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1 | INTRODUCTION

In this paper, let us consider the following Cauchy problem for a weakly coupled system of semi-linear structurally damped
wave equations:

-

u, — Au+ (—A)‘Slu, = |v|?, xeR" t>0,

Jvu = Av + (=A%, = |uld, xeR" t>0, n
u(0, x) = ug(x), u,(0,x) =u;(x), x € R”",

kU(O’ x) = vy(x), v,(0,x) = v;(x), x € R”",

for any 6,, 6, € (0, 1] and for the nonlinearities with powers p, g > 1. The special case of (1) with 6, = 6, = % in the form

u, — Au+ (=A)iu, = |v]?, xeR" 120,

<ut,—Au+(—A)%u, = |u], xeR" >0, -
u(0, x) = ug(x), u,(0,x) = u;(x), x € R",

\U(O, x) = vy(x), v,(0,x) = v;(x), x € R",

was well- studied by D’Abbicco in'l. In the cited paper, he succeeded to determine the critical exponent for . For details, the
author proved the global (in time) existence of small data solutions to (2)) in any space dimension n > 2 if the condition
1 + max{p, q} < n—1
pq—1 2
holds by using sharp decay estimates for solutions to the linear corresponding Cauchy problem. Moreover, the above condition is
sharp because a nonexistence result of global (in time) weak solutions to (2)) was also discussed if this condition is no longer true.
The proof of blow-up result for (2)) in'! is based on a contradiction argument by using the test function method (see more'1%).,
However, to indicate a blow-up result for @) by the mentioned method when §,, 6, are assumed to be any fractional numbers,
the fact is that some difficulties arise. In general, standard test function method, i.e. test functions with compact support, is not
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directly applicable to pseudo-differential models (I)) since this method relies on pointwise control of derivatives of test functions.
In addition, the fractional Laplacian operators (—A)® for any 6 € (0, 1) are well-known non-local operators, it follows that
supp(—A)? ¢ is bigger than supp¢ for any ¢ € C;°(R") in general. Nevertheless, in the special case 6; = 6, = % this application
linked to the estimate

(=AP¢" < £¢""'(=A)’¢p  fors € (0,1), £ > 1 and forall ¢ > 0, p € C(R")

is possible to (Z) due to the following key statement: Any local or global solution to (2)) is nonnegative with the assumption of
nonnegative initial data u,, v, and u, = v, = 0, which was also investigated by D’Abbicco-Reissig in* to discuss the optimality
of the exponent for the Cauchy problem

w, — Au+ (=A):u, = |ul?, x€eR" 120,
u,x) =0, u,(0,x)=u;(x), x € R".

Thanks to this essential property, the above inequality works well to employ the test function method to (2)). Unfortunately, we
cannot expect nonnegative solutions to (1), which contains the nonlocal terms (—A)° and (—A)% for any &, &, € (0, 1).

For this reason, the first main motivation of this paper is to prove the global (in time) existence of small data solutions to (T)),
where the parameters 6, and , are not necessary to be equal. More in details, we would like to explain the impact of the flexible
choice of the parameters 6,, 6, on our global (in time) existence results and the range of admissible exponents p, g as well. To
establish this, we have in mind to take advantage of the better decay estimates available in (see more%) for the corresponding
linear wave equation with structural damping of (1) in the following form:

{wn—Aw+(—A)5w, =0, xERM t>0,

3
w0, x) = wy(x), w,0,x)=w,(x), x eR". =

where 6 = 6, or 6 = 6,. From these appearing difficulties as we claimed above, the second main motivation of this paper is to
find the precise critical exponents to with general cases of 6;, 6, € (0, 1], especially, we are interested in facing up to the
proof of blow-up results, where the requirement of nonnegativity of solutions to (I)) does not appear. In order to overcome this
difficulty, the crux of our ideas is to apply a modified test function method effectively in dealing with the fractional Laplacian
(=A)% and (—A)%.

Moreover, concerning the linear equation (3)) and some of its semi-linear equations with the power nonlinearity |u|” we want
to refer again the interested readers to the paper® of D’Abbicco-Reissig, where the authors have proposed to distinguish between
“parabolic like models" in the case 6§ € (0, %], the so-called effective damping, and “hyperbolic like models" or “wave like
models" in the case 6 € (%, 1], the so-called noneffective damping. To the best of author’s knowledge, it seems that nobody
has ever succeeded to determine really critical exponent to semi-linear structurally damped wave equations with noneffective
damping. Hence, it is still an open problem as far as to explore. From this observation, in order to give a partial positive answer
to the open problem in'l, it is quite natural that we may restrict ourselves to consider only (1) with effective damping, i.e. the
assumption of 6, 6, € (0, %] is of our interest in this paper.

1.1 | Notations
We use the following notations throughout this paper.

e We write f < g when there exists a constant C > O such that f < Cg,and f ~ gwheng < f < g.

e Asusual, the spaces H® and H? with a > 0 stand for Bessel and Riesz potential spaces based on L? spaces. Here (D)a and
| D|* denote the pseudo-differential operators with symbols ( §>a and |£|“, respectively. We denote f(t,&) 1= &, 5( f, x))
as the Fourier transform with respect to the space variable of a function f(z, x).

e For a given number s € R, we denote [s] := max {k eZ : k< s} as its integer part.

e We put (x) :=1/1 + |x|?, the so-called Japanese bracket of x € R".

e We fix the constant m := ;—’"m, that is, ml = i
— 0

% with m € [1,2).
e Finally, we introduce the spaces A := (L™ N H') X (L™ n L?) with the norm

(o, u)lla == Nugll o + gl + Nty Il Lo + Wty |l 2, where m € [1,2).
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1.2 | Main results
Let us state the main results which will be proved in the present paper.

Theorem 1 (Global existence for 5, > 5,). Let us assume &, 5, € (0, %] and 6, > 6,. Let m € [1,2) and n > 2my6,. We
assume that the conditions are satisfied

<p,g<o® if n<2, 4)

<p,q=

RIS

. 4
f 2<n<—. 5
n—2 ! n_Z—m ©)

Moreover, we suppose the following conditions:

1+ 4722 +(pg = D5,

n
< 0, (6)
(@= D32 +pg—1 2m
and 5 5
m m
Sl4+——<14+—-<q. 7
P= n—2mé, ~ n—2mé, 1 @

Then, there exists a constant £, > 0 such that for any small data
((ug.uy), (vg, 1)) € A X A satisfying the assumption ||(ug, u;)ll 4 + [|(vg, vl 4 < €s
we have a uniquely determined global (in time) small data energy solution
,v) € (C(10,00), H') N C' (10, oo),L2))2
to (T). The following estimates hold:

lucr, 2 S (1 + z)‘m_w‘“”f_““"ﬁ”<||(u0,u1>||A +11g 01 11L4)- @®)
|[Vuct.| . s @ £y TSR (10 ) + 1wo o)1), )
lut, M2 S (140 T 527502 (Dl e o)), (10)
otz < (0755255 ()l + e, o)1), (11)
[Vt ], (10T (gl + e o)ILe)- (12
ol S 1+ T35 2758 (g )l + 1o o)) (13)

where €(p, 6,) :=1 -1+ p = + € with a sufficiently small positive number &.

2m(l —5,)
Theorem 2 (Global existence for 5, > 5,). Let us assume 3, &, € (0, 5] and 6, > &,. Let m € [1,2) and n > 2m,5,. We
assume that the conditions (@) and (5) are satisfied. Moreover, we suppose the following conditions:

1 +p1 5‘ -+ (pg — 15y

2—51 _
1, tra 1

n
<=, 14
o (14)

P
and 2m 2m
n—oms, < + W= 2ms, <p. (15)
Then, we have the same conclusions as in Theorem|[I] But the estimates (8)-(I3) are modified in the following way:

e, Ol S (4072 (g )l + 00, 0010 )-
D (g )l + 1 oL,

o (A_1y 12

llu (2, )2 S +1) 2“_51) mo2n I (||(u0,ul)||A + ”(Uo,Ul)”A),

g<l1+

HVu(t )H <40 Tw
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——(——-)+lf—§+e(q,61)(

llo@, )l S A +1) 202 2 Nl Gtgs up Il + 11wos 0N 4 )5

12
[veeo| L s+ n mE e 0 (g, )l + 1 0Dl

i G +e<q61>(

(LA CADTIFEIPS (1 +1) ZEE llGgs uD)ll 4 + 1o, 0 4 )

where €(q,0,) :=1————(q@—1) + 1 + € with a sufficiently small positive number ¢.

" om (1 -5,
Remark 1. Here we want to stress out that e(p, 6,) and £(q, 6,) appearing in Theorems|]] l andl represent some loss of decay in

comparison with the corresponding decay estimates for solutions to (3) (see later, Corollary|[T). Besides, thanks to the conditions
(6) and (14)), both £(p, 6,) and (g, 6,) are nonnegative.

Finally, in order to show the optimality of our exponents to (I]), we obtain the following blow-up results.
Theorem 3 (Blow-up for initial data in L'). Let §,, 5, € (0, %] We assume that we choose the initial data u, = v, = 0 and

u,, v; € L' satisfying the following relations:

/ul(x)dx >¢; and /Ul(x)dx > €, (16)
[RII Rn

where ¢, and €, are suitable nonnegative constants. Moreover, we suppose one of the following conditions:

1- 52

p LHa g -1 2

)= < if 6, > 6, and for any n > , or 6, =6, and for any n > 1. an
2 (q—l)l‘_52+pq—1 q-1
, PR+ (g = 3, 2

i) = < if 6, > 6, and for any n > , or 6, = 6, and for any n > 1. (18)
20 5‘+pq—1 p—1

Then, there is no global (in time) Sobolev solution (1, v) € C([0, o), L?) X C([0, o), L?) to H

Remark 2. If we choose m = 1 in Theorems|[I]and 2} then from Theorem 3]it follows that the exponents p, ¢ given by
1-5,

L+q=5 + (g =15, .
51_52 = = lf 61 2 62,
(@-Di5 +pg—1
or _s
1+1v1 5 T (pa— 1),

(P-DE+pg—1 2

are precisely critical in the case 6,, 6, € (0, %]

Remark 3. By setting 6, = 6, = 0 formally or choosing 6, = 6, = % into Theoremsl I I we can observe that our main results
from Theorems 1| l l I 3|coincide really with those derived from® or'l, respectively.

Theorem 4 (Blow-up for initial data not in L'!). Let 6,=0,=:0€ (0 ] and m € (1,2). We assume that we choose the
initial data u, = vy = 0 and u;, v; € L™ satisfying the following relations:

u(x) > e+ x5 and  0,(x) > ep(1 + |x]) (19)

where €, €, €, are suitably small positive constants. Moreover, we suppose the condition
n—2ms _ 1 + max{p, q}
2m pg—1
Then, there is no global (in time) Sobolev solution (u, v) € C ([0, ), L2) x C ([0, 00), L2) to H

(20)

Remark 4. By plugging 6, = 6, =: 6 into Theorems|I|and 2} we may conclude that the admissible exponents of p and g in (6),
(7. (14), (15) can be written in the following common form:

1 + max{p, q} < n—2mé
pg—1 2m
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and

min{p, ¢} <1+ < max{p, q}.

2m
n—2mé
For this reason, it is clear from Theorem [ that we have found the critical exponents p, g. It remains an open problem to verify

whether there exist global (in time) Sobolev solutions or not in the following case of critical values:

1 +max{p, q} n—2ms
pqg—1 T 2m
Due to the technical difficulty appearing in the proof of Theorem [] unfortunately, we only catch the blow-up result for any
m € (1,2) in the case 6; = 6,. Another open question arises that can we expect a blow-up result for (1)) in the case §; # 6, with
the initial data in L™, where m € (1,2)?

The outline of this article is presented as follows: Section[2]is to provide (L” n L?) — L? estimates and L> — L? estimates
for solutions to (2), with m € [1,2), and some of essential properties of a modified test function method from the recent papers
of Dao? and Dao-Reissig®, respectively. In Section [3, we prove the global (in time) existence of small data solutions to (1.
Finally, we devote to the proofs of nonexistence results of global solutions to (I)) in Section 4]

2 | PRELIMINARIES

In this section, we collect some preliminary knowledge needed in our proofs.

2.1 | Linear estimates

Main purpose is to recall (L™ N L?) — L? and L? — L? estimates for solutions and some of their derivatives to (3)) from the recent
paper of Dao”. Using partial Fourier transformation to (3) we have the following Cauchy problem:

Dy, + 1E1°D, + €D =0, ©(0,8) = Dy(&), D,0,&) = D, (&). 1)

ha = h12@ = 5~ 18P = Vg —4ieP).

The solutions to @) are written by the following form (here we assume 4; # 4,):

A(t 5) - : ! ?2 i 1)(5) q
wli, +
/11 2 2

For this reason, we may read the solutions to (3) as follows:

The characteristic roots are

wl(@ 2 Ko s(1,6)0(&) + K, 51, &), (&)

w(t, x) = K5, x) *, wy(x) + Ky 5(8,x) *, wi(x).

Proposition 1 (Proposition 2.3 in? with ¢ = 1). Let § € (0, %] in and m € [1,2). Let j,k = 0,1 with (j, k) # (1,1). The
solutions to (3)) satisfy the (L™ n L?) — L? estimates

k+2j5 (

; (L Ly -
||()IJVkLU(I, .)”LZ s (1 + t) 2(1-8)"m 27 2(1-5) ”wollenH"H + (1 + t) 2(1 -5)

K .
m 2 2(1—5)_1'”

lwy Il pner2
and the L? — L? estimates
w2 S llwoll 2 + A+ Dllw, || 2,
o 1
Vit , 5 (07T gl + 0720 a2,
-1
lw, @ Il 2 S A+ )7 Hwgll o + llwy |l 2
for all space dimensions n > 1.

Remark 5. Here we want to point out that although all the decay estimates from Proposition || are available for any space
dimension # > 1, under the constraint condition to space dimensions n > 2m,6 we may conclude the better decay estimates.
Namely, we obtain the following result.
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Proposition 2 (Proposition 2.2 in? with ¢ = 1). Let § € (0, %] in and m € [1,2). Let j,k = 0,1 with (j, k) # (1,1). The
solutions to (3)) satisfy the (L™ N L?) — L? estimates

i (L Kk —n (Ll k2%
o7 v¥ e, ||, £ A+ TS g g+ (1407 0y ]y

for all space dimensions n > 2m6.

Remark 6. We recognize that the decay rates from Propositions [1| and [2| when we choose m = 1 coincide with those in®.

Moreover, their optimality from Propositionis also guaranteed by the study of asymptotic profile of solutions to (3) in"®. From
this observation, the achieved estimates from Proposition [2] play really a fundamental role in the proofs of global (in time)
existence results for (I)) in Section

Finally, plugging 6 = 6, with # = 1,2 into the statements from Propositions[T|and 2] we may arrive at the following result.

Corollary 1. Let 6 =6, € (O, %] withZ =1, 2in and m € [1,2). Let j, k = 0,1 with (j, k) # (1, 1). The solutions to lh
satisfy the following (L™ n L?) — L? estimates:
k=26,

T
20500 N wy | puey 2

1 1
G=2) w2

n k . n
orvkwe, |, s 1+ 0 T ST g s + (0T
for all space dimensions n > 2m8,. Moreover, the following L? — L? estimates hold:

leo@, 2 S Nwoll 2 + (1 + Dl |l 12,
1-26

S 1%
Ve, ||, < 07T gl + 40775 oy o,
llw, (@, ) 2 S A+ 07wl g + Ny ll 2

for all space dimensions n > 1.

2.2 | A modified test function

Main aim of this section is to provide some auxiliary properties of the modified test function ¢ = ¢(x) := < x>_r for some
r > 0 from the recent paper of Dao-Reissig® which are key tools in the proofs of our blow-up results in Section

Definition 1 (7). Let s € (0, 1). Let X be a suitable set of functions defined on R”. Then, the fractional Laplacian (—A)* in
R” is a non-local operator given by

(A 1 g€ X = (-A)'d(x) :=C, p.v. Md
? |X — y|n+2s
er
AT s
as long as the right-hand side exists, where p.v. stands for Cauchy’s principal value, C, , := *(rz( H)) is a normalization constant
’ 720(=s

and I denotes the Gamma function.

Lemma 1 (Lemma 2.3 in” with m = 0). Let s € (0, 1) and r > 0. Then, the following estimates hold for all x € R":

—r=2s

if O0<r<n,
hS <x>_n_2510g(e+|x|) it r=n,

|8y ()™
<x>_n_23 if r>n.

Lemma 2. Let s € (0, 1). Let ¢ be a smooth function satisfying 6)%(;[) € L. For any R > 0, let ¢ be a function defined by
Pr(x) 1= $(R*x) forall x € R",
where k > 0. Then, (—A)*(¢y) satisfies the following scaling properties for all x € R":
(=AY (@p)(x) = R**((=A)$) (R™x).

Proof. We follow the proof of Lemma 2.4 in” with minor modifications to conclude the desired statement. O
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Lemma 3 (Lemma 2.7 in”). Lets € R. Let ¢, = ¢,(x) € H* and ¢, = ¢,(x) € H~*. Then, the following relation holds:

/@m%ww=/@@@@%
Rn Rn

3 | GLOBAL (IN TIME) EXISTENCE OF SMALL DATA SOLUTIONS

3.1 | Proof of Theorem[Il

At first, let recall the fundamental solutions

Ko st %) = §:21 (Ko 5(1,9) and K 55, %) = §1 (K, 5(t,8))

defined in Section 2]to represent the solutions of the corresponding linear Cauchy problems with vanishing right-hand sides to
(I in the form

u"(t,x) = Ko,&, (t,x) *, uy(x) + K,’(Sl (t,x) *, uy(x),

v, x) = Ko 5, (1, %) %, 0p(x) + K, 5 (1, X) %, 01(x).

By applying Duhamel’s principle, the formal implicit representation of solutions to (I) can be read as follows:

u(t, x) = u(t, x) + / Ky 5,(t = 7,%) %, |o(z, x)|PdT =: u™(t, x) + u"(t, x),

v(t, x) = v"(t, x) + / K5, —7,x) %, lu(z, x)|9dT =: v"(t, x) + 0" (t, x).

S

Let us now choose the data spaces (u,u;) € A and (v, v;) € A. We introduce the family { X(#)},., of the solution spaces

X :=(c(10.0.H') nC' (1o, t],L2)>2,

equipped with the following norm:

w0l = sup (£ el + 10|
<z<t

L+ @ )l

+ 6@ 10, )l + (07| L a® o)l ),

where
fio) =1+ T)_2(1 51)(;_5)+%+5(P,52)’ @) =1+ T)__z(lisl)(ﬁ 2) 2(; » )+5(p 52) 22)
D= e 6y
fS(T) — (1 +T) 2(1-51) 51) m 2 s (23)
(L) _n (1l 172
g](T) — (1 + T) 2(1-6p) "m 2 1-6y s g2(T) — (1 + T) 2(1=63) "m 2 2(1-63) R (24)
__n 11y 1269
G =+ T 25)
For all # > 0, we define the following operator:
N: Xt— X
N (u,v)(t,x) = (u"(t, x) + u" (1, x), 0" (1, x) + V" (1, x)).
Our main goal is to prove the operator N satisfying the following two inequalities:
N @t )y S M Gage )Ly + 10, o)1 + 11 ) + 1 I, (26)
NG 0) = NG D)l S 11 0) = @ D)l (1 0l + 1@ D)l + e o)l + 1@ Dl ). @)

Then, employing Banach’s fixed point theorem we may conclude global (in time) existence results of small data solutions. For
this purpose, we replace j, k = 0, 1 with (j, k) # (1, 1) into Corollaryto arrive at the estimate

In _In
u-,v
||( ) X(@)

S ||(Ll0, U])”A + ”(Uo, Ul)”A
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by the definition of the norm in X (r). Hence, it is reasonable to prove the following inequality instead of (26)):
([CETE] IS [CADI S AR (28)

First, let us show the inequality . To deal with ||u”1 II;2, we use the (L™ n L?) — L? estimates from Corollaryto get the
following estimate:

1

i ~T G
t,- < 1 t— 2(1-8) "m 2 15‘0 p dr.
o' )HL2~/<+ 7) A ) (I
0
Thus, we need to estimate |v(z, x)|? in L™ and L. We have
lo.or| = le@ol,  and lo@ o], = lo@ o,

After using the fractional Gagliardo-Nirenberg inequality from Proposition 3] we deduce that

Imz

o o], < (42 mm e Rl (29)
1o, 5 @+ 07 = w ol (30)
where the conditions @) and (@) are fulfilled for p. As a consequence, we can proceed as follows:
t/2
iy -t (L, (- D+
), s+ A . U)||X(t) (1 +0) 0w gy
o (il
+ (1 + t) 2m(1—5) 1 ) ”(u U)“X(t) (1 +t— T) 2(1— bl) m 2 1 5] dT,
t/2
where we notice that we used the relation
A+t-t)=(1+1ifr€[0,¢/2], and (1 +7) = (1 +1)if ¢ € [t/2,1]. (€20)
Pr’z
H it implies immediately that the term (1 +7) - i P is not integrable. For this

reason, we may estimate

1/2 __n(l_ Ly 4 1— P52
a )__(__i)+ o /(1 ) i e P 0 (141 - 61)(m z)+1751+ 2m(1 -5 oy P 15, itp<1+ — 2 -
+ ) =6 m 277 1-4 +7 Zm(l 57) 1-6, < L s >
- (=—)+—L+e
2(1-6y) "m 2 1-6 —
9 (1+71) ! 1 ifp= 1+n2m52

< (1 + t)_2(1 51>(i—§)+_+5(1’52),

where ¢ is a sufficiently small positive number. Thanks to the condition n < ﬁ in , it follows immediately n < ;_—mm for any

i n 1 .
m € [1,2). Hence, we may verify ST (— - —) + ﬁ > —1 to derive
! P52 PR S W P
(- D+ 2 L (1 +1) 0= wim T T T ey <5
(14 1) 0= 1=5, (14+t—1) 00 275 dr < . —m
(141 i DI e ifn= 4—"’
/2 T 2-m

< (l + t)_z(l bl)(;_-)-'— +£(p52),

where ¢ is a sufficiently small positive number. Therefore, combining the above estimates we may conclude the following
estimate: .

(LD (s
W, S () TRy
In order to control ||Vu™ || ., we use the (L™ N L?) — L? estimates if 7 € [0,7/2] and the L?> — L? estimates if z € [¢/2,] from
Corollary [T]to arrive at

t/2
| 1-! 201

n 1
||Vu"1(t’ )“ < /(1 +1— T)_zu—ﬁl)(ﬁ Pl
L2
0

1-26
’lU(T )lP“L andT+/(]+t_T) 2(1—5:)

12

o],
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t/2
1-26

1_1y 125 Y S SR
T @, )l / (1 +7) m g

<1+ t)_z(lﬂsl) m

F (140 TN, %, /(1 +t— o) TR dr,
t/2
where we used again the estimates and linked to the relation . In the same treatment of u™, we obtain the following
estimate for first integral:
1/2

—h-L (-1 = (21— L e (p5)
(1 +I) 2(1-87) 51) w3) 2(1-61) /(1 + T) 2m(l 57) 1 52 dr <1+ t) 21— 51) m 277 20-5)) 02

Moreover, the remaining integral can be dealt with the following way:

1-25)

o (pmlyy P
(1 + 1) o P75, /(1+t—r) W S (141) 0w
t/2

Ly, PO g 1225
Imiioy) P~ 2)+l—52+1 2(1-81)

n 1 1 1-26
S+ t)_z“*“n(;_i) Ty TEP52)

due to 6; > 6,. Consequently, we have shown that

(L= 2 te(p5y)

I 155G
[Vart@|| L s (40T ST w01
By analogous arguments as we estimated || Vu"|| ;> we also derive
I Y N e W
w'(e )| L s Q4 T o)

Similarly, we may conclude the following estimates for j, k = 0, 1 with (j, k) # (1, 1):

1 1 k=25,
(2-1-g

‘V"”"’(”')H S U0 T ol

X@)’
provided that the conditions from (4| . ) to (7)) are satisfied for gq. Therefore, from the definition of the norm in X (#) we have proved
that the inequality (2Z8)) holds.

Let us now indicate the inequality @ For two elements (u, v) and (&, D) from X (¢), we get

N(u, v)(t,x) = N (@, 0)(t,x) = (u"(t,x) — @ (t,x), 0" (1, x) — 0" (1, %)).

The proof of 27) can be proceeded in the same ways as that of (28). For this reason, let us sketch our proof. On the one hand,
we use the (L™ n L?) — L? estimates from Corollary |1|for the norms of u” — #" and v — §"'. Meanwhile, for the norms of
o/ Vk(u — @) and 9/ VK (0" — &™), with (j, k) = (0, 1) or (1,0), we apply (L" n L?) — L? estimates if € [0,7/2] and the
L? — L? estimates if 7 € [1/2, t] from Corollarym 1| Therefore, we may arrive at the following estimates:

[ =

= lote, o1 — oz, 1

E

L’"mL2

1/2

S W SN &
</(1+l‘—1’) =6 m 27 2(-8))
, ~
0

t
_ 125
+/(1+t—r) =5
t/2
/2

t
_L(l_l)_ﬂ
< 1+¢t—1) 2-00"m 27 1=5 |p(z, )|P — 0(z, )|P dt + ||UT,' P —o(r,)|?|| dr
5 [asi-o otz I = oz | jo(z, )17 = o6z, )17
0

t/2

||V(unl _ ﬁnl)(t,‘

16,1 = 3z, 1P

LmnL2

[l = (e, 1| de

([CAREAIOD
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and
t

—as (D2

H(U"I—Ijnl)(l‘, ) L (1 +t_T) 2(1-85) "m 2 E |u(17.)|q—l,_l(f’-)|q Lansz,
0
t/2
__n(l_1y 12
V(' =)@, < / (U1 =) 8 00 e, ) — e )| de,
0
t
125y
(1 =) [[luce, 17 = acz, 19| e
12
t/2 !
N _;(l_l)_ﬂ _ _
”(U?I_U:ll)(t’ ')”Lz S'/(1+l‘—’1') W=t 27 = | u(e, )1 — iz, ')lq“LanZdT-'_ Hlu(T’ N —a(z, ) deT
) 1/2

By applying Holder’s inequality, we have
1o, o1 = 18 17]| |, S oG, ) = 8, M o (e, My + 118G ).
1o 1 =181, s o) = 6l (o 1+ e )17,
[|lucz, 1 - Jacz, ->|‘I|| S Nz, ) = (e, M| o ([l M g + 11T N,
[l o1 = tace, 91|, S ute, ) = e e (e N + a1
Analogously to the proof of (28), we employ the fractional Gagliardo-Nirenberg inequality from Proposition3]to the terms
oGz, ) = oz, I pns Moz s 106 Il pn s

“Ll(T, ) - ﬁ(T7 ')“L”Z’ ”Ll(T, ')”L”Zs ”ﬁ(f’ ')”L"zs

with 7, = mp or i, = 2p, and 7, = mgq or , = 2q to complete the proof of the inequality (27). Summarizing, Theorem [T] is
proved completedly.

3.2 | Proof of Theorem 2]

We follow the proof of Theorem [T]with minor modifications in the steps of our proof. We also introduce both spaces for the data
and the solutions as in the proof of Theorem[I] where the weights (22) to (23] are modified in the following way:

__n o (l_ Ly, 4 I S U N )1
fim) =1+ 1) 2= al)(m 2)+ S, S =1 +1) o (n~2) el
f3(T) =(1 +T) 21- 51)(»1_2 - 51 ,

S S 81) (Aol 1-28)
gl(T) =(1+7) W-p'm 277 1-5 @ , gz(T) =(1+7) W-0'm 27 2-5)

- L1y 126
ga(®) = (14 7) T o 72T O,

+£(q,6, )

Then, repeating some steps of the proofs as we did in those of Theorem [I] we may conclude the proof of Theorem [2]

4 | NONEXISTENCE RESULTS VIA MODIFIED TEST FUNCTION METHOD

In order to prove the blow-up results, we shall apply a modified test function method from Section 2] which plays a significant
role in the following proofs.
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4.1 | Proof of Theorem 3

First, we introduce the function ¢ = @(¢) having the following properties:

| if 0<t<3,
1. @ € Cy ([0, 00)) and ¢(7) = { decreasing if % <t<l1,
0 it 1> 1,
2. o (PO +10"OIF) <C  foranyr e [% 1], (32)

with k = p or k = g, where «’ is the conjugate of k¥ > 1 and C is a suitable positive constant. Now we denote §, := min{§,, 5,}.
Due to the assumption of 6;, 6, € (0, 1), it is clear that 6, € (0, 1), too. Then, we introduce the function

—n—26,
w=w(x) =(x)" .
Let R be a large parameter in [0, co0). We define the following test function:
nr(t, x) 1= @rOwr(x),
where @g(7) 1= @(R™®t) and wg(x) := w(RPx) for some a, f > 0 which we will fix later. We define the functionals

Rﬂ’
.—//|v(t X)|Pngp(t, x) dxdt = //IU(t,x)V’nR(t,x)dxdt,
RN Rﬂ
Rll
=//|u(t,x)|an(t,x)dxdt //|u(t x)|Tng(t, x) dxdt,
0 R~ R7
and
R® R®
Iy, :=//lU(t,x)|”;1R(t,x)dxdt, Jrs :=//|u(t,x)|q;7R(t,x)dxdt.
R_ﬂ’ RVI E RI!

2
Let us assume that (u,v) = (u(t, x), v(t, x)) is a global (in time) Sobolev solution from C ([0, o), L?) x C([0, o), L?) to 1|
We multiply the first equation to (I)) by nz = ng(t, x) and carry out partial integration to get

OSIR=—/u1(x)u/R(x)dx+//u(t x)(p Owgr(x)dxdt

//(pR(t)wR(X)Au(t X)dxdt—//(pR(t)wR(X)( AYu(t, x) dxdt

—/ul(x)u/R(x)dx+IlR—IZR—I3R. (33)

R~

Employing Holder’s inequality with 1 + i, = 1 we can proceed as follows:

L1l < / /
< //Iu(t x)nR(t x)| dxdt //|11R"(t x)¢' (t)u/R(x)| dxdt)%

Ra Rn

Pr(0)|wro) dxdt
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//q)

After performing the change of variables 7 := Rt and ¥ := R ’x, we calculate straightforwardly to obtain

L e ne s
gl S J. R (/(x) 25°d5<)", (34)
Rn

" () dxdt) ¢

where we used (p '(t) = R™**¢@"'(f) and the assumption ( . Now let us focus our considerations to deal with I, and I5. First,
since yz € H> andu € C ([0, 00), Lz), we apply Lemma [3|to arrive at the following relations:

/WR(X)(—A)u(t,X)dx=/I§|2117R(§)it\(t,§)d§=/u(t,x)(—A)wR(X)dx,
R R R
/WR(X)(_A)élu(tax)dx=/|§|25]&\/R(§)i‘\(tv§)d§=/u(t,x)(_A)(s]WR(x)dx-
R~ R~ n

As a consequence, it implies immediately that

R* R

Ly = / / @ RO p(x) Aut, x) dxdt = / / @ R(Du(t, x) Ay p(x) dxdt,
0 R~ 0 R~

and
Re RY
Iig = / / PO R() (~ 0 u(t, x) dxdt = / / @l (Ou(t, x) (=AY 1y p(x) doxdt.
RY Rn RY [Rn

2 2
Applying Holder’s inequality again as we estimated J, leads to
RL‘(

|12R|<J / / (pR(r)wR"<x>|AwR(x>| dxdt>

and
Rﬂ’

|3l < Jg, //q)R"(t)‘(pR(t)| V/R" (x)|( A)‘S'l//R(x)‘ dxdt)

2
To estimate the above two integrals, the key tools rely on the results from Lemmas [T]and 2] More in detail, in the first step we

use the change of variables 7 := R™t and % := R ?x to derive

gl S TR W / / oy~ (x)’A(q/)(x)| dxa’t)

L gy _d IR Y
STy R (/w Y law)|” ax),
Rﬂ

where we notice that Ay z(x) = R~2? A@p(X). Hence, we deduce the following estimate:
IIZRl <J" - /< >—n 250-24' ~)q (35)

Now let us come back to estimate I in the second step. After carrying out again the change of variables 7 := R™“¢ and
% := R~ x and applying Lemma we may estimate I;, by

1
- —a=26 a+nf
[Lypl S T3, R "’*a //
1
2

(r)| a(x>|( NGO dxdr)
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1 ’ ’ L
5 p—a—25p+ L - 7T\ T
S / v @ |arws| as),
Rn
where we used (p’R(t) = R %¢'(f) and the assumption . In order to control the last integral, we employ Lemma |1| with
q=n+26yand s = 6, to have

T SJ —a— 251ﬂ+“*"” /< >—"—( n—25,) < >q( n— 26)d )

w08 \-n28y .\ 7
<JLR 26, p+°% (/<x> odx> . (36)
RVI

Thanks to the assumption , there exists a sufficiently large constant R, > 0 such that it holds

1
_r

/ul(x)u/R(x) dx >0 37
RH
for all R > R,. As a result, combining the estimates from @) to (37) gives

l —— M a+nﬂ
0< /ul(X)WR(X)dxs JI;,(R 2t RO )+J R 1,

R~
a+nf

A s e awtnp _ogqwtns
SJIZ<R 2a+ 7 +Ra2§1ﬂ+ 7 + R 2p+ qr)_IR (38)

for all R > R, where we note that J , < Jg. In the same arguments we may conclude the following estimate for all R > R;:

a+nf

1
» —-2p+ /
)+ 1 RV~

—a—252ﬁ+“;—;’”

Y
0</vl(x)wR(x)dx$I£t<R 2455 LR

Rn
1 —a— u+nﬁ _ a+nf
< I;;(R 20+ 258 p, +R 26,p+=~ +R 25+ I >_JR' (39)
Without loss of generality we can assume 6; > 6,. Now let us fix
6,—6 -n-2 -2 6,—6 2 -
@ im2-25 40 MmN 200D g o T ma 2o

2(1-6,) 14+¢ 21-6,) 1+g¢
For this choice, we may verify that

—2a<-2p, —a—-26<-2f and —a-26,f<-2p,
due to the conditions n > qu"] ifo,>d6,orn>1if 6, =6, in lh From 1| and lh it follows immediately that

a+nﬁ
Iz < J R,

2ﬁ+ a+nﬁ

JR<1 R

for all R > R,. Therefore, we arrive at the following estimates for all R > R;:

pg-1

_op el (g atnfy ]
25+ 5L 1(-2p+ 50 ]

I SR =1 RN, (40)
pa=l atn atn
JRM < R_2ﬁ+ :,/}+(—2/3+:—,”)i —: R, 1)

It is obvious that the assumption (17) is equivalent to y, < 0. For this reason, we shall divide our attention into two subcases.

Case 1: Let us consider the subcritical case, i.e. ¥, < 0. Then, we let R — oo in @ to obtain
Re

Igim JR=//|u(t,x)|"dxdt=O,

0 RH
which follows u = 0, a contradiction to the assumption @) This means that there is no global (in time) Sobolev solution to @
in the subcritical case.
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Case 2: Let us now come back to the critical case, i.e. y, = 0. At first, we introduce the following constants:

C, :=/u1(x)u/R(x) and C, ::/Ul(x)u/R(x),
Rn

_</<;¢>—n—2éodic>'% and D, /< >—n % e >l,

After repeating some arguments as we have proved in the subcritical case, we may conclude the following estimates:

a+nﬂ

0<Ix+C, <DJR ,

2ﬂ+ a+nﬂ

0<Jg+C, <D, 1 ’ R

Thus, it follows that

l ] l ]
Jp+C, <D,D}JFR>=D,D}J, (42)
where we used y, = 0. For this reason, we obtain 1mmed1ately
l I 1

1
JR<D,DLJF and C, <D,D,Jy.

Consequently, it implies

Jg < Dy, 43)
1 e
where D, := (Dp/ D, > " is a positive constant, and
prq
CU
Jg > ! ] 44)
D,D;,

By replacing (#4) into the left-hand side of @#2), a direct calculation leads to
(c, )P’
1

L\ pg+(pg)?
(Dp, D’ )
q

Then, we use iteration arguments to arrive at the following estimate for any integer j > 1:

v

R

(pgy
C(pq)f C(ﬂ‘l)j 1 P4 C
Uy Uy A Uy
> = = D’ -t
Jr 2 L\ pa+(pg)2+--+(pg) 1 et —pg (Dp D‘I/> NI 43)
P - — P -
(Dp, ,) <Dp’D;/> rat <Dp,Dq,>

Let us now choose the constant

€ = / ()" ax
Rn

in the assumption (]E) This means that there exists a sufficiently large constant R, > 0 such that

/ V(XY R(x)dx > €,
Rn
for all R > R,. We can see that the above assumption is equivalent to
C
/( Y az=(D,D; ) T thatis, — >

p \Ppa-l
(p,D})

Hence, passing j — oo in (@3) gives Jp — oo. This is a contradiction to the boundedness of Jp in @3). As a consequence,
we may conclude the nonexistence of global (in time) Sobolev solution to (I) in the critical case. Summarizing, the proof of
Theorem 3]is completed.
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4.2 | Proof of Theorem 4

We follow the ideas from the proof of Theorem@ We introduce the test functions ¢ = @(¢) as in Theorem@ andy = y(|x]) :=
—-n—-26 . .
<x> . Then, we may repeat exactly, on the one hand, the proof of Theorem [3[to conclude the following estimates:

1 _ atnf o a+nf _ a+nf
/ul(x)u/R(x) dx+ Iz < CyJ} (R WSS L RIS L R )

Rn

L g 254 ©b _opgatnd
/vl(x)u/R(x)dx+JR < cp,llg(R 2T L RO L R )

R~

C, = (/(i}ﬂ_%di)’% and C, := (/<i>_"_25d>~c)"l,.

R~ R~
Letus now fix @« :=2 —26 and § := 1. As a result, from the both above estimates we obtain

where

=
/ w (OWp(x) dx +Ip S CyJjR 7, (46)
Rn»

1 oy 20
/ 0, ()W) dx + Jg < Cy ILRT 77 47)
R”

On the other hand, because of the assumption @), the following estimate holds:
/ul(x)(pR(x)dx > eo/(l + | x| s @r(x)dx
Rn Rn

> ¢, R" /(1 + lecl)_n% @(%)d% (by change of variables ¥ := R™'x)
R'I

= R /(R‘l FIEDT (1 + R dE > Gl R 48)
Rn
forall R > R,, where R, > 01is a sufficiently large number and C, is a suitable positive constant. In the same way we also derive
/ 0, (X)@R(x) dx > Cye,R™ 49)
Rn

for all R > R, where C, is a suitable positive constant. Combining the estimates from @ to @) we may arrive at

1 1

+ 2-26+n

2-26+n+ 1
7 )'

_mhep PR —p 22
CieR'™ n < C, CLly R i, (50)
1 1 N
_n+_sz - —_ ) 2-26+4n ) 2-26+n l
CyegR"™ 7 < C,CLIw RT7 T — T 51

for all R > R,,. Moreover, applying the inequality

1

Ay —y< A~ foranyA>0,y>0and0<y <1

to (51)) leads to

1 . . Pq 1 Pq
_nte - 0 2-26+n i) 2-25+ny1 oy =\ -1 25— 2(1+q)
Ce R w <(C,C'oRZ 7 275" —(c,c? )" R™ "w
2%0 P q P q

for all R > R,. It follows immediately

Cse 25—k | ey
2%0 <R25 e T (52)

Pq -

1 L4
7\ pa-l
(chcy)
for all R > R,. Without loss of generality we can assume p < g, it is clear that the assumption @ is equivalent to
n—2mé I+¢q
< b
2m pg—1

that is, —26 — 240 4 ﬁ < 0. Then, we can choose a sufficiently small constant ¢ > 0 such that the following relation still holds:

pq
—26 — &:") + % < 0. Now we take €, = € in the assumption (19). By letting R — oo in (52)), we obtain a contradiction to the
choice of positive constants ¢, C,, C,, and C,,. Summarizing, the proof of TheoremE|is completed.
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APPENDIX

Proposition 3 (Fractional Gagliardo-Nirenberg inequality). Let 1 < p, py, p; < 0, 6 > 0 and s € [0, o). Then, it holds:

forallu € LPo N H;, where 0 = 8, ,(p, py, p) = f T

For the proof one can see®.
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