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Abstract
The relationship between intrinsic, closure-free threshold stress intensity and near-tip residual stress, characterizes the effect of load magnitude as well as load history on near-threshold fatigue crack growth rates. It serves as a reference against which precise closure data can be extracted from growth rates to calibrate analytical estimates. These possibilities were subjected to rigorous experimental verification involving threshold and near-threshold fatigue response under overloads, underloads with load-shedding on a steel prone to oxide debris formation. The study reveals why conventional load shedding practice to characterize threshold stress intensity is prone to yield unconservative and misleading results. 
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1.0	INTRODUCTION
Threshold stress intensity, DKth, is crucial to durability assurance of safety critical machine and structural components. For a given magnitude of cyclic design stress, DKth is used to assign permissible crack size that in turn determines requirements of non-destructive inspection. Conversely, given initial defect size, DKth is used to compute allowable cyclic stress to satisfy safe life requirement [1]. Finally, as DKth serves as the origin of the DK versus da/dN curve, it influences the entire sub-Paris region of fatigue crack growth rate response, i.e., the range 10-7 < da/dN < 10-4 mm/cycle. Fatigue crack growth over this range controls residual fatigue life in the HCF (high-cycle fatigue)  and VHCF (very high cycle fatigue) domains. The former affect the safe operation of passenger airframes, while the latter determine the durability of all rotary components including railway rolling stock and aeroengines. Both are crucial to assigning service life between inspections of safety critical structures.
Reliable estimates of residual fatigue life demand the ability to account for the effect of load history, associated with service loading conditions [2-4]. Prevailing standard testing practices are designed to avoid any effect of load history [5]. Their prescription of load shedding often does not serve this purpose. Instead, another load history is brought into play that is not only irrelevant to actual usage conditions, but, may actually end up yielding highly unconservative results. An example of this is forthcoming in the present study. In the absence of empirical evidence on key mechanisms connected with load history effects, one must resort to analytical modeling to account for how a fatigue crack is likely to grow under service loading. After more than fifty years of research, contradiction and controversy as to key mechanisms and parameters that directly control crack grow rate, particularly under variable amplitude loading [6-19]. The initial euphoria around the discovery of crack closure raised expectations to a point where it was expected to ‘explain everything’.  Controversy follows it, partly because closure measurement using prescribed standard testing practice is less than convincing, though more involved measurements deliver consistent and reproducible results [20-22]. 
1.1	Fatigue Crack Growth As a Multi-Mechanism Process
Early research involving periodic tensile overloads showed increased levels of threshold stress intensity that could not be explained by closure [23, 24]. Targeted experiments helped unravel near-threshold variable-amplitude crack growth behaviour, culminating in the isolation of two distinct load interaction mechanisms that independently affect near-threshold fatigue crack growth [25-36]. Experiments on a number of materials using a specially designed test procedure established a certain closure free intrinsic threshold stress intensity, DKth,i, that is uniquely related to a single parameter in the form of near-tip residual stress, s* [37-39].  s*, to the exclusion of all other applied loading parameters in their individual capacity is the sole variable reflecting the consolidated effect of applied loading conditions including load history on DKth,i [35,36]. This effect should not be confused with the effect of crack closure on DKth and crack growth rate. Fig. 1 illustrates the vastly different and mutually disconnected manner in which near-tip residual stress and crack closure operate [40]. 
Crack growth rate, da/dN, can vary over several orders of magnitude depending on crack driving force. As illustrated by Fig. 1, different crack extension mechanisms dominate across the three regions. A fatigue crack can respond to variation in applied K only while it is open. Hence, across all three regions, growth rate will depend on DKeff. In fact, in Region #2,  DKeff will be the sole variable because crack extension is driven by slip mechanisms and plastic component of CTOD. However, as is well known, in Region #3, the Kmax component of DKeff will play an increasingly dominant role by promoting quasi-static crack extension. Note that crack growth rates will fan out in both Regions #1 and #3. This is because a second variable is involved. The involvement of DKth,i in Region #1 as the second variable has been overlooked by most researchers. The focus of this study is on Region #1, where DKth,i turns into a dominant variable as underscored by the difference in shaded areas in Fig. 1a. Fig. 1	(a) Crack growth rate can be different even if DKeff is identical. This is because of intrinsic threshold stress intensity, DKth,i, an independent material property, that is extremely sensitive to load history (b) da/dN can vary by over seven orders of magnitude. In each of the three regions, a different mechanism is dominant that is sensitive to a different variable as shown (c) A single equation accommodating the changing effect of individual load variables may be able to approximate growth rate as a linear function in the log-log scale along axes as shown.

Over the entire Region #1, DKth,i will influence da/dN as illustrated by lower shaded area in Fig. 1b. Thus, given identical DKeff, growth rate can vary by two orders of magnitude, or more, depending on DKth,i.  However, as DKeff approaches DK*, when slip-drive crack extension begins to dominate, the effect of DKth,i will tend to vanishing proportions. Therefore, even if s* values in a load cycle may actually suggest higher DKth,i, the gradual mechanism switch from Brittle Micro Fracture (BMF), [33] to slip-driven crack extension gradually overrides the influence of DKth,i. This was confirmed by a recent fractographic study [40]. DKth,i variation in Region #1 may be described by a certain transitional DKth,e leading to the following expression for fatigue crack growth rate [40]:  
 ,				(1)
where, C, m and q are material constants. The gradual decrease in the influence of DKth,i with increasing DKeff is described through DKth,e: 
 ,			(2)
where DK* is the point of total transition to Region #2 (see Fig. 1), DK7 is a constant chosen to satisfy the condition da/dN = 10-7 mm/cycle when DKeff = DKth,i. This constant is required to ensure that the intersection of the fitting line with the horizontal axis is associated with DKeff = DKth,i. It is estimated for a given C and m as:
= [  				(3)
The constants ‘p’ and ‘q’ are set to unity, but denoted merely to enable improved fit of experimental data if required. Quantitative scanning electron microscopy of fatigue fractures obtained under specially designed programmed load sequences confirm the ability of the above equations to account for significant load interaction effects caused by variation in DKth,i and their disappearance into the Paris Regime [37]. Previous studies on more than half a dozen materials have shown that DKth,i can vary by as much as five times, depending on s* [34-36]. Unfortunately, an approximating equation is presently not available to describe this relationship. However, one can resort to a segmented linear relationship for purpose of applications.
The design of eqs 1-3 is intended to ensure a linear fit of experimental data across all three regions when presented in the log scale as shown by Fig, 1c. Eq(1) is attractive from the viewpoint of both research as well as engineering application. The equation describes the independent action of crack closure and near-tip residual stress characteristic of Region #1. The DKth,e component disappears into Region #2 and the Kmax component assumes significance in Region #3. Isolation of the independent action of two significant load interaction mechanisms through a single equation opens up for the first time, the possibility of coming up with a standard testing procedure to characterize material properties required to define the constants in the equation. This study was motivated by such a prospect. Encouraging results in this regard were obtained in a previous study on 7075-T6 [37]. The objective of this study is to put the emergent understanding behind eqs (1-3) to a rigorous experimental verification using test conditions designed to test assumptions made and leave little room for alternate interpretation. Our focus was on Region #1 that hitherto has been a major source of confusion as evident from contentious claims and counterclaims. 
Three types of experiments were performed involving testing over 200 million load cycles, that yielded some 40 threshold readouts and several hundred crack growth rate data points obtained under various load histories. The first was to obtain DKth,i readouts over a wide interval of crack size, applied stress intensity and magnitude of overloads and underloads. It was intended to verify whether all threshold readouts indeed fall into a single narrow scatter band when plotted against s* to qualify it as a reference relationship. The second was to determine DKth as a function of applied stress ratio using conventional load shedding practice in accordance with ASTM E647, with the objective of cross-examining the practical value of obtained readouts, particularly by comparison with the DKth,i versus s* relationship. The third experiment was to obtain crack growth rates at different stress ratio under increasing DK but largely restricted to Region #1. These data along with the hundreds of transient crack growth rate data points obtained under the action of overloads and underloads are put together to examine whether a single crack growth rate equation as illustrated in Fig. 1c is capable of consolidating them. Finally, the objective was to investigate the possibility of using this single linear relationship to extract the role of plasticity and oxide debris induced closure in near-threshold fatigue crack growth.
2.0	EXPERIMENTAL PROCEDURE
A corrosion resistant naval steel developed by the Defence Metallurgical Research Laboratory (DMRL) and referred to henceforth as DMR-Steel was used for this study. The 16-mm hot rolled plate stock was cut into 15 mm thick and 100 mm wide compact tension (C(T)) specimens with loading axis oriented along rolling axis (L-T). A 0.3 mm wire cut straight notch to a depth of 20 mm from the load line served as the crack initiator. The W100 mm specimen provided a useful crack growth interval of up to 60 mm and served to obtain multiple data points from a single specimen. Choice of 15 mm thickness was influenced by the desire to induce plane strain domination at the crack tip and keep plasticity induced closure effects to a minimum, as plasticity induced closure was not central to this study. Steel was specifically chosen in view of its propensity to form oxide induced debris and related issues, particularly under near-threshold conditions. These have presented exciting and sometimes, challenging conditions in investigation of fatigue crack growth under near-threshold conditions [41-43]. Our objective was to investigate key factors that influenced observed test data, and perhaps, dilute their impact as misleading artefacts that distort the quality of material property characterization. 
All the tests were performed on a 25 kN BISS Makron servo-hydraulic test system with cycling load rate set to 800 MPam / s, with frequency limit set to 100 Hz. Unloading compliance measurements were performed using a COD gauge mounted on the integrally machined knife edges provided on specimen edge. Crack size measurement was through periodic compliance measurement cycles at 0.1 Hz with applied stress ratio R = 0.1, irrespective of baseline cycling conditions. These delivered consistently accurate estimates of crack size to better than 0.03 mm, and reduced crack closure thanks to the periodic unloading to 10% of applied Kmax. Tests to characterize DKth,i involve the optional periodic application of overload-underload combinations to control near tip residual stress, s*. In these tests the unloading compliance cycle to determine crack size preceded the tensile overload and therefore did not affect s*. 
2.1	Preparatory Test
A constant amplitude test at R = 0.3 was performed to determine da/dN versus DK curve over the Paris Regime. This stress ratio was chosen to ensure reduced contribution of plasticity induced crack closure to fatigue crack growth and also to avoid oxide debris formation. It served as a vital source of information to plan the tests to characterize threshold properties using both methods under consideration. DK0 value at the commencement of load shedding was chosen based on these data. So also the margins of overloads. They also served to design constant amplitude tests under increasing DK at different stress ratios. As will be seen below,  these inputs made it possible to obtain a sufficiently large amount of readouts that served important conclusions from the study. 
The preparatory nature of the first test is illustrated by Fig. 2. Fig. 2a shows the specimen just prior to static fracture. Superposed on it are six sub-compact LCF specimens that were cut out of the fractured half. Fig. 2b shows the fracture surfaces, indicating absence of any oxide debris and suggesting that crack closure must have been minimal and probably restricted to the specimen edges. Fig. 2c shows the da/dN curve with an indication of the preferred limits on overload K-excursions during subsequent experiments in order to stay within the Paris Regime and not contribute to quasi-static crack extension that can lead to unduly conservative estimates of DKth,i as the procedure involves overload-underload excursions to induce controlled s* while neglecting their contribution to crack extension. Fig. 2d shows the cyclic incremental stress-strain test performed on the LCF specimen, whose record appears as Fig. 2e. The material constants obtained and required for this study are boxed. The value of r* was selected to provide the best fit for the DKth,i versus s* data. A description of other constants is forthcoming.Fig. 2	(a) The B15/W100 mm C(T) specimen just prior to pull-oute. Superposed picture is of LCF specimens cut out from fractured half in order to perform incremental stress-strain test to determine E, K’, n’ required to compute s*. (b) Fracture surface from R = 0.3 test showing no sign of oxide debris formation. (c) da/dN versus DK plot from preparatory test at R = 0,3. This test determined the magnitude of permissible periodic tensile overload cycles to be applied in the threshold tests to be within 10 to 50 MPam. (d) test setup to determine cycle stress-strain curve (e) Results from incremental stress-strain test. Table shows material constants determined from this study. 

From the R = 0.3 growth rates, it was apparent that crack growth rate would be under 10-5 mm/cycle at lower R and DK less than 10 MPam. This input served the design of the threshold tests in accordance with ASTM E647. As will be shown below, knowledge about crack growth rate being well within the Paris Regime at DK values under 70 MPam assisted in optimizing test conditions to obtain as many as twenty nine DKth,i versus s* readouts from a single specimen under a wide variety of overload-underload conditions. 
2.2	Characterization of DKth,i versus s* RelationshipFig. 3	Summary of test to characterize successive DKth,i measurements (a) Shaded profile marks variation of applied stress intensity with crack size. Vertical lines mark magnitude of periodic overload-underload level over following segment, continuous and broken lines show stress ratio related to baseline and overload levels, blue line shows measured closure ratio to be lower than applied. (b) Fracture surface from test showing varying contrast from oxide debris formation. Note absence of debris at threshold suggesting fully open crack. (c) Measured  DKth,i at the conclusion of successive segments. Also indicated is the magnitude of tensile overload. Suffix ‘U’ indicates R = 0.1 underload followed tensile overload. Arrows point to crack front at attainment of threshold condition. 
Note: As baseline Pmax = Const, stress ratio at threshold progressively increases at successive measurement. But this has no effect on measured DKth,i indicating that neither Kmax , nor R affect intrinsic threshold stress intensity!

Fig. 3 summarises the experiment to determine DKth,i. using the testing practice well exercised over the years on several materials [37-39]. The test was performed with baseline Pmax = 12 kN. The continuous thick dark lines enclosing the shaded region in Fig. 3a show variation of Kmax, Kmin and DK with crack size. A DKth,i readout resulted at the conclusion of each of the thirty decreasing DK segments shown. The thirtieth one was discarded as being too close to fracture at a/W = 0.75. 
DK0 at the commencement of each segment was always set to 10 MPam that corresponds to around 10-5 mm/cycle (see Fig. 2с). Baseline DK was decreased by 10% after each 0.1 mm increment of crack size by suitably increasing baseline Pmin. At this point, interval between R = 0.1 compliance measurement and overloads - underload cycle was set to 1000 cycles. In the event no growth is detected at the next measurement, this interval is doubled. The doubling process was restricted to ensure that baseline cycling duration between compliance measurements and repeat application of overload-underload sequence never exceeded 50,000 cycles. Threshold was assumed to have been reached when more than one million cycles caused less than 0.1 mm crack extension. This corresponds to threshold crack growth rate of 10-7 mm/mm, or, less. DKth,i values obtained in this manner are on the conservative side by up to 10%. 
Crack extension due to intervening overloads, underloads and unloading compliance measurement cycles is ignored. Accounting for the cycle interval doubling routine, a total of up to 50 larger cycles may have been applied over the 0.1 mm ‘no growth’ interval. This suggests an element of conservatism by adding up to a total between 2 and 15 microns of crack extension, judging from the da/dN data in Fig. 2. i.e., one may assume that out of the 0.1 mm crack extension involved, as much as 15% may be due to the larger cycles.  
The vertical lines intersecting the DK versus ‘a’ pattern in Fig. 3a at the commencement of individual segments are indicative of the relative magnitude of periodic overloads and underloads applied during the remaining interval of crack extension up to threshold. The exact percentage magnitude of tensile overload appeared is listed at threshold points in Fig. 3c. The suffix ‘U’ indicates that an underload to 10% of applied tensile overload followed the tensile overload. In the absence of underload, baseline cycling immediately followed the tensile overload.
The continuous and dotted brown lines in Fig. 3a describe variation in baseline stress ratio shown against right axis and expressed as ratio of baseline Kmin to baseline and overload Kmax respectively. The lowest value of R = 0.4 at threshold (dotted line in Fig. 3a) was recorded at the 9th DKth,i readout involving 60% periodic tensile overload. Also shown against the right axis is the continuous blue trace of crack closure estimates made from unloading compliance data as per ASTM E647. These data correspond to 1% deviation criterion from compliance when crack is fully open and represent highest possible estimates of closure. A cursory comparison of applied stress ratio at threshold against the location of corresponding point on the closure line suggests absence of closure at all 29 threshold data points. 
Fig. 3b shows a picture of the fracture surface adjusted for scale, such that the position of the crack front at attainment of each threshold point is readily recognizable for comparison against the applied loads and closure estimates in Figs.3a as well as the intrinsic threshold readouts in Fig. 3c. In the process of scaling, the thickness of the specimen is reduced slightly disproportionately by comparison to the length direction. This minor transformation has no bearing on observations made. Arrows descending from each threshold readout drop down to indicate the corresponding position of the crack front in Fig. 3b. Their positions suggest reasonably consistent and correct measurements of crack size from unloading compliance. This was in part made possible by the extended unloading compliance cycle reaching down to 10% of applied Pmax, that was maintained constant, irrespective of baseline stress ratio at threshold that reached up to R = 0.8 at point #29.
A number of observations follow from a close scrutiny of Fig. 3. At the outset, one may note that avoidance of plasticity induced crack closure at threshold is embedded into the testing practice to characterize intrinsic threshold stress intensity. Crack size measurement is from unloading compliance measured over a load cycle set to a stress ratio of R = 0.1. For this material, plasticity induced crack closure is thereby reduced to below 30% of maximum applied load as expected from the periodic overload-underload cycles. Further, by restricting maximum applied tensile overload to 60%, the theoretical limit on plasticity induced closure would be about 48% of baseline Pmax. The lowest baseline stress ratio at threshold in this test was in excess of R = 0.6 as seen from the encircled point in Fig. 3a. 
Application of an underload after the tensile overload by unloading the specimen down to 10% of baseline Pmax cannot possibly induce further crack wake yield in compression considering that unloading to the same point already occurred in the previous cycle during compliance based crack size and closure measurement. This is of particular significance in this experiment with moderate levels of overload that cause extension for most part not exceeding a fraction of a micron. Yet, as seen in points #4, 6, 8, 10, 12,14,16, 21,23, 25 and 27, application of the underload causes DKth,i to drop practically to minimum values. This appears to also dilute the case for closure to be responsible for the variations observed in DKth,i. Obviously, only dramatic increase in s* to no overload levels can explain the adverse effect of underload on DKth,i.
The transient interval of crack extension between successive points of threshold is much greater than the size of the overload monotonic plastic zone from the previous threshold segment. Therefore one may conclude that the loading conditions in the previous segment did not affect the next DKth,i estimate. While this may indeed be the case even in the ‘close’ situations associated with  points #9 and #20, a discussion of the possibility of crack growth rates in the transient zone being influenced by load history in the preceding segment is forthcoming. Note that threshold was reached within a little over 1 mm of crack extension in both #9 and #20, overload plastic zone size in the preceding segment was comparable in both cases. The only difference was by way of introduction of underload. The effect of the underload is restricted to crack wake and to the cyclic plastic zone. The effect of the former is irrelevant given the absence of closure, while the size of the latter is negligible by comparison to the crack extension in the segment.
Plasticity induced closure and oxide debris formation that renders the grey tone to the fracture surface go hand in hand, with the latter leading to increased closure by comparison to what the plasticity induced component may have triggered. Increased debris induced closure also causes local crack retardation as observed at points #4 - #6.  Note the black trace left by local debris concentration up to crack size of 40 mm when applied baseline stress ratio is less than R = 0.3. As pointed out earlier, below this stress ratio, closure and therefore wake face contact is likely. This is also supported by the trend of the blue line in Fig. 3a indicating compliance based closure measurement.
By far the most striking fractographic feature is the receding grey tone on the fracture surface between the start and close of each segment concluding with virtual crack arrest by threshold. One may surmise that grey tone must denote oxide debris formation on the fracture surface and presume that for debris to form by rubbing, the fatigue crack wakes must not only contact but also perhaps rub at this point from local Mode II displacement. Obviously, debris formation is inhibited when crack extension occurs with the crack fully open. Note the virtual absence of oxide debris at threshold even in the extreme case of readouts #9 and #20 corresponding to 60%overload. In both cases, the light shade of grey associated with absence of oxide debris is evident even though in both cases, threshold reached rapidly. Importantly, point #20 is associated with applied baseline stress ratio that is much higher than in the case of #9. Yet, DKth,i for both points is identical at 6 MPam. This eliminates closure as a factor.
The appearance of the fracture surface represents by far the most compelling evidence in support of the possibility that in the case of all 29 DKth,i data points, the crack was fully open at threshold. This should not come as a surprise. As the test was performed with Pmax = Const and threshold was reached through increasing Pmin, applied stress ratio at threshold steadily increases with crack growth, progressively eliminating the possibility of crack closure. For the same reason, intrinsic threshold readouts will be relatively insensitive to the rate of load shedding. The lowest recorded applied stress ratio at threshold of R = 0.4 corresponds to conditions of little or no plasticity induced closure, further evidence of which is forthcoming. Besides, the most unconservative measured Pop/Pmax from 1% deviation compliance data lie well below stress ratio at threshold. Given all these reasons, one is led to the conclusion that all 29 readouts qualify as intrinsic threshold data whose three-fold variation cannot possibly be attributed to crack closure.
The excellent correlation of DKth,i obtained from a wide variety of applied loading conditions as seen in Fig. 4 bears evidence to the unique relationship between DKth,i and near-tip residual stress, s*. The schematic in Fig.4a shows the four K-values from which s* was estimated for each DKth,i readout. The best fit of data was obtained assuming distance from the crack tip, r* = 0.01 mm in the following equations that were solved to determine s* [37]: Fig. 4	DKth,i versus s* readouts processed from summary data shown in Fig. 3. (a) Schematic of overload-underload turning points used to compute s* at threshold from eq. (4-7). (b) Summary plot of DKth,i versus s* for DMR steel established from this study. Crack closure is ignored in computation of s*. Data points in red are from segments with tensile overload. Data points with underload practically merge with no overload data. s* computations assuming  r* = 0.01 mm provided best fit. (c) Data re-cast after accounting for crack closure indicate improved correlation. 





In the absence of overload, solving the first two equations will suffice, setting K2 = K4, with s* = s2 from eq. 5. The material constants required to make these estimates appear in Fig.2. The s* data in Fig. 4b were computed assuming fully open crack under the entire overload-underload sequence. The data in Fig. 4c were based on the assumption of partial crack closure during the load excursion leading down to K2. This requires K2 to be set to Kop so that:


In the unlikely event Kop rises beyond K4, such a correction will also be required to be made to K4 as s* cannot vary below the value associated with corrected value of K4 due to closure:

Note however, that if Kop remains constant during the excursion K1 - K4, s* will be equal to s2 rendering solution of eqs 9-10 redundant.
As the fatigue crack will cease to respond once the crack is closed, computed s* will move to the left as shown by arrows in Fig. 4c, thanks to reduced yield in compression during unloading that in turn reduces the extent of elastic re-loading. This appears to further improve the quality of correlation of DKth,i readouts against computed s*. An exercise is forthcoming as to how eqs 8-10 can in fact be used to determine Kop from legacy data on DKth.
In summary, this experiment involved over 95 million cycles of uninterrupted, automated testing and yielded 29 estimates of DKth,i obtained over a wide variety of overload-underload conditions that were experienced by a crack growing from 22 mm to over 70 mm in size under baseline loading with Pmax = Const, that in turn, induced a wide margin of variation in applied stress intensity. The test was performed on a specimen of 15 mm thickness with predominantly plane strain conditions as seen also by the flat fracture surface devoid of shear lip formation. All these and even the variation in sequencing of overload-underload combinations of different magnitude did not appear to affect the quality of correlation seen. Quite to the contrary, this rigorous verification confirms that the DKth,i versus s* relationship represents an important material property that characterizes how load history affects intrinsic threshold fatigue crack growth resistance.
Given the reproducibility, consistency and extraordinary correlation, the DKth,i versus s* relationship appears to qualify as a reference to study near-threshold crack growth in general and specifically, to isolate the effect on it of parameters such as plasticity and oxide debris induced crack closure. These have posed challenges over the years and have often been the subject of controversy and contradiction due to the confusion around what exactly influences near-threshold crack growth rate. The multi-fold variation in DKth,i as a sole function of near-tip residual stress observed in previous studies and confirmed beyond doubt by the present study highlights the role of near-tip residual stress in controlling near-threshold fatigue response. The design of the test procedure to establish this dependence required the elimination of all forms of crack closure by ensuring threshold is reached at a sufficiently high stress ratio while keeping the crack wake ‘squeezed’ to keep closure to a minimum. 
 Assuming that near-tip residual stress and crack closure in its different forms are the only two factors that control near-threshold response, the possibility arises of clearing the longstanding confusion that has prevailed around interpreting near-threshold test data including DKth readouts obtained using prevailing standard testing practice. An attempt to do so is described below.
2.3	Correlation of Crack growth Rates in Near-Threshold Region
There is hardly any controversy with regard to what controls crack growth rate in Region #3. Besides, given the extremely short residual crack growth life associated with this region, the value proposition from its consideration may not be significant. It is therefore attractive even if challenging, to verify the capability of eqs 1-3 to correctly describe crack growth rates in Regions #1 and #2. The challenging proposition in this regard is to see whether these equations are capable of handling the hundreds of growth readouts obtained during the twenty nine segments of essentially variable amplitude crack growth rich in load history effects, each of which must have been associated with a different DKth,. Absolutely all of the DKth,i readouts correlated well with s*. Demonstration of a reasonable correlation of growth rate readouts over the entire Region #1 and into Region #2 would serve important and perhaps, pathbreaking conclusions.
To gather more overlapping data points leading into Region #2, and also in doing so, capture the effect of applied stress ratio, one more test was performed, whose summary appears as Fig. 5. This test was performed under K-control with exponentially increasing DK and with stress ratio progressively increasing from R = 0.1 to R = 0.9 over successive segments as described in Fig. 5. The intermediate segments were under DK = Const with DK = DK0 for the next segment. This was to preclude any load interaction effect from the inevitable downward switch in Pmax associated with the next segment. In an attempt to suppress closure effect and also for improved quality of crack size measurement from unloading compliance, an R = 0.1 load cycle was applied every 1000 cycles. 
As seen from the fracture surface as well as from the da/dN versus DK data points in Fig.5 , the growth rates at stress ratio above R = 0.3 fall practically into a single curve, suggesting crack closure was absent at R > 0.3. This possibility is supported by the appearance of the fracture surface that shows but a mild grey tone across the surface covered by crack growth at R > 0.3, perhaps associated with mere oxidation, rather than rubbing, signs of which are clearly visible at lower stress ratio. Note also, that the opposite fracture surface carries practically no grey tone at R > 0.3 suggesting also, a fully open crack during baseline cycling. Fig. 5	Summary of test to characterize crack growth rates in Region 1 overlapping with Region #2 under different stress ratios. The few data points obtained from a truncated crack extension interval appear at the bottom of the da/dN versus DK plot. The exponential K-control law as shown was applied to individual segments with DK0 progressively reduced with increasing stress ratio. The interim interval between segments was covered by DK = Const cycling designed to insulate the next segment from any load interaction effect due to the reduced DK0. The lighter tone seen on the top half of the fracture surface suggests lack of signs of oxide debris at higher stress ratio. However, a noticeable effect of oxide debris induced closure is seen at R = 0.1. Closure was kept to a minimum by slow unloading compliance measurements at R = 0.1every 1000 cycles.

 Fig. 6 consolidates all thirty six crack growth rate data sets from the three experiments. These include the first test at R = 0.3, the second with twenty nine data sets of transient crack growth rate under load shedding with increasing stress ratio and various combinations of overloads and underloads leading to threshold and the third experiment under five stress ratios and increasing DK. Fig. 6a shows growth rates plotted against DK, Fig. 6b carries data plotted against DKeff with crack closure described by the equation that approximates plane strain closure response. Fig. 6c shows the growth rate data plotted against the difference DKeff – DKth,e as per eqs. 1 – 3, with DK* = 30 MPam. 
Several interesting observations are noteworthy with regard to the data in Fig.6. The ‘triangle of scatter’ formed by transient data from  the 29 threshold segments is bound on the right by the initial DK of 10 MPam employed by the decreasing DK (load shedding) algorithm. Along this 10 MPam boundary, growth rate in individual segments varies by almost two orders of magnitude. And, for each segment, it appears to follow a ‘pre-ordained’, near parallel path downwards towards crack arrest denoted by 10-7 mm/cycle. As a consequence, DK at crack arrest varies from 1.8 to 6 MPam. One may wrongly argue that this can be modeled by crack closure. 
In attempting to correct DK for closure, the magnitude of overloads applied was taken into account, showing some improvement in alignment of transient data in Fig. 7b, particularly for data points at the commencement of load shedding involving overloads followed by underloads that involve larger plastic wake given the overload plastic zone. However, crack closure as the sole explanation turns difficult to defend closer to threshold, given the progressively increasing stress ratio required to support load shedding at Pmax = Const. This requires that closure level would need to increase at a progressively higher rate than would be predicated by conventional plasticity driven models. Besides, as shown by the fractograph in Fig. 3, there is no sign of oxide debris at any of the 29 points at which threshold conditions were registered. This ‘smoking gun’ confirms the possibility that no form of closure was involved at any of the threshold points.Fig. 6	Consolidated crack growth rate data from all three experiments covering 36 data sets obtained under both constant amplitude loading under different stress ratio as well as under periodic overloads and underloads leading to DKth,i estimates. The outliers at higher growth rates are attributed to oxide debris induced closure at R = 0.1. The ‘triangle’ of scatter seen in (a) is attributed to the combined action of closure and bound on the right by the initial DK of individual decreasing K segment leading to threshold. The scatter is somewhat reduced by correction for plasticity induced closure in (b) and further reduced by accounting for DKth,e per eq. (2) after computing s* for individual data points. 

The R = 0.1 data underscore the role of oxide debris in influencing crack growth rate through crack closure. The haphazard variation in crack growth rate at R = 0.1 appears to be related to the inconsistent manner in which oxide debris forms at this stress ratio that in turn affects closure and through it, ends up controlling the effective crack driving force, also in an inconsistent manner as evident from Fig. 5.  
By far the best correlation of crack growth rates is seen against the difference DKeff – DKe. With a DK7 correction value of 0.8 MPam to account for the intersection of linear fit in the log scale with the 10-7 mm/cycle growth rate threshold, most data fall into a 2:1 scatter band. These include most of the transient growth rates representing sizeable effect of load history caused by periodic overloads of up to 60% overload, that induce over an order of magnitude reduction in growth rate and a threefold  increase in DKth,i. However, there appear to be exceptions to this pattern. A closer study of these is possible from Fig. 7.
The data in Fig. 7 are restricted to the twenty nine transients leading down to threshold. From Figs 7a, 7b, it is obvious that neither DK nor DKeff appear able to capture the vast difference in DK or DKeff at threshold that is caused by load history. This underscores the limitations of conventional approaches to interpret near-threshold fatigue. In contrast, the scatter band in the difference DKeff – DKe  is within 0.5 MPam. Fig. 7	Transient crack growth rate data from test  under periodic overloads and underloads with load shedding leading to DKth,if  estimates. The ‘triangle’ of scatter seen in (a) is attributed to the combined action of closure and bound on the right by the initial DK of individual decreasing K segment leading to threshold. The scatter is somewhat reduced by correction for plasticity induced closure in (b) and further reduced by accounting for DKth,e per eq. (2) after computing s* for individual data points. The outliers at right are attributed to oxide debris induced closure. As indicated by the arrows, this scatter progressively reduces with growth rate with increasing stress ratio and associated decrease in closure component. The outliers at left appear to be scatter from three tests as indicated, but the margin of error when expressed in terms of DK does not exceed 0.5 MPam.

An important conclusion follows from the trend of several transient data sets identified to the right of the trend line in Fig. 7c. One would normally expect scatter in data to increase with reducing crack growth rate towards threshold. However, as indicated by the arrows, the opposite applies to these data. Thus, data from the outliers on the right tend to converge at threshold, while at the commencement of the segment the deviation of growth rate data points from the trend line can exceed 2 MPam. This could be due to errors in estimates of either DKeff or DKe. If the error is in DKth,e it may be attributable to shortcomings in assumptions that form the basis for eq.(2). Then, the question arises as to why most of the transient data segments do fall into a single scatter band. It is more likely, that the errors are in estimates of DKeff. Assuming this is indeed the case, the horizontal separation of individual data points from the trend line may represent the oxide debris induced crack closure component that was not accounted for in estimates of DKeff.
Indeed, the trend of data sets #9, 11, 20, 22, 24, 26 may be explained by the effect of initial increased closure primarily caused by the collection of oxide debris upon transition from previous threshold segment to a low stress ratio commencement of the next segment. This increased level of closure steadily recedes to vanishing proportions with crack extension towards the next threshold as stress ratio rapidly increases with load shedding and crack extension. The associated disappearance of oxide debris towards threshold progressively leads growth rate data points towards their single, closure free, ‘focal’. Not surprisingly, this is reflected by the brighter tone on the fracture surface at threshold indicating there was no closure and no oxide debris.
Points from just three data sets #3, #5 and #15 fall to the left of the 2:1 scatter band. In terms of DK, the deviation is within 1 MPam from the trend line. In terms of crack growth rate the deviation is of the order of 2X over the trend line. If these outliers are set aside, the linear correlation of data in the log scale between da/dN and the difference DKeff – DKth,e appears extraordinary given this first time effort in the history of fatigue research to correlate experimental data that incorporate load history effects – something that standard laboratory testing practice has scrupulously avoided for over five decades for fear of distortions to results, albeit, to the detriment of practical relevance and engineering application. 
While much progress has been achieved in analytical modeling of plasticity induced crack closure [8], the same cannot be said about oxide debris induced closure that is characteristic of certain materials including DMR steel. The unique nature of DKth,i versus s* relationship, permits extraction of the contribution of closure to DKth. Considering the importance of such inputs to calibrate future modeling effort to determine closure, a method is described below, to accurately extract closure component from legacy experimental data. The method is then exercised on threshold data obtained using prevailing testing practice. 
2.4	DKth,i, s* and Kop – Determining Three Unknowns from Three Relationships 
Intrinsic material properties required to extract closure response from legacy threshold data include the cyclic stress strain curve given by E, K’ and n’ and the DKth,i versus s* relationship for the material as shown by the trend line in Fig. 4c. These together represent a certain intrinsic material reference against which extrinsic variables such as crack closure stress intensity, Kop can be extracted, provided applied load parameters required to compute crack-tip response in the form of s* are also available. Extraction of closure component at threshold from legacy DKth data relies on a crucial reverse implication of  the DKth,i versus s* relationship. Assuming that near-tip stress at Kmax is uniquely defined by eq. (4), it must follow that constant amplitude DKth,i will be uniquely related to Kmax because s* will not vary at K < Kop. 
Legacy DKth data typically carry a large ‘closure content’, particularly at lower stress ratios. As will be shown by the forthcoming description of a follow-up experiment, this is particularly so,  given the load shedding scheme prescribed by prevailing standard practices to characterize DKth at a given applied stress ratio. Legacy DKth data are typically presented either against Kmax or against R-ratio. Now, it follows from the DKth,i versus s* relationship, that a unique Kop will be associated with any given Kmax at threshold reached by a slow load shedding process where Kmax and Kmin at threshold alone can be assumed to have influenced near-tip stress history. This follows from eqs 4, 8 that relate applied K sequence at threshold to s*. Thus, we have three unknowns, s*, DKth,i and Kop, to be resolved by the simultaneous solution of three equations, namely, eq.8, the DKth,i versus s* relationship and the following sum:
DKth = DKth,i + DKop = DKth,i + Kop – Kmin				(11)
In solving these three equations, first a test is performed to confirm the presence of crack closure, i.e, that DKth > DKth,i. This test is performed assuming absence of overloads by solving eqs 4, 5 to determine s* and associated DKth,i. Closure is presumed absent if DKth,i >= DKth.  
In the event of partial crack closure, we proceed on the premise, that for any given Kmax at threshold, Kop and s* are uniquely related through DKth,i. There is no closed form solution for these three equations. But, they can be numerically solved by iteration either by decrementing the unknown Kop from Kmax, or, by incrementing it from Kmin, until Kop from s* in eq (8) and from eq (11) given DKth,i for the same s* converge.
Success of the iterative method relies on the combination of monotonous decrease of s* with decreasing Kop on the one hand and on the monotonous decrease of DKth,i with increasing s* on the other until s* from the two converge. It should be noted that some materials including DMR steel exhibit an almost flat region of DKth,i at the high end of s*. But others such as Al-Cu alloys and Ti-6Al-4V continue to show monotonous decrease of DKth,i with s*. Neither affects convergence by iteration. The iterative procedure can be extended to near-threshold crack growth rates by applying iterative search for Kop to match actual crack growth rate to eqs 1-3 with additional material constants required by the growth rate equation. This essentially amounts to selecting the appropriate Kop value and associated DKth,e to deliver the observed growth rate on the trend line in Fig. 6c, but in a manner that simultaneously resolves the entire set of related equations.
The next experiment provided an opportunity to exercise analytical procedure described above to both DKth as well as transient crack growth rates leading down to threshold. Our objective was to exercise conventional load shedding technique to determine DKth at different applied stress ratios in accordance with ASTM E647. The above procedure was then used to characterize the degree of crack closure involved in readouts obtained both at threshold as well as during the transient process of load shedding.
2.5	Characterization of DKth Using Conventional Load Shedding Technique
Fig. 8 summarizes the experiment performed. It was specially designed to determine from a single test coupon, DKth readouts under stress ratio varying from 0.1 to 0.9 through successive load shedding segments, each culminating in crack arrest defined by the condition of less than 0.1 mm crack extension in one million cycles. 
The shaded profile in Fig.8a describes the variation of Kmax, Kmin and DK with crack increment in accordance with the load shedding equation shown that complies with the prescribed rate of load shedding as per ASTM E647.. The boxes in the figure list stress ratio and initial DK, given by DK0 for each segment. Knowledge of the DKth,i versus s* relationship as well as crack growth rates in the near-threshold domain assisted in the optimal selection of DK0 values for each segment to meet the contradictory requirement of multiple DKth estimates as well as the required slow rate of load shedding. In order to avoid potential load history effect from abrupt unloading when moving from one test segment to the next, the test was performed with stress ratio incrementing by 0.1 from R = 0.1 to R = 0.9, but with periodic slow unloading compliance estimates at R = 0.1.
Also shown in Fig. 8a are Kop values determined from unloading COD compliance using the 1% deviation criterion as per ASTM E647 (red dotted line) as well as Kop values computed by the iterative technique described earlier. This is shown by the black dotted line that lies within the shaded area and is suggestive of substantial closure at lower stress ratios. Note the vast difference between the two estimates of Kop. Assuming authenticity of values reverse calculated from actual growth rates against DKth,i versus s* relationship as reference, one must conclude that compliance - based closure estimates can be highly misleading. Finally, also shown in Fig. 8a is a straight dotted line marking a certain Kmax value below which most of the oxide debris related contrast is seen in Fig. 8b. This is but an intuitive suggestion of a certain Kmax below which, wake contact contributing to oxide debris formation may occur.Fig. 8	Summary of experiment to determine DKth at different stress ratios using conventional load shedding technique. (a) Shaded area shows variation in applied stress intensity with crack size during each segment leading to threshold. Also shown is the load shedding equation, with boxes indicating stress ratio and DK0 at commencement of each segment. Dotted line within shaded area shows computed Kop values reverse calculated from observed crack growth rates, while red dotted line is measured Kop from COD as per ASTM E647. Straight dotted line indicates Kmax value below which evidence of oxide debris is invariably observed on fracture surface. (b) Fracture surface. (c) Registered DKth shown against applied stress ratio. Dark shaded area indicates DKth,i, while light shaded area indicates the extent of crack closure. Dotted lines are indicative of expected values of plasticity induced Kop, at threshold estimated assuming R = 0.1 and baseline R along with actual Kop estimated by subtracting DKth,i from Kmax at threshold.

 Fig. 8b shows the fracture surface, with lengthwise dimensions aligned with the X-axis on the graphs. Its features are in striking contrast with those in Fig. 3b associated with load shedding keeping Pmax = Const. Conventional load shedding technique requires simultaneous progressive reduction in Pmax to keep R = Const. An inevitable consequence of this is increasing prospect of crack wake contact and its magnification through release and growth/spread of debris. As a consequence, oxide debris formation and its residue increases towards threshold, driving up associated closure value. A standout example in this regard is the segment of R = 0.8, where we see no debris formation at the commencement of the segment. Eventually, it does pick up in the mid-thickness region and progressively spreads towards the edges. Note also, that the crack front is also distorted in the process. The phenomenon is totally absent only at R = 0.9. 
As suggested by the straight dotted line in Fig. 8a, cycling involving K-excursions below about 15 MPam invariably leads to oxide debris formation. This essentially implies that distortion of DKth readout is inevitable due to debris induced closure component if Kmin at threshold falls below this level. This is quite the opposite of Fig. 3b with regard to change in contrast on the fracture surface towards each threshold point. In that experiment, Pmax = Const guaranteed that applied stress ratio will steadily increase with load shedding. As a consequence, oxide debris formation steadily recedes towards threshold. A cursory comparison of the fracture surfaces in Fig. 3 and Fig 8 illustrates this, bearing eloquent testimony to the qualitative difference between the two experimental techniques. 
Note from Fig. 3, that there is no effect of debris induced closure on DKth,i estimates even at Kmax levels close to 10 MPam. Obviously, the very process of reducing Kmax with crack extension plays a role in increasing closure levels. A cursory scan of the DK profile in Fig. 8a and its comparison with the fractography in Fig. 8b suggests that two requirements need to be met for oxide debris formation and related contribution to crack closure. First, some other form of closure, like plasticity induced closure, must occur in the mid-thickness region over some portion of the load cycle. This appears to trigger the release of debris that can both multiply as well as migrate later, even in the subsequent absence of plasticity induced closure. An important second requirement appears to be for a substantial portion of the applied load cycle to fall below a certain Kmax. This is schematically indicated by the straight dotted line in Fig. 8a. Obviously, applied cycling over a range of K falling below this Kmax causes Mode I and what is even more likely, Mode II crack opening displacement in the immediate vicinity of the crack tip, that must cause debris to be ‘rolled, crushed and mixed’, so to speak, milled, in a manner that promotes their growth and propagation across the thickness. It would follow that this is the interval of applied loading that is associated with debris dimensions of the same order as COD. These conditions are increasingly promoted by load shedding at R = Const, and this persists right up to R = 0.8. This is in contrast to load shedding at Pmax,BL = Const used to determine DKth,i, where the reverse applies, i.e., with load shedding, COD interval progressively moves out of dimensional compatibility with debris, resulting in threshold conditions free from oxide debris induced closure.
Fig. 8c summarises the results of the test by plotting parameters at each threshold point against stress ratio. DKth is plotted against the right-axis scale. The band shaded dark grey indicates the very small variation in DKth,i (0.3 MPam) back calculated for Kmax associated with individual DKth. The light grey band shows the computed proportion of oxide debris induced closure as the difference between computed Kop and Kmin. Also shown in the figure are computed plasticity induced closure values corresponding to applied stress ratio at threshold and corresponding to R = 0.1, the stress ratio employed periodically to measure crack size. Compliance based measurements of closure during the test were similar to the former and are suggestive of a fully open crack upwards of R = 0.4.Fig. 9	Summary of readouts from load shedding experiment. (a) Crack growth rates leading to threshold at different stress ratios plotted against DK, and (b) against DKeff. (c) DKth versus Kmax. and (d) versus stress ratio. Dotted line shows computed DKth,i from Fig.4c with area between the two curves reflecting the effect of oxide debris induced crack closure suggesting the predominant influence of load shedding on authenticity of measurement of a vital parameter such as DKth.

Fig. 9 summarises readouts from the experiment. Figs 9 a,b show transient crack growth rates towards threshold from different stress ratio segments plotted against DK and DKeff respectively, where DKeff is corrected for plasticity induced crack closure. This brings the data marginally closer at stress ratios up to R = 0.4 and that too, only at the initial stage of load shedding. The data fan out with load shedding and decreasing crack growth rate. This is attributable to the growth of oxide induced debris and its contribution at threshold is quantified as the shaded area shown in Fig. 9c. The dotted line is obtained by iterative solution of eqs (5-8) to determine actual Kop at threshold given by the difference between Kmax and associated DKth,i. 
The shaded area in Fig. 9c is indicative of the potential margin of error in determining DKth using conventional load shedding technique for this material. This error translates into the potentially misleading DKth versus stress ratio relationship shown in Fig. 9d. Obviously, naturally forming cracks are highly unlikely to see such high DKth at lower stress ratios. They are more likely to see values of DKth that are closer to DKth,i as indicated by the dotted lines. 
In summary, determination of the nine DKth readouts in Fig. 9b,c required 120 million cycles. In contrast, the twenty nine DKth,i readouts shown in Fig. 4c  required about 95 million load cycles of testing. 
3.0	DISCUSSION
Testing practices currently in industrial use to determine DKth were designed with awareness of its sensitivity to load history. In the process, no attempt was made to come up with a method to characterize how load history affects DKth, i.e., essentially, ‘the baby was thrown out with the bath water’. The task of accounting for load history effects was left to the domain of modeling, notwithstanding the possibility that to be successful, a model must rely on authentic and unadulterated empirical evidence. It has generally been assumed that if the objective is to obtain a conservative readout, suffice to perform a threshold test at sufficiently high stress ratio. This study shows, that from the perspective of both academic interest as well as of practical importance, it may be both important and possible to characterize the effect of load history on threshold behaviour, rather than take measures to avoid it. 
The excellent reproducibility of the relationship between DKth,i and s* has been demonstrated on each of more than half a dozen materials tested over the past 10 years [37-39]. This study was no exception, even though the material in question presented a challenging distraction by way of oxide debris induced closure. Even so, the quality of the fit between DKth,i and s* as well as between da/dN and DKeff – DKth,e, bears testimony to the clarity provided by the simple interpretation of fatigue crack extension provided by Fig. 1. As shown by the vast collection of data in Fig. 6. over the entire domain of sub-critical fatigue crack growth, crack growth rate is controlled by s* and DKeff in the near-threshold region, DKeff alone in the Paris region and DKeff and Kmax close to failure.  Identification of these key variables opens the possibility of improved analytical modeling and experimental research with greater focus on targeting first principles. To cite an example, s* being a cycle-sequence sensitive variable that is controlled by load history opens opportunities in advancing application of Linear Hysteretic Fracture Mechanics (LHFM) to study near-tip stress response to load sequences of practical importance. Eqs 4-8 represent a very rudimentary attempt to adapt LEFM to LHFM. Unlike crack closure, s* appears easier to model, and, along with eqs (1-3) has demonstrated good capability to account for load interaction effects as reflected by Fig. 6c, particularly considering measures taken to keep plasticity induced closure to a minimum.   
Crack closure plays a major role in affecting the fatigue crack growth process. It’s role obviously increases to dominant proportions in the near-threshold Region #1 and reaches overwhelming proportions at threshold as shown by Fig. 9c. In engineering applications, closure will be affected by crack size as in natural crack formation at notches, by stress gradients and as convincingly demonstrated by this study, by how stress intensity varies with crack size. Finally, crack closure will be sensitive to load history. As shown by the outliers in Figs. 6, 7 accounting for the effect of oxide-debris induced closure would have consolidated these data even better. To make this possible, advances in modeling closure demonstrated by packages such as FASTRAN [44] obviously need to be augmented by consideration of oxide debris induced closure. 
Establishment of the closure-free DKth,i versus s* relationship as a unique and highly reproducible material property justifies its use as a reference to determine crack closure in experiments. The importance of this possibility is underscored by prevailing difficulties in direct measurement of closure. The new capability can serve to improve analytical models of various types of closure. It opens the potential of improved modeling of atmospheric fatigue crack growth as a multi-mechanism process driven by actual cycle-by-cycle crack-tip response to applied LEFM parameters expressed in terms of crack closure that attenuates crack driving force and an LHFM parameter, s*, that controls threshold resistance to the onset of fatigue crack extension. 
It may be inappropriate to argue that closure estimates can be ‘adjusted’ to account for unrelated effect of load history in near-threshold conditions, but, this will require exaggerated closure estimates under conditions that cannot be attributed to the effect of plasticity, roughness, oxide debris, etc. Presumption of closure as the sole actor in stress history and load interaction effects drags in the untenable proposition of effective (closure free) threshold stress intensity as some kind of material constant that is insensitive to load history. This would raise the predicament of having to explain how and why plasticity induced closure must increase rather than decrease under near-threshold conditions that tend towards plane strain and increased local triaxility. More importantly, to explain the DKth,i versus s* relationship through closure, its plasticity induced component would inevitably need to be connected with s*.  The dilemma associated with such an approach centers around the very interpretation of crack closure as a wake-related phenomenon. A connection with s* would require re-interpretation of closure as a mechanism that merely attenuates, rather than ‘cuts off’ crack tip response, as Kop is understood to, through a certain DKop expressed as a function of s*. This leads to the difficulty of trying to explain the apparent insensitivity of the DKth,i versus s* relationship to material thickness as shown in experiments on 5 mm and 50 mm thick specimens cut from the same stock [40]. Finally, as if this were not enough of a challenge, one would have to convince oneself, that closure can explain the DKth,i versus s* dependence even in 50 mm thick specimens and that too, at stress ratios in excess of R = 0.5. 
The information in Figs. 8 and 9 is illustrative of the extent to which seeming experimental ‘artefacts’ such as debris introduced largely due to the adopted testing procedure can result in misleading and grossly unconservative test results that left merely to correlative exercise can adversely affect their engineering application. However, as debris formation appears to be a characteristic of an entire class of materials, the study of its kinetics and effect on crack closure appears attractive. The challenge in doing so is in accounting for environment and cycling dependent variation in the formation, growth, transformation and dispersion of debris and its influence on crack closure. This challenge was inadvertently created by a testing practice developed in the absence of sufficient understanding. Perhaps efforts to change testing practice rather than take up such a challenge are likely to be more productive. Some options have been discussed elsewhere [20, 45-48]. The results of this study present a case for a testing practice based on scientific rationale and hard empirical evidence about how fatigue cracks grow in Regions #1 and #2. 
Region #3 of the da/dN curve was not covered by this study. However, it is well known that Kmax in a load cycle comes into direct play only at values, high enough to cause quasi-static crack extension. This aside, applied loading parameters such as stress ratio, Kmax, Kmin and even DK do not directly affect fatigue crack growth rate in a manner that warrants direct correlation, except perhaps under constant amplitude loading. The variety of growth rate equations in the literature that include them can only serve as approximating functions to fit a given set of constant amplitude laboratory test data obtained that carry limited engineering significance. 
 The so-called two-parameter approach serves as an excellent example of how Kmax and DK can together correlate the entire range of fatigue crack growth rate behaviour from threshold right up to fracture . Such description is correlative by nature and restricted to interpreting a set of experimental data obtained under constant amplitude loading. This can help in interpolative exercises restricted to those conditions under which the specific set of experimental data were obtained. Obviously in doing so, the underlying mechanisms in play  at various stages, including the highly misleading data in terms of both DKth as well as near-threshold crack growth rates obtained by load shedding as shown in Figs. 8 and 9 can be transformed into two-parameter equi-growth rate data that may appear attractive, but are likely to present only as much practical value as the data themselves. Note however, that the DKth,i versus s* relationship when re-cast in terms of applied K-parameters does not reflect any degree of correlation.  Fig. 10 illustrates limitations of attempting to describe a multi-mechanism process sensitive to load history using but a few applied loading parameters.
 Finally, if indeed, s* and crack closure are the sole parameters reflecting the role of load history on fatigue crack extension as described by Fig. 1, there appears to be no room for cumulative damage-based interpretation in deterministic modeling of fatigue crack growth. In support of such a possibility, Fig. 11 shows DKth,i translated into near-tip stress amplitude and plotted against minimum (s*), maximum and mean stress. From a cumulative damage viewpoint, the vertical axis represents fatigue limit on a base of 107 cycles for a 1 mm wide element at the crack tip. Better correlation is when sa is plotted against s*. This may appear reasonable given the connection between s* and crack tip diffusion kinetics that determines resistance to onset of threshold crack extension [36]. However, there are two contradictions that cannot be reconciled. First, unlike fatigue limit in the classical sense, DKth,i is exclusively controlled by s* at the commencement of any given rising load half cycle. It is insensitive by definition to any preceding ‘cumulative damage’. The second contradiction is even more serious. Fatigue limit in the classical interpretation will drop down steeply as mean or maximum stress approaches ultimate stress. This is the opposite of what is shown in Fig. 11, where ‘crack-tip fatigue limit’ flattens out with increasing local maximum, mean or minimum stress.Fig. 11	DKth,i from a cumulative damage perspective. Near-tip stress amplitude associated with DKth,i plotted against (a) near-tip maximum stress, (b) mean stress and (c) minimum stress (s*).
Fig. 10	(a) Intrinsic threshold stress intensity, DKth,i is controlled by an LHFM parameter characterizing near-tip stress, s*. (b) and (c) When load history comes in play, the non-dependence of  DKth,i on individual applied load parameters such as baseline or overload Kmax stands exposed.

4.0	CONCLUSIONS
1. Threshold and near-threshold fatigue crack growth properties were characterized for a naval steel prone to crack wake oxide debris formation using two different testing procedures. Conventional load shedding practice yielded highly unconservative results, while the one performed with constant baseline maximum load delivered highly reproducible test results even in the presence of sizeable load history effects induced by periodic overloads and underloads.
2. The study confirms findings from numerous materials hitherto studied, that, the relationship between closure free intrinsic threshold stress intensity, DKth,i and near-tip residual stress, s* is unique and amenable to laboratory characterization in a highly reproducible and consistent manner. As the DKth,i versus s* relationship accounts for load history effects on near-threshold fatigue crack growth, it becomes possible to incorporate the effect of variable-amplitude loading and service loading into standard laboratory testing practice. 
3. Microscopically consistent modeling of fatigue crack growth under variable amplitude loading requires independent consideration of crack closure and cycle-sequence sensitivity of intrinsic threshold fatigue resistance. A crack growth rate equation is presented that covers all three regions of fatigue crack growth. It serves as a reference against which both plasticity as well as debris induced closure readouts can be retrieved from experimental data.
[bookmark: _Hlk59960987]Acknowledgement: The material for the study was kindly provided by the Defence Materials Research Laboratory in support of the Indian Structural Integrity Society initiative to develop a new standard testing practice to characterize intrinsic threshold stress intensity. The author gratefully acknowledges the support of Ramesh Koraddi, Vishwas Chandra and Ajidha Paul at BISS Labs, Bangalore towards conducting the required tests. Finally, the author deeply appreciates valuable discussions with learned participants of the periodic ‘Kujawski Seminars’ organized by Prof. Daniel Kujawski at Western Michigan University, MI, USA.
REFERENCES
1. Kitagawa, H., and Takahashi, S., Applicability of fracture mechanics to very small cracks in the early stage, Proc. 2nd  International Conference on Mechanical Behaviour of Materials, ASM (1976), pp 627-631
2. Schijve J. Observations on the prediction of fatigue crack growth propagation under variable amplitude loading. In: ASTM STP 595. Philadelphia, PA: American Society for Testing and Materials; 1976. p. 3–23. 
3. Schijve, J., “Four Lectures on Fatigue Crack Growth,” Eng. Fracture Mech., Vol. 11, 1979, pp. 176–221.	
4. Skorupa M. Load interaction effects during fatigue crack growth under variable amplitude loading. A literature review. Part II: qualitative interpretation. Fatigue Fract Engng Mater Struct 1999;22:905–26. 
5. ASTM E647–15e1, Standard Test Method for Measurement of Fatigue CrackGrowth Rates (ASTM International, West Conshohocken, PA, 2015). www.astm.org
6. Glinka, G., A notch stress-strain analysis approach to fatigue crack growth, Engineering Fracture Mechanics (1985) Vol 21, No 2, pp 245-261
7. Mikheevskiy, S.,  Bogdanov, S., Glinka, G., Analysis of fatigue crack growth under spectrum loading – The UniGrow fatigue crack growth model, Theoretical and Applied Fracture Mechanics 79 (2015) 25–33
8. Newman, J.C., Jr., The merging of fatigue and fracture mechanics concepts: A historical perspective, Progress in Aerospace Sciences 34 (1998) 347-390.
9. Newman, J.C., Jr., Rainflow-on-the-Fly Methodology: Fatigue Crack Growth under Aircraft Spectrum Loading, Advanced Materials Research Vols 891-892 (2014) pp 771-776
10. Sadananda, K., and Vasudevan, A.K. Vasudevan, Multiple mechanisms controlling fatigue crack growth, Fatigue and Fracture of Engineering Materials and Structures, 26 (2003), 835-845
11. Lang M. Methodology for fatigue crack growth, part I: Phenomenology, Fatigue and Fracture of Engineering Mater Struct 23 (2000), pp 581–601.
12. Stoychev, S., and Kujawski, D., Crack-tip stresses and their effect on stress intensity factor for crack propagation, Engineering Fracture Mechanics, 75 (2008) 2469-2479
13. Ferreira, S.E., de Castro, J.T.P., Meggiolaro, M.A., Using the strip-yield mechanics to model fatigue crack growth by damage accumulation ahead of the crack tip, Int. J. Fatigue, 103 (2017) pp 557-575
14. Sadananda, K., and Glinka, G., Dislocation processes that affect kinetics of fatigue crack growth, Philosophical Magazine, Vol 85, Nos 2-3, (2005) pp 189-203
15. Lados, D.A., Apelian, D., and Donald, J.K., Fatigue crack growth mechanisms at the microstructure scale in Al-Si-Mg cast alloys: Mechanisms in the near-threshold regime, Acta Materiala 54 (2006) 1475-1486
16. Toribio, J., Kharin. V., Role of plasticity-induced crack closure in fatigue crack growth, Frattura ed Integrità Strutturale, 25 (2013) 130-137; DOI: 10.3221/IGF-ESIS.25.19
17. Sadananda, K., Vasudevan, A.K., Holtz, R.L., and Lee, E.U., Analysis of overload effects and related phenomena, International Journal of Fatigue 21 (1999) S233–S246
18. Tong, J., Alshammrei, S., Lin, B., Wigger, T. and Marrow, T., Fatigue crack closure: a myth or a misconception?, Fatigue and Fracture of Engineering Materials and Structures, 42 (2019) pp 2747-2763
19. Pippan, R., and Hohenwarter, A., Fatigue crack closure: a review of the physical phenomena, (2017)  00 pp 1-25. doi: 10.1111/ffe.12578
20. Newman, JC., Jr, and Yamada, Y., Compression precracking methods to generate near-threshold fatigue crack growth rate data, Int. J. Fatigue, 32 (2010) 879-885
21. Sunder, R., and Dash, P.K., Measurement of Fatigue Crack Closure Through Electron Microscopy, Int. J. Fatigue, Vol. 4, April 1982, pp. 97-105.
22. Ashbaugh, N.E., Dattaguru, B., Khobaib, M., Nicholas, T., Prakash, R.V., Ramamurthy, T.S., Seshadri, B.R., and Sunder, R., Experimental and Analytical Estimates of Fatigue Crack Closure in an Aluminum-Copper Alloy. Part I: Laser Interferometry and Electron Fractography, Fatigue Fract. Engg. Mater. Struct, Vol. 20, No. 7, 1997, pp.951-961.
23. Hopkins, S.W., Rau, CA, Leverant, GR and Yuen, A, Effect of Various Programmed Overloads on the Threshold for High-Frequency Fatigue Crack Growth, Fatigue Crack Growth under Spectrum Loads, ASTM STP 595, 1976, pp 125-141
24. Sunder, R., Effect of Periodic Overloads on Threshold Fatigue Crack Growth in Al-Alloys, Journal of ASTM International, Jan 2005, Vol 2, No 1, Paper Id JAI12004
25. Sunder, R., An explanation for the residual stress effect in metal fatigue, Fatigue 2002 – Proc. 8th International Fatigue Congress, Stockholm, 2002, EMAS, pp. 3339-3350.
26. Ashbaugh, N.E., Porter, W.J., Rosenberger, A.H., and Sunder, R., Environment -Related Load History Effects in Elevated Temperature Fatigue of a Nickel-Base Super-alloy, Proc., Fatigue 2002, Stockholm, June 2-7, EMAS (2002).
27. Sunder, R., Porter, W.J., and Ashbaugh, N.E., The Role of Air in Fatigue Load Interaction, Fatigue Fract Engng Mater Struct, 26,  2003, pp. 1-16.
28. Sunder, R., Fractographic Reassessment of the Significance of Fatigue Crack Closure, Fatigue and Fracture Mechanics: 34th Volume, ASTM STP 1461,  S.R. Daniewicz, J.C. Newman and K.-H. Schwalbe, Ed(s)., ASTM International, West Conshohocken, PA, 2005, pp. 22-39.
29. Sunder R., On the hysteretic nature of variable-amplitude fatigue crack growth, Int J. Fatigue, 2005,  Vol 27, pp 1494-1498
30. Sunder, R., Andronik, A., Biakov., A, Eremin, E., Panin, S and Savkin, A., Combined action of crack closure and residual stress under periodic overloads: A fractographic Analysis, Int. J. Fatigue, 82 (2016) 667-675.
31. Sunder R., Why and How Residual Stress Affects Metal Fatigue. In: Parinov I., Chang SH., Topolov V. (eds) Advanced Materials. Springer Proceedings in Physics, vol 175. Springer, Cham,2016,  pp. 489-504
32. Sunder R., Biakov, A., Eremin, A and Panin S, Synergy of Crack Closure, Near-Tip Residual Stress and Crack-Tip Blunting in Crack Growth Under Periodic Overloads – A Fractographic Study, Int. J Fatigue, Vol 93, pp. 18-29, 2016.
33. Savkin, A.N., Sunder, R., Andronik, and A.V., Sedov, A., Effect of Overload on the Near-Threshold Fatigue Crack Growth Rate in a 2024-T3 Aluminum Alloy: I. Effect of the Character, the Magnitude, and the Sequence of Overload on the Fatigue Crack Growth Rate, Russian Metallurgy (Metally) 2018(11):1094-1099
34. Sunder, R., Cycle Sequence Sensitivity of Near Threshold Fatigue under Programmed Loading – a Fractographic Study, International J. Fatigue, Vol 135, June 2020, 105537
35. Sunder, R., Unraveling the Science of Variable-Amplitude Fatigue, Journal of ASTM International, Vol. 9, No. 1, Paper ID JAI103940, 2012. Also, ASTM Special Technical Publication 1546, 2012, pp. 20-64;
36. Sunder, R., Fatigue crack growth as a consequence of environment-enhanced brittle-micro fracture, Fatigue Fract. Engng. Mater. Struct., 28 (3) (2005) pp. 289-300 
37. Sunder R., Characterization of Threshold Stress Intensity as a Function of Near-Tip Residual Stress: Theory, Experiment, and Applications, Materials Performance and Characterization (An ASTM Journal), Vol 4, No 2, 2015, pp105-130.
38. Sunder, R., Ramesh, K., and Gorunov, A., Intrinsic Threshold Stress Intensity of Additive Manufactured Metals, in ASTM STP 1631, American Society for Testing and Materials, 2020, pp 188–202. http://doi.org/10.1520/STP163120190114
39. Sunder, R., Ramesh, K., and Vishwas, C., Threshold Characterization to Support Residual Life Estimates Under Variable-Amplitude Loading, Materials Performance and Characterization, Journal of the American Society for Testing and Materials (2020) DOI: 10.1520/MPC20190223
40. Sunder, R., Raut, D., Jayaram, V., Kumar, P., and Shastri, V., Near-Tip Residual Stress as an Independent Load Interaction Mechanism.,  Int. J. Fatigue, 151 (2021) 106364
41. Suresh S, Zamiski GF, and Ritchie DRO. Oxide-induced crack closure: an explanation for near-threshold corrosion fatigue crack growth behavior. Metall Trans A 1981;12:1435–43. https://doi.org/10.1007/BF02643688. Riemelmoser FO, Pippan R. Mechanical reasons for plasticity-
42. Maierhofer, J., Simunek, D., Ganser, and H.P., Pippan, R., Oxide induced crack closure in the near threshold regime: The effect of oxide debris release, Int J. Fatigue, 117 (2018) 21-26
43. Vojtek, T., Pokorny, P., Kubena, I., Nahlik, L., Fajkos, R., and Hutai, P., Quantitative dependence of oxide-induced crack closure on air humidity for railway axle steel, Int. J. Fatigue, 123 (2019) 213-224
44. Newman, J.C., Jr., FASTRAN-II – A fatigue crack growth structural analysis program, NASA Technical Memorandum 104159, NASA, Hampton, VA (1992)
45. Tanaka, K., and Akinawa, Y., Resistance-curve method for predicting propagation threshold of short fatigue cracks at notches, Engineering Fracture Mechanics, Vol 30, 1988, pp 863-876
46. Pippan, R., Plochl, L., Klanner, F., and Stuwe, H.P., The use of fatigue specimens precracked in compression for measuring threshold values and crack growth, J. Testing and Evaluation, American Society for Testing and Materials, March, 1994
47. Maierhofer, J., Kolitsch, S., Pippan, R., Ganser, H.P., Madia, M., and Zerbst, U., Engineering Fracture Mechanics, 198 (2018) 45-64
48. Kujawski, D., and Vasudevan, A.K., A procedure for determination of thresholds: DKth and Kmax,th, Int J. Fatigue, 142 (2021) 105911

image3.jpg
(b)

&

da/dN,
mm/cycle

DR Steel
©{T) W100/815 mm

f——,

=

10.0 100.0
(c) AK, MPaVm

(d)

OV Steel
0| CT) W100/B15 mm

®

o
- s —ont
boif
- posy
poss
™ o
o

-

T TR o

E=210MPa,
K’ = 1220 MPa, n’ = 0.105,
C=1.62x107 mm/cycle,
m=2.16

.01 mm

AK* =30 MPaVm

AK, = 0.8 MPaVm

=





image4.jpeg
(b)

&

da/dN,
mm/cycle

DR Steel
©{T) W100/815 mm

f——,

=

10.0 100.0
(c) AK, MPaVm

(d)

OV Steel
0| CT) W100/B15 mm

®

o
- s —ont
boif
- posy
poss
™ o
o

-

T TR o

E=210MPa,
K’ = 1220 MPa, n’ = 0.105,
C=1.62x107 mm/cycle,
m=2.16

.01 mm

AK* =30 MPaVm

AK, = 0.8 MPaVm

=





image5.jpg
DMR-Steel
W100/B15mm C(T)

#11
50%

#13

#7

#18 #19

70 @ mm

» Reu Roy




image6.jpeg
DMR-Steel
W100/B15mm C(T)

#11
50%

#13

#7

#18 #19

70 @ mm

» Reu Roy




image7.jpg
r*=0.01 mm
Partial crack closure, K; = K,

r¥=0.01 mm
Crack closure ignored 5

4
3
DMRSteel 2 | DMRsteel
(T) W100/815 mm €(T) W100/815 mm
1
600 -300 0 300 600 900 -600  -300 0 300 600 900

(b) Near-Tip Residual Stress, c*, MPa (c)




image8.jpeg
r*=0.01 mm
Partial crack closure, K; = K,

r¥=0.01 mm
Crack closure ignored 5

4
3
DMRSteel 2 | DMRsteel
(T) W100/815 mm €(T) W100/815 mm
1
600 -300 0 300 600 900 -600  -300 0 300 600 900

(b) Near-Tip Residual Stress, c*, MPa (c)




image9.jpg
n
H

da/dN, mm/cycle

1E-05

DR steel
C(T)W100/815 mm

1E-06





image10.jpeg
n
H

da/dN, mm/cycle

1E-05

DR steel
C(T)W100/815 mm

1E-06





image11.jpg
da/dN, mm/cycle

1E-03

1E-04

g

1E-06

1E-03

1E-04

1E-05

1E-06

1E-03
1E-04
1E-05
1E-06

1E-07
100.0
(c)

0.1

.
o Jut DMRsteel

:r €(T)W100/B15 mm

1.0 10.0 100.0
AK 4~ AKy, , MPaVm




image12.jpeg
da/dN, mm/cycle

1E-03

1E-04

g

1E-06

1E-03

1E-04

1E-05

1E-06

1E-03
1E-04
1E-05
1E-06

1E-07
100.0
(c)

0.1

.
o Jut DMRsteel

:r €(T)W100/B15 mm

1.0 10.0 100.0
AK 4~ AKy, , MPaVm




image13.jpg
1E-05 LE-05 LE-05
e pre—— o em
& [ s lin T T R
° o9 e#10 o9 e#10 o9 e#10
T fems ema oms o3 oua o5 o3 ema o5
T [ S e
= o B
£ 25_ox26) w5 126 w5 126
Z [oms . e
I DR steel DR steel DR steel
K C(T)W100/815 mm C(T)W100/815 mm
1.E-06 1.E-06 1.E-06
1E-07 1E-07 1E-07
1.0 10.0 5 03 3.0
a,
(@) (b) () A Ay o, MPaVm





image14.jpeg
1E-05 LE-05 LE-05
e pre—— o em
& [ s lin T T R
° o9 e#10 o9 e#10 o9 e#10
T fems ema oms o3 oua o5 o3 ema o5
T [ S e
= o B
£ 25_ox26) w5 126 w5 126
Z [oms . e
I DR steel DR steel DR steel
K C(T)W100/815 mm C(T)W100/815 mm
1.E-06 1.E-06 1.E-06
1E-07 1E-07 1E-07
1.0 10.0 5 03 3.0
a,
(@) (b) () A Ay o, MPaVm





image15.jpg
K. e~008@-a,) Kopfrom eqs 1-3

R=02 R=03
Aky=10 AK,=9
MPavm MPaym

(€ o1 02 03 04 05 06 07 08 09
Stress Ratio




image16.jpeg
K. e~008@-a,) Kopfrom eqs 1-3

R=02 R=03
Aky=10 AK,=9
MPavm MPaym

(€ o1 02 03 04 05 06 07 08 09
Stress Ratio




image17.jpg
1E-05

da/dN, mm/cycle

[
m
=3
)

1E-07

DMRSteel
C(T) W100/815 mm,,

1E-05

*R=0.1
*R=0.2

R=0.3
“R=0.4
*R=0.5
*R=0.6
*R=0.7

DMR Steel
C(T) W100/B15 mm

oicc, Picc

DMRSteel
C(T) W100/B15 mm

L]
DMRSteel e
C(T) W100/B15 mm

0.2

04 06
Stress Ratio

0.8

10




image18.jpeg
1E-05

da/dN, mm/cycle

[
m
=3
)

1E-07

DMRSteel
C(T) W100/815 mm,,

1E-05

*R=0.1
*R=0.2

R=0.3
“R=0.4
*R=0.5
*R=0.6
*R=0.7

DMR Steel
C(T) W100/B15 mm

oicc, Picc

DMRSteel
C(T) W100/B15 mm

L]
DMRSteel e
C(T) W100/B15 mm

0.2

04 06
Stress Ratio

0.8

10




image19.jpg
DMRSteel DMRsteel DMRSteel
r*=0.01mm | 350 r*=0.01mm *=0.01mm
— r* m | 300 — r*nm —
«—>
250
200
.
150 -, oo o
- o .. .
100
50
0

1000

(b)

G, MPa

0 300 600
G miny MPa




image20.jpg
6| e DMR Steel 6 6 . o DMRsteel
€(T) W100/815 mm €(T) W100/B15 mm
. .
£5 ) 5 5 L) oo
4 . .
o
4 . 4 4 .
2 ' . . . .
3 DMR Steel
ﬁ‘ 3 . 3 . €(T) W100/B15mm | 3 .
-, . ee @& o o
2 -y 2 r} % 2
1 1 1
-600  -300 0 300 600 90 0 10 20 30 40 50 60 70 O 10 20 30 40 50 60 70
Near-Tip Residual Stress, c*, MPa Overload K,,,,, MPaYm Baseline K,,,,, MPaym

maxs

maxs




image21.jpeg
DMRSteel DMRsteel DMRSteel
r*=0.01mm | 350 r*=0.01mm *=0.01mm
— r* m | 300 — r*nm —
«—>
250
200
.
150 -, oo o
- o .. .
100
50
0

1000

(b)

G, MPa

0 300 600
G miny MPa




image22.jpeg
6| e DMR Steel 6 6 . o DMRsteel
€(T) W100/815 mm €(T) W100/B15 mm
. .
£5 ) 5 5 L) oo
4 . .
o
4 . 4 4 .
2 ' . . . .
3 DMR Steel
ﬁ‘ 3 . 3 . €(T) W100/B15mm | 3 .
-, . ee @& o o
2 -y 2 r} % 2
1 1 1
-600  -300 0 300 600 90 0 10 20 30 40 50 60 70 O 10 20 30 40 50 60 70
Near-Tip Residual Stress, c*, MPa Overload K,,,,, MPaYm Baseline K,,,,, MPaym

maxs

maxs




image1.jpg
101

Region #3:

Micro-void @
coalescence
(&

da/dN=

il
2

(Aot Kinax)

IAKth,i

Crack c\osureI

g

da/dN, mm/cycle

slip/ ACTOD,,

(1. = Koo /Ke)9.da/dN, mm/cycle
[y
L4

3

Region #1:
do _ [k AR, )
o ()

Ay

10¢

Crack c\osureI AK — AKypp)

107





image2.jpeg
101

Region #3:

Micro-void @
coalescence
(&

da/dN=

il
2

(Aot Kinax)

IAKth,i

Crack c\osureI

g

da/dN, mm/cycle

slip/ ACTOD,,

(1. = Koo /Ke)9.da/dN, mm/cycle
[y
L4

3

Region #1:
do _ [k AR, )
o ()

Ay

10¢

Crack c\osureI AK — AKypp)

107





