (t ) + k x (t ) = 0, 0 < γ ≤ 1. (5)

The mass spring damper system has been modeled by fractional calculation by many teams of researchers. For
example, Chakraverty and Behera [31] took the fractional derivative and the homotopy method to analyze it. Morales-
Delgado andGómez-Aguilar [32] use Atangana-Koca fractional derivativeswith variable- and constant-order to obtain
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the analytical solutions of the mass-spring-damper system. More recently, in the article [33] heat transfer of a fer-
rofluid with magnetic nanoparticles is studied by partial differential equations.

This mathematical model was reported in the papers [34], [35], despite this, here we use a fractional damper
whose phenomenological translation to the equations is possible using derivatives of non- integer order, indeed we
take Caputo’s derivate to more accurately model the mechanical system. To keep the dimensionality physically plau-
sible a new parameter σ was introduced in the following way

d

d t
→ 1

σ1−γ
· d

γ

d t γ
, m − 1 < γ ≤ m,m ∈ Ú+ (6)

and

d 2

d t 2
→ 1

σ2(1−γ)
· d

2γ

d t 2γ
, m − 1 < γ ≤ m,m ∈ Ú+ (7)

where σ is the dimension of seconds, this auxiliary parameter is associated with the temporal components in
the system (these components change the time constant of the system). The authors of [36] used the Planck time,
tp = 5.39106 × 10−44 seconds, as a way to preserve the dimensional compatibility. Recently, the discussion about the
use of physical units in mathematical models that use fractional derivatives has become more formal and rigorous,
even in magneto-electrical phenomena [37]. Following [36] the σ parameter corresponds to the tp in our calculations.
For the case γ = 1 the expressions (6) and (7) become ordinary temporal operators. Following this idea, the fractional
equation of the mass-spring-damper with magnetorheological fluid mechanical system represented in Figures 1, 2 is
given by

m

tp 2(1−γ)
C
0 D

2γ
t x (t ) +

β

tp 1−γ
C
0 D

γ
t x (t ) + k x (t ) = 0, 0 < γ ≤ 1, (8)

where the mass ism , the viscous damping coefficient is β and the spring constant is k . The equation (8) may be written
as follows

C
0 D

2γ
t x (t ) + λγ

C
0 D

γ
t x (t ) + ω

2
γ x (t ) = 0, 0 < γ ≤ 1, (9)

where

λγ =
β

2m
tp
1−γ , ω2γ =

k

m
tp
2(1−γ) . (10)

The solution of the equation (9) is

x (t ) = x0 · Eγ
{
− β

2m
tp
1−γ t γ

}
· E2γ

{
−

[
k

m
− β 2

4m2

]
tp
2(1−γ) t 2γ

}
(11)
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where Eγ := Eγ,1 is a two parametric function of the Mittag-Leffler type is defined by the series expansion [21],
given by (12)

Eγ,ϕ (z ) =
∞∑
k=0

z k

Γ (γk +ϕ) , (γ > 0, ϕ > 0) (12)

For the classical case (γ = ϕ = 1) , the expression (11) becomes (2). To solve the fractional differential equation
under the definition of the Caputo derivative we start from the equation (8). Making a change of variable,

ξλ =
β

m
t
1−γ
p , ζλ =

k

m
t
2(1−γ)
p

and,

x1 (t ) = x (t ), x2 (t ) = C
0 D

γ
t x (t ),

the equation (8) can be rewritten as the following system

C
0 D

γ
t x1 (t ) = x2 (t )

C
0 D

γ
t x2 (t ) = −ζγ x1 (t ) − ξγ x2 (t )

(13)

This system is solved by Garrappa [38], the solution curve is shown in the Figures 7 and 6 together with the
Mittag-Leffler function graphs and experimental data.

4 | MATERIALS AND METHODS

The experiments were carried out with the mechanical system spring-mass-damper assembled in a Maxwell type
arrangement (See Figure 2). The mass was weighted in kilograms, m = 0.2197 k g , spring’s elastic constant k =

2.35 N /m was calculated by Hooke’s Law; that is, the elongation produced by a mass of known weight was measured.
The value of elastic constant k , is the quotient of weight divided by the elongation produced.

The Damper used is one graduated cylinder with 500 ml capacity, 35 cm in height and 5 cm in internal diameter,
the piston is a thin wooden tube 50 cm long, 0.6 cm in diameter, for one side the mass is held and on the other side
it has embedded a circular disc of plastic of thickness 1 mm and 2 cm radius, its center is located in the wooden tube.
Magnetorheological fluid is composed of seawater and toner, a mixture of 400 ml seawater and 20.54 gr of toner was
used. To obtain a homogeneous mixture, it is liquefied for one minute. The DC power supplies is a BK Precision 1672
model. Gaussmeter F.W. Bell 5180 model, see Figure 3.

The coil is Helmholtz type which guarantees a uniform magnetic field zone along the space where piston moves
[39], [40]. The coil consists of 200 turns of 22 AWG magnet wire on each side, each measuring 2 cm wide and there
is 3 cm of separation between them, they are mounted on a thin cardboard paper and its diameter is 6 cm , see Figure
4.
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F IGURE 1 Real mechanical system analyzed in the laboratory.

F IGURE 2 Scheme of mechanical oscillator considered, m is the mass, the viscous damping coefficient is β
depended of magnetic field intensity B and spring’s constant k .
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F IGURE 3 Power supply, Gaussmeter and Helmholtz’s coil. To measure the intensity of the magnetic field, we
put the probe connected to the Gaussmeter inside coil, while adjusting the values of current intensity at the power
supply.

F IGURE 4 Helmholtz’s Coil. 22 AWG magneto wire. A Helmholtz coil was used to have a uniform magnetic field
section, which measures approximately 7 cm considering that the maximum displacement of the mass is 5 cm.
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F IGURE 5 Screenshot of Tracker.

To collect the experimental data, we videotaped the damping spring mass system, which was released from rest at
a distance of 0.05 meters below its equilibrium point; that is, in terms of initial conditions for the differential equation
we have:

x (0) = 0.05, x ′ (0) = 0.

Experiments were performed under identical conditions for each current intensity value from 0.2, 0.4, 0.6, . . . , 2

amps. The videos were analyzed by Tracker, where we obtained the data, see Fig 5.

5 | CURRENT INTENSITY-MAGNETIC FIELD VS DAMPING COEFFICIENT

The viscous damping coefficient β , changes by changing the magnetic field B , which is measured in Gauss. At the
same time, the magnetic field varies with the increase in current I , measured in Amperes. Table 1 shows the values
of magnetic field and the viscous damping coefficient for different values of current intensity, in the range of 0 to 2
amperes, varying from 0.2 A in each experiment. The way to calculate β is described in [35].

Figure 6 shows the values of viscous damping coefficient β on the vertical axis and the amperage I supplied to
the coil on the horizontal axis. Points A, B,..., K correspond to a ordered pairs (Is , βs ) for s = 1, 2, . . . , 11 respectively.
For example, C = (I3, β3) = (0.4, 0.1502748) in Table 1.

An adjustment was made by polynomials for the points of graph (Figure 6), which has a R-square value of 0.9757
for the grade 3 polynomial f function in the Figure 6. In addition, it was adjusted by a five grade polynomial function g
in the Figure 6, this interpolation had an R-square value of 0.9922. Both adjustments were made through curve fitting
tool of Matlab. The functions are:
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I B β

(Amperes) (mT) Damping Coefficient

A 0.0 0.0 0.1308683

B 0.2 0.42194 0.1432004

C 0.4 0.84391 0.1502748

D 0.6 1.2658 0.1582718

E 0.8 1.6877 0.1743978

F 1.0 2.1098 0.1843283

G 1.2 2.5316 0.1855586

H 1.4 2.9535 0.1861737

I 1.6 3.3755 0.1899086

J 1.8 3.7975 0.1940390

K 2.0 4.2195 0.2056392

TABLE 1 Current intensity I measured in Amperes, Magnetic field B measured in miliTeslas and Viscous
Damping Coefficient β .

f (x ) = 0.006x3 − 0.031x2 + 0.073x + 0.129

g (x ) = 0.017x5 − 0.06x4 + 0.049x3 − 0.001x2 + 0.044x + 0.131
(14)

6 | FITTING OF EXPERIMENTAL DATA

The adjustment of the experimental data is made by Podlubny [6]. Curve fitting xf (t ) is

F IGURE 6 The viscous damping coefficient β seen as a function of the current intensity I measure in amperes in
X-axis.
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F IGURE 7 Adjustment of the analytical solution to the experimental data. Non-integer order of derivation is
γ = 0.9995

xf (t ) = c3 · Ec1
[
c4t

c1
]
. (15)

where, C = [c1, c2, c3, c4 ] is a vector with the parameters that best fit the data (see Table 2), in every case c2 = 1. In
the Figures 7, 6 is shown Mittag-Leffler curve that best fit the data, analytic solution (11), together with the solution
of system (13) using Caputo derivative, this was solved by the Garrappa routine outlined in the article.[38].

This procedure was performed for all the experiments where magnetic field intervened, the table 2 contains the
value of viscous damping coefficient in the first column, fractional derivation orders (FDO) calculated as in [35] in the
second column. From the third to fifth columns are Mittag-Leffler parameter that best fitting the experimental data
as in [6], c2 = 1 in every case for have a one parameter Mittag-Leffler function (see (12)). Table 2 does not show the
row A of the table 1 because in that experiment no current was applied to the coil, therefore there was no presence
of magnetic field and consequently the fluid not was magnetorheologic.

The similarity of the curves can be explained by the following theorem

Theorem. The Mittag-Leffler function, denoted by Eγ (z ) , defined by Eγ := Eγ,ϕ expressed in the equation (12),
satisfy

E2γ (z 2) =
1

2

[
Eγ (z ) + Eγ (−z )

]
.
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β (0 < γ < 1) c1 = γ c3 c4

VDC FDO FDO-FIT

B 0.1432 0.9995 1.8681 0.0481 −8.744

C 0.1502 0.9995 1.8660 0.0490 −8.369

D 0.1582 0.9995 1.8577 0.476 −8.289

E 0.1743 0.9995 1.8455 0.475 −8.274

F 0.1843 0.9998 1.8411 0.444 −8.559

G 0.1855 0.9995 1.8240 0.460 −8.008

H 0.1861 0.9996 1.8228 0.477 −7.54

I 0.1899 0.9995 1.8155 0.491 −7.433

J 0.1940 0.9995 1.8109 0.485 −7.169

K 0.2056 0.9995 1.8221 0.463 −7.315

TABLE 2 Viscous Damping Coefficient β , Fractional Order of Derivation γ of analitic solution and Fractional
Order of Derivation by fit Mittag-Leffler function.

Proof. First, notice that

m−1∑
r=0

exp
(
i2πk r

m

)
=

{
m, if k = 0 (mod m)
0, if k , 0 (mod m)

then,

m−1∑
r=0

Eγ (ze i2πr /m ) = mEγm (zm ), m ∈ Î

wich can be written as

Eγ (z ) =
1

m

m−1∑
r=0

Eγ/m (z 1/me i2πr /m ), m ∈ Î

taking γ = m/n , it follows that

Em/n (z ) =
1

m

m−1∑
r=0

E1/n
(
z 1/me i2πr /m

)
now, if γ = m/n

Eγ (z ) =
1

m

m−1∑
r=0

Eγ/m
(
z 1/me i2πr /m

)
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F IGURE 8 γ = 0.9995

F IGURE 9 γ = 0.9995

in particular case, m = 2 and for Euler’s identity
e i π + 1 = 0

Eγ (z ) =
1

2

1∑
r=0

Eγ/2
(
z 1/2e i2πr /2

)
=
1

2

[
Eγ/2 (z 1/2) + Eγ/2 (z 1/2 (−1))

]
equivalent to what we wanted to demonstrate

E2γ (z 2) =
1

2

[
Eγ (z ) + Eγ (−z )

]
This is why the analytical solution (11) and the adjustment curve are very similar.

7 | CONCLUSION

The classicalmathematicalmodel (1) does not reflect the viscoelastic properties of themagnetoreological fluid, whereas
the fractional model (9) captures the complex nature of the damper by non-integer derivatives (0 < γ < 1). Magne-
torhelogical dampers are important for the design of structures capable of support earthquakes given their ability to
adjust their viscosity. Other commercial applications are the design of shock absorbers for motorcycles [41].

The way in which the viscous damping coefficient varied was as a increasing function. There is a threshold value
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F IGURE 10 γ = 0.9995

F IGURE 11 γ = 0.9998

F IGURE 12 γ = 0.9995

F IGURE 13 γ = 0.9996
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F IGURE 14 γ = 0.9995

F IGURE 15 γ = 0.9995

F IGURE 16 γ = 0.9995
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in the current I which triggers a threshold magnetic field B for which the viscous damping coefficient β its value grows
as a power of the current intensity; that is, the viscous damping coefficient it has better fit as a fifth degree polynomial
of the current intensity as one can see in Table 1. On the other hand, there are other definitions of derivative with
variable order that can to extend the analysis, when using the Caputo Derivative, the initial conditions are expressed
in terms of derivatives of an integer order, so we have used only that definition.

The analysis shown here is the simplest possible, corresponds to an effort to compare the mathematical fractional
differential equation model with a mechanical mass-spring-magnetorheological damper system, our hope this analysis
will help to deepen the study of new materials and devices.
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