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1 | INTRODUCTION

In the last few decades, the field of fractional calculus has obtained significant popularity and influence due mainly
to its practical applications in many areas of engineering and sciences. On the work of 1219819 the reader can refer to
important sources of various applications and examples in aerodynamics, chemistry, physics and thermo-elasticity. In
recent years, there has been a rapid evolution in the theoretical features, for example asymptotic behavior, periodic-
ity, controllability, observability, and many others.

Analogical to the qualitative particular of the non-integer and fractional differential equations, the generation of the
Lyapunov theory, fixed point theory and the Mittag-Leffler function allows to construct many and remarkable results
in the stability, the exponential stability, and the Mittag-LefHler stability@4:/0/ a0k 00 3 4612012 [E24125126127028] T deed,
Authors in¥ have studied a converse Lyapunov theorem for the notion of uniform practical exponential stability of
parametric differential equations in presence of small perturbation. In®, Abdellatif ben Makhlouf has described the
stability with respect to part of the variables of nonlinear Caputo fractional differential equations. On the other hand,
the authors in® have introduced a practical Mittag-Leffler stability for fractional-order nonlinear systems depending
on a parameter. In addition, authors in™ has introduced a smooth solutions to the mixed-order fractional differential
systems with applications to stability analysis. Furthermore, Boulbaba Ghanmi in!4 has studied the practical expo-
nential stability result for impulsive dynamic systems depending on a parameter.

To the best of our knowledge, there is no works in literature treats the same subject on the fractional-order nonlinear
systems.

In the present paper, the notion of partial practical asymptotic stability of nonlinear fractional-order systems depend-
ing on a parameter is introduced and described. Such stability ensures the convergence of a part of the solutions
towards a ball containing the origin of the state space as the radius of the ball can be made arbitrarily small. The main
objective of the work is to investigate the partial practical stability of nonlinear fractional-order systems depending
on a parameter by using the Lyapunov techniques. Precisely, sufficient conditions are given to ensures the partial
practical stability of such systems.

The present paper is organized as follows. In Section 2, some necessary definitions and Lemmas are presented. In
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section 3, some sufficient conditions on practical stability of nonlinear fractional differential equations are given. In
section 4, some classes of triangular fractional systems are studied in point of view of stability. Three examples are
provided in Section 5. Finally, in Section 6 some conclusions are given.

2 | PRELIMINARIES

In this section, some notations and preliminaries results are introduced.

Definition 1. ™Y/ Given an interval [a, b] of R, the Riemann-Liouville fractional integral of a function z € L!([a, b])
of order a > 0 is defined by

t
1
It —1_‘—/75—7'0‘1 T)dr, t € a,b],

where I' is the Gamma function.
For a = 0, I? := I, the identity operator.
Definition 2. ™' Given an interval [a,b] of R, the Caputo fractional derivative of a function x of order a > 0 is
defined by
DS a(t) = I x (), t€ [a,b],
where 0 <m —1< a<m.

When 0 < a < 1, then the Caputo fractional derivative of order « of an absolutely continuous function z on [a, b]

reduces to .

pg a(t) = ﬁ/(t—ﬂ oy/(r)dr, € [a,b]. (1)

to
Lemma 1. X' Let o € (0,1) and P € R" " a constant, square, symmetric and positive definite matrix. Then the

following relationship holds )
3 CDtao’t(acT(t)Px(t)) <z ( )P CDtO x(t), t>to.
Definition 3. ™0 The Mittag-Leffler function with two parameters is defined as
Lk
Ea5(z) = 1;) m,

where o > 0, >0, z € C.
When 5 =1, we have E,(2) = Eq1(%).

We consider the nonhomogeneous linear fractional differential equation with Caputo fractional derivative
D a(t) = Az +h(t), t > to
x(to) = Xy-. (2)
The problem has been studied by Kilbas et al.1” (see pp. 295, (5.2.83)), and its solution has the form
¢
x(t;to, x0) = zeEa(A(t —to)%) + /(t —8)* 1 EBy.a(A(t — 5)*)h(s)ds. (3)
to

Lemma 2. ® If one sets h(t) = d in with a constant d, then the solution reduces to
1‘(t; to, xo) = LL‘oEa()\(t — to)a) + d(t — to)aEa’a+1()\(t — to)a). (4)

Lemma 3. %3 For 0 < a < 1, we have E,(—t ) is nonincreasing in ¢.
Lemma 4. ®Let 0 < a < 1 and |arg(\)| > Z&. Then, one has

. . 1 1 1
t*Baa1 (M%) = =3 = Tl — )2 S

)ast—)oo.
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Definition 4. A continuous function @ : R, — R, is said to belong to class K if it is strictly increasing and
1(0) = 0. It is to belong to class Ko if in addition lirﬂ Y(s) = +o0.
S§—>+00

Lemma 5. U If 1) € K, then for all a;,as € Ry, we have

Plar + az) < 9(2a1) + 1(2a2). ) o
Lemma 6. 1 For all p > 1 and a,b > 0, we have (a + b)? < 2P~1(a? + bP) and (a + b)? < (a? +bP).

3 | PARTIAL PRACTICAL STABILITY

Consider a parameterized family of fractional differential equations with a Caputo derivative for 0 < o < 1 having
the following form:

C‘D%,tx(t) = f(t,$75), t Z tOy (5)
re€R", x=(y,2) , yeR™, z€ R, m>0,
with initial condition z(tg) = zo = (Yo, 20), where a € (0,1), to € Ry, e € R} and f(.,.,¢) : R4 x R — R".
Suppose that f(.,.,&) is smooth enough to ensure the existence and uniqueness of global solutions for each

initial condition (tg,z¢). Some sufficient conditions for the existence and uniqueness of global solutions
ze(t;to, o) € Clto, +00) N Ct(tg, +00) are given in*H2243,

Definition 5. The fractional-order system is said to be

(i) e*-practically uniformly stable with respect to y, if for every ¢y > 0 there exist ¢; > 0 and £ €]0,e*] such that
for all tg € Ry, for all ¢y € R™ with ||zo]| < ¢1 and for all € €]0, €], ||y (t; to, xo)|| < c2 for all ¢ > t.

(ii) e*-practically uniformly bounded with respect to y, if for every ¢; > 0, there exist ¢co > 0 and € €]0,e*] such
that for all tg € Ry, for all g € R™ with ||zo| < ¢1 and for all € €]0, €], ||y (¢; to, zo)| < co for all t > t.

(iii) e*-globally uniformly practically attractive with respect to y, if for every ¢; > 0, ¢a > 0 there exists T > 0 and
€ €]0,&*] such that for all t; € Ry, for all xy € R™ with ||x|| < ¢1 and for all £ €]0, €], ||y:(t; to, z0)| < c2 for
allt >t +T.

(iv) e*-practically globally uniformly asymptotically stable with respect to y, if it is e*-practically uniformly stable
with respect to y, e*-practically uniformly bounded with respect to y and e*-globally uniformly practically
attractive with respect to y.

(v) e*-practically uniformly Mittag Leffler stable with respect to y, if for all 0 < ¢ < e* there exist positive scalars
K(g), A(e) and p(e) such that:
b
e (8 to, 20) | < [K(e)m(0) Ea( = AE)E — t0))] + ple), W22 10 20, (6)

with b > 0, p(¢) — 0 as € — 0T and there exist K, A1, Ay > 0 such that A\; < A(e) < A2, 0 < K(¢) < K for
all € €]0,¢*], m(0) =0, m(x) > 0 and m is locally Lipschitz.

Theorem 1. Let €* > 0. Assume that for all 0 < ¢ < &*, there exist a continuously differentiable function V. :
R, x R — R, a continuous function p: Ry — R, class K functions «;, (i = 1,2) and positive constants scalar
a1(€), az(e), r1(e) and ry(e) such that

L.
ar(e)ar(|lyll) < Va(t, z) < as(e)as(|wl]) +r1(e), V&= 0, = € R™. (7)

CD%,tV;:‘(tvxs(t;tme)) < M(t)’f’2(€)7 vt > tOv (8)

where w = (21,29, ..., 2x), kK € {m,m +1,..n}.
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with

o Ve €067, 0 < 2 < K, where K > 0.

—

¢
ol /(t — 5)* ! p(s)ds is a bounded function.
0

e d(e) — 0 as ¢ — 07 where
(r1(e) + Mra(e))

al(e)

d(e) =

)

with
t

M = sup/(t — ) u(s)ds.

t>0

Then, the system (5] is e*-practically uniformly stable with respect to y.
Y

Moreover, if a; € Ko, (i = 1,2), then, the system is e*-practically uniformly bounded with respect to y.

Proof. Let ¢ > 0.
We consider ¢; > 0 and € €]0,£*] such that

az(cr) < a;([c(g)

and
71 (E);(::Q)(8)M 041(262), Ve E]O,é].
It follows from and that
Ve(t, z(t; to, x0)) < Ve(to,xo) + Tg(s)ﬁ /(t —5)* u(s)ds
< ax(©az(lzoll) + r1(e) + ra(e)M.
Then,
et to o)) < 22 g + 12O

< Kas(cr) + 1(e) ;(rgz) (e)M

< 041(62), Yt > to.
Thus,

lye (s to, zo)|| < c2, VE > to.

Therefore, the system is e*-practically uniformly stable with respect to y.
Considering now the case where o; € Koo, (1 = 1,2).
Let d; > 0.
We consider £; €]0,¢*] such that
r(e) +raE)M <1, Ve €]0,¢4].
a1(e)
In this case becames :
o1 (([lye (5 2o, o)) < Kaa(dy) + 1.
Then,
||y5(t;t0, $0)|| < afl(Kag(dl) + ].), YVt > tg.

Hence, the system is e*-practically uniformly bounded with respect to y.

(10)
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5

Remark 1. For the e*-practical uniform boundedness of system , it suffices to take the condition d(e) — 0 is

bounded on (0, £*] instead of the condition liH(l) d(e) =0.
E—

Theorem 2. Let €* > 0. Assume that for all 0 < ¢ < &*, there exist a continuously differentiable function V. :
R, X R™ — R, a continuous function u : Ry — R, class Ko functions «;, (i = 1,2) and positive constants scalar

a1(€), az(€), as(e), r1(e) and ra(e) such that

1.
ar(e)ar((lyll) < Ve(t, z) < az(e)ax([Jw]]) +71(e), ¥t 20, x € R™.
2.
DR Vet 2 (t) < —ag(e)as([lz (b)) + p(t)ra(e), Yt > to,
where w = (z1, 29, ..., 2x), kK € {m,m +1,..n}.
with

o Ve €]0,e%], 28 > cand 0 < 29 < K, with ¢, K > 0.

? az(&) al(s) -

¢
ol /(t — s)"‘*lEaﬁa( —c(t — 5)a>u(s)ds is a bounded function.
0

e d(g) — 0 as e — 0" where
(a2(e) + Mas(e)) M
a1 (€)as(e) +r2(e) a1 (e)

d(e) =r1(e)

with, M = M; + M,, where

My = sup (SQE%QH( - csa))
s>0

and

t

My = sup/(t — 8)“71Ea,a( —c(t — s)O“)u(s)ds.

t>0
Then, the system is e*-practically globally uniformly asymptotically stable with respect to y.
Proof. From equations and we give :

Dy Ve(t, ze(t o, 20))

Vit (b to,20)) + E) r1(€) + ult)ra(e)
a2 E)

IN

< —cVe(t, 2 (t;to, o)) + p(t)l(e), Yt > to,
where p(t) = (14 p(t)) and I(e) = rl(s)gg—gg + ra(e).
Let
M () =C D%’th(t,xE(t;to,xo)) + VL (t, x(t; to, o))
Then,
Vo(t, (£ to, 20)) = Ea( — ot — to)*) Ve(to, 20) + /(t = )" Eaa( = clt = 5)* ) M(s)ds
< Bo( = c(t — to)*) Ve(to, zo) + 1(e) /(t — s)‘“lEa,a( et — s)”‘)p(s)ds.
Thus, O

Ve(t, ze(t;to, w0)) < Eo( — c(t — to)*) Ve(to, zo) + Ml(e), V t > to.

(14)
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By , we get

041(||ya(t;to,ﬂ?o)||) <

Using Lemma [3] we get

al(a)

ag(E)
a1 (E)

ot (Il (8 to, 20) ) < S255 B (= elt — to))aalao]l) + efe).

It follows from Lemma [I1] that

Iyt to, z0)l| < a7 (2K B (= clt = to))az(llzoll)) + a7 (2¢(2))-

Now, we will prove that (i), (74) and (¢i7) are satisfied.
Let ¢ > 0.
From , we get

Iyt to, o) | < a7 (2Kas(lleol)) + a7 (2¢(2)).
We have
. -1 .
}1_% o7 ' (2Kaz(r)) =0,
and
lim o " (2¢(e) = 0.

e—0
then, there exist ¢; > 0 and € € (0,¢*] such that

_ C
o (2Kas(|lzoll) < 5 ¥ Jlzoll < e

and
a7 (2c(e) < %2 Ve e (0,8).
Then,
llye (t;to, zo)|| < c2, Yt >to, ¥V |zol|l < c1, Ve € (0,€).
Hence, (i) is satisfied.
Let dy > 0,
We have
lim a7 (2¢(e)) =0,
then, there exists £; > 0 such that
ai ' (2e(e)) < 1, Ve €(0,8).
We have
o' (2K as(|zol])) < a7 ' (2Kas(dr)), VY ||zoll < da,

then for dy = afl(QKag(cl)) + 1, we get
llye (t;to, z0)|| < d2, V |0l < di, Ve € (0,&).

Hence, (1) is satisfied.
Let 61 > 0, 62 > 0.
Let mp € R™ such that ||zo|| < 6. It follows from that

llye (t; to, zo)|| < a7t (ZKEQ( et — to)o‘)a2(61)) +at (20(5)).
‘We have
lim Ea( — csa) =0,

s——+oo

then there exist T' > 0 and 5 > 0 such that
1)
a;l(QKEa( et — to)a)ag(él)) <Z Vi—te>T,

and 5
arl(2e(e)) < 52 Vee (0,é).

(Ba(= et = t0)*) (az(&as(llwoll) +71() + -

(18)
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Thus,
Hyg(t;to,.’lﬁo)H < (527 Vit—tg>T, Ve € (0,5—32).
Hence, (iii) is satisfied.

Therefore, the system is e*-practically globally uniformly asymptotically stable with respect to y. O

Remark 2. In the case when «aq(s) = ¢1sP and «a1(s) = casP with ¢1,¢2 > 0 and p > 1, we get the practical Mittag
LefHler stability with respect to y for the system .

4 | STABILITY ANALYSIS FOR A CLASS OF TRIANGULAR SYSTEMS

In this section, we consider the following triangular system depending on a parameter ¢ > 0:
Dy y(t) = Ay+ gi(t,y, 2, €), (19)
Dy 2(t) = ga(t, z,€), t > to, (20)
where y € R™, z € RP. For the study of stability of system —, we make the following Hypothesis:
(Hy) : is gg-practically uniformly bounded.
(H2) : The function g; satisfies for all t > 0, e >0 and y € R™, z € RP
lgs(t,9,2,2)l < B2 () (t) + @)y, (21)

such that 61 (), d2(¢) > 0 and &;(g), d2(¢) — 0 as e — 01 and v is a nonnegative continuous function.
(HY) : is ep-practically globally uniformly asymptotically stable.
(H%) : The function g¢; satisfies for allt > 0, >0and y € R™, z € RP

191(t,y, 2, €)|| < ds(e)wa(t) + dale)llyll + d5 ()=, (22)

such that d3(g), d4(g) > 0, d5(¢) > 0 and d5(¢), d4(¢), d5(¢) — 0 as e — 07 and v, is a nonnegative continuous
function.
For the partial stability of system —, we have the following results.

Theorem 3. Suppose that (Hz) holds, the system — is e1-practically globally uniformly asymptotically stable
with respect to y for some €1 > 0 if there exists a symmetric positive definite matrix P, n > 0 and X €]0, [ such that

ATP 4+ PA+9I <0, (23)

and

t— [(t—8) " E ol — M t —s)*)v2(s)ds is a bounded function.

Proof. We have from
29" Py(t.y, z.€) < 2|lylllIP|llg(t.y, 2, €)|
< 2|lyllIP[[(d1(e)vr () + 2(e)lyll)- (24)

Let 0 < A1 < A, we have
[1P]?01(e)* v (2)

2]y ll1Pl1d1(e)ra(t) < Aallyll® + N (25)
Then, ) -
P||#61(e)°vi(t
27 P(t,,22) < (1 +262(6) [Py + 1210,
It follows from lir% d2(g) = 0 that there exists €7 > 0 such that for all € €]0, 1], we have
E—r
P61 ()i (t
27 Pylt.y, .2) < My + IEEUERAL, (26)
1
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Let € €]0,1]. We consider the Lyapunov-like function V (¢,y, 2) = y* Py.
Using Lemmal[I] we get
Dy [V (t,ze(tito, z0)) < 2ys(t;t0,:c0)TPCD%7ty5(t; to, To)
< ye(tito, m0) " (AT P + PA)ye(t; to, o)

=+ 2y€ (t7 th xO)TPg(tv Ye (ta t07 1'0)7 Ze (tv tov ‘TO)? 6)' (27)

Using , and , we get
o P|%61(e)?vi(t
DVttt 0) < —olyeltto, )| + LEEHELAED,

with o =9 — A,
Then, the assumptions of Theorem [I| are satisfied.
Consequently, the system — is e1-practically globally uniformly asymptotically stable with respect to y. O

Theorem 4. Suppose that (Hy), (H}) hold, the system — is e1-practically globally uniformly asymptotically
stable with respect to y for some 1 > 0 if there exists a symmetric positive definite matrix P, n > 0 and A €]0, 5[
such that

ATP + PA+nI <0, (28)

and
t

_ )1 _ (77 — A) _ o\ 2 - -
t— /(t s) Ea,a( Ao (P) (t—s) )1/2 (s)ds is a bounded function.
0

Proof. Let 0 < A1 < A, as the same in Theorem [3] there exists 1 such that we have the following estimation:
[PII?01(e)*V3 (t) + [I1P)12d3 ()] 2>
A1
Now, we start by proving the points (z), (i), and (ii7) for the practical uniform stability.
First step: We will prove the practical uniform stability of system —.

Let ¢co > 0.
It follows from (H7) that there exist d > 0, ef > 0 such that

29T Py(t,y, z,¢) < Ay|* +

, Ve € (0,e1]. (29)

Ze(t;t(),x(]) < d, YVt > to, V”Z()H <1, Vee (0,56)

Let &1 = min(eg, ;).
We consider the Lyapunov-like function V (t,2) = y* Py.
We get for ||z < 1,
[1P]1?01(e)v3 (t) + ||P||*d?d3(e)?

DV (twe(tito, 20)) < —0|ye(t; to, z0)||* + A ’

with o =7 — A

As the same in Theorem [1} we obtain the practical uniform stability of the system —.

Second step: We will prove the practical uniform boundedness and the practical uniform attractivity of the system
(19)-@).

Let ¢4 > 0.

It follows from (H;) that there exist d2 > 0, €] > 0 such that

Zg(t;to,xo) < dg, vVt > to, VHZQH < cy, Ve € (0,6/1).

In this case, we obtain for e < min(eg,€}), and ||zo| < 1

N P||1261(e)?v3(t) + || P||?d305(e)?
CDtO)tV(txa(t;thxO)) < —O'”yg(t;to,xo)”Q-i- ” || 1( ) 2(2\1 ” ” 2 3( ) 7 (30)

with o =n— A
As the same in Theorem we obtain from the practical uniform boundedness and the practical uniform

attractivity of the system —.
O



Abdellatif Ben Makhlouf | 9

In the case when the system is e*-practically globally uniformly asymptotically stable for some €* > 0, we
deduce from Theorem [3] and Theorem [4 the following results about the global practical stability of the system

(9)-@0)-

Theorem 5. Suppose that (Hs), (H{) hold, the system (19)-(20) is &;-practically globally uniformly asymptotically
stable for some &1 > 0 if there exists a symmetric positive definite matrix P, n > 0 and X €]0, 7| such that

ATP+ PA+nI <0, (31)

and

)\mam (P)

Theorem 6. Suppose that (H7), (H5) hold, the system — is e1-practically globally uniformly asymptotically
stable for some €1 > 0 if there exists a symmetric positive definite matrix P, n > 0 and X €]0, 5[ such that

ATP + PA+nI <0, (32)

¢
t— /(t - s)o‘_lEa,a( - M(t - s)“) vi(s)ds is a bounded function.
0

and
t

t— /(t — s)o‘*lEa,a< — )\(n()\fz)(t - s)o‘) v2(s)ds is a bounded function.
0

5 | EXAMPLES

In this section, three examples are given to illustrate the effectiveness of the proposed theoretical results.
Example 1. Consider the following fractional-order system

2 —t
CD%’t:rl = —x1 + e_t COS(I'Q)xl + 1"!‘27%5'(:'71%4‘1%7
CD%,txz = —x2 +sin(zs)zy + m’ (33)
CDtOE),tx?) = 21;3’
where, 0 < o < 1 and z(t) = (xl(t),xg(t),xg(t)) c R3.
2 2
. . . +
Consider the Lyapunov-like function: V (¢, z) = %
By Lemmal [T} we get
CDto:)atV(t7 x(ta th -rO)) S .Tl(t, tO’ xo)cD%7tx1(t; to’ ,I‘O) —+ xg(t’ tO) xO)CDg)7tx2(t; to, xo)
S e (34)

Then, we get from Theorem 1 the practical uniform stability and the practical uniform boundedness with respect to

(z1,2) of the system (33).
Example 2. Consider the following fractional-order system

2
t
ODg 1 = —2x1 + xp + e + Tog l(f;g L,
’ 3
C na — et
Dto,tx2 =T — To +ET2 + W, (35)

C na _ £
Dy yxs = axs + 54,

where, a € R, 0 < o < 1 and x(t) = (z1(t), z2(t), 23(t)) € R
This system has the form of — with y = (21, 22), z = z3,

-2 1
=(0)
cos(t) et

g1(t, 21,22, 73,€) = (1, 2) + 2( Tra? * Ta?7a] and go(t, 21,22, 23,€) = axs3 + 17

The function g; satisfies (Hz) with d1(g) = €2, da(¢) = € and v (t) = /2.

Select P = 2I, we get ATP 4+ PA + 1 < 0 then, the assumptions of Theorem 3 are satisfied. Hence (35 is £;-"1-
practically globally uniformly asymptotically stable with respect to (z1,2) for some &; > 0.
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In addition, if a < 0, then (H{) hold. In this case we have the system is e1-"1-practically globally uniformly
asymptotically stable for some €7 > 0.

Example 3. Consider the following fractional-order system

_ e sin(t
CD?O,th = 221 + z9 + %21 +exzet + 1+t(2),

D jwo = x1 — Ty + 21 +3 +e cos(t), (36)

C na _ 2 ,—t
Df jx3 = ars +e”e™",

where, a € R, 0 < o < 1 and z(t) = (z1(t), 2(t), 23(t)) € R
This system has the form of — with y = (21, 22), z = z3,

-2 1
A =
(2)
g1(t,x1, 29, 13,8) = €2(x1, 2) + 223(e™ 4, 1) + s(slij_(ttz),cos(t)) and go(t, 1,72, 73,€) = axz + e L.
The function g; satisfies (H3) with d3(g) = ¢, d4(g) = €2, d5(¢) = € and v (t) = /2.
If a <0, (Hy) holds, so we get from Theorem 4 the practical global uniform stability with respect to (x1,x2) for the
system .

Furthermore, if a < 0, (Hj) holds and we get from Theorem 6 the practical global uniform stability for the system

(36)-

6 | CONCLUSION

In this paper, by using Lyapunov-like function, sufficient conditions are derived to ensure the partial practical stability
of fractional-order nonlinear systems depending on a parameter. Some examples are given to show the effectiveness
of the contributed results.
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