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1 | INTRODUCTION

In the present paper, we consider the stationary magneto-micropolar fluid equations in R3, which consists of the following partial
differential equations:
—Au+ W -V)u+ VIl = yVXw+(b-V)b,
—yAw+ w-VYw=V(V - -w)+ yVxu-2yw,
—VAb+ - -V)b=(b-V)u,
V.-u=V-b=0,

where u = (uy,uy,u3), w = (W;, w,, w;), b = (b}, by, b3) and I1 denote the fluid velocity, the angular velocity of the rotation
of the fluid particles, the magnetic fields and pressure respectively. The positive constant y in (I) correspond to the angular
viscosity, v is the inverse of the magnetic Reynolds number and y is the micro-rotational viscosity. In this paper, we assume
that y=v=y=1 for simplicity. Equation (I)); is similar to the classical Navier-Stokes equations, but here it is coupled with
equations (T)), for w and (T)); for b. Equation (TJ), describes the motion in the macro-volumes as they go through micro-rotational
effects, represented by the micro-rotational velocity vector w. If the fluids have no micro structure, w vanishes and the system
(I) becomes a magneto-hydrodynamics system. Equation (I)); is the Maxwell system for the electric field. This model was first
introduced by Ahmadi and Shahinpoor. After that, Rojas-Medar? proved the local-in-time existence and uniqueness of strong
solutions in a bounded domain based on the spectral Galerkin method. Furthermore, Rojas-Medar and Boldrini® established
the existence of weak solutions to the model (I)) in a bounded domain and in particular, the uniqueness was also proved for a
two-dimensional domain. The existence of global-in-time strong solutions was addressed by Ortega-Torres and Rojas-Medar®.

After Galdi’s work in”, Liouville-type problems for the stationary fluid equations has been extensively studied and there are a
large number of works on the Liouville type-problems even to these dates (see e.g. 978919 and a review paper'l). Here, we shall
study some Liouville-type results under the assumptions with regard to the potential functions. We say that ® € L; (R3;R>?)
is the potential functions for the vector fields u € L}OC(IR3), if div® = u. In'4, Seregin obtained Liouville-type theorems for
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the steady-state Navier-Stokes equations under the assumptions that the potential ® € BM O(R?) and u € L5(R?), and in™ the
integrability condition for the velocity was dropped. After that, very recently, Chae and Wolf'# showed Liouville-type theorem
for the stationary Navier-Stokes equations under the assumption
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l/|d)—d>Br|5dx STVl <r <400
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for some 3 < s < +00, and similar results were proved for MHD equations in?. The first theorem of the present paper is the
extension of the result of 2. Here however, we shall adopt a different approach to control the pressure term by introducing an
auxiliary function and utilizing it as a test function. In specific, we first aim in this paper to prove the following Liouville-type
result.

Theorem 1. Let (u, b, w,II) be a smooth solution to the equations (I). Assume that there exist potentials ®,¥,Y €
C®(R*R™¥) suchthat V- ® =u, V- =5b,V-Y = wand

|;r|/|‘b‘q’3,|sdx . l;rlf"l’—‘l’B(r)de + “;rl/|Y—YBr
B B B

N 1 1

dx| <cri s, r>1 2)

r r r

forsome 3 <s<6.Thenu=b=w=0.

Remark 1. In the case of w = 0 Theorem [l reduces to/l> Theorem 1.1

Later, Zhang et. al. 1% proved that if smooth solutions of the stationary MHD equations are bounded in % (R3) and have finite

Dirichlet integral, then they are also identically zero. After that, Schulz'” obtained the Liouville theorem for this equations
provided that the smooth solution (u, b) are contained in L?(R3) n BMO~'(R?) with p € (2, 6]. Recently, Yuan and Xiao'®
proved that if smooth solution (1, b)) € LP(R3) with2 < p < g, then u = b = 0. In this direction, the second objective of this
paper is as follows.

Theorem 2. Let p € [2, g). Assume that (u, b, w,II) is a smooth solution to the equations @) with u, b,w € LP(R?). Then
u=b=w=0.

Furthermore, parallel to the result of Liu and Liu", we shall also prove the following theorem.

Theorem 3. Let p € [1, %). Assume that (u, b, w, 1) is a smooth solution to the equations (I)) with u, b, w € LP(R?) satisfying

lim, u(x) = lim, o, b(x) =lim_, w(x)=0.Thenu=b=w=0.

—00

Remark 2. Even if we consider the model with the variable density, that is, density dependent models, Theorem T} [2] and [3]still
hold under suitable additional assumptions (see, for example,?).

Remark 3. In the light of the work of Liu and Liu!®, through the similar approach, we can also obtain the Liouville-type results
in Lorentz spaces (see e.g.2021),

2 | PRELIMINARIES

In this section, we introduce some notations and auxiliary results which will be used throughout the paper. We denote the ball
with center x;, and radius R by Bg(x,). If x, = 0, we simply write By = B(0). Throughout the paper, the notation P < QO
implies that there exists some constant C > 0 such that P < CQ. Also, C denotes a generic positive constant, which may change
at each appearance.

Let us also define a family of cut-off functions. For 0 < r <+, we let & = &, , € C(B,,) be a radially non-increasing scalar

function such that
I, x€B,
&) = 3)

0, x€ B¢,
.

with the properties |VE, .| < C,/(r' —r), and |V?¢, .| < C,/(r' — r)* for some constant C;, C, > 0.

rr!
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Next, for a bounded domain Q C R3, we consider the following problem: for given f € LP(Q) with

/ f(x)dx =0, “)
Q
find a vector-valued function v € VVOI”’ (Q)? satisfying
V-v=f,
®)
IVoll, < ClIfIl,

for some constant C = C(d, p, Q). For this matter, we have the following theorem which is quoted from®.
Theorem 4. 5 Theorem 3.1 Agqume that Q satisfies the cone condition. Then for given f € LP(Q) with 1 < p < o satisfying

(@), there exists at least one solution for the problem (3)).

We will use this result to construct an auxiliary function to control the pressure term in the next section. We will also use the
following iteration lemma frequently in our analysis.
Lemma 1. 22 Lemma3.1 ] et £(r) be a non-negative bounded function on [ry, ;] C Ry,. Suppose that there exist non-negative
constants A, B, D, E and positive numbers d < b < a and a parameter 6 € (0, 1) such that forany r, < s <t <ry,

A ,_ B D
(t=s) @-9" @-s)¥

fl)<0f(@0)+

Then we have
A, B ., D Lk
(t=s)7 (t=sP (t-s)

We shall also use the following lemma for the proof of Theorem [I]

f(s)<C(a,b,d,0)

Lemma 2, 3 Lemma2.landLemma 2.2 §yppose that R > 1 and f € W!2(Bg;R?). For 0 < p < R, we let y € C®(By) such that
0 <y < land |Vy| < C/(R - p) for some constant C > 0. Assume further that there exists the potential F € W22(Bg; R3*?)
with V- F = f and the growth condition

1

s

1 /|F—FB‘sdx Sr%_]?, r>1
|B,| ,
Br
for some 3 < s < 6. Then there holds
u_1 u_2 _
w2 3ap,) S R MWV S 208, + R3T5(R = p)7 (6)
and
3003 T 4-3 -3 “1y1,..2 £
1 F s, S RIWV IS+ RT5R= )7+ R(R=p) 7w flli20,) - 7)

3 | PROOF OF THEOREM 1

Let @y be a cut-off function in CC"°([R3) givenby g =¢, forl < g <p< %R < R < 7 < 2R. We begin with some estimates
for the terms related to w. By using the Holder and Young’s inequality, we note that

- / V(V - w)(wer) dx = / (V- w)V - (we3) dx

R3

RS
=/|V-w|2(p§dx+2/(V-w)wqu-q)Rdx
R? R?

/(V CW)WER - prdx

2/|V-w|2(p§dx—2
RS

R}
2/|V-w|2(p§dx—s/|V-w|2(p§dx—C(£)/|w|2|V(pR|2dx.
R3 R3 R3
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Next, using the vector identity V X (u(p%{) = (p%V Xu+ V(p%z X u and Young’s inequality, we also note that

/wa~u(pidx+/v><u-w(pidx=/w-Vx(u(pi)dx+/V><u-w<pidx
R3 R3 R3 R3

=2/w(p§-VXudx+2/w-(pRqu><udx
R3 R3
2 2 2 3 2 2
< 3 |Vul“pp dx + > |w|“ @y dx
R3

R}
+e/|w|2(pidx+C(£)/|u|2|V(pR|2dx.
R? R?

Before proceeding more, we introduce an auxiliary function which is needed to handle the pressure term. We set Q = B, \ B,
and f = @gu. As we know by Green’s Theorem that

/ V-(q)Ru)dx:/gou-vdx:O,

B,\B, 0B,
we can apply TheoremE|t0 show the existence of vector-valued function Wj, € I/VOLI’ (B, \ B,) satisfying
V-Wg=V-(pgu) in B,\ B,
with
IVWellsany S 1Y@k ull s s ()

Now, we multiply the equations (I),, (I}, and (I); by u(pi - Whg, b(p% and wq)f{, respectively and integrate over R3. Then
integration by parts with the use of divergence-free conditions yields that

/(|Vu|2+|Vb|2+|Vw|2)¢§dx+/|V-w|2<p§dx+/|w|2¢§dx
R3 R3

R3
5/(|u|2+|b|2+|w|2)|quR|2dx+/(|u|2+|b|2+|w|2)u-(pRV(dex
R3 R3
+/Vu-VWRdx—/(u-V)u-WRdx—/(b-V)b-WRdx
R3 R3 R3
+/wa-WRdx+/(u-B)(B-V)¢§dx )
R3 R3

where we have used the above estimates. We shall estimate the terms on the right-hand side of (9). First, by (8), Holder’s
inequality and Young’s inequalities we have

1 -
/Vu - VWrdx < ”V“”LZ(BT)”VWR||L2(BT) < Z“V”“izwr) +C(t—p) 2||”||iz(37\3ﬂ)-

R3

Next, by (8) and Holder’s inequality, we obtain
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/(u Vu - Wrdx = Z / u0u;(Wg); dx = — Z / uu;0;(Wg); dx
R3 " B\B, "/ B\B,
/3

2
< /|u|3dx /|VWR|3dx

B.\B, \Br
2/3

1/3

1/3

<(r-p! /|u|3dx /|u|3dx
B.\B, -\ B
S@-p7! / |ul? dx,
BT\B,,

and similarly, we get

/(b- V)b Wrdx S (z—p)~! / |6]3 dx.
R3 B\B,
Furthermore, note that

1 -
/ VXw-Wg< ”w”LZ(BT)”VWR”LZ(BT) < Z”w”iz(lgz) +C(t—p) 2”””%2(31\3‘7)'
R3
Finally, by Holder’s inequality and Young’s inequality, we note that

/(»:-b)(b-widxs / Wl 1BIV el dx < (z = )" / (Juf* + B) dx.
R3 B.\B, B\B,
Altogether, we obtain from @]) that
/(|Vu|2+|Vb|2+|Vw|2) dx+/|w|2dx
B

B

Se=p? [ (PP 4 0l) ave = o [ (10 + ) ax
BT\BP BT\Bﬂ
+i/(|Vu|2+|Vb|2+|Vw|2) dx+i/|w|2dx.
B B

T T

Then by Lemma[I] we conclude that
/ (IVul* + |Vb|* + |Vwl|*) dx +/ |w|* dx

B B

SE=p [ (P 1oP + fwR) dxt o= p) [ (1l 4 158 + o) ax (10)
B,\B, B,\B,
Before proceeding further, let us briefly describe the strategy of the proof. We set 7 = 2p for convenience and we shall firstly
show
p! / (lul + 16 + |w>)dx - 0 as p - oo. (11)
By,\B,

For the remaining part in (I0), by the Holder’s inequality, we note that

Y .
p? /(Iu|2+|b|2+IWI2)dXSp ! /(Iul3+lbl3+IWI3)dX

B,,\B, B,,\B,
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Hence, if we show

p! / (lul® + 16 + w0 dx < C, 12)
B,,\B,
for some constant C > 0, we can get
p? / (lul?> + 1b)* + |w|>)dx = 0 as p— oco. (13)
B,,\B,

Due to (TT) and (T3], we have from (T0) that

/(|Vu|2+|Vb|2+|Vw|2)dx—>0 as p — o0,

B,

which implies that u, b and w must be constants. Thanks to (]E), we finally conclude thatu = b = w = 0.
As described above, we first aim to prove (TI). Recall that R > p > R/4 > 1 and set y = $or — p/ar/4- BY Lernma we

have from Young’s inequality that
9

3 e 4-2 -3 —2pd-l 4.2 —4) 56
lyul dx S RllyVall 7, +R7T5R = p)7 + R((R = p) 2Ry Vall 25, + RT (R = p)

Br

_3 u_2 _a\ —
<R||qu||;6(B)+R4 (R P77+ R(lwVull oy + 05 (R=p)7H) .

By taking p = 2r and R = 4r for r > 1, we deduce that

ELE 3
—1 3 < 5+6 —;
r / lul”dx < IlvullLZ(B4,\B,,2) +r 5. (14)
B, \B,

Similarly, we can also obtain

18 _§
1 / (1B + [wP) dx < <||Vb||g;(3 g IV ||g;(34\3/2))+r (15)

B, \B,
Next, we shall show that
/ (IVul* + |Vb]* + |[Vw|?) dx < C, (16)

R3
for some constant C > 0. We set R > p> 1 and R = (R + p)/2. If we take ¢ = épﬁ as a cut-off function and proceed with the
same argument used to derive (I0), we obtain that

/(qu|2+|Vb|2+|Vw|2) dx S (R-p)2 / (lul* + [B]* + |w]?) dx + (R — p)™! / (lul® + 6] + |w]?) dx
B, Bi\Bﬂ BE\B‘,

And then we set y = &z . Thenas y =1 on B(R), we note that

/(|Vu|2 +|Vb|? + |Vw|H) dx < C(1, +1,),

)
where
[ = (R—p)‘z/ (lyul® + lw?b]* + ly*w|?) dx
BR
and

=Rt [ (Wl + 0P + ) ax
B
Then by Lemma 2] together with the assumption (2)), and Young’s inequality, we have that

3 _ _ _ 18
(R=p) / ly’ul® dx < CR(R ~ p)” 1||qu||;;<,3)+0124‘»r<1e—p>“+CR(R—p) HR= o) v ull 2p)

By

1 s+6 _st6
< Iy Vulll gy, + CRE (R = p) 7 + 1.
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In the same way, if we proceed with the above argument for b and w, we obtain

L < %/(wuﬁ + VB2 + [Vw|?) dx + CRS(R = p) ot +1,.
BR

Next, for I, using (), we have by Young’s inequality that

(R-p)2 | wPul?dx < CRS (R = p)2[lyV CRY™:(R—p)™
p) ly“ul"dx < CRs ™5 (R—p)“llyVull 2, + CRZ (R = p)
BR
< CRY(R = p)lly Vull pop,y + RYR = p)7*

1 _
S Z”WVL{H%Z(BR) + CR4(R - ,0) 4.
If we use the same method with b and w, it follows that

I, < %/(|Vu|2+ |Vb|* + |Vw|?) dx + CR*(R - p)~*.
BR

Collecting the estimates for I; and I, yields

/(|Vu|2+|Vb|2+|Vw|2) dx < %/(qu|2+|Vb|2+|Vw|2) dx+ CRS(R = p) 3,

B, By

where we have used the facts R(R — p)~! > 1 and 3 < s < 6. Then applying Lemma gives us the estimate

s+6

/ (IVul® + |Vb]* + |[Vw|?) dx < CRER - p) 5.

B,

If we take R = 2p and let p — oo, we obtain (I6), and hence from (I4) and (I3), we conclude that (TT)) holds.

It remains to show (I2). By direct computation we observe that
(s8]
r-l/(|u|3+|b|3+|w|3) dx =)' 277! / (lul® + 167 + [w]*) dx
B, =t By--1,\By-i,

< sup p! / (|u|3+|b|3+|w|3) dx

1/2<p<r/2
B),\B,
+/ (lul® + 18] + |w]?) dx.
Bl

Therefore from (TT)) we have (12)), and consequently, we deduce that the convergence (T3] holds.
Now we are ready to conclude u = b = w = 0. From (I0) together with (TT)) and (T3)), we have

/(|Vu|2+|Vb|2+ |Vw|2) dx -0 as p — oo,

B,

which means that u, b and w are constants. By (]E), we finally obtain thatu = b= w = 0.

4 | PROOF OF THEOREM 2

From () in the proof in Theorem [I] we know that
/(|W|2+ [VB|* + |Vw|?) dx

B,

S@—p)7 / (1ul* + 16 + |]?) dx + (z = p)”! / (lul? + lul [BI? + [ul[]?) dx
B\B, B\B,
In order to deal with the right-hand side of (T7), let us consider two cases as follows:

a7
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(Casel) p € [3, g): Then we have by Holder’s inequality,

/(|Vu|2+|Vb|2+ IVwl?) dx S (z = )N, b )17, )+ (@ = ) I b )l

B,

e [ 0] A s [N H

where we have chosen 7 = 2p. Hence if we let p — oo, we have

/(|Vu|2+|Vb|2+|Vw|2) dx =0. (18)

[R3
(Case 2) p € [2, E)' For this case, let us consider a non-negative cut-off function 0(x) = &, ,z(x) — &r p(x) with || VO|| ;e S
: ,

max{ }. Note that by the interpolation inequality,

R92R

lloll w017, s, S Nl IV(w9)I|

L*(B,\B,) ~ | L4(R3) LZ(R3)| L2(R3)

. <||<Vw>a||Lz(R3) g ||w<ve>||L2(R3)>

1
~llwlle<B b (IIVwIIm b R "wllesz\Bm))
2

p IIWII IVw

L2(Byg\Bg/2) ||L2(BR\B R ” ||L2(BZR\BR/7)

And thus, by Holder’s inequality and Young’s inequality,

-1 2 -1 2
(z =) / julliwl? dx S (0 = o) Nl s 100 5
BT\B‘7
1
S@-p) ||u||Lz<BZR><|| Ile(B L )>

T-p" —p)!

—4
Therefore, we have
1
/(qu|2 +|Vb|* + |Vw|?) dx < y / (IVul* + |Vb|* + |Vwl|?) dx + — ||(u b, w)||L2(B Y
B/J Byr
C C
+( )4 “(u b w)”LZ(B ) ( _p)Rz ”(u b w)”LZ(B )
1 1-8
< / (IVul®> + VB> + [Vewl?) dx + CR 7 ||, b, )75,
BZR

2-2 3
+ CR B ”(u b w)”Lp(B )+ CR » ”(U, b’ w)lle(BzR)
If we apply Lemmawith f(r) = [, (IVul* + |Vb]* + |Vw|?) dx, we get
-2
/ (I9ul? + Vb + Vel dx $ R' ., W75, + . W55, + R 71 b, w505

Bg/»

If we let R — oo we can immediately find that

/ (1Vul® + |Vb|* + |Vw|*) dx = 0,

R3
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which implies that u, b and w are a constant vectors in R>. Since u, b, w € LP(R3) for p € [2, g), weconcludethatu=b=w =0
in R3.

5 | PROOF OF THEOREM 3

We first recall the fact that any continuous functions vanishing at infinity must be bounded; thus, from the assumption of the
theorem, we have u, b, w € L®(R3). From @I) in the proof in Theorem |1} we know that

/ (1Vul® + |Vb|* + |Vw|*) dx

B,

S@=p? [ (P4 10R 4 0P) dxt = [ (10 + ) ax (19)
BT\BP BT\BP

In order to control the right-hand side in (T9), let us consider it in two cases as follows:
(Case 1) p € [1,3/2): We note that with the choice 7 = 2R and p = R,

2 2 -2 1-3
(t-p) / lul“dx S (r = p) " Mlull Lors) / luldx S R 7 llull 1op,,)-
B\B, B\B,

And thus, with the same arguments for b and w, we get

_ 1-3
(e —p)? / (Juf? + 1B + [w0]?) dx S R 7 1t b, ) s, -
B\B

7 \Pp

For the second term on the right-hand side of (T9),

- _ 2-3
z=p" / lul* dx < (z = )7l o / lul dx S R 7 [lull 1o,
B,\B B,\B

T \Pp 7 \Pp

and similarly for b and w, we have

_ -3
-p" / (lul® + 16 + [w*) dx S R [|(u, b, w)ll 1o(p, - (20)
B.\B

\%p

(Case2) p € [%, g): In this case, we note that

3
2 2 o N=20,,011/2 2 -2 3
(r—p) /|u| dx S (7 =) llwll o s / lwlzdx s R >llwll,g
Br\Bp BT\BP

and in the same way for b and w, we have

(t-p7* / (lul? + 16 + |wl?) dx < R |, b, w)ll 5. -
BT\BP

For the second term, in a similar way, we also get,
-1 3 1 2 1-2
=t [ WPax s =l [ xS R il
B,\B, B,\B,
which directly implies that

_ 1-3
c-p" / (lul® +16P + [w]*) dx S R [1(w, b, )]l 1, - (1))
B,\Bl,
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Collecting (20) and (21)), we have

1

_3 -3 3
(R r+ R p)”(”? b9 w)”Lp(BZR)’ p € [1’ 5),

(IVul* + |Vb]* + [Vw|?) dx < 9 9 st
B/ (R + RTD)|wb,w)lle, . pEZD.
R

If we let R — +oo in the above estimate, we can immediately find that

/ (IVul* + |Vb]* + |[Vw|?) dx =0,

R3

which implies that u, b and w are a constant vectors in R3. As we know u, b, w € LP(R?) for p € [1, ;), we finally conclude that
u=b=w=0inR3.
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