ON CLASSICAL SOLUTIONS FOR
THE FIFTH ORDER SHORT PULSE EQUATION

GIUSEPPE MARIA COCLITE AND LORENZO DI RUVO

ABSTRACT. The fifth order short pulse equation models the nonlinear propagation of optical
pulses of a few oscillations duration in dielectric media. In particular, it models the propagation
of circularly and elliptically polarized few-cycle solitons in a Kerr medium. In this paper, we
prove the well-posedness of the classical solutions for the Cauchy problem associated with this
equation.

1. INTRODUCTION

In this paper, we investigate the well-posedness of the classical solutions of the following
Cauchy problem:

(1.1) O (Opu + K0P + ad3u + BOu) = u, t>0, x€R,
. u<07$) - uﬂ(x)a r eR,

with

(1‘2) K’ a7 /67 ry E R’ ,{/7 /67 ry # 0'

From a physical point of view, (1.1) models the nonlinear propagation of optical pulses
of a few oscillations duration in dielectric media (see [42, 46]). In particular, in [42],
it is deducted to model the propagation of circularly and elliptically polarized few-cycle
solitons in a Kerr medium.

(1.1) generalizes the follows equation:

(1.3) Oy ((%u + kOpu® + a@%u) = yu,

known as the regularized short pulse equation. It was derived both by Costanzino,
Manukian and Jones [35] in the context of the nonlinear Maxwell equations with high-
frequency dispersion.

(1.1) is also a generalization of the following equation:

(1.4) O (Opu + qu2d,u) = yu.

known as the short pulse equation, derived by Schéfer and Wayne [60] to describe the
propagation of ultra-short light pulses in silica optical fibers.

In [1, 2, 17, 48, 49, 50], the authors prove that (1.4) is also a non-slowly-varying enve-
lope approximation model that describes the physics of few-cycle-pulse optical solitons.
Moreover, [3, 18, 57, 59] show that (1.4) is a particular Rabelo equation which describes
pseudospherical surfaces.

(1.4) is also deduced in [66] to describe the short pulse propagation in nonlinear meta-
materials characterized by a weak Kerr-type nonlinearity in their dielectric response.
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2 G. M. COCLITE AND L. DI RUVO

It also is interesting to remind that equation (1.4) was proposed earlier in [52] in the
context of plasma physic and that similar equations describe the dynamics of radiating
gases [47, 62]. Moreover, [19, 39, 40, 41] show that (1.4) is also a model for ultrafast pulse
propagation in a mode-locked laser cavity in the few-femtosecond pulse regime, while, in
[55], an interpretation of (1.4) in the context of Maxwell equations is given.

Observe that, taking v = g =0, (1.9) reads

(1.5) Opu + KOy 4+ adPu = 0,

which is known as modified Korteweg-de Vries equation (see [20, 34, 44, 61, 65]).

In [4, 5, 6, 48, 49, 50], it is proven that (1.5) is a non-slowly-varying envelope approxi-
mation model that describes the physics of few-cycle-pulse optical solitons.

Taking v = 0, (1.9) becomes

(1.6) Opu + KOpu® + adu + BOSu = 0.

(1.6) is known as the modified Kawahara equation. It was deduced by Kawahara [43]
in order to describe the solitary waves with oscillatory tails. (1.6) was also derived in
the context of water waves by Olver [53] (see also [45]), using Hamiltonian perturbation
theory, with further generalization given by Craig and Groves [36].

From a mathematical point of view, for (1.9), the well-posednees of the classical solution
is given in [10], while, following [21, 51, 61], in [22], the convergence of the solutions of
(1.6) to the unique entropy ones of the following scalar conservation law

(1.7) Opu + kOpu® = 0

is proven.

In [14, 44], the Cauchy problem for (1.5) is studied, while, in [20, 61], the convergence
of the solutions of (1.5) to the unique entropy solutions of (1.7) is proven.

Wellposedness results for the Cauchy problem for (1.4) are proven in the context of
energy spaces (see [37, 54, 64]), and in the context of entropy solutions (see [8, 9, 28, 38]).
In [24, 25, 29, 58], the wellposedness of the homogeneous initial boundary value problem
is analyzed, while, in [23, 26], the non-local formulation of (1.4) is studied. Finally, the
convergence of a finite difference scheme is studied in [33].

The local and global well-posedness of the Cauchy problem for (1.3) is studed in energy
spaces [35, 54], while, in [14], the well-posedness of the classical solution is proven. Finally,
in [9, 27], the convergence of the solutions of (1.3) to the entropy ones of (1.4) is proven.

Observe that, integrating (1.1) with respect to x, we gain the integro-differential for-
mulation of (1.1)

(1.8) {(%u + KkOu? + adu + OJu =~ [*__ udz, t>0, z€eR,

u(0,x) = ug(x), xr € R,
or equivalently,

o + KOu> — a@iu — B@iu =P, t>0,zeR,

IP = ) t ) R?
(1.9) 7] u >0,z €
P(t,—00) =0, t>0,
u(t,0) = up(x), z €R.

On the initial datum, we assume that

(1.10) ug € HY(R) N L' (R), / up(x)dx = 0,
R
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while, following [7, 8, 9], on the function

(111) Po() = / " uoly)dy,

—0o0

[ @de= [ ([ wiar) az=o.
1Pl = [ ([ ;u()(y)dy)QdMoo.

The main result of this paper is the following theorem.

we assume that

(1.12)

Theorem 1.1. Assume (1.2), (1.10), (1.11) and (1.12). There exists an unique solution
(u, P) of (1.9) such that

(1.13) ue L®0,T; HY(R)), P e L>®(0,T;H(R)), T >0.
In particular, we have that
(1.14) / u(t,z)de =0, t>0.

R
Moreover, if (u1, P1) and (u2, Py) are two solutions of (1.9), we have that
(1.15) 1Pi(t, ) = Pa(t, )l oy < €T 11PLo = Pooll oy -
where,
(1.16) Pro@) = [ o)y, Proe) = [ uaalu)ds

for some suitable C(T) > 0 and every 0 <t <T.

The paper is organized as follows. In Section 2, we prove several a priori estimates on
a vanishing viscosity approximation of (1.9). Those play a key role in the proof of our
main result, that is given in Section 3. In Appendix A, we prove the well-posedness of
the classical solution of (1.1), under the assumption

(1.17) ug € LY(R) N H°(R).

2. VANISHING VISCOSITY APPROXIMATION

Our existence argument is based on passing to the limit in a vanishing viscosity ap-
proximation of (1.9).

Fix a small number 0 < € < 1 and let u. = u.(¢,z) be the unique classical solution of
the following problem [10, 11, 12, 32, 56:

Orue + 3/<;u§893u5 + aai’ug + B@gug =~P. + a‘?gug, t>0,zeR,

(2.1) 0. P: = ug, t>0,z€eR,
' P.(t,—00) =0, t>0,
u:(0,7) = UE,O(Z'), r € R,

where u, o is a C°° approximation of ug such that

Hua,() HA(R) < HU0||H4(R), /u570d::: =0,
R

(2.2)
1Peoll 2y < 1Pl 2y /R P.gdz = 0.
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Let us prove some a priori estimates on u. and P.. We denote with Cj the constants
which depend only on the initial data, and with C(T'), the constants which depend also
onT.

Following [7, Lemma 2.1] or [13, Lemma 2.1], we prove the following result.

Lemma 2.1. Let us suppose that for each t > 0,

0
(2.3) / P.(t,z)dr < oo,
where P, is defined in (2.1). Then, the following statements are equivalent:
(2.4) /ue(t,x)da; =0,
R
d
(2.5) o7 ||lue (2, )HL2 ®) T 2¢ H8 ue(t HL2 =0,
(2.6) Pg(t, oo) =0,
(2.7) /Pe(t,x)da: =0,
R
d
(2.8) NPt Yy + 2 (02t ) gy = QK/RP,;ug’daf.

Proof. Let t > 0. We begin by proving that (2.4) implies (2.5).
Multiplying the first equation of (2.1) by 2u., an integration on R gives

d
ue(t, ) —Q/uaudac
G It ey =2 [

:—6%/ug’@xusd:ﬁ—2a/u56§u€dm—25/ ugﬁgugdx
R R R
+2'y/ugPde+25/ ugﬁguad:v
R R
—2a/8$u58§ugdx+2ﬂ/8mu58§u5dw+2’y/uandx
R R R
— 25/ &Eueagusdw
R
:—25/ agug(?gusdm—i—Q’y/ungdx—FQe/ agusaiugdx
R
:2’)//IK/U/SP dr — 2¢ H83u5 HLQ(R

Therefore,

d
(2.9 et sy + 22 020t ey = 27 [ wePede

Thanks to the second equation of (2.1) and (2.4),

2
(2.10) 27/ ue Pedx = 27/ P.0,P.dx = yP2(t,00) = v (/ ug(t,x)dm‘) =0.
R R R

(2.5) follows from (2.9) and (2.10).
Arguing as in [14, Lemma 2.1], we have that (2.5) = (2.4).
(2.4) < (2.6) is proven in [14, Lemma 2.1].
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Let us show that (2.4) implies (2.7). We begin by observing that, from (2.3), we can
consider the following function:

(2.11) F.(t,x) = /Z P.(t,y)dy.

Due to the regularity of u. and (2.11), an integration of the first equation of (2.1) on
(—o0, ) gives

T
(2.12) / Opucdy + kul 4+ ad?u. + BOu. — edPu. = yF:.
—00
Integrating the second equation of (2.1) by (—o0, z),
x
(2.13) Pta) = [ ety
— 0o

Consequently, differentiating (2.13) with respect to ¢, we obtain that

d €T €T
(214) or.(ta) = 5 [ttty = [ oty

—00

It follows from (2.12) and (2.14) that
(2.15) O P.(t, ) + kud + ad?u. + B0 u. — edPu. = yF..
We observe that, by (2.4) and (2.14),

d
(2.16) lim O, P.(t,x) = / Opue(t, z)de = — / us(t, z)dx =0,
T—00 R dt Jp
while from the regularity of u.
(2.17) lim (mug’ + ad?u. + O, — 632%) =0,

T—00

Therefore, by (2.11), (2.15), (2.16) and (2.17),

VEL(t, 00) = / P.(t,2)dz = 0,
R

which gives (2.7).

Arguing as in [14, Lemma 2.1], we have that (2.7) = (2.4).

Let us show that (2.7) implies (2.8). Multiplying (2.15) by 2P, thanks to the second
equation of (2.1), an integration on R gives

d 9 /
— || P:(¢, - =2 | P.0yP.dx
GNPt ey =2 [ PoorP
=— 2/ Pgug’dm — 2a/ Paagugdx — 2,8/ Pga,%ugdx
R R R
+2'y/ Fngdac—i—Qa/ Pgagugda:
R R
:—2/ Psugdx—i—%c/ ugﬁxugdx—l—Qﬁ/uE@;usda:
R R R
+27/ FEPEdJ:%/ ugﬁﬁusd:c
R R
=2 / Pouldr — 28 / Opu0ucde + 2 / F.P.dx
R R R

+2€/8zu58§u€dx
R
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:—2/Pudx+2'y/FPd:r—26H8u5 HLQ(R
Therefore,
d
(2.18) 7 || P=(t, )||L2 + 2 H@QUE HL2 = —Z/RPEugdx+27/RFEPEd:E

By (2.7) and (2.11),

2
(2.19) 27/ F.P.dx = 27/ F.0,F.dx = yF2(t,00) = v </ P.(t, x)daz) =0.
R R R

(2.8) follows from (2.18) and (2.19).
Arguing as in [14, Lemma 2.1], we have that (2.8) = (2.7). O

Lemma 2.2. For each t >0, (2.3) holds.

Proof. Integrating on (0, z) the second equation of (2.1), we have that

(2.20) P.(t,z) — P.(t,0) = /Ox ue(t, y)dy.

Since P:(t — oo) = 0, then, by (2.20),

(2.21) /0 () = —Pu(1,0).
Differentiating (2.21) with respect to t, we get

(2.22) % et 2)da = /0 T e (t, 2)dw = —O P (1, 0).

Integrating the first equation of (2.1) on (0,t¢), we have that

7/ P-(t,y)dy =/ Ovue (t,y)dy + kul(t,x) — Kul(t,0)

0 0
+ ad2uc(t,2) — ad3uc(t,0) + BOtu(t,z) — BOGuc(t,0)
— eQuc(t, x) + edduc(t,0).

(2.23)

Since u. is a smooth solution of (2.1), then

(2.24) lim (kul(t, z) + ad2uc(t, ) + BOsu.(t,z) — 02u.(t,z)) = 0.
Consequently, by (2.22), (2.23) and (2.24),

7/0—00 P.(t,z)dx = —0;P-(t,0) — ru(t,0) — ad>u.(t,0) — Btu.(t,0) + ed2u.(t,0),
which gives (2.3). O
Lemma 2.3. For each t >0, (2.4), (2.6) and (2.7) hold. In particular, we have that
(2.25) ot ey + 22 0805, gy s < o
Moreover, given T > 0, we obtain that

(2.26) e/T Hagus(t,-)uz dt < C(T),
0

T
(2.27) . /D 10wtte (8, )22 gy dt < C(T).
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Proof. We begin by proving (2.4). Differentiating the first equation of (2.1) with respect
to x, thanks to the second one of (2.1), we get
0w (Opue + 3kuZpue + adiu. + BOSu. — £00u.) = Yu..

The smoothness of u. and an integration on R give (2.4).
(2.4) and Lemmas 2.1 and2.2 give (2.5), (2.6) and (2.7). In particular, integrating (2.5)
n (0,t), by (2.2), we have (2.25).
Finally, since (2.25) holds, arguing as in [15, Lemma 3.2], we obtain (2.26) and (2.27).
O

Lemma 2.4. Fized T > 0, there exists a constant C(T) > 0, independent on e, such that

—Cs 2
VPt )|2a gy + 20600 /R e (2 (s, )|}y s

<a(T) (1+ 1020l o 22wy )
for every 0 <t <T. In particular, we have that
(2:29) 1P ooy < OO (1410l ooy

Proof. Let 0 < t < T. We begin by observing that, thanks to Lemma 2.3, (2.7) hold.
Consequently, by Lemma 2.1, we have (2.8).
Thanks to (2.25) and the Young inequality,

2|/~$|/ |P.|ue|®dx :2/ |P5us||ﬁu§]dx§/P§u§dm—l—ﬁ2/u§dm
R R

<P (8, ) oo ey e (b ) 2y + 52 e (b ) e gy e (8, ) 72w
<Co || P=(t ")HLOO ® +Co ||“e||Loo ((0,T)xR)

<Co l|P=(t Moy + Co (1 -+ luelt, )iy ) -

(2.28)

Therefore, by (2.8),
d
ot | P(t, )HL2 +2e H82u5 HL2

(2.30)
<Co | Pt Moy + Co (14 () [Py ) -

[10, Lemma 2.3| says that
(2:31) lote (8, Mooy < 4/ e (8 )32y 3/ 1930 (1) 2y
Therefore, by (2.25),

(2:32) Jote (b ) oy < Coy/ 1020 | 0.1 22R)-
It follows from (2.30) and (2.32) that

d
T | P (2, )||L2(1R +2e [|OFue t, HL2

<Co |IP-(t, ) ooy + Co (14 /102 o 22y ) -
Thanks to the second equation of (2.1) and the Hélder inequality,

x T
Pg(t,a:) = 2/ P.0,.P-dy :2/ P.u.dr < 2/ | P||ue|dx
R

—00 —00

(2.33)
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S2|[Pe(t, )l p2my Nue(ts )l L2 w) -
Hence, by (2.25),

(2.34) 1P (t, )| z0e ) < Co Pt )l 2y -
It follows from (2.33) and (2.25) that,

d
gt 1P My +22 [ 02ue (8, ) 2 ey

<Co 1Pt ) 2y + Co (14 /1020 e o.1, 2 )
Therefore, by the Gronwall Lemma and (2.2), we have that

- 2
1Py + 206 [ &m0 025,y

¢
< Cpe' + Cpe! (1 + \/||6%U6”Loo(0,T;L2(R))) /0 e 0%ds

< C(T) (1 + \/\|33u8||Loo(o,T;L2(R))) ’

which gives (2.28).
Finally, (2.29) follows from (2.28) and (2.34). O

Lemma 2.5. Fixz T > 0. There exists a constant C(T) > 0, independent on €, such that

235) 020l ey < €T
In particular, we have that
Haﬁu&(t7 ')HL2(R) <C(T),
10z (t; )| 2wy <C(T),
(2.36) [Pt ) L2y <C(T),
1Pl Lo (0,7 x ) <C(T),
el Lo 0,1y xry <C(T),

t
2
5/0 H@iue(s,-)HLQ(R) ds <C(T),
for every 0 <t <T. Moreover,
(2.37) 10ztie | Lo (0,1 xr) < C(T)-

Proof. Let 0 <t < T. Consider two real constants A, B, which will be specified later.
Multiplying the first equation of (2.1) by

20%u. + 4Au3 + 2B u,,
we have that
(28§u5 + 4Au3 + 2B8§u5) Orue

+ 3K (28;‘;11,5 + 4Au3 + QBaguE) w20, u,
(2.38) + a (200u. + 4Au? + 2B9%u.) O2u.

+ B (204u. + 4Au? + 2B9?u.) Ou.

= 7 (20%u. + 4Au? + 2BO%u.) P-
+ £ (203u. + 4Au? + 2BOZu.) Oou..
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Since,

/ (28;1% + 4Au3 + 2B6§u5) Orucdz
R
d 2
- % <H8§u€(t7 ')HLQ(R) + A/Rugdx - B ||amue(tv ')H%%R)) )
4 3 2 3 _ 2 2
a/ (2(37Iu,3 + 4Aul + QBazug) Oyucdr = —12Aa/ uZ0yu0zucdx,
R R
5/ (28§u€ + 4Au? + 2BO3u.) Oou.dx
R
_ 2 4 3, ad
= —12A[3/ Uz OpuzOpusdx — 236/ Opue 0 usdx
R R
= 12Aﬁ/ u?@xusaiugdx,
R
£ / (205u. + 4Au? + 2B02u.) Ou.dx
R
= —2¢ H&SuE HL2 12A6/ ui@musaguedx — 235/ 8§’u58§u5dx
R

= 2% H@‘r’us HL2 12A5/ ul0,u 0u dx + 2Be H64u5 HLQ(R
R

an integration of (2.38) gives
d 2
% (Hazu&?(tv ')HL2(R) + A/Rugdl' — B ’|axU5(t, )||%2(R)> + 2e H@ Ug HL2

(2.39) =6(245 — H)/ w0 udusdr + 6 (2Aa — Bm)/ w20, u0%u dx
R R

+ 2y / P.0Yu.dx 4+ 4Ay / Pouldr + 2By / P.0%u.dx
R

— 12A5/ us 20 u€8 usdx + 2Be H&‘lug HL2
R

We search A, B such that
(2.40) 2Ap—-k =0, 24Aa— Bk=0.
Since

K«
2.41 A B)=\|5z %)
o (52

is the unique solution of (2.40), by (2.39), we have that

(2.42) <H et ey + 55 [ abde = 5 osue, >||L2(R>+zguasug ST

:27/P8uadaz+/ d+/P82uadx

6re 2 20
- — 8u6udx+—
B Jr e B |9z

Observe that, by the second equation of (2.1) and (2.7),

27/ Paaiusdac =— 27/ ueagugdm = 27/ 8zu58§u5dx =0,
R R R

")HL2(R)
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2 2
ot / P.o —_ UeOpUedx.
B Jr

Therefore, by (2 42),
o) 2

(2.43) <H82us HL2 25/]Rugd$ - E [0z ue(t, ')HQLQ(R ) +2e H@gus(t, ')HLQ(R)

_ e bre

B B
Due to (2.25) and the Young inequality,

Psug’dzn — 28 uga Uedx + H84u€

Mgy

4 4vK
- /\P||u5|3d:1:< ; /P2 2 ' 5 utdz
vk 4’)%
< ||PHL°°(OT YXR) [Jue (2, )||L2 + 3 ||Ua||Loo (0,T)xR) [[ue(t, )HL?(R

< (o ||P€||L°°((O,T)><R) + Co ||us||Loo((o,T)xR)

< Cy (1 + HP€”4L°°((0,T)><R) + ”“8||j‘:°°((0,T)XR)) ’

/ U2, uc||02ue|de = E/
R R

2
b6Ke 6ruZ0pUe

3 ‘82115‘ dz

18k2e € 2
~ 7 /Rug(ﬁxus)Qdm + 5 Hazus(t’ ‘)HLz(R)
18
< Big HuEHLOO (0.7)xR) [|0zue (2, )HL2 ® T35 Hag)ue HL2(R
Consequently, by (2.43),
(2.44) H82u H i utde — = Ha ue(t, )H + 3 Haf’u (t )H2
. 6 L2(R 2,8 B e € L2(R) 2 e\ JIIL2(R)
< Co (1 + HPa|’4Loo((o,T)xR) + ”u6||L°<>((0,T)><R)>
18 2
O Ml Wt My + [P et e
Observe that
2a5 1 20e 1 Al 20 3 A5
}|a ue(t HL2(R /Raxugaxug = — 5 48xugaxuedx.
Thanks to the Young inequality,
20 2 20e 3 5 2002 2a07us
7 H ue(t, ')HLZ’(R) - /RjﬁxugH@qudx = E/R | }
2a €
= 52 [0z ue (t, HL2 H85u6 HLQ(R
Therefore, by (2.44),
d
248) G (IR0t ey + 3 [ b = § 10t ey ) + 2 020t e

< Cy (1 + ||Pa||ioo((o,T)xR) + H%HL‘X’((O,T)XR))

18k2%¢ 202 2
+THU8HL°° 0.1)xR) 10zue(t, )HL2 + 32 [[07ue(t, ')Hm(R)'
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An integration on (0,t), (2.2), (2.25) and (2.27) gives,
t
2 2 K 4 a 2 5 2
Hazua(ta ‘)HLQ(R) + % /I‘ngdl. - E ||8$u6(t7 ')”LQ(R) + E/O H85tu8(37 ')HLQ(R) ds
< Co+ Co (L4 1P (0imyw) + Il 0772y ) ¢

18/{5 202
O e ey [ 10 ey s 2057 [ 08005, [y

<C(T) (1 +1+ HPEHLOO((O,T)XR) + HUEHLOO((QT)XR)) :

Consequently, by (2.25),

t
20y + < [ 0B, ey

< C(T) (1+ 1+ | Pell ooy iy + el e 0.2 )

SN0t sy = 55 [ ubdo
< c<T> (1 + 1+ [Pl o2y + el Loo.77xm) )

25/ utda

< c<T> (1 + 1+ 1Pl oo 0y + Il 0710y )

(2.46) +

() e+

_l’_

«
| 5| 19w 2wy

HUsHLoo (0,T)xR) Jue(t, )||L2

26
4 4
< C(T) (14 1+ | Pell o)k + el e 015w )

19 (¢, )12y

- Colucleqoryesn + |
Observe that, thanks to (2.25) and the Holder inequality,
/Oxue&cusdzv = — ’a‘ / u58§u5dx
R BlJr

(2.47) < |0“/ |ug||02uc|dz < ‘O‘

<O |20, )]y < Col 2

(t, 2@ =

e (t, ) 2y [|0%uet, )] 1oy

HLoo(o,T;L?(R)) .

Instead, by (2.29), (2.32), and the Young inequality,

C(T) HPEHAiOO((O,T)X]R) <C(T) (1 + \/HQ%USHLOO(O,T;L?(R)))

(2.48) 1+ ||0Zu.

( HLOO(O,T;Lz(]R))) ’
CT) e 13 o 079 k) SCT) (14 e 0,y )

L+ Haﬂ%uEHLOO(O,T;LQ(R))) :
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It follows from (2.46), (2.47), (2.48) that

t
(249) [[0uc(t, )| ge, +s/0 08ues, )2 gy ds < ) (14 020 e 20 ) -
Consequently, by (2.49),

eI

HL"O(O,T;LQ(R)) —C(T) <0,

- C(T) H8§U€HL°0(O,T;L2(R))

which gives (2.35).
(2.36) follows from (2.28), (2.29), (2.32), (2.35), (2.47) and (2.49).
Finally, we prove (2.37). Due to (2.36) and the Hoélder inequality,

(Opue(t, av))2 :2/ &Bug(?iusdy < 2/ \&TuEH@gus\dx

<2 (| Oaue (t, )| 2y || O ue (t < C(T).

M)
Therefore,

Hawua”%OO((O,T)XR) < (1),
which gives (2.37). O
Lemma 2.6. Fized T > 0, There exists a constant C(T) > 0, independent on €, such
that
(2.50) 8, |y + 22" / D5 085, )|y ds < C(T),

for every 0 <t <T. In particular,
(2.51) |03 (t, | 0Fue

for every 0 <t <T.

3
Hm(R HLOO((O,T)XR) J 8$UEHL°°((0,T)><R) =
Proof. Let 0 <t < T. Multiplying (2.1) by 20%u., we have that
(2.52) 28§u58tu5 =— 6ﬁugazu68§u€ — 2048%%82% — 2582%83%
‘ + 27P58§u6 + 288;%82%.

Since

2/ 8§u€8tu6dx——2/BZueataqudx —2/ 82u68t8§u€dac
R

S 2/ Bu 003 udr = — ||34Ua HL2(R

—2a/ Bu Olu dr = Qa/ OOl uodr = —2a/ Pulu.dr =0,
R R R
—25/ BuObu dr = 2B/ Ou 0T u.dr =0,

R R

7098, _ 7 2
+25/R@xu53mu5 = —2¢ Haxue(ty .)HL2(R) 3

an integration of (2.52) on R gives

d
ot ) 2agey + 22 07t ) g

(2.53)
= — 6/@/ ugazugﬁﬁuadx + 27/ Paaiusdx.
R R
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Thanks to (2.6) and the second equation of (2.1), we have that
27/ P58§u€da: =— 27/ ugagusd:v = 27/ awugagusdx
R R R

—ZV/IRagugﬁgusd:c :27/Ragu58§ugdx = 0.
Consequently, by (2.53),
(2.54) ety + 22 100, ) 2 gy = 6 / 20,00 de.
Observe that :
—Gﬁ/Rugaqu@gusdm :12/£/Ru€(81u5)28;u€dx—|—6/—$/Ru§8§u€8;u€dx

=— 12&/(8Iu8)382uad$ — 30&/ ugaxuaaiuaagugd:z
R R
—6/<;/ u?03u.0u.dx
R

:6616/(8mu5)28§u58§u5dw—1-30/%/ ug(ﬁiue)Qﬁgusdx
R R

+42/<;/ ugawueagusagugder&{/ u?@iugﬁgugdx
R R

== 162/ Dyt (%u.)?Oducdr — 108&/(8xu5)28§’u56§u5d:c
R R

— 102%/ ueagugagugﬁiusdx—ZLSR/ ueawua(aiue)de.

R R
Consequently, by (2.54),
H84u6

+ 2¢ H87u5

My Wiae

(2.55) = —1625/ Optte (02 )2 0tucdr — 108%/(8$u5)26§u58§u5dx
R R

— 102/{/ ugﬁiueagusaiugdx—48/{/ ugﬁxus(aﬁuE)Qda@.
R R
Due (2.25), (2.36), (2.37) and the Young inequality,

162|/<c|/(agug)Q\axugE);luAdx
R

< 81&2/(83u€)4dx+81/(8xu5)2(8;1u5)2dm

R
< 8157 || O ue(t, HLOO @ [[OFue(t, HLz + 81 [18te | Too 0.y ) [|O5us(t HL2
<Cc(T H@QUE +C(T H84u€

M ey Mrey

108|/~€|/(axu5)2|8§u5\|8§u5\dx

R
< 108|k| [|Opuc ) |03u.| |0, |da
> zUe |l o0 ((0,T)xR) | CatellOstie

T) / 0|0
R

13
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3 4
) ||t ) [ 12y + 0010 ) oy
2 3 4
102|/£|/ |ue || 05 ue ||Ogue| |05 ue | dx
R
< Vi el ooy ) /R 102ue B ||| de
2 3 4
< o) / 020,080 || 9. |da
R

< C(T) | (0%u)*(D2ue)?dx + C(T) ||03u.(t, )
R L

< C(T) [|07uc(t, HLOO(]R |02uc(t, HL2 +0(T ||54uE HL2(R
< O 9810, gy + O 0001 2y
48] /R 1o Dy | (9. )2
< 48] [t | o 0,2 ) 19t ey 1080 8 ) |2y
T) [|ue(t ) [ faqe -
Therefore, by (2. 55)
\\04us My + 22 107 (8 [ sy
(2.56) < O(T) [|0fue (b, )2y + CO) 022 )| o ey
+ O(T) [|03ue(t, )| oy + C) [[0ue(t, )| sy -
[10, Lemma 2.5] says that
O3t )2y <1020t Mg 190 ) ey
(2.57) 0210, ey < 410200, ) gy 31000 oy
031t ey < 100, )y N0, )
Therefore, by (2.36) and the Young inequality,
|03ue (8. ) 22y <) 1080et, )22
<O(T) [|3ue (b, ) |2y + CT) < C(T) [[93ue (b, )| 2y + CT),
2t )13y <020, )y 0800, )
<O\ 0kus(t, ) p2ry < O ||0fuet, )72z + C(D)

<CO(T) ||9us(t, HL2 R T C(T),
O3 uet, ) e e <w|82ue Mzaqeyy/ 1920t

H84u5 HL2 (R) \/||64u5 ||L2
<C H64’U,5 HLZ (R) + C H84u5

Mz
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<O 02, 2y + €T
It follows from (2.56) that

ot 2y + 22 7t ) 2 gy < O 08t [y + €T,

Therefore, by the Gronwall Lemma and (2.2), we have that

t
bty 4267 [ O o2 2

t
<Co+ C(T)el DMt | =CMsgs < (T
<Co+C(T) <C(T),
0

which gives (2.50).
Finally, (2.51) follows from (2.36), (2.50) and (2.57). O
3. PROOF OF THEOREM 1.1.
We begin by proving the following lemma.
Lemma 3.1. Fix T > 0. Then,
(3.1) the sequence {uc}esq is compact in L} .((0,00) x R).

Consequently, there exist a subsequence {ue, }ren of {ue}e>o and u € L2 ((0,00) x R)
such that,

(3.2) e, — u in L} ((0,00) x R) and a.e.,
(3.3) P., — P in L*((0,T) x R).
Moreover, (u, P) is a solution of (1.9) and (1.13) and (1.14) hold.

Proof. We begin by proving (3.1). To prove (3.1), we rely on the Aubin-Lions Lemma
(see [16, 30, 31, 63]). We recall that

Hlloc(R) —— L?OC(R) — H),

loc

(R),

where the first inclusion is compact and the second is continuous. Owing to the Aubin-
Lions Lemma [63], to prove (3.1), it suffices to show that

(3.4) {uc}eso is uniformly bounded in L?(0,T; H..(R)),
(3.5) {Oyuc}eso is uniformly bounded in L*(0,T; H;,! (R)).
We prove (3.4). Thanks to Lemmas 2.25, 2.5 and 2.6,

e (8, Wpa my = st 72y + 100tue(t, )72y + [[07us(t, HL2(R
+[|0ue(t, HLQ + ]| 0us(t, HL2 < C(T).
Therefore,
{uc}eso is uniformly bounded in L>°(0, T; H*(R)),
which gives (3.4).
We prove (3.5). We begin by observing that, by the first equation of (2.1),
(3.6) Opue = 0y (ku? — adZu. — BOsu. + £02u.) + Y P.
We have that

(3.7) < C(T).

2
¢ HUEHH((O,T)xR)
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Thanks to Lemmas 2.3 and 2.5.
T T
/{2//u§dtdx §/§2||u5||ioo((07T)XR)//u?dtda:
0 JR 0o JR

T
<C(T) / / wldtdz < O(T).
0 JR

Observe that, since 0 < € < 1, thanks to Lemmas 2.5 and 2.6,

5. 112 2 || 92
(3-8) | a:c“SHLZ((o,T)xR)’ o [|07ue
Therefore, by (3.7) and (3.8),
(3.9) {05 (ku? — ad2u. — BOpu. + £02u.) }8>0 is bounded in H'((0,7) x R).
Moreover, by Lemma 2.5, we have that
(3.10) VN PellZ2 0.7y xr) < C(T).

(3.5) follows from (3.9) and (3.10).
Thanks to the Aubin-Lions Lemma, (3.1) and (3.2) hold.
Observe that, thanks to Lemma 2.5,

(3.11) {P.}.~0 is uniformly bounded in L*((0,T) x R).

Therefore, we have (3.3), and (u, P) is solution of (1.9).
Observe again that, thanks to Lemmas 2.3, 2.5, 2.6 and the second equation of (2.1),
we obtain (1.13).
Finally, we prove (1.14). Thanks to Lemmas 2.3 and 2.5, we have
(3.12) s, — win H((0,T) x R).
Therefore, (1.14) follows from (3.12) and Lemma 2.3. O

< [|oue C(T).

2 2
HL2((O,T)><R) , B HL2((0,T)><R)

We are ready for the proof of Theorem 1.1.

Proof of Theorem 1.1. Lemma 3.1 gives the existence of a solution of (1.9), such that
(1.13) and (1.14) hold. Let (w3, Pi) and (u2, P») be two solutions of (1.9), which verify
(1.13), in correspondence of the initial data u; o and ug . Then, the couple (w, §2)

w(t,z) =ui(t,z) — us(t, ),

(313) Q(t,l?) — /x w(t’y)dy = /x ul(t,y)dy - /x u2(t7y)dya

—00 —00 —00

is the solution of the following Cauchy problem:

Ow + k(0pu3 — Opuly) + adiw + BO%w = 49, t>0,zeR,

(3.14) 0.0 = w, t>0,z€eR,
Qt,—o0) =0, t>0,
w(0,z) = uy,o(z) — uz 0(x), r eR.
Observe that, thanks to (1.14) and (3.13),
(3.15) Q(t, 00) = / w(t, 2)dz = 0.
R

Since (3.15) holds, thanks to Lemma 2.1, arguing as in Lemma 2.2, for ||€(t, ~)||%2(R), we
have

d
pn 192(¢, -)HQLQ(R) = —2/@/(11,1{’ — u3)Qdx = —2/1/(21% + uyug + ud)wdz.
R R
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Thanks to the second equation of (3.14), we get
d
(3.16) o7 1(¢, -)H%Q(R) = /1/(2u18$u1 + U0y u1 + w1 Opun + 2updpun) Q2 dx
R

Fix T > 0. Observe that, since u1, ug € H*(R), for every 0 < ¢t < T, we have

sl oo sl o <c(1),
(3.17) L>=((0,T)xR) Lo°((0,T)xR)

[0zt | oo (0,1 xR) » 10ti2| oo (0.7 xr) SC(T).

Consequently, by (3.16),

d
pn 192(¢, -)H%Q(R) <+ |/€|/ |12u1 Opu1 + u20pu1 + uyOpun + 2undyus|Qda
R
<C(T) 19t )| 2 m) -
The Gronwall Lemma and (3.13) give (1.15). O

APPENDIX A. ug € H°(R) N LY(R).

In this appendix, we consider (1.9) and on the initial datum, we assume
(A.1) ug € H*(R) N L' (R), / up(x)dx =0,
R
while on the function P(x), defined in (1.11) we assume (1.12).
The main result of this appendix is the following theorem.

Theorem A.1l. Assume (1.11), (1.12) and (A.1). Fiz T > 0, there exists an unique
solution (u, P) of (1.9) such that

u € HY((0,T) x R) N L>®(0,T; H(R)),
P c L>(0,T; H (R)).
Moreover, (1.14) and (1.15) hold.

(A.2)

To prove Theorem A.1, we consider the approximation (2.1), where u. o is a C* ap-
proximation of ug such that

H5(R) = Hu0||H5(R) ) /Rug,odx =0,

[[ue.0

(A.3)
1Pzl 2y < 1 Poll L2y » /RPg,od:c = 0.
Let us prove some a priori estimates on u. and F..

Since H*(R) € H5(R), then Lemmas 2.1, 2.2, 2.3, 2.4, 2.5 and 2.6 are still true.
We prove the following result.

Lemma A.1. Fiz T > 0. There exists a constant C(T') > 0, independent on e, such that,

t
(A.4) 1050 (t, )| gy + 26¢7P" /0 105u< (5, )| 2y ds < C(D),

for every 0 <t <T. In particular, we have that

(A.5) | Oue | < ().

Lo((0,T)xR) =
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Proof. Let 0 <t <T. Multiplying (2.1) by —29'%u., we have that

(A.6) —28;0u58tu5 =— 6/<cug(9xu88i0u5 — 2a8§’u5850u5 — 2,8821158;0%
27P£8;0u5 + 2505%8;0%.
Observe that

—2/8;0u56tu5d:6 :2/ agusataxuedx: —2/ agusatagugdx
R R R
:2/ 8Zu88ta§’u5dx: —2/ &gugﬁtﬁiuadx
R

2t e

Qa/ u0Pucdr = — 2a/ Dpu00u dr = Qa/ ouu dx
R R R
(A.7) =— 2/ OSu 0 u.dx =0,

R

26/ Pu 0 u dr = — 25/ Ou02u dr = QB/ Otu%u.dxr = 0,

—25/ 86u881 udr 25/ a7 ugf) usdr = —25”88% HL2

Moreover, by the second equation of (2.1) and (2.6), we have that
27/ Pgaiougdx =— 27/ ugﬁgugda: = 27/ 8Iu58§u5dx
R R R
_ 2, o7 _ 3, 96
(A.8) =— 27/ Osu0 usdr = 27/ O u:0yu-dx
R R
= 27/ 8§u58§u5dx = 0.
R

Therefore, (A.7), (A.8) and an integration of (A.6) give

d

(A9) o lloduer 1 2¢ ||OBuc(t, — 6r / 020,00, dz.
R

My My

Observe that
—6&/ u?@zugﬁiougda@ :12/{/ug(ﬁxus)Qagusdm—{—G/{/u?@iueagusdx
R R R
=— 12&/(8xu5)38§u5dx — 36%/ uaazuaﬁguaﬁguadx
R R
—6/1/ w203 u.05u dx
R
:72/£/(6xu5)28§u58;u5dx+36&/ u€(8§u5)28gu5d33
R R
+48/-$/ugﬁxu582u53;u€d$+6/ﬁ/u?@iugﬁguedufv
R R
=— 180/@/ Optie (0%u.)205u.dr — 1201@/(8xu5)28§’u58gu5d:1:
R

R
2. a3 o6 4, o6
- 120/@/ ugaxuaaxusaxuedx—mn/ U Op U Opu s Opued
R R
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—6&/ uldSu %u. dx
R
:180m/(8§u5)382u5dm+600/1/ 8xu58§u58§u582u5dx
R R

+ 1801@/(0xu5)28§u58§u5daz+ 1205/ U (03 )2 Pucd
R R

+ 180/@/ ue(?gugﬁiug@gugdaj—i—Gﬁ/ ueawug(aguE)de.
R R
Consequently, by (A.9),

\W%e My + 26 103ue (8 )2y

21805/(8£u5)332u5d33+600/-@/ Dyt D2 u O3 u u dx
R R

(A.10) + 180/4;/(8xu8)28§u582u8d1’+ 120&/ ue(02ue )2 Bucd
R R

+ 180&/ uaﬁiusaiueaiugda:+6n/ ugamus(é?gug)de.
R R
Due to (2.36), (2.50), (2.51) and the Young inequality,
180|n|/ |0%uc |?|02u. | dx
R
2
< 180M€HaiueHLK%ULT)XR)j&\agugﬂaiughtr

<o) / 02uc)| 0% s\ d

T) | 0Fus(t, HL2(R T) [|0Fue(t, HL2

< O(T) + C(T) || 03us 1, }b )

600|ﬁ|j[|8xu€H8£u5H83uaH8§uaktv

R
< 600]x| H‘?:CUSHLOO((O,T)xR) “8§u5“Loo((o,T)XR) /]R | ue| |0 ue |
< (1) / %] | OB |

e H?% Mz + C@) [|02uet. )2 g

< O(T) + C(T) [ 0ue(t, ) |2qgy

180|ﬁ|/(8xu5)26§u582u6dx

R
< 180 100tte |2e .y m) /R 10|05 |da
< o(T) / e |05 | de

T) |0 ue (1, )| gy + CCT) (|02 (1) [ 2y

19
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< O(T) + C(T) [ 03uet, ) |2qgy

120|/¢|/ [ue|(D2ue)?|05uc | dx

R
< 120|x]| HUEHLoo((oyT)XR) HﬁféusHLoo((QT)XR) /]R ‘8§u5"a§u5’d$
<) [ (odulobudo

e \\33% Mz + C@) [02uet. )2 g

< O(T) + O(T) [|03ue(t, )| o gy
180\n|/ |u€|]8§u€|]8§u€|]8§u€|dx
R
< 180]4] HueHLm((QT)XR)H@%ueHLm((O,T)XR)/R\ﬁiueﬂﬁguewx

SC’(T)/ |03, || 0w |da

< C(T) | 0tue (b, )| oy + O [[02uet, )12 m)
< CT) + O 0202t ) g
o] | |0y (02. o
< 6|~ ”UaHLoo (01 xR) [|0ztiel oo (0,1 xR) Hag)“‘f HL2
T) [|03ue(t, ) 12 a)
It follows from (A.10) that
d
7 102t )12y + 22 0%ue(t ) oy < OO |02 (2, [ 2y + CAT).

The Gronwall Lemma and (A.1) give
5 2 ey [1as 2
20 ey + 27 [ 0B ey
t
<Co + C(T)eCDL / e~Csgs < C(T),
0

that is (A.4).
Finally, we prove (A.5). Thanks to (2.50), (A.4) and the Holder inequality,

(O2uc(t,x))? —2/ Ot Ddu.dr < 2/ |02 ||05u.|da

<2 [0Rue(t, )| 2y 1920e E: )| 2y < CCT)-

Hence,

e

zoe 0,7y ) < C(T),

which gives (A.5).
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Lemma A.2. FizT > 0. There exists a constant C(T') > 0, independent on €, such that,

(A1) 0200y + [ 006, ey s < €A,

for every 0 <t < T.

Proof. Let 0 <t <T. Multiplying (2.1) by 20;u., we get

(A.12) —2€8gu58tu5+2(8tu6)2 = —6mu§8xu€8tua—2a8§u58tua—2,88§u58tu5+2’yP56tu8.

Since,
(A.13) —25/ 8 uaatugda:—s H@SUE HL2 ,
an integration of (A.12) gives
Hagus HLz ®) T 2[10rue(t, )HL2 R)
(A.14) =— 6&/Rugaxug8tu5dx — 2a/R8£u88tugda:
—2ﬂ/ﬂ§8§u€8tugdx+27/RP88tu5dx.
Due to (2.25), (2.36), (2.50), (A.4) and the Young inequality,

6|,<;|/ 20, ||Bre|da
R

3rkuZdu
=2 e 21 \/ D10, | dx
/]R ,—Dl 10t Uge
9,%
S N e N NS
9k 2
< D, el oo (0.7 ) 10tte (£, ) F2 @y + D1 10eue(t, |72z
Cc(T
< D 4 Dy ot e

2|Oz]/ |02uc||Opuc|da
R
adu
:2/ L\ |\/D10sue| dx
R \/7 10t Ue

< —H83u5 HLQ + Dy (|t (t, ) | 22 gy

_cm

- Dy
208] [ [02ucl Prucldo

R

_2/ 532165

r| VD1

B [

< 2
_Dla

+ D [|0puc(t, ) |I72(m)

v/ D10yu| dx

HLQ + Dy [|0pue (¢, )|y
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< C’l()T) | 05ue (2, ')Hiz(R + D1 || Opue(t, )HL2 R) >
2| [ |10l d
R
= 2/]R }%&1' ‘\/Eatue dx

2
~
< p, 17 Mo + D1 l10eus(t, ) 2w

c(T
< S04 Dy ot ) e
where D; is a positive constant, which will be specified later. Consequently, by (A.14),
we have that

a)

Hagus HLz +2(1—4Dy) |0t (t, )| F2my < D,

Choosing Dy = 8, we get

H63u€ HLQ(R + ||8tu5( )HL2 R) < O(T)
It follows from (A.3) and an integration on (0,t) that

t
2
e 02ustt ) sy + | Worls, Dy ds < Co+ C(T)E < CAT),
0
which gives (A.11). O
Using the Sobolev Immersion Theorem, we begin by proving the following result.

Lemma A.3. FizT > 0. There exist a subsequence {(ue,, Pr,)}}ren of {(ue, Pr)}eso and
an a limit couple (u, P) which satisfies (A.2) such that

Ue, — u a.e. and in Lj ((0,T) xR), 1 < p < oo,
(A.15) ue, — w in H'((0,T) x R),

P., — P in L*((0,T) x R).
Moreover, (u, P) is solution of (1.9). In particular, (1.14) holds.

Proof. Let 0 <t <T. We begin by observing that, thanks to Lemmas 2.3, 2.5, 2.6, A.4
and A.2,

(A.16) {u:}esg is uniformly bounded in H((0,T) x R).
Instead, by Lemma 2.5, we have that

(A.17) {P.}.~0 is uniformly bounded in L*((0,T) x R).
Moreover, by Lemmas 2.3 and 2.5, we have that

(A.18) ue, — uin H*((0,T) x R).

(A.16), (A.17) and (A.18) give (A.15).
Observe that, thanks to Lemmas 2.3, 2.5, 2.6, A.1 and the second equation of (2.1),

P c L>(0,T; H%(R)).
Instead, again by Lemmas 2.3, 2.5, 2.6 and A.1, we get
u € L®(0,T; H>(R)).
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Therefore, (1.13) holds and (u, P) is solution of (1.9).
Finally, (1.14) follows from (A.15) and Lemma 2.3. O

Now, we prove Theorem A.1.

Proof of Theorem A.1. Lemma A.3 gives the existence of a solution of (1.9), such that
(1.14) and (A.2) hold. Arguing as in Theorem 1.1, we have (1.15). O

(1]
2]
(3]

(4]
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