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Abstract: In this paper, the solution and validity of the transfer probability den-
sity function for a stochastic dynamical system excited by white Gaussian noise are
discussed. Based on the exponential polynomial closure method, not only the nu-
merical solution of F'PK equation is accepted, but also the validity of the method
is shown from different views. On the one hand, the exact solution expression of
the stationary transition probability density of some kind of system is received and
its error compared with the numerical solution is analyzed. On the other hand, by
establishing a kind of potential function to observe the stable region of the state
variables in probabilistic sense, it is found that the stable region of the state vari-
ables determined by the potential function is highly consistent with the stable region
determined by the stationary transition probability density function after long-term
observation.

Keywords: F'PK(Fokker— Planck— Kolmogorov) equation; Steady state probabil-
ity density; Smooth potential; Generalized stationary; Stochastic final boundedness;

1. Introduction

When studying stochastic differential dynamical system, studying FFPK equation is an im-
portant method to explore the response of nonlinear stochastic dynamical system.By solving
FPK equation, the transition probability density function of state variables can be understood,
which is helpful for effective qualitative and quantitative analysis of state variables.However, the
exact solution of the FFPK equation of most systems cannot be directly obtained. Under the
joint efforts of many scholars, many approximate solutions have been developed, such as finite
element method ¥, path integration method ®~%, finite difference method (6~ Gaussian clo-
sure method M1~17 etc. The study on the accuracy of these numerical solutions is worthy of our
further work.This paper for a class of nonlinear stochastic dynamic system, we first establish
the corresponding FFPK equation, the approximate solution of the second assumption FPK
equation form as the index of polynomial, then we used the method of undetermined coefficients
for solving the coefficient, and we can get a numerical solution of FPK equations .Finally, we
verify the accuracy of this method from different views.On the one hand, we study the error
between the exact solution of FF'PK equation and the numerical solution. At the same time,
we are using some sort of potential function analysis the stability of the steady state variables
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in probability sense area.After a long time observation, we found that the potential function
to determine the stability of the state variables of the smooth area and transition probability
density function is to determine the stability of the area with high consistency, which shows that
the method is simple, high precision, and it is an effective method for solving F'PK equations.

2. The main content

2.1 Approximate method
For a general nonlinear dynamical system:

dX;
o +Zgll =1,...,n (1)
Where X(t) = [x1,22,...,2,]" and W;(t) are Gaussian white noise, and their correlation
function is
EW (t)Ws(t+71)] =27 Kj0(1),s =1,...,m (2)

If the system has stationary transition probability density p(X), the following simplified
FPK equation can be determined:

S 0 1~ 9
;M;Gi:;(%vi[al iz::T iipl] =0 (3)

Where G is the probability stream in the 7 direction. a;,b;; is the moment of first and
second derivatives respectively, which can be derived from equation (1) :

ai(z) = fi(x) + WZ Z Klsgks(x)aikgil(x)

k=11l,s=1

=27 Z Klsgzl g]s ) (4)
l,s=1

In some special cases, we can obtain the exact solution of the system under the generalized
stationary condition. For system (1), we add a set of sufficient conditions for (3), as follows:

7[%‘]?] =0 (5)
j

In this case, system (1) belongs to the stationary potential class, and we can express the
stationary transition probability density as p(z) = Cexp[—¢(x)] . C is the normalized constant,
and ¢(x) is called the probability potential function.

However, it is usually difficult to solve general F PK equation. Therefore, based on previous
studies by scholars, we assume that the stationary transition probability density function of the
system is:

2 2 + 1 j-1
pn(z) = Cexplaiizy + a12z2 + a2127 + a2r172 + 4235 + . .. + aijz] - 4 anp1ah]
C' is the normalized constant, aji,a12,...,ann+1(n > 2) is the constant. The approximate

solution is substituted into F' PK equation, and the undetermined coefficients are used to solve



the coeflicients on both sides of the equation. We apply this method to two stochastic dynamical
systems and verify its validity from different angles.

2.2
Consider the following two degree of freedom nonlinear systems that are both excited by
random parameters and externally excited:
.2
i+ 20l + Wi (t)]d + WPl + Wa(t)]z + Bi(a? + E)x = Wis(t) (6)

Where Wy(t), Wa(t), Ws(t) is a process of zero mean Gaussian white noise in the sense of
independent Stratonovich, and its spectral density constants are respectively ki, ko, k3. a,w, £1
is a constant.

Letxy = x,29 = @ , and the corresponding stochastic differential equation of Stratonovich
is:

diL‘l = l‘zdt
2
dre = [2ax9 — w?x1 — B1(2? + %)Ig]dt — 20w9/27k1 0 dB1(t) — w?x1\/27mky 0 dBa(t)
+\/ 27‘(’]{73 e} ClBg (t)
(7)

By adding the correction term of Wong — Zakai , the corresponding stochastic differential
equation of Ité can be converted into:

dl‘l = .Z‘th

dre = [—20x9 — w?x1 — B1(2? —l— )xg + dalwomhy]dt — 2ax9\/27k1d By (t) — w?x1/2mkad Ba(t)

+v 27T]€3ng (t)

(8)
Then the moment of the first and second derivatives is obtained as follows:
2
a1 = xojas = —20x9 — wrry — Bl(xl 2 ):rg + 40’ xomky
b11 = b1g = bo1 = 0;b9g = 80[21'%71']{31 + 2&)4%%7&'[{?2 + 21ks (9)

The simplified FPK equation is obtained as follows:

8x2p+8[ 209 — wiry — Bi(z3 + %)xg + 4a2x27rk1}p_162 [8a2x2mhky + 2wha? ks + 27ks]p _
aibl 0ZL‘2 2 895%
(10)
By dividing the moment of first derivative into reversible and irreversible components, the
exact solvable class can be extended from stationary potential to detailed equilibrium. Similarly,
we not only separate the moment of the first derivative, but also the moment of the second
derivative, so as to further expand the exact solvable class to obtain the exact solution of the
FPK equation of the system. The last item on the left end of equation (10) can be written as:

0?[8a2x3Tky + 2wia?mhy + 27ks]p _ O[8ax227k1 p) N O[(8aPa3mhky + 2whainhky + 27rk3)ax2]
ox3 02 Oxo
(11)



By substituting the above equation into F'PK equation (10), we can get:

2
Oxap N O|—2axe — w3xy — Bi(z3 + %)xg — 402zomky]p

0x1 0x9
10[(8a2xdrky + 2wramhs + 27rk3)(§7p]
) ==0 (12)
2 8372
That is: .
Oap _ 2. 0P O —2awg — Pr(2? + 33 )w2 — doPwomk:]p
Oz a I 0xo
10[(8a2x3mky + 2wta?mky + 27rk;3)6‘?7p]
) ==0 (13)
2 8332
If the following sufficient conditions are satisfied:
%ﬁip w2x1 8852 =0
(14)

(—2axo — Br1(2? + z—%)xg — 4azomky)p — %(8&256%7T]€1 + 2wtzinky + 27rk3)§—;; =0

Then, equation (13) is satisfied.Using the idea of the probability potential function, let’s say
p(z) = Cexp[—p(z)],where p(z1,72) = ¢(A), A = 223 + tw?2? and C are normalized constants.
Then equation (14) is equivalent to:

I _ 2. Fp _
T2 50, wwlamfo

15
(2ax + B1(2? + 23 22 )y + 4a’zomhy) + + [(8aa3mky + 2whadrks + 27rk3)§7‘2] =0 "
The following simplification can be obtained:
do _ 20+ B (2% + ) + 4a’mky (16)
d\  (4a?x3mky + w4a:17rk2 + 7k3)
If 40°k; = kow?,then
dp  2a+ Pi(z?+ i%) + 4o’k
d\ ~ (mkaw?a? + (/J4L:UE%7T]€2 + k3) (7
If 5 = @otdarmh)ehs ey
de (2 + 4a’7ky) (1 + WZ? (22 + %%)) 200+ 4daPTky (18)

e

Therefore, under the generalized stationary condition, the exact solution of FPK equation
of the system can be obtained as follows:

2&4‘40& 7Tk1

pe(X) = Cexp[— e

(573 + 5w’ad)] (19)



The numerical solution of the system is solved based on the closed exponential polynomial
method. Assume that the stationary transition probability density function of the system is:

i
pn(a:):Cexp[aua:l—|—a12x2+a21mf+a22:c1x2+a23x%+...—i—aija:’lﬂ T+ tapnsah] (20)

Substitute equation (20) into F'PK equation (10) above, fix n first, and we have

Oxopn Ol—2ame — w?xy — B (2} + %):Ez + 40Pzomkilpn 1 02[80lxdmhky + 2whainky + 27ks|p, 0
ox1 + Oxo 2 85(3% N
(21)
The undetermined coefficient method is used to determine the coefficient of p,.Thus the
numerical solution of the F'PK equation of the system can be obtained. When w = 1,k; = ko =
ks =1,a=0.5,51 = 0.28.
When we solve for n = 2, we get a11 = a12 = agze = 0,a91 = —0.579577,a23 = —0.579577.
So po(X) = —0.579577x% — 0.57957723.
When we solve for n = 6, we geta11 = a12 = A22 = Q3] = A32 = A33 = Q34 — A42 = A44 = 0.
as1 = as2 = A53 = G54 = Q55 = A56 = A2 = A4 = A6 = 0.
ag1 = —0.579577, a3 = —0.579577, as; = 0.000126739, as3 = 0.000253479, a15 = 0.000126739
a1 = —0.0000844929, agz = —0.000253479, ags = —0.000253479, ags = —0.0000844929.
So
pe(X) = —0.57957722 + 0.000126739xF — 0.0000844929x8 — 0.57957722 + 0.000253479zx% 23 —
0.000253479z}x3 + 0.000126739x4 — 0.0002534792223 — 0.00008449292
Simulation results are as follows:
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(a) Graph of function ps(X). (b) Graph of function pg(X). (c) Graph of function p.(X).

Figure 1: Schematic diagram of the steady state transition probability density function.
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Figure 2: In the disk of 2} + 3 < 1, Figure 3: In the |x;] < 1;|z3| < 1 region,
error diagram of pg(X) and p.(X) error diagram of pg(X) and p.(X)
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Fig 4: Stability zone accuracy diagram.

Table 1: List of joint stationary probability densities of numerical and exact solutions in
different regions near the equilibrium state

p(z) P42 <1 22423<025 |z < 1ifze| <1 |z < 0.5 |2s] <0.5
n=2 0.439865 0.134886 0.516040 0.167808
n==~6 0.440668 0.135130 0.516982 0.168112
Exact solution  0.439865 0.134886 0.516040 0.167808

We can find that in the diagram (1) the probability of system state variables to around 0.5
concentrated near the equilibrium state, when time is infinite, basically stable in 2 for the center
with the origin as the radius of a circle domain, and we can see from figure (4) the precision
of this method is the highest in the region,which shows that the numerical results highly close
to the precise value. Figure (2) and (3) give the error graph of the accurate solution and the
numerical solution. Table (1) and (2) give the error value of the joint steady-state probability
density corresponding to the numerical solution and the accurate solution in the corresponding
region. We find that the numerical solution calculated from (3) is highly consistent with the
accurate solution obtained from a group of sufficient conditions (5).

2.2
Considering the following system

X 4 [a+ (X 4+ c¢X)?|X + X = (dX + eX)Wi(t) + Wa(t) (22)

Table 2: List of joint stationary probability density errors of numerical and accurate
solutions in different regions near the equilibrium state

Compare pg(X) to po(X) 22 4+25<1 23+22<0.25 |zg| < 1ifae| <1 |oq] <0.5;]20] <0.5

Error 0.000803 0.000244 0.000942 0.000304
Relative error 0.1825% 0.1808% 0.1825% 0.1811%




Where a, b, c,d, e is a constant, Wi (t), W(t) is an independent Gaussian white noise whose
power spectral density constant is ki, ko respectively.

Assuming X; = X, X» = X, the stochastic differential equation of Stratonovich of the
system can be obtained as follows:

dX1 = Xodt

dXy = {—[a + (le + CX2)2]X2 — Xl}dt + (Xm + eXQ)\/ 21k, o dBy (t) ++/27ky 0 dBQ(t)
(23)
Where B (t), Ba(t)is the unit Wiener process.The Ité stochastic differential equation of the
system is:

dX1 = Xodt
dXy = {—[a + (le + CXQ)Q}XQ - X1+ ﬂ'kle(Xm + GXQ)}dt + (dX1 + GXQ)\/QWkldBl(t)

+\/MdBQ (t)

(24)

Where mkie(dX1 + eX3) is the correction term for Wong — Zakai. The corresponding steady
state FPK equation is:

O[z2p] +8{—[a + (bX1 + cX2)?|Xs — X1 + 7kie(dX; + eXQ)}p_(?Q[(dxl + exy)?mhy + Thalp

0
ox1 Oxo 83:%
(25)
We assume that the stationary transition probability density function of system (22) is:
L i
pn(x) = Cexplanizy + ajprs + a2196% + a2x122 + a2396% +...+ aijxllﬂ N N R

C' is the normalized constant. Substitute the approximate solution into the F'PK equation:

Olwapn] +3{—[a + (bX1 + cXo)’| Xy — Xy + wkie(dXy + eXo)}pn  0?[(day + ewz)?mhy + mhalp,

8$1 8:]52 8:1:% =0

(26)
Let a = 4,b = %,c = —%,d = %,e = —%, ki = ko = %.Firstly,the coefficient of stationary
transition probability density function is solved by undetermined coefficient method, and the

numerical solution of stationary F'PK equation of the system is obtained:
25 25
pn(X) = <= expl—= (a3 + 4a3)) (27)

The simulation results are shown in the following figures:
Then Milsteins discretization method was adopted to consider the discretization system
corresponding to model (22):

( X1(tjg1) = X1(t;) + Xo(t;) At
Xo(tjr1) = Xo(ty) + {—[a + (bX1(t;) + cXa(t;))*]| Xa(t;) — Xu(t;) + nhre(dX1(t;) + eXa(t;)) YAt

+(dX1(tj) + eXg(tj))\/ 27['/€1AW1(t) + v 27Tk2AW2(t)

+%{[d(dX1(tj) + €X2(tj))2ﬂ'kl](AW1(t)2 - At) + [e(Xm(tj) + €X2(tj))27Tk1](AW2(t)2 - At)}
(28)



(a) Graph of function pa(X). (b) Graph of function p4(X). (c) Graph of function pg(X).

Figure 5: Schematic diagram of the steady state transition probability density function.
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Figure 6: Phase diagram of system (22)

AW, (t), AWs(t) is a Gaussian random variable that obeys N (0, At). The motion track of
the state variable is simulated by Mathematica as shown in the following figure: From figure
(5 —6), we can see that the numerical solution result of the stationary transition probability
density function is consistent with the simulation result of discretization of system state variables.
When we observe for a long time, the state variables are concentrated near the origin with high
probability.

Next, we observe the stable region of state variables in probabilistic sense by establish-
ing a kind of potential function of the system.For model d(X) = f(X)dt + g(X)dB(t),X =
(x1,22,...,2y), B(t) is a Unit Wiener process, and the solution of the model is called random
and finally bounded. If there is a positive number for «, such that for Ve € (0, 1),the solution of
the model satisfies:

lim supP{|X(t)| > a} <e
t—o0

Lemma 1.When 27kd? + 3rkide < —1,1 — 2a + 4nki€® + 3nkide < 0,positive H = 47k
exists, independent of the initial value Xo = (21,0, 22,0) € R? | so that the solution of the model

satisfies:
lm supE|(z1(t),22(t))|* < H
t—o0

Proof:Defining
V(x1,22) = af + a3, (21, 22) € R?

From the Ité formula, we can get:

dV(.%'l, .%'2) = LV(I’l, .%'Q)dt + 2$2(d$1 + €$2)\/ 2nk1d By (t) + 294/ QWkgdBQ(t) (29)



Among them:
LV = 2x129 — 223[a + (b1 + cx2)?] — 22170 + 27k1exa(dry + exs) + 2wkl (dzy + ewa)? + 27k
< 2w179 — 2730 — 22179 + 27k exa(dzy + exs) + 27kl (dwy + ex2)? + 27mhy + 22 + 23 — V (21, 12)
< 22(2mk1d® + 1) + 23(—2a + 4mkie? + 1) + m129(27k1de + 4nkyde) + 2mke — V (21, 22)
< 22(2mk1d? + 1) + 23(—2a + 4nk1e? + 1) + 3nkide(x? + 23) + 27ks — V (21, 72)
< 22(27k1d? + 1 + 37kide) + 23(—2a + 4wkie? + 1 + 3nkyde) + 2wks — V (21, 22)

(30)
Thus, it can be concluded that:
AV (z1,29) < [2mky — V (21, 22)|dt + 2x9(day + exo)/2mk1dBy (t) + 222/ 27kadBa(t)  (31)

Using the Ité formula again:

d(e'V (z1,12)) = ' [V (x1, x2)dt+dV (x1, 29)] < €'[2mkodt+2xo(dx1+exs)\/2mk1d By (t)+2x2/ 2kod Bo(t)]
(32)
By integrating both sides of the above equation and calculating the mean value, we can get:

e' BV (z1,29) < V(212,720) + (€' — 1)27ks (33)
Thus,
tliglo supEV (z1(t), z2(t)) < 27mks (34)
On the other hand,
(z1(2), 22(1))” = 2§ + 23 < 2maz{af, a3} < 2V (21, 22) (35)

From this we can conclude:

Jim supB| (21 (£), 22())|* < 2 Jim supBV (a1(t), (1)) < doks (36)

That’s true with respect to H = 4mks.
It is proved that the model is stochastic and finally bounded.According to Chebyshev in-

equality, for Ve > 0, let = {/4™2  then:

IS )

Jim supP{|X(t)] > 6} < e (37)

That is, the model is stochastic and ultimately bounded.

When we take ¢ = 0.01,0 = 20. In this case, the state variable is mainly stable in the region
whose modulus is less than 6 near the equilibrium state, which is highly consistent with the
stable region determined by the stationary transition probability density function (27) obtained
by system F'PK equation, indicating that this method is an effective algorithm for calculating
the FPK equation.

3.The conclusion



In this paper, we solve the problem of transfer probability density function and the validity
of the solution for a class of nonlinear stochastic differential dynamical systems. For the more
general and complex stochastic differential dynamical system, we can make a submodule of the
system conform to the idea of this paper by simplifying, and then we can use the undetermined
coefficient method to find the coefficient by assuming that the stationary transition probability
density function of the system is of exponential polynomial form. In this paper, the method
is applied to the two systems, we not only find out in such a system under the condition of
generalized steady transition probability density function of the exact solutions, and through
the establishment of such a system of a kind of potential function, through long time observation,
we obtained the stable state variables in probability sense the stability of the region, the results
of the above analysis, respectively, compared with numerical solution of transition probability
density function, we found that both have high consistency, thanks in large part proved the
effectiveness of the method and feasibility.

Acknowledgement

The work reported in this article is supported by the National Natural Science Foundation
of China (11501410, 51573133, 11672207)and Tianjin Natural Science Foundation (17JCQN-
JC03800, 17JCYBJC15700).

10



References

1]

[11]

[12]

[13]

[15]

[16]

[17]

Weiqiu Zhu,Guogiang Cai.Introduction to stochastic dynamics|M]. Beijing: science press,
2017.

Ke Wang.Stochastic biological mathematical model[M]. Beijing: science press, 2010.

J.S. Yu, G. Q. Cai and Y. K. Lin.A NEW PATH INTEGRATION PROCEDURE BASED
ON GAUSS-LEGENDRE SCHEME [J]. Non-Linear Mechanics.1997(759-768).

W.X.Xie,W.Xu,L.Cai.Study of the Duffing Rayleigh oscillator subject to harmonic and
stochastic excitations by path integration[J].Applied Mathematics and Computation 172
(2006) 1212C1224.

R.Iwankiewica,S.R.K.Nielsen. DYNAMIC RESPONSE OF NONLINEAR SYSTEMS TO
RENEWAL IMPULSES BY PATH INTEGRATION(J]. Journal of Sound and Vibration
(1996)195(2),175C193.

PANKAJ.KUMAR,S.NARAYANAN.Solution of Fokker Planck equation by finite element
and finite difference methods for nonlinear systems|J].Sadhana,2006(445C461).

M.P.Zorzano,H.Mais,L.. Vazquez.Numerical solution of two dimensional Fokker Planck equa-
tions [J].Applied Mathematics and Computation 98 (1999) 109-117.

Zhilong Huang,Liqiang Zhang .ASolution of high dimensional, stationary FPK equation
using difference method and superrelaxation iterative method[J]. Acta computational me-
chanics.2008,25 (2).

Jie Cui,Peng Sun,Wu Jie,Wenan Jiang.Finite difference decomposition of nonlinear system
under stochastic and harmonic excitation[J].Jiangxi sci.2019,37(1).

Peng Sun,Lianhua Liu,Wenan Jiang,Jie Wu.Probability density evolution analysis of second
order FPK equation[J].jiangxi science,2018.

Guo Kang Er.Exponential closure method for some randomly excited nonlinear system-
s[J].International Journal of NonLinear Mechanics 35 (2000)69-78.

Guo Kang Er. MULTI-GAUSSIAN CLOSURE METHOD FOR RANDOMLY EXCITED
NON-LINEAR SYSTEMS[J].NonLinear Mechanics,1998(201-214).

GUO KANG ER.An Improved Closure Method for Analysis of Nonlinear Stochastic Sys-
tems[J].Nonlinear Dynamics 17: 285C297, 1998.

HaiwuRong,XiangdongWang,GuangMeng, WeiXu, TongFang. Approximation closure
method of FPK equations [J].Journal of Sound and Vibration.266(2003)919-925.

M.F. Dimentberg.An exact solution to a certain nonlinear random vibration problem
[J].International Journal of NonLinear Mechanics 17 (1982) 231C236.

Haiwu Rong,Guang Meng,Xiang dong Wang,Wei Xu,Tong Fang.Approximate closed solu-
tion of FPK equation [J].Chinese journal of applied mechanics. 2003,20 (3).

Desmond J. Higham.An Algorithmic Introduction to Numerical Simulation of Stochastic
Differential Equations[J].Society for Industrial and Applied Mathematics.Vol. 43,No. 3,pp.
525C546.

11



[18] Langley.R.S.A finite element method for the statistics of non linear random vibration[J].J
Sound Vib,1985,101:41-54.

12



