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Abstract One of the main problems facing governments at present is terror-
ism. Most recent studies are striving to find an optimal solution to this problem
that threatens the security and stability of peoples. To combat terrorism, gov-
ernment uses various means such as: education development, providing labor
opportunities, seeking social justice, religious awareness, and security arrange-

ments. The purpose of this research is to evaluate the optimum strategy for
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both government and terrorist organizations using Min-Max differential game

approach. Also, a saddle point concept for this game was discussed.

Keywords Counterterrorism - Min-Max Differential Game - Saddle Point -

Governmental Procedures.

1 Introduction

Nowadays, the term ”terrorism” is a common word in the media. Terrorist acts
of various forms have become a threat to the whole world and pose great dan-
ger to all countries. The term ”terrorism” has no exact definition. One of the
definitions developed by researchers: terrorism is the felonious acts planned to
create a state of terror in a group of persons for specific purposes, may be a
political, religious, ethnic or any other reason that may be an argument to jus-
tify their acts. The government seeks to eliminate terrorism through effective
steps such as: improving education’s quality, increasing labor opportunities,
achieving social justice, raising religious awareness, and security arrangements.
Researchers used various branches of science to help governments in fighting
terrorism, such as the mathematical branch ”Operations Research”. In this re-
search a min-max approach for differential game is used to study the optimal
strategies for governments and terrorists organizations. In [1] terrorism was
studied using a system which is complex and adaptive. While, in [2] a strate-
gies called Nash and Stackelberg was introduced to solve a counterterrorism
differential game. In [3] a game of multi stage with imperfect information was

used to analyse the equilibrium responses to a prospective terrorist attack in
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a two country framework (Home and Foreign). [4] assumed that the success of
counterterrorism relies on public opinion, where in [5] the efficiency of ”water
and fire” strategies are compared. In [6,7] Hsia introduced the fuzzy differen-
tial game to guard a territory movable and not movable. Youness presented a
differential game in [8] called ” Nash collative”. A min-max fuzzy differential
game with fuzzy on the objective and control, and the large-scale differen-
tial game are discussed in [9-12]. A min-max method was applied to get the
optimum strategies of the government and international terror organization
(ITO) by Megahed [13,14]. He studied two problems of view governments and
ITO and showed that governmental procedures are important for combating
terrorism. Megahed [15], applied the Stackelberg method to discuss the inter-
action strategies of governments and terrorist organization. In [16], to combat
terrorism, the Stackelberg differential game of E-differentiable and E-convex

function was applied, considering the government’s proceedings.

2 The Model: Diffrential Game between Governmrent and ITO

Here, we will introduce a model of a differential game which has a state vari-
able z(t), that represents the resource of an ITO. These resources can be arms,
monetary support, supporter’s network. While, E(¢), L(t), J(t), R(t) and S(¢)
represents the procedures of government: education’s efficiency, increasing em-
ployment opportunities, achieving social justice, raising religious awareness
and security preparations, respectively and t refers to time. Consider a game

consists of two players: the first player is ”the government” which has a strat-
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egy u(t) and the second one is ”ITO” which has a strategy v(t) where, these
strategies are non negative. ITO’s stock of resources grows in accordance
with the growth of a linear function g(z), i.e. g(x) = rz,r > 0, and govern-
ment’s procedures grows according to a linear functions: A(E) = u1 E, B(L) =
poL, D(J) = psJ, F(R) = paR and G(S) = psS, where p; > 0 (i =1,2,3,4,5)
is the rate of growth of government’s procedures. Resource stock growth de-
clines as a result to attacks. Also, these attacks reduces number of terrorists,
arms, financial support, and supporter’s network. In addition to the intensity
of attacks v(t), the growth of the resource stock is also reduced due to the
counter terror cost u(t). Denote ”"harvest function” h(u,v) to be the effect of
the control variables of the two players on the growth of the resource. Hence,
we can write dynamics of resource stock for ITO z(t) and government’s pro-

cedures E(t), L(t), J(t), R(t) and S(t) as following

i = ra(t) — h(u(t), v(t)), z(0) = 20 > 0 (1)
E=mE+aju—bv E(0)=Fy >0 (2)
L = oL + agu — bov L(0) = Lo >0 (3)
J = p3J + azu — byv J(0)=Jy >0 (4)
R = 4R + agu — byv R(0) =Ry >0 (5)
S = usS + asu — bsv S(0) = Sp >0 (6)

where, xg refers to initial stock of ITO’s resources while, Ey, Lo, Jo, Rg and Sy

indicates initial government’s procedures and a;, b;, i = 1,2, 3,4, 5 are positive
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constants. Furthermore, we presume the following constraints

2(t) 2 0,B(t) > 0.L(t) = 0,J() > 0,R(t) 2 0,5(8) = 0,6 >0 (7)

As the cost of fighting terror and attacks makes a decline in growth, so suppose
that h, > 0 and h, > 0. Counterterrorism arrangements show a marginal
decrease in efficiency h,, < 0. Also, increasing attacks bring a decline in
resources, i.e. h,, > 0. Also, instruments support each other, i.e. h,, > 0,
and this is reasonable from the point of view of the economics. This means
that the marginal efficiency of anti-terrorist acts increases with the intensity
of terrorist attacks. Moreover, suppose satisfying ”Inada conditions” in the

economy as following

lim h, =00, lim h, =0 (8)
u—0 U— 00
lim h, =0, lim h, = o0 (9)
v—0 V—00

These conditions act as an assurance that strategies u(t) and v(t) are non
negative.

Government receives benefit from its procedures, E(t), L(t), J(t), R(t), S(t)
and decline in the resources of ITO, but not benefit due to enormity of re-
source stock for ITO, attacks of terrorists and cost of combating terrorism
procedures. To facilitate calculations we assume that the previous quantities

are linear. Hence, government’s objective is

IB(BS{ J1 = /000 e P wih(u(t), v(t)) + qE(t) + g2 L(t) + g3 (t) + qaR(t) + q5S(t) — ca(t) — kv(t) — au(t)] dt

(10)
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where wy, ¢, k, o and ¢, (i =1,2,3,4,5) are positive quantities.
ITO benefits from the stock of resources z(t) and intensity v(t) of terrorist
actions, while not benefiting from government’s activities. Hence, the objective

of the ITO

IlIll(%i( Jy = /000 e P [ox(t) + Br(t) — weEB(t) — wsL(t) — waJ (t) — ws R(t) — weS(t)]
(11)

where 0,8 and w; (j = 2,3,4,5,6) are positive quantities.

Assume that rates of growth r and activity p,; are both less than the rates of

decline p;, I = 1,2 i.e.,
pr>r, pr>u; with [=1,2andi=1,2,3,4,5 (12)

We use a min-max equilibrium method in this paper, to find the optimal solu-
tion for both players, taking in consideration Pontryagin’s maximum principle

[12].

3 Methodology: Min-Max Equilibrium

In the two persons zero sum differential game, the cost for anyone of the players
is equivalent to the negative cost of the other. As we mentioned before, we have
a game of two players. First player is the ” Government”, while second player
is the ”International Terror Organization” (ITO). The first player is interested
in maximizing his cost, while the interest of the second player is minimizing

his own cost. This problem has two perspectives:
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3.1 Perspective of the Government

From this perspective, the maximizing player is the government. It has to find
strategy u(t) to maximize its payoff, while the ITO has to find strategy v(t)

to minimize that payoff, then we can formulate the game as following

e /0°° e [wih(u(t), v(t)) + qE(t) + g2 L(t) + g3 (t) + qaR(t) + g5S(t) — ca(t) — kv (t) — au(t)] dt

i =rx(t) — h(u(t),v(t)), 2(0) =29 >0 ,2(t) >0 for all ¢

E = i E(t) + aju(t) — biv(t), E(0)=FEy>0,E(t) >0 for all ¢
L = po L(t) + agu(t) — bov(t), L(0) = Lo >0 ,L(t) >0 for all ¢
J = pusJ(t) + asu(t) — bsv(t), JO0)=Jo>0,J(t) >0 for all t
R = puyR(t) + agu(t) — byv(t), R(0) = Ry >0, R(t) >0 for all ¢
S = usS(t) + asu(t) — bsv(t), S(0) =Sy >0,8(t) >0 for all

(13)

We can symbol some terms as following
Iy(z(t), u(®), v(t), E(t), L(t), J(t), R(t), S(t)) = wih(u(t), v(t))+q E(t)+q2 L(t)+
q3J (t) + qaR(t) + ¢55(t) — ca(t) — kv (t) — au(t)

and

flz,u,v) = rz(t) — h(u(t), v(t))

Definition 3.1 In ”min-max continuous differential game”, the point (u*, ")

is called ”a saddle point” for game (13) if

Ji(uw*v) < Ji(ut ) < Jp(u, vt (14)
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3.2 The Necessary Conditions of ” An Open Saddle Point Solution”

Theorem 3.1 Suppose that I (x(t),u(t), v(t), E(t), L(t), J(t), R(t), S(t)) and
f(x,u,v) are "continuous differentiable functions”. If (u*,v™) is "saddle point”
with the state trajectories xz*(t), E*(t), L*(t), J*(t), R*(t), and S*(t) for the
game from the prespective of government, then there exists a costate vectors
A1(t), Pi(t), Pa(t), Ps(t), Ps(t), P5(t) and the Hamiltonian function Hy as fol-

lowing

Hl(x(t)vu(t)’ V(t)a Al(t)v Pl(t)v PQ(t)v P3(t)7 P4(t)7 P5(t)7 E(t)v L(t)v J(t)a R(t)v S(t)) =
Fl (x(t)’u(t), V(t)7E(t)’ L(t)’ J(t)v R(t)> S(t))

M () f(z,u,v) + PL(t)E + Po(t)L + P3(t)J + Py(t)R + Ps(t)S
(15)
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and the following conditions must be satisfied

8H1 aHl

2 2 287 :207 TVQ o 2
aagl 635? - (gu§;> =0, aagl =0 78351 =0
)\.1 = p1A1 — %
P =p P, — %
Py =pi Py — %
Py =p1Ps— %
Py =p Py — %
Ps=p1P5 — %

IVIﬁI)lHl (x(t)’U*(t)> V(t)v )‘l(t)v Pl(t)’ P2(t)’ PS(t)’ P4(t)’ P5(t)’ E(t)v L(t)v J(t)vR(t)7 S(t)) =
H1($(t), u*(t)7 V*(t>7 )‘l(t)a Pl(t)a PQ(t)a PS(t)a P4(t)a P5(t)a E(t)7 L(t)’ J(t)7 R(t)7 S(t))

= mgi(Hl(‘T(t)v u(t)a V*(t)a /\1(t)7 Pl(t)v PQ(t)v P3(t)7 P4(t)7 P5(t)7 E(t)7 L(t)7 J(t)a R(t)v S(t))
(16)
Proof The proof is like the method of proving theorem 3.1 in [12] O

As the optimum strategies for both government and ITO require increasing

and decreasing Hi, then

OH
aiul = (wl—)\l)hu—a+P1a1—|—P2a2—|—P3a3+P4a4—|—P5a5 =0
b — o — P1a1 — P2a2 — P3a3 — P4a4 — P5a5
oH . 17
871/1 = (w1 — )\1)]1” — k- P1b1 — Png — P3b3 — P4b4 — P5b5 =0
ho— k + P1by + Pyby + P3bs + Pyby + Psbs
v w1 — )\1

where, the adjoint variables satisfy the differential equations

. OH
)\1:p1)\1—87xl=)\1(p1—7")+6 (18)
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P1=PlP1—%=(Pl—M1)P1—Q1
P2=P1P2—%:(P1—M2)PQ—QQ
Pg:ﬂlpsf%:(f)lfﬂ?a)&*%
P4:P1P4*%:(P1*M4)P4*Q4
p5:P1P5*%:(P1*N5)P5*Q5

and the limiting transversality conditions

lim e "'z (t) A (t) = 0

t—o00

lim e """ E(t)Pi(t) = 0

t—o0

lim e P L(t)Py(t) = 0

t—o0

lim e "' J(t)Ps(t) = 0

t—o0

lim e P R(t)Py(t) = 0

t—o0

lim e "**S(¢t)Ps(t) = 0

t—o0

hence, solutions for the adjoint equations are

c c
A (1) = (Ao + elor—m)t _
() = G+ ) -
Pi(t) = (P — Jelpr=n)t 4 _ @
P1 — M1 P1 — M1
Po(t) = (Poy — Jelpr—na)t 92
P1 — M2 P1 — M2
Ps(t) = (Pso — Jelpr—na)t 45
P1— M3 P1— H3
Py(t) = (Pao — eler—pa)t . 1
P1 — M4 P1— H4
Ps(t) = (P — Jelpr—ns)t 4 5
P1 — M5 P1 — M5

(19)
(20)
(21)
(22)

(23)
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where A1(0) = Xo, P1(0) = Pio, P2(0) = P, P3(0) = P3g, P4(0) = Py
and P5(0) = Psg, since p1 > r and p1 > p(i = 1,2,3,4,5), then A\ (t) — oo
JP1(t) = 00, Py(t) = 0o, P3(t) = 0o, Py(t) = oo and Ps(t) — 0o as t — oo,
but this dissenting the transversality conditions unless we choose the constant

steady state values

M =X = ——
pL—r
P =Pyy= n
p1 — M1
Py=Pp=—2
P11 — K2
Py=Pyp=—2
P1— M3
Py=Py=—2
P1 — M4
Ps=Pyp= —2
P1 — M5

H; is "concave” relative to u(t), but ”convex” relative to v(t) hence, we find
the maximization of Hj relative to u(t) and the minimization of H; relative

to v(t). Define h(u(t),v(t)) as following

h(u(t),v(t)) =u"v?, with0<7<1<§

Remark 1 Since Hiyy = (w1 — A1)7(7 — 1)1LT_2V5 < 0 and Hypp = (w1 —
A1)O(6 — 1)u"v°~2 > 0, hence, H; is ”concave” relative to u(t) and ”convex”

relative to v(t).
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Proposition 3.1 For game (13), the "optimum strategies” are given by

- [(a — Piay — Prag — Pzasz — Pyag — P5a5>51 (k‘ + b1 P+ 0o Py + b3 Ps + by Py + bsps)(S

T(wl - >\1) 5((.01 — /\1)
- (k + b1P1 + b2P2 + bgP3 =+ b4P4 + b5P5)T_1 (a — P1a1 — Pgag — P3a3 — P4a4 — P5G,5>_T e
5(&)17)\1) T(wl—)\l)
(36)

while the” harvest function” is

_r -5
h(u V) . (Oz — Piay — Pras — Psas — Pyay — P5a5>175 </€ + b1 Py +ba Py + b3 P3 + by Py + b5P5>175
’ a T(w1 — /\1)

5((».11 — /\1)
(37)
Proof Since
—1.6 oz—Plal 7P2a2 7P30,37P4(147P5a5
hy =710~V =
(w1 — A1)
then
o — P1a1 — P2a2 — Pgag — P4a4 — P5a5 ﬁ )
u= p71 (38)
T(wl — Al)
and
o 5—1 k+b1P1+b2P2+b3P3—|—b4P4+b5P5
h, = du"v =
(w1 — A1)
then
k+ b1 Py + ba Py + b3 Py + by Py + bs Ps =
v= U1 (39)
5(&)1 — )\1)
and thus

1
T—r—%

(Oé — Piay — Pras — Psag — Pyay — P5(15)6_1 (k + b1 P + by Py + b3 P3 + by Py + b5P5)_6
u =
T(w1 — A1) 5(w1 — A1)

(]{3 + b1P1 —+ bQPQ + b3P3 + b4p4 + b5P5)T1 <O¢ — P1a1 — P2a2 — P3€L3 — P4a4 — P5CL5>T‘| e

d(wr — A1) (w1 — A1)
— -
h(u, ) = a — Piay — Peay — Psas — Pyag — Psas \ T 7 ° [k + b1 Py + boPy + b3 Ps + by Py + bs Ps\ 7779
T (w1 — A1) S(wr — A1)

(40)
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and
Hyyu Hiuw L | 7T Du™"20°  7éu™ 10t
= (w1 —A1)
Hiyy Hivw rou” 0t 0(6 — l)uTz/‘s*2 (41)
= (w1 — M)%2716(1 — 7 — §)u2T Y200 <
hence, (u(t),v(t)) is "a saddle point” for game (13) O

Lemma 3.1 For the government, the objective J; with constant strategies u, v

18

hw kv au
J1 = —4q L1 +qoIo+qs Is+qa Li+qs Is—clg— — —— (42)
P1 Pr P
where,
1 aiu — biv aiu — by
I = (E0+(1 1))7(1 1v)
(Pl IM) Mlb /71/%
I = (Lo (agu — 2V)>_ (agu — bav)
(p1 — p2) #2b 01#12)
I = (o + (azu — bzv) - (asu — bsv)
(p1 IMS) H3 b Plﬂ:sb
I - (Ro + (agu — 41/))7 (agu — byv)
(Pl IM) M4b pmé
I — (So+ (asu — 5u))_ (asu — bsv)
(p1— ps5) s P1ls
I — (p1zo — h)
g = 0
Pl(Pl - 7“)

Proof Solving the equations corresponding to ', E*, L', J, R, S" in (13), we

get

1
z(t)e "™ = —e "h(u,v) +c;

,

E(t)e "t = _aumhwe blyef‘“t + co
M1

L(t)e H2t _ G ¥ bzye_‘m + c3
M2
—b

J(t)e Hst _ 2T 08 st 4y

M3
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asu — by
———e
Ha
asu — bsv
M5

R(t)e Mt = —Hat 4 oo

S(t)eﬂmt —

67H5t + Ce

1
where ¢, o, c3,¢4,¢5 and ¢g are constants, for ¢ — 0,¢1 = xg — —h(u,v) ,
T

aiu — by asu — bov aszu — by
CQZEOJF;703:L0+g7c4:%+g7%:
b H1 b H2 H3
Ry + 28724 ond e = S + B4V
Ha M5
then
1 h
z(t) = (w0 — ;h(u, v))et + - (43)
—-b )
E(t) _ (EO + a1u 11/)6H1t _ alu 1V
H1 H1
—b —b
L(t) = (Lo + 24— 22V youat 220~ 02V
H2 H2
—-b —b
J(t) _ (JO + asu 3V)e;J,3t _ azu 3V (44)
M3 3
—b —b
R(t) = (Ry + M)ew _ G4t T uv
Ha Ha
) )
S(t) _ (SO T asu 51/)6'“'5)5 _ asu 5V
s Hs
and thus
hwq kv oau
J1 = —+qhi+ql+q3l3+quls+qsls—clg———— (45)
P1 P1 pP1
where w, v and h(u,v) are defined in (36) and (37) . O

3.3 Graphical Interpretation from Government Perspective for

Relations Between Terrorism Activity and Government’s

Activities
—2 ik 1
From equation (38), we denote it by u = Av” where, A = (%) 1
5 T(wl — )\1)
, B = 71 . Since 0 < 7 < 1 < §, then B > 1. Due to u > 0, hence
I —
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o > ZaiPi and 7(w; — A1) > 0. In figure (1), we note an increase in v
for a v:fhile, and over time the curve begins to take a near-constant shape,
while increasing in u, indicating a decrease in terrorist activity as a result of
increasing cost of resistance. But from the equations (44), since u = Av?, then
we can see that any of these equations can be symbolized by Y = D—Ev+Fv?,
where Y denote the activities of the government at a specific time ¢. In figure
(2), we find that v is increasing for a while, and over time the curve begins
to take a near-constant shape, while increasing in Y. We conclude from the

foregoing that the government can success in combating terrorism by paying

attention to the five activities F, L, J, R and S.

3.4 Perspective of the ITO

Here, ITO is the maximizing player. It has to find strategy v(¢) to maximize
its payoff, while government has to find strategy w(t) to minimize that payoft,

then we can formulate the game as following

ril(ltr)l rg(%i( {JQ = /0 e P! [ox(t) + Br(t) — weE(t) — wsL(t) — waJ (t) — ws R(t) — weS(t)] dt}

& =rz(t) — h(u(t),v(t)), x(0) =z >0 ,z(t) >0 forallt

E = i E(t) + ayu(t) — biv(t), E(0)=FEy>0,E(t) >0 for all ¢
L = po L(t) + agu(t) — bov(t), L(0) = Lo >0 ,L(t) >0 for all
J = psJ(t) + asu(t) — bsv(t), J(0)=Jy>0,J(t) >0 for all t
R = paR(t) + agu(t) — bav(t), R(0) = Ry >0, R(t) >0 for all ¢
S = pusS(t) + asu(t) — bsv(t), S(0) =Sy >0,5(t) >0 for all ¢

(46)
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We can symbol some terms as following

y(x(t),v(t), E(t), L(t), J(t), R(t), S(t)) = ox(t)+Pv(t)—w2 E(t) —wa L(t) —wa J (t) —wa R(t) —w2S(t)

Definition 3.2 In ”min-max continuous differential game”, the point (u*, ")

is called ”a saddle point” for game (46) if

Jo(u*,v) < Jo(u*,v') < Ja(u,v) (47)

3.5 The Necessary Conditions of ” An Open Saddle Point Solution”

Theorem 3.2 Suppose that Iy(x(t),v(t), E(t), L(t), J(t), R(t), S(t))and f(x,u,v)
are “continuous differentiable functions”. If (u*,v*) is "saddle point” with the
state trajectory x*(t) for game from the prespective of ITO, then there exists

a costate vector \2(t) and the Hamiltonian function Hs as following

H2(x(t)vu(t)’ V(t)a )‘Q(t)v Pﬁ(t)v P7(t)7 Ps(t)v P9(t)7 PlU(t)’ E(t)v L(t)v J(t)v R(t)’ S(t))

= F2(x(t)’ V(t)’ E(t)7 L(t)7 J(t),R(t)v S(t)) + )‘2(t)f(xa u, V) + Pﬁ(t)E

+P;(t)L + Ps(t)J + Py(t)R + Pio(t)S
(48)
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and the following conditions must be satisfied

% :07 % :0

0*Hy 9*H, ?)gﬂ2 ? a%z 0% Hy
ou o (8u6y> =0, Ou? 20 T2 =0

Xz = 02/\2 - %

P(s = p2FPs — %

Pr = poP; — %

Ps = paPs — %

Py = paPy — %

Pio = paPro — %

ma Ha(a(t) " (£), 2(8) Ma(0). Po(t), Pr(t), Pu(0). Po(t) Po(t), B(6), (1), J(8). Re2), S(0)
= HQ(x(t)vU*(t)a V*(t)7 )‘Q(t)v Pﬁ(t)v P7(t)7 PS(t)v P9(t)7 Pl()(t)ﬂ E(t)v L(t)v J(t)v R(t), S(t)) =

min Hy (o(t), u(t), v* (8), A (1), Po(t), Pr(t). Ps(t), Po(t), Pro(t), B(2), L(1), J(8), R(2), S(1))
(49)

Proof The proof is like the method of proving Theorem 3.1 in [12]. O

As the optimum strategies for both government and ITO require increasing

and decreasing Hs, then

OH
67; = —Xohy +a1Ps + asPr + a3Ps + a4 Py + asPip =0
p = Wl +asPr 4 asPs + asP + asPro

"=
. Az (50)
S =B = Aahy —b1Ps —baPr — byPs — baPo — bsPip = 0

12
1
hy, = —[B — b1 Ps — baP; — bgPs — by Py — b5 P1o]

:Az
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where, the adjoint variables satisfy the differential equations

X2=p2/\2—%=)\2(/>2—7“)—0
Pﬁzszaf%:Pe(pz—m)wz
Py = paPr — % = Pr(p2 — p2) +ws
Py = paPy — % = Ps(p2 — p3) +wa
P91P2P9*%:P9(p2*u4)+w5

Pio = p2Pyo — o, = Pio(p2 — ps) + we

S

and the limiting transversality conditions

lim e "' 2 (t)Ao(t) = 0

t—o00

lim e ”2'E(t)Ps(t) = 0

t—o00

lim e 2! L(t)P;(t) = 0

t—o0

lim e ”2' J(t)Ps(t) = 0

t—o00

lim e ”*'R(t)Py(t) = 0

t—o0

lim e_pztS(t)Plo(t) =0

t—o0

hence, solutions for the adjoint equations are

o
K

Py(t) = (Pso + —2—)ele2—m)t _
P2 — M1

Pr(t) = (Pro + - Jelrzmra)t —
P2 — K2

Ps(t) = (Pso + i Jelpzha)t —
P2 — M3

Po(t) = (Pog + —22)elpa—na)t _
P2 — M4

Pio(t) = (Proo + 26 yelpz—molt _

P2 — s

g

)e(ﬂz—r)t +

p2—r
w2
P2 — 1
w3
P2 — K2
Wy
P2 — M3
Ws
P2 — M4
We
P2 — s

(51)

(52)
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where )\2(0) = )\20,P6(0) = PGO,P?(O) = P70,P8(0) = PS(),PQ(O) = Pgo and

Py1p(0) = Pigo, since p1 >r and p1 > u; (1 =1,2,3,4,5) , then \y(t) — oo

Ps(t) = 0o, Pr(t) = 00, Ps(t) = 0o, Py(t) = oo and Pig(t) = 0o ast — oo,

but this dissenting the transversality conditions unless we choose the constant

steady state values

o
A2 = A0 =
pa—T
wa
Ps = Pso = —
P2 — M1
w3
P; = Py =—
P2 — U2
W4
Py = Pyg = —
P2 — K3
ws
Py = Pyy = —
P2 — 4
w
Py = Pygp = ——=
P2 — M5

H, is ”concave” relative to v(t), and ”convex” relative to u(t) hence, we find

the maximization of Hs relative to v and the minimization of Hs relative to

u.

Remark 2. Since h(u(t), v(t)) = u"v°, with 0 < 7 < 1 < §, Hoyy = —Xo7(T —

Du""2° > 0 and Hoyy = —X20(8 — 1)u"v° 2 < 0, hence Ha is ”convex”

relative to u(t) and ”concave” relative to v(t) .

Proposition 3.2 For game (46), the optimum strategies are given by

v = (alPG +asPr +a3Ps +asPy + CL5P10> =
a 7’)\2

) = (

7')\2

a1Ps + as Py + a3Ps + a4 Py + a5P10> !

— b1 Ps — ba Py — b3 Py — by Py — b5 P1g

_6—1
w— <G1P6+CL2P7+613P8+G4P9+G5P10>1
- 'T)\Q

B
B

02

— b1 Ps — by Pr — b3 Pg — by Py — b5 Pig s

1
T—3 (
T
T—36 <
—r
T—7=3

(

0Aa

B —b1Ps — bo Py — b3 Py — by Py — bs Py

o
(53)

) T—7-2

) 6(1—27)
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Proof Proof of this proposition is like the method of proving proposition 3.1.

Note the following

Howw Houw ) 7(1 — 1)u7721/5 réu "0t
=(—A2)
Hyyy Hapy rou” 0! 5(6 — 1)1[1/5_2 (54)

= (A)276(1 — 7 — 0)u2T 1201 <

hence, from (53) and (54), we find that (u(t),v(¢)) is saddle point of game
(46).

Similar to lemma 3.1 we get

1 h
z(t) = (zo — ;h(u, v))e™ + = (55)
Et) = (Fo+ alu — bl’/)emt _au— biv
1251 M1
—b —b
L(t) = (Lo + M)euzt _ Gou B2V
H2 H2
J(t) = (Jo asu — b3y)eust _ azu — bsv (56)
H3 H3
—-b —-b
R(t) _ (RO + asu 4y)eﬂ4t _ asu 4
Ha Ha
—-b —-b
S(t) _ (So asu 5V)e/i5t _ asu 5V
s s
151
Jo =0l + — —wolg —w3lg — wyalig — wsl11 — wglia (57)

P2
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where
I = 1 (B (a1u—b1u))_(a1u_b1y)
(PZ - Nl) 1 P2l
I = 1 (Lo (CLQU — bQV) )_ (agu _ bZV)
(p2 — p2) 2 pallo
Iy = 1 (Jo (asu — bzv) - (agu — b3v)
(p2 = 1) H3 P2i3
Io = 1 (Ro (agu — byv) ) (asu — byv)
(p2 — p1a) I Palla
I = ¥(So (a5u7b5l/))7(a5ufb5y)
(p2 = pis) M5 P25
Iy = (p20 — h)
p2(p2 =) 7
u= <a1P6 tasPr +ashs + sl + a5P10> T (5 — b1 Ps — ba Py — b3 Ps — by Py — b5P10> i
T)\Q (5)\2
v = (a1P6 + a2 Py + azPs + as Py + CL5P10) == (,3 — b1 Ps — baPr — bs Py — by Py — b5 Py ==
TAo e
h(u,v) = <a1P6 +asPr +azPg + as Py + a5P10> 5 (5 — b1 Ps — by Py — b3 Py — by Py — b5P10)5(127)
T)\Q 6)\2
(58)
O

3.6 Graphical Interpretation from ITO Perspective for Relations

Between Terrorism Activity and Government’s Activities

. a1Ps + a2 Py + a3 Ps + a4 Py + a5Pig 1 =5 OH
Since, u = ( A2)T=Tv7=1 where Bu = 0.
T u
P P P P, P
Denote this equation by u = Cv? where, C = (a1 6 ¥ a2yt a3)\8 a4l + G5l )ﬁ
TA2
and B = ;1 , where C' > 0 and B > 1. In figure (1), we note an increase

in v for a while, and over time the curve begins to take a near-constant shape,
while increasing in u, indicating a decrease in terrorist activity as a result of
increasing cost of resistance. But from the equations (56), since u = AvPB | then

we can see that any of these equations can be symbolized by Y = D—FEv+Fu?,




22 A. A. Megahed ' E. A. Youness > H. K. Arafat >

where Y denote the activities of the government at a specific time ¢. In figure
(2), we find that v is increasing for a while, and over time the curve begins to

take a near-constant shape, while increasing in Y.

4 Conclusions

The dynamics of the governmental activities F, L, J, R and S were investigated
in this study, and min-max equilibrium approach was employed to solve the
game between government and ITO. It is clear from the relation between
the activities Y of the government at a specific time ¢ and the intensity of
terrorist attacks v, that terrorist activity decreases as the value of Y increases
as in figure (2). So we conclude that the government can success in combating

terrorism by paying attention to the activities £, L, J, R and S.
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Fig. 1: The relation between u and v
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Fig. 2: The relation between Y and v



