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Abstract

The lower bound decay rate of global solution to the compressible viscous quantum magne-
tohydrodynamic model in three-dimensional whole space under the H® x H* x H* framework is
investigated in this paper. We firstly show that the lower bound of decay rate for the density,
velocity and magnetic field converging to the equilibrium state (1,0,0) in L2-norm is (1 +¢)~3
when the initial data satisfies some low frequency assumption. Moreover, we prove that the lower
bound of decay rate of k(k € [1, 3]) order spatial derivative for the density, velocity and magnetic

field converging to the equilibrium state (1,0,0) in L?-norm is (1 + t)*sﬁk

4 . Then we show that
the lower bound of decay rate for the time derivatives of density and velocity converging to zero
in L?-norm is (1 + t)_%, but the lower bound of decay rate for the time derivative of magnetic

field converging to zero in L?-norm is (1 +¢)~%.
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1 Introduction

The purpose of this paper is to consider the lower bounds of decay rate for the global solution
to the following compressible viscous quantum magnetohydrodynamic(in short, vQMHD) model in
three-dimensional whole space:

Op + div(pu) = 0,
. _ W _ Ap
O(pu) + div(pu @ u) — pAu — (p + A)Vdivu + VP(p) — ?pV(W) =(VxB)x B, (1.1)

B —V x (ux B)=-V x (vV x B), divB =0,

where t > 0 is time, € R? is spatial coordinate, the unknown functions p = p(z,t), u =
(u1,u2,us)(z,t) and B = (By, Be, B3)(x,t) represent density, velocity and magnetic field respec-
tively. The function P(p) which denotes pressure is smooth in a neighborhood of 1 with P’(1) > 0.
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The constant viscosity coefficients p and A satisfy the following physical conditions:
w>0, 3A+2u > 0.

The constant v > 0 acting as a magnetic diffusion coefficient of the magnetic field is the magnetic
diffusivity. The constant h denotes Planck constant and it satisfies h > 0. The symbol ® denotes
the Kronecker tensor product. As usual, we refer to the first equation of the system (1.1]) as the

continuity equation, the second equation of the system (1.1)) as the momentum balance equation,

and the third equation of the system ((1.1)) as the magnetic equation. The expression % can be

interpreted as a quantum potential, the so-called Bohm potential, which satisfies

IVpl’Vp  VpAp Vp-V?p
2

AVpy o o
20V (—=) = div(pV*p) = VAp +
p (\/p) (PV=p) p ) P P

= VAp —4div(V/p ® V/p).
In order to complete the system ([1.1)), this system is supplemented with initial data

(psu, B)(@,)]—g = (po(2), uo(x), Bo(x))- (1.2)
Furthermore, we assume that as the space variable tends to infinity, the initial disturbances satisfy

lim (po — 1, ug, Bo)(x) = 0. (1.3)
|z|—o00

The quantum fluid model can provide many pieces of information for the particles in the semicon-
ductor simulation and it could be used to describe quantum semiconductors [5], weakly interacting
Bose gases [10], and quantum trajectories of Bohmian mechanics [32]. Madelung [21] found a hydro-
dynamic form of the singlestate Schrodinger equation. Later, the quantum hydrodynamic(QHD)
model, which may be viewed as a quantum corrected version of the classical hydrodynamic equa-
tions, was derived by Ferry and Zhou [5] from the Wigner equation. The quantum hydrodynamic
model for plasmas was introduced in [22]. The quantum magnetohydrodynamic(QMHD) model that
plays an important role in modeling and simulating electron transport was extended by Hass [14]
later from a Wigner-Maxwell system and this model could be used to describe the global properties
of quantum plasmas. It should be noted that system will reduce to the compressible MHD
equations without quantum effects.

There are huge literatures on the well-posedness of solutions to the quantum fluid model. The
one-dimensional problems have been studied extensively, refer to [6, [I7] and the references therein.
The existence and uniqueness of local and global solutions to one-dimensional isentropic quantum
Euler-Poisson system under a subsonic condition was proved by Jiingel and Li in [I7]. Gamba et
al.[6] showed the global existence of weak solution to the viscous quantum hydrodynamic equations.
For the multi-dimensional case, Jiingel [18] used Faedo-Galerkin method and weak compactness
technique to prove the global existence of weak solution to the viscous quantum Euler model in R?
and showed the global existence of weak solution to the barotropic compressible quantum Navier-
Stokes equations in a three-dimensional torus under the condition that the viscosity constant is
smaller then the scaled Planck constant. Later, Yang and Ju [35] applied the same method as in
[18] to obtain the global existence of weak solutions to the viscous quantum magnetohydrodynamic
equations with large data in a three-dimensional torus. Guo and Wang [I1] established the local
existence of the smooth solutions to the quantum hydrodynamic models in R? with d > 1. Recently,
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under the condition that the initial perturbation around a constant state is small enough, Pu and
Li [26] showed the existence of global smooth solutions to the initial boundary value problem for
compressible quantum hydrodynamic model with damping and heat diffusion in a bounded domain
in R3. We also remark that Chen and Dreher [1] proved the local existence of solution to the viscous
model of quantum hydrodynamics in R! and they showed the local existence of solution in higher
dimensions provided boundary is periodical. For more results about the well-posedness of solutions
to the quantum fluid model, readers can refer to [3], 4, 12], 15] 19] 20} 24] and the references therein.

The study for decay rates of solutions to the quantum magnetohydrodynamic model have at-
tracted much attention of mathematicians. Pu and Guo [25] established the optimal decay rates of
classical solutions near constant states by virtue of spectral method in R? provided the initial data
belong to L!. Pu and Xu [28] obtained the decay rate of classical solutions to the viscous quantum
magnetohydrodynamic model when the initial perturbation belong to L', more precisely, the time
decay rates are as follows

IV (o = D)@l gr5- + [ VEu@) | g + IVEBOl gras < CO+)7I72, b =0,1.

Pu and Xu [27] used the pure energy method as in [I3] to obtain the optimal decay rates of higher-
order spatial derivatives of solutions to the full hydrodynamic equations with quantum effects under
the condition that the initial perturbation belongs to (HNT2( H~=*)x (HN*' N H—*)x (HN N H~*)
for N > 3 and s € [0, 3). Recently, by using Fourier splitting method, Xi et al.[33] established the
optimal time decay rates for the higher-order spatial derivatives of solutions to the viscous quantum
magnetohydrodynamic model when the initial perturbation belongs to L', which improved the work
in [28], more precisely, they got

IV%(0 = D)(O) 1o+ + IV¥u(®) | grs v + IVEBOgax < CL+ 87575, k=0,1,2,3.  (14)

For more results about the large time behavior of solutions to the quantum fluid model, interested
readers may refer to [25] 34] and the references therein.

It should be noted that the time decay rate is called optimal in the sense that this rate
of solution for the nonlinear part is coincide with the decay rate of linearized one. 7To the best
knowledge of the authors’, there has been no result of lower bound(coincide with upper rate) of decay
rate of solution to the compressible viscous magnetohydrodynamic model in R3. Thus, the purpose
of this paper is to solve this problem. In other words, the aim of this work is to show that the decay
rate obtained in [33] is really optimal.

Notation: Throughout this paper, we use V¥ with an integer k& > 0 to represent the usual any
spatial derivatives of order k. The Fourier transform of the function f is denoted by F(f) := f.
The pseudo-differential operator A® is defined by ASf = F=1(|€[*f(£)). We denote H*(R3) by the
s'" order Sobolev space with s > 0. Particularly, when s = 0, HY(R3) = L?(R3). For the sake of
simplicity, we write [ fdx := [ps fdx and (4, B)||x = || A]x + || B/ x.

First of all, we recall the main results obtained in [28], [33] in the following.

Theorem 1.1 ([28] & [33]). Suppose that the initial data (py — 1,ug, Bo) € H® x H* x H*, there
exists a small constant § > 0 such that if

lpo = Ulgs + [luoll g+ + [ Bollgs <6, (1.5)
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then the solution (p,u, B) of (1.1)-(1.3)) satisfy for allt >0

t
1(p = 1w, BY(O) 4 + 1V p(t) | s +/0 IV (u, B, hp)(s)lIads

<C(llpo = 1l + lluolizps + | BollZ)-

(1.6)

Moreover, provided that ||(po — 1,uo, Bo)|| 11 is finite additionally, then the solution (p,u, B) satisfy

342k

IV (p = D)D)l s+ + IV*u(®) | gar + [VEB) | gar < C(L+1)" 7T, (1.7)

with k =0,1,2,3, here the positive constant C' is independent of time.

For the sake of simplicity, we only establish the lower bound of time decay rates for global
solution under the H® x H* x H* framework. Our main results are stated in the following theorems:

Theorem 1.2. Let g9 := po — 1 and mg = poug. Suppose that the Fourier transform of the
functions (09, mo, Boy) satisfy

|00| > co, Mo =0,|Bo| > co, 0< ] <1, (1.8)

with ¢y a positive constant. Then, the global solution (p,u,B) obtained in Theorem has the
decay rates for all t > t,

a(l+8)7F < VR —1D)®)2 <CA+H7T k=0,1,2,3; (1.9)
cl(1+4)~ 5 < |VFut)||2 < C1(1+ 6Tk =0,1,2,3; (1.10)
cl(1+6)75 <||VEB@)|2 <CL(1+8)" "1 ,k=0,1,2,3. (1.11)

Here t, is a positive large time, two positive constants c1 and C1 are independent of time.

Remark 1.1. To our best knowledge, there was no the result about the lower bounds of decay rates
- for the derivatives of density, velocity and magnetic field to the compressible viscous
quantum magnetohydrodynamic model before. Thus in this paper, this result was obtained for
the first time.

Remark 1.2. Even though we only establish the time decay rates under the H® x H*x H* framework
in Theorem|[1.4, the method we used here can actually be applied to the HN+*2x HNt1x HN+L(N > 3)
framework. If the condition holds, the global classical solution (p,u, B) of the system has
the decay rates for all t > t,

2k

(14675 < [VE(p = 1)(0)]|2 < Ci(1+ 1)~ 7k € [0, N;

(14655 < |VFu(t)|2 < CL(1+6)" "5k € [0, N];
c(1+8)~ 5 < |[VEFBO)|2 < C1(1+ )~ "%k € [0, N].

Here t, is a positive large time, two positive constants c1 and C1 are independent of time.
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Next, we will establish the lower bound of decay rate for the time derivatives of solution to the
compressible viscous quantum magnetohydrodynamic model (|1.1)).

Theorem 1.3. If the condition (1.8]) holds, the global classical solution (p,u, B) obtained in Theo-
rem satisfy for all t > t,

(14171 < du(®)] 2 < Co(1+1)7H; )
ca(1+1)71 < (|9 B(1)r2 < Ca(1+1)75. '

Moreover, if the velocity u satisfies ||up||p1 < 61 with &1 a small constant, it holds on for all t > t.
5 5
(14 6)7F <0t < G0+ 1) E, (1.13)
Here t, is a positive large time, co and Cy are two positive constants independent of time.

Remark 1.3. To the best knowledge of the authors’, there has been no result of lower bounds of
decay rates for the time derivatives of density, velocity and magnetic field for the compressible viscous
quantum magnetohydrodynamic model in the L?> norm. That is to say, this result was obtained for
the first time.

Finally, we state two inequalities which play an important role in energy estimates. The first
inequality here is called Sobolev interpolation of the Gagliardo-Nirenberg inequality, see [23].

Lemma 1.4. Let 0 < m,a <1 and the function f € C§°(R™), then we have

IV fllze < CIV™ Al IV 112, (1.14)
where 0 satisfies
0<6<1,
and o, m,l satisfy
1 « 1 m l
———=(=—-—)1-90 - ——)0
e RS URNC

The following inequality has been shown in [31].

Lemma 1.5. Suppose that ||o||; < 1. Let f(p) be a smooth function of o and its derivatives of
any order are bounded, then for any integer | > 1, it holds on

[v's60)],.. <[] ... (119

Now we make comments on the analysis in this paper. We firstly give the lower bound of decay
rate for the higher order spatial derivative of solution to the compressible quantum magnetohydro-
dynamic model . In order to solve this problem, we consider the difference between the lower
bound of decay rate for the solution of the linearized part and the upper bound of decay rate for
the difference between the solution of nonlinear and linearized problem. It is easy to obtain the
lower bound of decay rate for the linearized part by applying the spectral analysis to the semigroup
for the linearized quantum magnetohydrodynamic model , see Proposition in Section
Therefore, it is significant to obtain upper bound of decay rate of the k* order derivative of the
difference between the solution of nonlinear and linearized problem with & > 0. To achieve this
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goal, we establish the energy estimate first of all, see and in Lemma We notice that
under the H5 x H* x H* framework, Xi et al.[33] deduced the following inequality
d
dt
for 0 <1 <m, m <4, where

FI0) + OV ol it + 19l 2t + IV B 0) < 0, (1.16)

m
F) = 1V 0l 2+ IV 6l + [V B 3t 46y / Vhu -V ode,
k=l

and ¢ a small positive constant. By combining Duhamel principle formula, the upper bound decay
estimate and the Fourier Splitting method developed by Schonbek [30], we could complete our
proof.

Next, we use the second and third equation of and the lower bound of first order spatial
derivative to obtain the upper and lower bounds of decay rate for the time derivative of velocity and
magnetic field. By combining transport equation and the assumption that the L' norm of initial
velocity is small enough(i.e.,||lug|| 1 < ¢ with § small enough), the upper and lower bounds of decay
rates for the time derivative of density are obtained.

The rest of this paper is organized as follows. Section [2] is devoted to establishing the lower
bound of decay rate for the solution itself and its derivatives, then we establish the lower bound of
decay rate for the time derivative of solution. Section [3]is devoted to proving technical estimates
used in Section 2

2 Lower Bounds of Decay for Spatial Derivative

This section is concerned with the lower bound of decay rate for the solution itself and its
derivative. In order to achieve this goal, we establish the upper decay rate for the difference
between the nonlinear and linearized parts. Then, we address the upper decay rate of solution for
the higher order spatial derivative.

2.1. Lower Bounds of Decay for Spatial Derivative

In this subsection, we will establish optimal time decay rates of solution for the compressible quan-
tum magnetohydrodynamic model (1.1))-(1.3). Without loss of generality, we assume that P/(1) = 1.
Let us denote g := p — 1,m := pu, then we rewrite (|1.1)) in the perturbation form as

Or0 + divm = 0,
2
dym — pAm — (u+ \)Vdivm + Vo — %VAQ = —divSy, (2.1)

8B — vAB =V x Sy, divB = 0,
where the functions S1 = S1(o, u, B) and Sy = Sa(u, B) are defined as
S1=(o+ Du®u+ puV(ou) + (1 + N)div(ou)lzxs
£ (P(1+0) ~ P(1) — o)liyes + 3| BP sy~ B® B

+h2(V/1+ 02 V14 0);
SQ =u X B.

(2.2)
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The initial data is given as
(0.m, B)(x,t)],—o = (0,m0, Bo)(z) = (0,0,0) as |x] = oo. (2.3)
In order to obtain the lower decay estimate, it is sufficient to analysis the linearized part:
Oro; + divmy = 0,
oymy — pAmy — (u+ N)Vdivmy, + Vo — }ZVAQl =0, (2.4)
0¢B; — vAB; =0, divB; =0,
with the initial data
(o1, mu, Br)(z,t)],—g = (00, m0, Bo)(x) — (0,0,0) as |z] — oo. (2.5)

Notice that the first and second equation of linearized part are similar to the linearized system
of compressible fluid models of Korteweg type in [8]. We still use the method in [§] to obtain the
lower bound of decay rate of solution to the system —, which is stated as follows. For the
sake of simplicity, we omit the proof here.

Proposition 2.1. Let go € H>(R*) N LY(R3), mo € HY(R3) N LY(R3) and By € H*(R3) N L (R3).
Assume that the Fourier transform F (oo, mo, Bo) = (00, Mo, Bo) satisfies |0o| > co, |mo| = 0,|Bo| >
co, 0 < |&] < 1 with ¢y a positive constant, then we have for k = 0,1,2,3, it holds on

IV% 0 (t)122 > et +1)~G);
[V mu(®)llgz > (1 4+~ G2); (2.6)
IV*Bu®)lzz > e(1+ )G+,

here ¢ is a positive constant that independent of time t.

In the sequel, we give the upper decay rate for the difference between the nonlinear and lin-
earized part so that we can obtain the lower bound for the solution of the compressible quantum
magnetohydrodynamic model (2.1). Hence, we denote

05 =0 — 01, m5 :=m —my, B; := B — By,
then the functions (g5, ms, Bs) satisfy the following system

Oyos + divmgs = 0,

h2
oms — pAmgs — (u+ N)Vdivms + Vs — ZVAQ(; = —div$Sy, (2.7)
61535 — Z/ABg =V x 52, diVB§ = O,
and the initial data satisfy
(957m5)B5)(‘T7t)|t:0 = (05050) (28)

Here the functions S; and Sy are defined in (2.2). Now we will establish the energy estimate of
solution (s, ms, Bs) of equation (2.7)) in the following.
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Lemma 2.2. For any smooth solution (gs,ms) of the equation (2.7), it holds on

d h? )
@(Ilvl(gaa mg)|[5at + ZHVHIQJH%(H) + plI VI g Fraee + (i M)V divimg] 74

(2.9)
<CIV (0, B) 3o (Vs + 19, B)3) + CUV e, 3 (15l + [V 7ul),
and A )
S5 [ Vi T e+ 9 gl + IV s
k=l (2.10)

<C|V"* ' mgl[fa-t + ClIV (0, u, B) | Fa-t (| Vel + 1V (w, B) [ 71)
+ OV (e wllzn (IVell7n + 1V7ullZ2),

where | = 0,1,2,3, C is a positive constant that independent of time.

The above inequalities (2.9) and (2.10) in Lemma will be proved later in Section By
multiplying inequality (2.10)) by a small constant ¢ and adding with (2.9)), for all £ > 0, it holds on

d h?
75l4(t) + 5HVZ+IQ(5H§{44 + Z5|’VZ+295||§{44 + g”vl—’—lmzﬂﬁ{%l

dt (2.11)
5
<C(L+1) " 1O+ 1) 72 (IVPel 3 + I VPullZ2),
where [ = 0,1,2,3. Here the energy &}(t) is defined by
h? !
M) = ||V (05, ms) |37t + ZHV’“galliﬁ,l + 5Z/Vkm5 VR psda. (2.12)
k=l

Due to the smallness of §, there are two constants C, and C*(independent of time) such that
OV 05D 151 + IV ms (D)1 Framt) < E/(8) < O IV 05(8) 51 + IV ms(O)lFas).  (2.13)
Now we establish the upper bound decay rate of solution (g5, mg) for the equation ([2.7)).

Lemma 2.3. Suppose that the conditions in Thearem hold on, then the smooth solution (o5, ms)
of equation ({2.7)) satisfy
5+21

IV 05 ()| g1 + V' ms(t) | gpat < C(L+6)" 7, (2.14)
where [ = 0,1, 2, 3.

Proof. We will take the strategy of induction to prove the estimate (2.14)) in the following. Taking
[ =0 in (2.11)), then we have

d _ _5
@53(@ + C(IVaslFs + IVmsllzs) < CA+ 1)+ CA+ 1) 2(IV%l 7 + IVull72).

We notice that the term £§(t) is equivalent to ||gs|%5 +[|ms]|%;4. Due to the fact that the dissipation
term ||V os|%5 + || Vms || %4 could not control the energy term &;(¢) in above inequality, we add both
sides of the above inequality with term ||(gs,ms)||32 to obtain

L4+ Closligs + Imsl)
dt a " (2.15)
<Cll(o5,ms)[32 + C(1+ ) + C(L+ )72 (| V203 + [|V7ul32).
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In order to estimate the term ||(05, ms) ()| 7.2, we utilize the Duhamel principle formula and estimate

(1.7) to arrive at
t
[1(es,ms)(t) 12 < / (1+ ¢ =) 3 (llg] 7" F(divS) | oo + [|divSh | 2)dr
0

t
5
< 14+t—7)"4(||S + [|divS dr
/0( )" (151l + (|divSe |l z2) (2.16)

t . ,
< C/ (1+t—7)"4(1+ T)_%d’i'
0
<C(1+1t)1,
where we apply Holder inequality, use decay rate (1.7) and take k = 1 in (3.4) to obtain

11l + [IdiviSa ][ 2
<CI(1+Queul + CIV(eu)llr + C|P(1 +0) = P(1) = ol + C|B - Bl 1

Vol?
| 'Quu OS]

1+
<C|I1+ oll =< l[ull72 + ClI Vel r2llull 2 + Clloll 2| Vull 2 + Cllell2 + CllBlI7

1
+C
”1+9

<Cl(e;w2[IV(e, w2 + Cliellzr + Cll(w, B)IIZ2 + ClI Vel Vel 2
+ ClIV(o,u, B)[ i (IVel g2 + [IV(u, B)|| 1)
-

+C|

= [IVellZ2 + ClIVSil| 2

<C(1+1t) 2.
Using ([2.15)), (2.16]) and equivalent relation (2.13]), one arrives at
d C

ZEW+ &) < CU+T2+CU+ 0™ +CU+ 0721Vl +11V7ullZ),

then we can get
¢ ¢
glt) < c/ e (1 4 1) "5 dr + c/ e (14 1) 3 (| V0l 2 + (| VPul |2 ) dr.
0 0
It is easy to obtain that
¢ . s
[ eEenasniar <carot
0

one can refer to [§] for the detail. In the sequel, we only need to deal with the term

t
C
[ e D@ TV + [9ulEdr
0
We claim the following estimate(which will be proved in Section ,
t
/ e 1) E (V0] + [ VPulf2)dr < O+ 075, (2.17)
0

Then we can easily obtain that

5
los(®) 15 + llms($)][ 774 < C(L+1)72.
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We now assume that the decay rate (2.14) holds on for the case k =1, i.e.,

5+21

IV 05 ()l 51 + IV ms ()]l ot < C(L+1)” (2.18)

for [ = 1,2. Then, we should verify that the estimate (2.14)) holds on for the case k = [+ 1. Indeed,
we replace [ by [ + 1 in (2.11)) to obtain that

d
2 () + CUNV' 2 05yt + [V 2ms[Fy-1)

(2.19)
<C(L+1)~C + C(1+ 1) F(|Val2p + IV%ul2,).
For some constant R that will be defined below, let us denote the time sphere(see [30])
R \}
2
So = eR3 ¢ < [ —— ,
: {5 < (157) }
it follows immediately
+2 2 I+1 R2 l 2
HV + ,Q&HH4 1 = 1 +tHV + Q5HH4 1 m”v 96HH4—15
. s (2.20)
||Vl+2m5|\H3 _— +t’|vl+lmé||H3 1 m”vlméHJ%ﬁ—b

By substituting (2.20)) into (2.19)), we can easily get

d CR
%&4—#1(75) + m(”leQdH?{H + [V | |3s0)
CR? 12 L2 —(5+1) —5 15 (12 5,112
S(l —|—t)2 (HV 96||H471+||V méHH?ﬁl) + C(l + t) + C(l +t) 2 (HV QHHI + ”V u||L2)

SCRY(1+1)""% +C(1+1) O £ 01+ )73 (|V0 0|3 + IV7ull22),
where we have used the assumption (2.18). Notice that the term 8l4+1(t) is equivalent to the norm

IV 05]|2,4 1 + ||V myg|2,5 1, hence, we obtain

d CR ,
%&H(t) + mng(t)

<CRY148)7"2 + 01+ 4 0+ 1) 5|Vl % + [|VPul2).

We choose R = C*(1 4 4)/C and then multiply the above inequality by (1 +¢)"** to obtain that

d _1 3
Lt +OMEL O] S OCU+8) 72 + C(L+ 12 (| V00l + [[Voul72). (2.21)
We claim that the following estimate holds on(which will be proved in Section ,

t
/0 (1+ )5 (V5|2 + [Voul2)dr < C, (2.22)

which together with (2.21)) yield directly

7+2l

Ent) <CL+1)”

10
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Then, due to the fact that the term SlJrl( ) is equivalent to the norm ||Vl+195|| at ||Vl+1m(;||H3 I
by integrating the inequality (2.21]) about time over [0, t], we obtain

7+2[
IV 051 Fpas + IV | Fe < C(1+ 1)
Thus, by the general step of induction, we have given the proof for (2.14]). O

Next, we give the energy estimate for the the magnetic field, we claim the following inequality
holds on(which will be proved in Section .

Lemma 2.4. For any smooth solution (gs, ms, Bs) of the equation (2.7)), it holds on

d
dt

for1=0,1,2,3.

[ IV'BsPde v [ (99185 de < €|, B) [~ |9, B) - (2.23)

Now, we will establish the upper decay rate for the difference of magnetic field between the

nonlinear and linearized parts in what follows.

Lemma 2.5. Under the conditions of Theorem the smooth solution Bs of equation (2.7) satisfies
IV'Bs(t)]l12 < C(L+6)7 5, (2.24)
where l =0,1,2,3.

Proof. We will take the strategy of induction to prove the estimate (2.24)) in the following. Similar
with the estimate for the term ||Bs(t)|/z2 obtained in [7], with the help of the Duhamel principle
formula and estimate ((1.7)), we have
t
1Bs ()]l 2 < /0 (1+t—7) ([ F(V x So)l|zo + [|VSa| p2)dr

t
< [art=n el + VS 2)ar

(2.25)
< C/ (A+t—7)"1(1+8) 2dr
<C(141)71,
where we have used the basic fact that
19221 + [[VS2| 2
<Cllu x Bl|p1 + C||V(u x B)||12
<Cllul| 2| Bllz2 + C||Vu - Bl 2 + Cllu- VB[
<Cllullz2[| B2 + Cl|Vul| 3] Bl s + Cllulls [V B 3
<Cllul| 2| Bl g
<C(1+t) 2
We now assume that the decay rate (2.24]) holds on for the case k =1, i.e.,
IV!Bs(t)|lp2 < C(L+8)" % (2.26)

11
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for [ = 1,2. Then, we verify that the estimate (2.24) holds on for the case kK = [+ 1. Replacing [ by
[+ 11in (2.23]), we can easily obtain that

d
o [IV BsPds v [ 9928 < O B) e I9 w B) R < OO+ O, (22)

where we used the decay estimate ([1.7). For some constant R that will be defined below, let us

denote the time sphere(see [30])
R \2
= R3 <|—
S {ée < (15) },

it follows immediately

R R2
V2 Bsl|7, > ?”VHlBéH%z - m”vl&”%% (2.28)

Substituting (2.28) into inequality (2.27]), which together with (2.26)), we can get

d VR
aﬂleB&H%z + mHVZHBcsH%Z’
<07RQ”
“(1+1)?

<C(1+t) G,

V'Bs||2, + C(1 + 1)~ C+D (2.29)

where we have used the assumption (2.26). By choosing R = (I + 4)/v and multiplying the above
inequality by (1 + t)!™, one arrives at

d _1
STV Bs 7] < (1 1),

then by integrating the above inequality about time over [0, ¢|, we obtain
IV Bsll7. < O(1+ )G,

Hence, we have verified that (2.24)) holds on for the case k = [+ 1. By the general step of induction,
we complete the proof of the lemma. O

Finally, we establish the lower bound estimates.

Lemma 2.6. Under the conditions of Theorem|[1.3, the solution (p,u, B) of equation (L.1) have the

following estimates
3+2k

IV*(p—1)®)||ze > C(1+t)" "7 , k=0,1,2,3;
IVEu(t) |2 > C(L+ )25, k=0,1,2,3; (2.30)

IV*B(#)|2 > C(L+ )%, k=0,1,2,3,

for all t > Ty, here Ty is a positive constant.

12
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Proof. Remember the definition
05 :=0— 01, ms:=m—my, Bs:=B— B
By virtue of triangle inequality, we have
loillrz = llo — osllrz < llollrz + llosl 22,
which, together with estimates and , yield directly
le@)llz2 = [lar(®)l L2 — [[es(E)] 22
> (14171 —Co(l+1)1
> C(1+1)71,
here C1, Cs and C are positive constants independent of time. Similarly, using estimates and
, together with triangle inequality, we also have
V% e(t)l12 > C1+8)" 5 k= 1,2,3
IVFm(t)]| 2 > C+1)" "5 k=0,1,2,3;
IV*B(t)|12 > CA+8) "%, k=0,1,2,3.
Finally, we establish the lower bound decay rate for the velocity u. We use the decay rate and
apply Sobolev’s inequality to get
IV ml 2 < IV¥ull 2 + [[V*(ou)]| 2
< IV¥ul g2 + lloll oo [V 0l g2 + [ull 1< [V el 22

942k

<|[VFulpz +C(L+1)" 1,
which, together with (2.6)), yield directly

IV¥ull 2 = [VEml 2 = CO+ 675 200+ % —CU+)7F 200+~ %

Therefore, we complete the proof of lemma. ]

2.2. Upper and Lower Bounds of Decay for Time Derivative

This subsection is devoted to establishing the lower bound for the time derivative of density, velocity
and magnetic field. Denoting ¢ := p — 1, Xi et al.[33] have rewritten (1.1]) in the perturbation form

as
8tg + divu = Gl,

h2
Opu — ppAu — (p + A)Vdivu 4 Vo — ZVAQ = Ga, (2.31)
atB —vAB = Gg,
where the function G;(i = 1,2, 3) is defined as
G1 = —odivu — u - Vo,
0 : P'lo+1) h? o
= —u-Vyu— —2_ (e _2 % YA
Go u-Vu Q+1(,uAu~|—(u+/\)Vd1vu) ( ) 1)Vo 1 Q+1V 0
h? |Vo|*Vo VoAp Vo-V?p 1
— — — + V x B) x B),
4((1+@)3 (1+0)? (1+9)2) 1+g(( ) x B)
(| G3 =V x (ux B).

13
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The initial data are given as

(0,u, B)(z,t)|,_o = (00, u0,Bo)(z) = (0,0,0) as |z|— oco. (2.32)

Now, we establish the upper and lower bound decay rates for the time derivative of solution
(p,u, B) in the L? norm. The lower bound decay rate for the time derivative of density, velocity and
magnetic field can be obtained by using the method in [7,[§]. Nevertheless, we still give the estimate
in detail due to the appearance of the quantum potential and magnetic field simultaneously.

Lemma 2.7. Under all the assumptions of Theorem the global solution (o,u,B) of equation
(2.31) has the following estimate

CL+1)71 < [|0o(t)|2 < CL+1t) 1
C(14+t)"3 < ||Bu(t)|| 2 < CA+t)3 (2.33)
CL+1)71 <o mmpgcu+w%,

for allt > T,. Here C is a positive constant independent of time.

o
[S I \

I
p

ISH]

Proof. At first, we establish upper bound of time decay rate for d;0, d;u and 9;B in the L? norm.
With the help of the equation (2.31]), we can easily obtain

10coll 2 < Clldivullzz + |Gl 2,

1Orull 2 < CllAu] 2 + C|[Vdivul| 2 + Cl[Vel| 2 + ClIVAe] 12 + |Gzl 2,

and
10:B||12 < C||AB|[2 + [|G]| 2.
By virtue of Sobolev’s inequality and time decay rate , we have
1G1ll2 < Clle- divull 2 + Cllu - Vol| 2
< Cllellz=lldivul[r2 + Cllull=[IVell L2
< Cll(e, w)l L= IV (0, )]l L2
<C(L+1) 2,

P'(1+p)

\mﬂpsmwvwg+ch§—wwm+mul+g

= )¥allz2 + Clly, Ve

ig(v « B) x Bl

<C|(e, U)HLOOHV(@ u)|z2 + CHQHLOO IV2ull 22 + Cllell L=Vl 2 + Cl[ Vel = [ V?ll 2
+ C||B|| 1=V B| 2

<C(1+1t)73,

(2.34)
and

1G5l 2 <C|IV x (u x B)| 12
<C||Vu- B|r2 + C|B - Vu||r2
<C||(u, B)| L=V (u, B)|| 2
<C(1+1t) 5.

14
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Then, we can easily derive that

|0s0ll 2 < C(1+1)71,

ot

10rull2 < C(L+1)74,

and
10:B|| 12 < C(141)" 7,

Next, we establish lower bound time decay rate for 9;u and ;B in the L? norm. Using the second

equation in (2.31)), we have
IVollzz < 0pull 2 + ClIVul 2 + OV Apll 12 + [|Gal| 2.
And hence, we get

18]l 2 > IV oll2 = Cl[V?ull2 — Cl[VAe| L2 = |Gz 2
>C(1+1t) "1 —CA+t)T—CA+t)"1—CA+1t)"3 (2.35)
>C(1+1)71,

for some large time ¢. Using the third equation in (2.31)), we have
|AB[2 < Cl|9: B2 + C[|G3]| 2
Then we have for some large time ¢,

10:B||z2 = C||AB|[z2 — C|Gs| 2
>C(l+t) 1 —C1+1)"2 (2.36)
> C(141)75.

Finally, we establish lower bound time decay rate for d;0 in the L? norm. In order to achieve this
target, we use the transport equation in equation (2.31)) to obtain

[divul| g2 < [|0cellr2 + |G1 ] z2-

Hence, we obtain

19voll 2 > [|divulzz — C(1+¢) 7. (2.37)
Now, we need to establish the lower bound decay rate for ||divul/;2. We can get
||divul|z2 > C||Vul|z2 — C||V x u|2 > C(1 + t)_% — C|IV X ul|r2, (2.38)

due to the differential relation A = Vdiv — V x Vx. It is sufficient to establish upper bound decay
rate for ||V x u||;2. To achieve this target, we apply the operator Vx to the second equation in

to get
O(V xu) — pA(V xu) =V x Gs.

15
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Using Sobolev’s inequality, uniform bound (1.6 and decay rate (1.7]), we have

P(1
[Gall +1Galls < Cllu- Vs + €l PPuls + Ol L~ )90l + Ol -Vl
[Vol’Vo VoA VoV 1
Cla——s C Cll=—r—3 Cll——(Vx B)x B
+ H (1 + Q)3 ||L1 + H (1 ¥+ Q)Q HL1 + H (1 n 9)2 ”Ll + H 1+ Q( X ) X HLl
+1Galz

<Cll(e; w21V (e, w)ll 2 + IV?ull 2 + Vel £2) + ClIV el 22| Vel
+C|Bllz2 VB2 + Cli(0, w)llz= IV (e, w)l 2 + Cloll e[| Vul| 2
+ Cllollz=lIVoellz2 + ClIVell= Vel 2 + ClIB| <[V Bl| 2

<C5(1+1t)73.
(2.39)

By virtue of the Duhamel principle formula and , we get
IV > ullpz SCL+ )75 (JATF(V x o) = + AT F(V x o) 2)
* C/Ot(l +1— 1) TH([ATIE(Y X Ga)|l e + AT F(V x Go)l|2)dr

<O+ 075 (Juolls + uol2) + € /0 Wt (Gl + [Gall2)dr (2.40)

<C(+06)(1+1t)"1+C6 /Ot(l Ft—7) 1(1+7) " 1dr

<C(6461)(1+1)71,
which, together with estimates and , yields directly

10coll 2 = C(L+1)"F —C(E+8)(1+)"T —C1L+1)3.
Then, by virtue of the smallness of § and §;, we have
el sz > C(L+1)73,

for some large time ¢. Therefore, we complete the proof of this lemma. O

3 Proof of Some Technical Estimates

In this section, we will prove the estimates which have been claimed in Section[2]. In other words, we

will establish the claim estimates (2.9)), (2.10), (2.17), (2.22)) and (2.23]) in the sequel. Even though

the proof process of several claim estimates below are similar to the claim estimates in [7), [§], we

still give proof in detail for completeness.
Proof of inequality (2.9): By multiplying the first and second equation of (2.7 by os and ms
respectively, we can obtain that

h2
57 (|95|2+|m5]2)da:+,u/]Vmg\Qda:—i-(u—i-/\)/\divmg\de—4/VAgg-mgdx:/Sl-Vmgda;.

16
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By virtue of the Taylor expression formula, it holds on
P(1+0) ~P(1)— o~ ¢
which, together with Sobolev’s inequality, yield directly
1512 < Cli(e,w, B)l[m2(IVellm + IV (u, B)||2),

here we have used the fact that P’(1) = 1 and the symbol ~ represents the equivalent relation. By
using integration by parts, together with the transport equation, it is easy to arrive at

1d 9
/VAQg-mgdﬂ?— —2dt/\Vg5\ dx.

Then, we obtain that
< osyma) |2+ [ Vesan) 4 ulomalizs + -+ Nl
dt 0O L g (3.1)
<Cll(e s B2V elZn + IV (u, B 2).

Applying the operator V¥ to the first and second equation (2.7), then multiplying both sides by
V¥os and VFmg respectively, it is easy to obtain for k = 1,2, 3, 4,

d ) h?
@Hvk(é’&ma)lliz + V¥ ms |20 + (1 + N VFdivms |2, — T /vmmgé - VFmgsdz (3.2)

<[|VFS1 2 | VE  ms | Lo

At first, we estimate the term ka+lAQ5 - VFmgdx for k = 1,2,3,4. Using integration by parts
and the first equation in (2.7]), we can obtain

1d
/VkJrlAg(; . Vkm(;dm = 5 / |Vk+1‘g5‘2dx. (3.3)

Now we give the estimates for |[V¥S1[|2,,k = 1,2,3,4. Indeed, we can easily apply Sobolev’s
inequality to obtain
IV* (1 + 0)u®u)ll2 < ClI1+ of| oo |l oo [ VFull 2 + [fullFoc | Vol 2
< CO A+ [[Vul ) Va1 V50, u) | 2
< C||Vull g1 [V*(0,u) | 2,
Similarly, we also have for k = 1,2, 3, 4,
IV** (o) g2 + [[V*div(eu)| 2 < C[V (0, )| 1 [VF (0, )| 2.
Due to the fact that P’(1) = 1, by virtue of the Taylor expression formula, we get
14+ 0) = P(1) = o) ~ oVe;
(P( (1) = 0) ~ VoVo+oV?s;
V3(P(1+ 0) = P(1) = 0) ~ VoVoVo + VoVio + oV
(P( (1) = o) ~ [Val* + [Vo*V? o+ VoV + [V?o| + oV'e.

17
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Then, we use Sobolev’s inequality to obtain for k =1, 2, 3, 4,
IV*(P(L+0) = P(1) = 0)ll2 < ClIVoll i1 [IV* 0| 2-

Next, we only have to estimate the terms ||V*(V/T+ 0 ® V/T + 0)| 12 for k = 1,2,3,4. Applying
Newton-Leibniz inequality, Sobolev’s inequality and Cauchy inequality, it holds on

IV*(VV/1+ 0@ VV/1+0)ll2

140 L
k k-l

<CZZ ”V 1+ )Vm_HQVk - m+1Q|| 5.
=0 m=0

<CIV*(5

For the case [ = k, with the aid of (1.14)), (1.15) and Cauchy inequality, one arrives at

IIV’“( )\VQ! >
§C||Vk9||L°°HVQ”LOOHVQ”L?

1 1 1 1
k 2 k 2 2 2
<CIV* ol 7. IV 2ol 2 l1V2el 2211 VPl 7 [ Vel 2
<C|Vol 2 IV**?0ll 2 + CIIV?el 12 V** o] 2.

For the case 0 < < k — 1, applying Newton-Leibniz formula, it is easy to see that

|Vol?

k—1
v <1+ iz
k—1k—I1-1
<CZHV VQVk Flollra +CY - Y IVY +Q)Vm“gv’“‘l‘m“9|!m
=0 m=1
=: Il +[2.

We deal with the term I; first of all. For the case [ = 0, we use (|1.15)), Holder inequality and
Sobolev’s inequality to obtain

H1+ -V oVFtg|| 12

<0l

vk‘—l—l

ol Vel IV s

<ClIVollmlIV**20ll 2.

For the case 1 <[ < k — 1, by combining the estimate obtained in [9] and Cauchy inequality, one
arrives at

IV (——)VoVF o2 < O Vol 12 VF 20l 12 + C| V20|l 2]V o] | 2.

1+

By combining above two inequalities, we get

L < OVl V¥ 0|2 + ClIVZ 0l 2 V* ol 2.

18
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Next, we estimate the term I5. For the case [ = 0, by virtue of the estimate obtained in [9], it is
easy to attain the estimate

k-1

1 _
> ”?g VTV ) 1
=1

k—1 h .
<O IVollZ. V20l 2] V¥ 0l 2
=1
k+2
<C|Vol g [V 0l 2,

where we have used the interpolation inequality (1.14)) as follows,

3 1 1
V20l 2 < Cl[ Vel 311Vl 72

For the case 1 <1 <k — 1, we use the estimate in [9] once again and Cauchy inequality to obtain

k—1k—I—1
Do D IVl V™l sl VT gl s

=1 m=1
<C|IVel 2 V¥ %0l 2 + CIV2oll 2|V ol 2.

By combining above two inequalities, it holds on
L < C|VolmIV**2 0l 2 + CIIV0ll 12| VF o 2.

Then, we deduce that

IV*(VVT+0® VT +0)ll2 < OVl V20l 2 + ClIVZ 0| 2 V¥ ol | 2
Thus, it holds on for k =1, 2, 3,4,

IVES1[ 22 <CIIV* (0, u, Bl (IVell 2 + 1V (w, B)llir) + ClIVell 1 V2 0]l 2

(3.4)
+ C|V20l| 2 IV** ol Lo

Which together with (3.2)), (3.3) and Cauchy inequality yields directly

d h? ,
2 IV o5, ma)llZe + 11V osll72) + pl VF mi T2 + (4 N[ VEdivms |72
<C|V*(o.u, B)lI31 (IV el 2 + IV (w, B)|[7p0)+ ClIVall7: [ VF* 20l 72+ AVl 72 VFH o] 7.

Therefore, we complete the proof of claim estimate ([2.9)).

Proof of inequality (2.10): By taking k(k = 0,1, 2, 3,4)—th spatial derivatives to the second
equation of (2.7) and then multiplying both side of the equation by V**1ps, it is easily to derive
that

h2
/ OVFmg - V1 psda + / |V o5 2da — T / VF Ay - VEH psda

= / (uVEAmMs + (u+ NV divmg) - VF gsda — / VrdivS) - VFH psda.
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Using the first equation of (2.7]), by virtue of integration by parts, it holds on
d
/Btvkm5 LV gsda = 7 /Vkm(; VR gsda — /Vkm(; -V, 05da
d
= / VFmgs - VE L osdx + / VFms - VF divmsdz
d
= /Vkm(; VR gsda — / |deivm5|2d:£.
After integration by parts, it holds on
/Vk+1A95 VFH psdr = — / |VE+2 052 dx.
Thus, by combining the above three equalities, we arrive at
d k k+1 E+1, 42 h? k+2 |2
pn Vims - Vi psdx + [ V¥ o) d:c+z V¥ 05) dx
= / |VFdiving|?da — / VFdivs, - VEH psda + / (uV*Ams + (u+ N V¥ divmg) - VEH psda,
which, together with integration by parts and Cauchy inequality, yield directly
d h?
o / VFms - Vg + / VE s + / V2 05%dx < C(IV* sl |72 + V51 72).

This and the estimate (3.4) implies (2.10)). Therefore, we complete proof of claim estimate (2.10]).
Proof of inequality (2.17)): It is obvious to obtain that

b oc, _s P o,
/oe DL+ )3 (VP F + [ VPullf2)dr < / e (Vo0 + 1VPul 72 )dr.

By multiplying the inequality (1.16)) with [ = 4 and m = 4 by e%t, it holds on

d

e el e
ST FLO]+ Ce (IVPlln + IVull2) < Cet™" Fi (),

then by integrating about time over [0,#], due to the fact that the equivalence of the term Fj(t) is
||V5g(7')\|12q1 + HV5u(7')||%2, one arrives at

t
Fi(t) +C/ =& (V0 0(n) |3 + [ VOu(r)|[3)dr
0
— St 4 ! — S (t—7) 4
SC@ c* .F4 (O) + C e C* .F4 (T)dT
0

t
SC’e*%t + C/ e*%(t*ﬂ(l + T)*%dr
0

9
2

<Ce &4 C(1+1)"
<C(1+1t)73,
here we utilize decay estimate ((1.7)), and we have used the fact that et < C (1 +t)7%
we complete proof of claim estimate (2.17]).

. Therefore,
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Proof of inequality (2.22)): Replacing [ by [ + 1 in (1.16) with m = 4, and then multiplying
both sides by (1 + t)l+%, we arrive at

d 3 3 1
@(1 + )R]+ CL+ )2 (V20| + IV Pl ) < C(L+ 1) 2R (1),

The integration of above inequality about time over [0,t] implies that
t
3
/0 L+ )2 (V203 + IV 2u(n) |20 )dr

t 1
<CFL1(0) + C/ (L+ 1) 2 7L (r)dr
0

5421

t
<C+ C/ A+m)t2(1+7) 2 dr
0
<C,

where we used the estimate F;'(t) < C(1+ t)‘# for [ =0,1,2,3. Therefore, we complete proof of

claim estimate (2.22)).
Proof of inequality (2.23)): Multiplying both sides of the third equation of (2.7) by V!B and

then integrating, we obtain for [ = 0,1, 2, 3,

1d

2dt/‘VIBJ‘de+y/|vl+lB6|2dxS ||VIS2||L2HVZ+1B6HL2- (35)

Using Sobolev’s inequality, we find
IV!(u % B)llz2 < Cll(u, B)|| | V' (u, B)l 2 (3.6)
Then using Cauchy inequality, one arrives at
d
G [19' B o+ v [ 199 Bsfdz < ), BY [~ |V (0, B) (37)

Therefore, we complete the proof of claim estimate ([2.23]).
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