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ABSTRACT

This paper focuses on the cooperation mechanism between two retailers. To reduce the average
processing cost, the supplier usually sets a threshold for trade credit to stimulate retailers’ orders.
Retailers can enjoy permissible delay in payments only when their order quantities are more than or
equal to the given threshold. However, considering the diversity of retailers, the motivation effect of
the threshold may be limited. To resolve the problem, the supplier can additionally provide retailers
with a joint ordering policy under which two retailers can make delayed payments as long as their
total order quantity meets the required threshold. Thus, the two retailers should decide whether to
place a joint order or not and determine their respective order quantities simultaneously. We provide
a mutually acceptable order-allocation scheme for retailers, and determine the optimal payment
methods for them. In addition, an optimal threshold is identified for the supplier to maximize the
total order quantity of retailers. Based on this, some managerial insights are obtained. A numerical
experiment is performed to illustrate the validity of the model.

KEYWORDS
Inventory; Economic order quantity (EOQ); Supply chain management; Trade credit linked to
order quantity; Joint ordering policy; Stackelberg game; Nash equilibrium; Tacit bargaining

1. Introduction

The permissible delay in payment is attractive to retailers because they can earn interest from
sales revenue during the trade credit period. A supplier can stimulate retailers’ orders by setting a
threshold for trade credit. Specifically, if the order quantity of a retailer is more than or equal to
the given threshold, the retailer can make a delayed payment for its order; otherwise, it must pay
the supplier immediately. Thus, trade credit linked to order quantity (conditional trade credit) can
effectively encourage retailers to place larger orders and, in turn, reduce the average processing cost
for the supplier. On the other hand, retailers can unite to enhance their negotiating power with the
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supplier on, for example, quantity discounts and trade credits. This paper relates two areas, namely
trade credit linked to order quantity, and cooperation mechanism between retailers.

As the main source of short-term financing, trade credit is crucial in supply chain management.
Goyal [1] developed a basic economic order quantity (EOQ) model under permissible delay in
payments. Aggarwal and Jaggi [2] generalized Goyal’s model in [I] to allow for deteriorating items.
Teng [3] extended Goyal’s model to distinguish the selling price from the purchasing price. Chung
[4] simplified the solution method for Goyal’s model. Jaber and Osman [5] and Arkan and Hejazi
[6] proposed joint decision policies between the supplier and the retailer. Esmaeili [7] and Teng et
al. [8] investigated the cooperative and non-cooperative relationships between the supplier and the
retailer. Zhou and Zhong [9] showed that trade credit increases each member’s profit and brings
more profits to the retailer than to the supplier. Many additional related studies can be found in
the articles by Liao et al. [I0], Shin et al. [1I], Banu and Mondal [12], Tiwari et al. [13], Wu et
al. [14], Srivastava et al. [15], Sarker et al. [16], and Chung et al. [I7]. Recently, much research
attention has been supply chains with conditional trade credit. Chang et al. [I8] and Chung and
Liao [19] developed inventory models for deteriorating items under conditional trade credit. Chun
et al. |20] determined the retailer’s optimal ordering strategy to minimize the total variable cost.
Huang [21] later added a partial trade credit to Chun et al.’s model in [20]. Ouyang et al. [22] and
Ting [23] generalized Chung and Liao’s model in [19] to consider a conditional and partial trade
credit. Zhong and Zhou [24] revealed that two-part conditional trade credit is superior to one-part
conditional trade credit. Studies that have examined inventory models with trade credit linked to
order quantity include, among many others, Wang et al. [25], Taleizadeh et al. [26], Vandana and
Sharma [27], and Rajan and Uthayakumar [2§]. In the inventory models reviewed above, retailers
can only place orders with the supplier separately. Cooperation between retailers is quite common
in commercial activities, and should not be ignored.

It is reasonable for retailers to unite to enhance their negotiating power with the supplier. Anand
and Aron [29] provided a survey of the group buying consortia consisting of independent companies.
Chen et al. [30] compared the group buying auction with the fixed price mechanism in terms of
the seller’s pricing strategy. Chen [3I] developed an inventory model in which retailers place a
joint order with the supplier to reduce their operating costs. Chen and Roma [32] revealed that
group buying is always beneficial to symmetric retailers and the inefficient one of two retailers.
Chen and Li [33] showed that when duopoly firms sell to a buyer group, their incentives to improve
quality may be affected. Hu et al. [34] uncovered that a joint purchase from the supplier hurts
the buyers when the information between them is asymmetric. Hsu et al. [35] developed a group
buying mechanism under which the retailer acting as the follower pays the retailer acting as the
leader a fixed price regardless of the wholesale price obtained from the manufacturer. Note that all
of the aforementioned inventory models consider only how retailers can form an alliance to obtain
quantity discounts from the supplier. However, few studies have considered how them can unite to
enjoy permissible delay in payments. This motivates us to fill this research gap.

In this paper, we develop an inventory model that consists of one upstream supplier and two
downstream retailers. The supplier first sets a threshold for trade credit and provides a joint ordering
policy for retailers. In previous studies, retailers must pay the supplier immediately if their order
quantities are less than the given threshold. However, under the joint ordering policy, as long as
their total order quantity meets the required threshold, each of them can make a delayed payment.
Under this agreement, the two retailers should decide whether to place a total order with the
supplier or to place orders separately. Cooperation between them is crucial. However, in reality,
each retailer would like the other to take on more responsibility, so that it, as a free rider, can
enjoy a permissible delay in payment by placing a smaller order. Competition between retailers is
therefore inevitable, and the game between them constitutes a static game. We discuss when the
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two retailers should place a joint order and when they should place orders separately. A mutually
acceptable order-allocation scheme is provided for retailers for each given threshold, and an optimal
threshold is identified for the supplier to maximize the total order quantity of retailers. We find
that the joint ordering policy can substantially reduce the barriers to retailers benefiting from trade
credits, and the two retailers unanimously give priority to placing a total order with the supplier.
Moreover, we uncover that a sufficiently high threshold cannot motivate retailers, while a lower
threshold may not effectively stimulate retailers facing identical demands or the retailer facing the
smaller demand. Occasionally, for a relatively high threshold, the retailer facing the larger demand
would rather place a larger order to meet the threshold than cooperate with the retailer facing the
smaller demand.

2. Notation and assumptions

2.1. Notation

The following notation is used to model the problem.

Parameter Description

d; the annual market demand faced by Retailer i, with ¢ = 1,2
P the unit recommended retail price

c the unit purchasing cost/price

Co the unit production cost

h the unit inventory holding cost per year

A; the ordering cost of Retailer i per order

A the processing cost of the supplier per order

Y »

M; the possible trade credit period of Retailer 7

o the fixed proportion of possible trade credit period to replenishment period
I, the interest earned from sales revenue per $ per year

1, the interest charged to retailers for the stock in-hand per $ per year
Decision variables

Q the threshold set for trade credit

t; the replenishment period of Retailer ¢

qi the order quantity of Retailer ¢, ¢; = d;t;

*

an optimal value

2.2. Assumptions

The proposed model is based on the following assumptions:

(1) The model consists of one upstream supplier and two downstream retailers.

(2) As retail agents of the same product, retailers sell products at recommended retail price yﬂ

(3) If Retailer i’s order quantity ¢;, (i = 1,2), is more than or equal to a given threshold Qy, it
is offered a credit period M;, which is in proportion « to its replenishment period t;, i.e., M; = at;;
otherwise, Retailer ¢ must pay the supplier immediately.

IThe price at which the supplier suggests a product should be sold in the retail market, though this may be reduced by the
retailer.



Joint ordering policy for a conditional trade credit model

(4) The two retailers can unite to place a total order. If the total order quantity (i.e., t1d; +tods)
of them meets the required threshold, each retailer can enjoy a permissible delay in payment.

(5) When the two payment methods bring the same profit to a retailer, it will select the delayed
payment for the consideration of capital turnover.

(6) The two retailers are rational and of equal status; they determine their order quantities and
payment methods simultaneously.

(7) Shortages are not allowed, and replenishment is instantaneous.

The supplier usually offers retailers a fixed credit period M to stimulate their orders. However,
considering the diversity of retailers, the fixed credit period may be inefficient. For example, if a
retailer’s replenishment period is much longer than M, its motivation to pursue the credit period
is usually limited. In contrast, if the replenishment period is much shorter than M, the supplier
will bear a higher opportunity cost for offering the credit period. Therefore, we adopt in our model
a dynamic credit period linked to each retailer’s replenishment period. In addition, without loss of
generality, we may assume that A; < A, for convenience.

3. Model formulation

This paper considers a two-echelon supply chain consisting of one supplier and two retailers. The
supplier, as the Stackelberg leader, sets a threshold @y for trade credit and additionally offers a
joint ordering policy to retailers. Under the joint ordering policy, retailers can enjoy permissible
delay in payments as long as they unite to place a total order, and their total order quantity meets
the required threshold. Hence, the two retailers, as followers, should decide whether to place a total
order or to place orders separately. Moreover, their payment methods and respective order quantities
should be determined simultaneously. This paper seeks to determine the optimal payment methods
for retailers and provide a mutually acceptable order-allocation scheme for them. In addition, an
optimal threshold @ will be identified for the supplier to maximize the total order quantity of
retailers. To better illustrate this model, we consider a two-echelon supply chain in which Coca-
Cola acts as the supplier; Costo and Wal-Mark are the two retail agents. The product is cola, which
is produced by Coca-Cola and offered to Costco and Wal-Mark simultaneously. Note that after
years of competition with Pepsi, the retail price of coke has tended to be stable.

3.1. Retailers’ best responses

For given threshold Qg and Retailer j’s order quantity ¢;, Retailer i always gives priority to coop-
erating with Retailer j to place a total order because if Retailer ¢ can enjoy a permissible delay in
payment by placing an order separately, it can still enjoy the same credit period by cooperating
with Retailer j, but not vice versa. Hence, for a given )y, we need determine Retailer i’s best
response to Retailer j’s order decision t;.

We first compute Retailer ¢’s mean profit in each replenishment cycle, which consists of the sales
revenue, the purchasing cost, the constant ordering cost, the inventory holding cost, the interest
earned from sales revenue, and the interest charged for the stock in-hand.

For a given Qo, if t1d; + teda < Qo, Retailer ¢, (i = 1,2), must pay the supplier immediately for
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the items purchased and the stock in-hand, in which case, the mean profit is

fi(ti) = %((p —c)q — A; — %(h + pr)d,-t?)
Z . eI dot (1)
= (p—c)di — (1;1;4_ W)’

if t1dy + tads > Qo, Retailer ¢ can earn interest from sales revenue during the credit period [0, M;]
and postpone paying the supplier until time M; (see Figure 1), and the mean profit is

1 1 1 1
fia(ts) = ((P —c)g — A; — §hdit? - QCIpdi(ti — M;)? + §pIediMz’2)
=(p—c)d; — (ﬁ + Hdit") ¥
=P i t 9 ,

where H = h + cl,(1 — a)? — pl.a?.

If H <0, fiat;) is strictly increasing on (0,00). Then, retailers will selfishly order as much as
possible to maximize their profits. As a result, their credit periods are extended indefinitely and
the supplier will not receive any payment from retailers. It is quite unrealistic. Alternatively, if
H > h+ clp,, then fis(t;) < fi1(t;) for any ¢; > 0; that is, trade credit cannot interest retailers in
the slightest. Hence, it does make sense to have the value of «, with which the constant H satisfies
0 < H < h+ clp; see Figure 2.

From Egs. (1) and (2), for given )y and t;, Retailer i’s mean profit function is given by

fil(ti), if 0 < t; < (Qo — tjdj)/di,

filts) = {fiQ(ti)7 if t; > (Qo — tjd;)/di,

3)

where j # i. Note that ¢t; = (Qo — tjd;)/d; acts as a “boundary” line between the two sub-functions
fi1(t;) and fi2(t;).

Property 1 shows the structural properties of fi1(¢;) and fi2(¢;). Note that ¢, t%, te, and ¢,
are fixed constants defined in Table 1.

Property 1. (1) fii(t;) < fia(ti), for any t; > 0.
(2) fi1(t;) and fia(t;) are strictly concave in (0,00), and their respective mazimizers are t}; and
t*

i2°
(3) fir(thy) = fiate;) = fia(tai) < fia(tiy) and to; <15 <t <tai.
Proof. From H < h + clj, the result is obtained by a straightforward computation. O

Next, we consider the best response of Retailer ¢, (i = 1,2), to the order decision t; of Retailer
J, (j #1). For a given Q, let E(tj), or t; for short, be Retailer i’s best response to tj. In fact, for
given Qo and t;, t; maximizes the mean profit function fi(t;). The discussion is divided into four
cases, based on the relationship between Qo and t¢;; see Figure 3.

Case 1 tjd; + tj,d; > Q. Let ti = t%; then t; maximizes f;(t;), and Retailer i can enjoy a
permissible delay in payment; see Figure 3. (a).

Case 2 tjd; + tjpd; < Qo < tjd; + ta;d;. Let t; = (Qo — tjdj)/d;; Retailer i can make a delayed
payment for its order; see Figure 3. (b).
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Case 3 tjd;j + tqid; = Qo. From fio(ta:) = fi1(t];), each payment method brings the same profit
to Retailer i. According to the assumptions, Retailer ¢ will identify ¢; = t4; with its best response
and make a delayed payment accordingly; see Figure 3. (c).

Case 4 tjd; + tqid; < Qo. In this case, Retailer ¢ will identify t; = t7; with its best response and
pay the supplier immediately; see Figure 3. (d).

In summary, for a given @p, the best response of Retailer i to ¢; is given by

s if tidj +thdi > Qo,
ti(tj) = q (Qo —tyd;)/ds, if tjd; + tde < Qo < tjdj + taid;, (4)
;-kl, if tjdj + taid; < Qo,

from which we see that Retailer ¢ can enjoy a permissible delay in payment only when ¢; > (Qo —
teidi)/d;; see Figure 4.

We assume that retailers will place orders separately when they cannot reach a consensus on re-
spective order quantities. Then, the optimal decision ¢} of Retailer ¢ can be determined by replacing
Retailer j’s order decision t; with zero in Eq. (4). That is,

:27 if tf2d' QO’
t; =< Qo/di, if tihd; < Qo < taids, (5)
2(1, if taidi < Qo.

3.2. Retailers’ optimal order decisions

For a given (g, each retailer can determine its best response to the competing retailer’s order
decision. However, no retailer would like to expose its decision to the other retailer. Before revealing
their decisions, each retailer always tries to speculate about the other’s order decision. Thus, the
game between them constitutes a static game.

For the static game, if there is a unique Nash equilibrium, retailers will unanimously accept it
because neither one can benefit by altering its own decision when the other leaves its own decision
unchanged; if there is no equilibrium point, retailers will separately place orders with the supplier.
However, when the static game has multiple equilibrium points, retailers may be confused about
them; further discussion is required.

To determine the Nash equilibrium in the static game, we need to find all intersections of the
images of

t1 = t1(t2),

~ (6)

to = ta(t1).

From Figure 4, the image of #;, (i = 1,2), consists of two parts (denoted by t;; and ), each of

which corresponds to a payment method. Without loss of generality, we may assume that ¢;; and

tio correspond to the immediate payment and the delayed payment, respectively. Lemma 1 shows
the intersection of ¢; and t5 to a certain extent.

Lemma 1. (JZ t11 and too (t~21 and ;12) have no intersection.
(2) t11 and ta1 have a unique intersection, i.e., (t7;,t5,), if and only if t3,d1 + taad2 < Qo and
t5,d2 + ta1di < Qo.
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Proof. The result vzill be proven by using reduction to absurdity. Suppose that t~11 and t~22 have
an intersection (t};,t2(t3;)). From Eq. (4),

{ (Qo — f{ldl)/dg, if tlldl + t22d2 < Qo < tlldl + tgods. ( )

tNQ(ffl) =

Note that the intersection (t%,, to(t%,)) satisfies ta(t3;) < (Qo—ta1d1)/do; see Figure 5. If to(tt,) =
(Qo — tTldl)/dQ, from (QQV_ thdl)/dg < (Qo — taldl)/dz, thdl 2 ta1d1 This contradicts with
*1 < tq1. Alternatively, if tz(f{l) = t;2, then t§2 < (Qo — taldl)/dg and tll > (% — t;2d2)/d1. This
implies tq1d1 + t5,da < t],d1 + t59d2, which contradicts with ¢,; > ¢7,. Hence, ¢1; and ¢22 have no
intersection. Similarly, there is no intersection between to1 and to.

In terms of the intersections of £1; and ;21, the result follows directly from Figure 6. ]

In the remainder part of this subsection, we need to further discuss the intersection of t12 and
too. However, the situation becomes more complex.

3.2.1. Optimal decisions for different market sizes

We will derive the optimal decisions for retailers when their own markets have different sizes, i.e.,
dy # ds. The discussion will be divided into two cases based on the relationship between d; and ds.

Case 1 d; > ds. We will further divide the discussion into two subcases according to the rela-
tionship between (o and t]4d; + t42da2; see Figure 7.

Subcase 1.1 tj, < (Qo — ta2dz)/dy. In this subcase, t12 and f29 have no intersection; see Figure
7. (a). In addition, from t]; < ] < (Qo —ta2d2)/d; and Lemma 1, t11 and t5; have an intersection
(t3,t%;) if and only if t5,ds + ta1di < Qo. Hence, the static game has no equilibrium (respectively,
a unique equilibrium ( 11,t21)) if and only if tj,d1 + teade < Qo < t51da + ta1di (respectively,
Qo > tiadr + taads and Qo > t5,da + ta1dy).

Subcase 1.2 tf, > (Qo — te2d2)/d1. The images of t12 and t22 have a unique intersection
(tty, t2(t5y)); see Figure 7. (b)-(c). Specifically, using Eq. (4),

Ba(tty) = { (Qo —tiad1)/d2, if tiady + t39da < Qo < t]ady + taada, (8)
2 the, if tlad1 +t55d2 > Qo.

Since to(th,) is the maximizer of fa(t2), then fa(ta(tty)) > f2(t3;). Furthermore, from t,9ds +
tiod1 > Qo and Eq. (4), t1 = t]5 and f1(t75) > fi(¢];). Then, even if £1; and t21 have an intersection
(t71,t3;), the two retailers’ profits at (tf;,t3;) is lower than those at (£3,, t2(]5)). Hence, (],t5;)
can be viewed as a noncredible threat in the static game [36]. We can conclude that the game has
a unique subgame perfect Nash equilibrium (¢],, (Qo — t{5d1)/d2)) (respectively, (t75,t5,)) if and
only if t15d1 + t3oda < Qo < t]9d1 + taada (respectively, Qo < ti5d1 + te2da).

As above, retailers’ optimal decisions depend on the relationship among Qq, t5,da+tq1d1, t7od1 +
taada, and t],dy +t55do. Using t5, < ta2, t]od1 +1t59da < t]9d1 +tg2d2. To determine the relationship
between t5,da + to1di and t]5dy + taada, we need only to compare (tq1 — ti5)d1 and (tq2 — th)do.
From Table 1,

2A1d1
(o =t = 252

2Asdy (VR +clp + \/a —a)el, + o?pl.
( t21 I —-1].

Vh+clp + /a2 — a)cl, + a?pl. _1>

E

E
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Using Eq. (9), t5,d2+tq1d1 > t19d1 +ta2ds if and only if (tq1 —t7,)d1 > (ta2 —t5,)d2, which occurs
of and only if A1d; > Aads. If Ajdy > Asds, we have that t{2d1+t§2d2 < tTle‘i‘tanQ < t§1d2+ta1d1.
Unfortunately, when t]5d1 +t42d2 < Qo < t5;d2+141d1, the static game has no Nash equilibrium and
retailers will separately place orders with the supplier. Specifically, from Eq. (5) and Q¢ > ts2ds,
Retailer 2 will identify ¢5 = ¢35, with its optimal decision and pay the supplier immediately. In
terms of Retailer 1’s order decision, when t,d;1 + taads < tg1d1, Retailer 1 will identify ¢} = Qo/d1
(respectively, t7 = t];) with the optimal order decision if t7,d; + taade < Qo < ta1dy (respectively,
tardi < Qg < t;ldQ -+ taldl); see Table 2. Alternatively, when t’bdl + tgodo > ta1dy, using Qo >
tiod1 + taada > ta1dy and Eq. (5), Retailer 1’s optimal decision is t = t3;; see Table 3.

Alternatively, if A1dy < Aada, we have t5,do 4+ tq1d1 < t]9d1 +taade. Then, Qo > tod1 + teads if
and only if Qg > t]od1 + taada and Qo > t5,d2 + t41d1, which occurs if and only if the equilibrium
point (t3;,t3;) exists. From t],d1 + t5,da < t7,d1 + ta2de and the above discussion, we have Table 3.

Case 2 d; < do. Similarly to the above, we can derive the closed-form optimal order decisions
for the two retailers; see Tables 4 and 5. Note that A1d; < Aads in our case.

Proposition 1 uncovers the corresponding core managerial insights.

Proposition 1. When retailers’ own markets have different sizes, we have the following:

(a) A sufficiently high threshold cannot interest retailers, while a lower threshold cannot effectively
stimulate the order of the retailer facing the smaller demand.

(b) When d; > dj, (i # j), to mazimize the total order quantity of retailers, the supplier should
identify Qp = tiyd; +ta;d; with its optimal threshold; the corresponding order quantities of Retailer
i and Retailer j are t},d; and t,;d;, respectively.

(¢) Occasionally, the retailer facing the larger demand would rather place a larger order by itself
to meet a relatively high threshold than cooperate with the supplier facing the smaller demand.

Proof. When d; > dg, we see from Tables 2 and 3 that the two retailers can place a joint order only
when Qo < t]5d1 + taada. Specifically, if Qo < t]5d1 4 t59d2, the total order quantity of retailers are
t19d1 + t59do. Alternatively, if t],d1 4 t5,do < Qo < t]yd1 + taada, Retailer 1’s order is unchanged,
while Retailer 2’s order quantity increases to Qo — t7odi. Then, their total order quantity increases
to Qo. When dy < dg, we can obtain the similar result. ]

3.2.2. Optimal decisions for approximate market sizes

The closed-form optimal decisions will be derived for retailers when their market sizes are approx-
imately equal. For convenience, we may assume that d; = do = d.

Lemma 2. ty; and toy have a unique intersection, i.c., (tiy,t5,), if and only if (t5; + taz)d < Qq.
Proof. The result will be proven by verifying the inequality ¢35, + t41 < t]; + ta2. Using A; < Ao,
tTl < tq1, t;l = \/AQ/AltTl, and t,0 = AQ/Alta17

(131 +ta1) — (811 + ta2) = (1 — /A2 /A1) (tar — t1;) < 0. (10)

From Eq. (10), t5; +ta1 < 7] + te2. Then, (3] +ta2)d < Qo if and only if (], +ta2)d < Qo and
(t3; + ta1)d < Qo. The result follows by Lemma 1. O

In terms of the intersections of t~12 and t~22, since di = da, flg and fgg have intersections if and
only if Qo/d — ta1 < ta2, i.e., (ta1 + ta2)d = Qo; see Figure 4. The discussion will be divided into
two cases based on the relationship between Qo and [t7y + t5y, ta1 + tae2]; see Figure 8.

8
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Case 1 Qo < (tf, + thy)d. In this case, t7y, > Qo/d — t5,. Then, the static game has a unique
equilibrium point (t3,,%3,); see Figure 8. (a).

Case 2 (t1,+1t35)d < Qo < (ta1 +ta2)d. From t]5 > Qo/d—t3,, there are multiple Nash equilibria
(Qo/d —t,t), where t € [a,b] and

a = max {t;Q,Qo/d— tal}’

. (11)

b =min {ta2, Qo/d — t’{Q};

see Figure 8. (b)-(d). In particular, Qo = (tq1 + ta2)d if and only if a = b = t49; the corresponding
equilibrium point is (41, te2).

Based on Lemma 2 and the above discussion, the Nash equilibrium of the static game can be

determined according to the relationship among Qo t7, 4155, t1; +ta2, and t41 +t42. Using t]; < a1,

t31 + ta2 < ta1 + ta2. From H < h + cl}, and t]y = \/2A;/d,

tar + 1, \/2A1(h+cly) - VA H _ g

=¥, 12
2 \/&H \/&H 12 ( )

Using Eq. (12), t55 — th; < ta1 — t75. From t/; < t}; and A; < Ao,
T2 = 111 <o =t <tar — iy </ Aa/A1(tar — ) = taz — 5. (13)

From Eq. (13), t§5 + t59 < t71 4+ ta2 < tq1 + te2. Table 6 summarizes all Nash equilibria in the
static game.

From Table 6, when (¢]5+t3,)d < Qo < (ta1 +ta2)d, the static game has multiple Nash equilibria
(Qo/d —t,t), with t € [a,b]. In particular, when (t,2 + t];)d < Qo < (ta1 + ta2)d, there exists an
additional equilibrium point (¢};,?3;). Lemma 3 uncovers that (¢];,t3;) is not considered by rational
retailers.

Lemma 3. When (t7, + t39)d < Qo < (ta1 + ta2)d, we have the following:
(1) fi12(Qo/d —t) and faa(t) are strictly increasing and decreasing on |a,b], respectively.
(2) The subgame perfect Nash equilibria of the static game are (Qo/d —t,t), with t € [a,b].

Proof. Let t € [a,b], from Eq. (11),

ngj—bgj—tgj—agtala (14)
b < tao. (15)
According to Property 1, fia(t), (i = 1,2), is strictly decreasing on [t},t.]. Using Eqs. (14)

and (15), and the monotonicity of fi2(t) on [t} tai], fi2(Qo/d —t) and fa(t) are increasing and
decreasing on [a, b], respectively. Then, for any t € [a, b], we have

f11(t11) = fia(tar) < f12(Qo/d — a) < f12(Qo/d —t) < f12(Qo/d —b) < fi2(t12), (16)
fo1(t51) = faa(ta2) < fa2(a) < faa(t) < for(b) < faa(tse). (17)

From Egs. (16) and (17), f11(¢];) < fi12(Qo/d —t) and fo1(t5;) < fo2(t) for any t € [a,b]. This
implies that retailers’ mean profits at (¢j;,%3;) are never higher than those at (Qo/d — t,t), with
t € la,b].
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Next, we will prove that the mean profits of retailers at (7, t5;) are equal to those at (Qo/d —
to,to) for some ty € [a, b] if and only if Qy = (tal + tag)d. If fn(t’fl) = flg(Qo/d — to) and
f21(t§1) = fgz(to) for some t() S [a, b], then flg(tal) = flg(Qo/d — to) and fzg(tag) = fgg(to). Since
f12(Qo/d — t) and faa(t) are respectively increasing and decreasing on [a,b], t,1 = Qo/d — tp and
taz = to. This implies Qg = (ta1 + ta2)d. Conversely, if Qo = (tq1 + ta2)d, let tg = t42; then
le(tal) = flg(Qo/d — to) and fgz(ta2) == f22(t0). Note that QQ = (tal + tag)d if and only if a =0b.

Based on the above, when Qo < (tq1 +t42)d, a < b and at least one retailer’s profit at (t7,5;) is
lower than that at (Qo/d — to, o) for some ty € [a,b]. Thus, (t7;,t3;) can be seen as a noncredible
threat in the static game and will be excluded by rational retailers. Alternatively, when Qg = (tq1 +
tqa2)d, using Table 6, there are exactly two equilibrium points (¢];,t5;) and (t41,t42) corresponding
to the immediate payment and the delayed payment, respectively. Since fi1(t};) = fia(tai), each
retailer can earn the same profit at each equilibrium point. According to the assumptions, Retailer
i will identify tf = t,; with its optimal decisions. Hence, even if (¢];,%5;) is an equilibrium of the
game, it will be excluded by rational retailers.

In terms of equilibrium points (Qo/d — t,t), with ¢ € [a,b], following the monotonicity of
f12(Qo/d — t) and fa2(t) on [a,b], an increase in one retailer’s profit will surely lead to a decrease
in the other’s profit. Thus, (Qo/d —t,t), with ¢ € [a, b], are all the subgame perfect Nash equilibria
of the static game. O

From Lemma 3, when (t7 +t35)d < Qo < (ta1 +ta2)d, retailers are still confused about multiple
equilibria (Qo/d — t,t), with ¢ € [a,b]. Since private communication between the two retailers is
not allowed, they have to confront a tacit bargaining with divergent profits, and their overriding
interest is to coordinate their decisions. If a particular equilibrium point commands attentions as
the “focal" point, such an equilibrium is the only extant offer, and no counterproposal can be made.
The conflict is reconciled as a by-product of the dominant need for coordination [37].

Let g(t) = fi12(Qo/d — t) — faa(t); then, |g(t)| denotes the gap between the two retailers’ mean
profits at (Qo/d —t,t). Note that g(t) is strictly increasing on [a, b]. Let t4(Qo) lead to a minimum
value of |g(t)| on [a,b]; then, the particular equilibrium point (Qo/d — t4(Qo),t4(Qo)) attracts
significant attention for two reasons:

(1) t4(Qo) is unique and remarkable for the two retailers.

(2) t4(Qo) leads to the minimum gap between the mean profits of the two retailers, and contributes
to a long-term cooperative relationship between them.

Hence, the equilibrium point (Qo/d — t4(Qo),t4(Qo)) can be viewed as a “focal" point, and the
two retailers tacitly accept it simultaneously. Table 7 summarizes retailers’ optimal decisions for
each given threshold Q.

The closed-form expression for t,(Qo) can be determined as follows. If Qo = (ta1 + ta2)d, we
have a = b = t42 and t4(Qo) = ta2. Alternatively, if Qo < (a1 + te2)d, we have a < b. Since g(t) is
strictly increasing on [a,b], t,(Qo) = a if g(a) > 0, and t4(Qo) = b if g(b) < 0. When g(a) < 0 and
g(b) > 0, using the well-known intermediate value theorem, there exists a unique t,(Qo) € (a,b)
satisfying g(t4(Qo)) = 0. In fact, t4(Qo) is the unique solution of the following equation

t3

C3Qu, (At Ay QBN AxQo 18
2dt+< Td 2d2) e O (18)

located in (a,b), which can be found algebraically using the Cardano formula [38].
We have Proposition 2, which summarizes the major managerial insights.

Proposition 2. When retailers’ market sizes have approximate sizes, we have the following:

10
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(a) A sufficiently high threshold cannot interest retailers, while a lower threshold may not effec-
tively encourage retailers to place larger orders.

(b) To mazimize the total order quantity of retailers, the supplier should identify Qf = (ta1+tq2)d
with the optimal threshold; the corresponding order quantities of Retailer 1 and Retailer 2 are tg1d
and tqod, respectively.

Proof. From Table 7, retailers can place a total order only when Q¢ < (tq1 + ta2)d. When Qp <
(t75 + t39)d, their total order quantity is (¢4 + t55)d. Alternatively, when (¢, + t5,)d < Qo <
(ta1 +ta2)d, we have ¢f = Qo —t4(Qo)d, ¢5 = t4(Qo)d and ¢ + ¢5 = Q. Using t3, < a < t4(Qp) <
b< Qo/d—t7y, ¢ >ty and g5 > t5,. O

3.3. Supplier’s optimal decision

As the Stackelberg leader, the supplier knows the optimal decisions of the two retailers for each
given ()o. Based on Tables 2, 3, 4, 5 and 7, the supplier can identify an optimal threshold Qg to
maximize its own profit. For convenience, we ignore the inventory holding cost of the supplier and
the opportunity cost charged for offering trade credits.

For the supplier, if retailers place a joint order, the processing cost paying for each retailer’s order
can be seen as Ag/2, in which case, the mean profit is

d d
F(Qu) = ((e = copi = 5) + 2 (e = eo)as — 54
(19)
As 1 1
=(c— di - do) — 252 L 2.
(¢ = co)(dy + da) 2 (qf +q§)’

if retailers place orders separately, the supplier has to process their orders separately, and the mean
profit is

F(Qo) = (¢ — co)(ds + da) — As<qlf + q12) (20)

From Tables 2, 3, 4, 5, and 7, ¢i and ¢ are fixed constants when either Qo < t]od1 + t5,d2, or
Qo > ta1di + teads. Thus, we need only to solve the following optimization problem

max F(Qo). (21)

t71d1 + tigda < Qo < tq1d1 + tgodo + 1

3.4. Algorithm

Based on the previous discussion, the following algorithm is developed.

Algorithm 1 Optimal decisions of the supplier and the two retailers

Input parameters di, dg, p, ¢, co, h, a, Ay, Aa, A, I, and I,,.

Compute the constants H, t];, t]9, t5;, 139, ta1, and t42.

Compute ¢} and ¢5 for each Qo € [t]od1 + tioda, ta1di + taada + 1].

Substitute ¢ and ¢5 into Egs. (19) and (20) to obtain F(Qo).

Solve optimization problem (21) to obtain Q§.

Based on Q)j), determine the optimal order quantities and payment methods of the two retailers.

11
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4. Numerical experiments

In this section, a numerical experiment is presented to illustrate the validity of the proposed model.

Example 1. Consider the following parameters: di = 140, do = 80, p = 0.9, ¢ = 0.7, ¢g = 0.4,
h=01,A1 =3, Ay =4, A, =12, I, = 0.02, I, = 0.03, and a = 0.3.

For this model, it holds that H = 0.10867, ¢t]; = 0.59514, t], = 0.628, t5; = 0.90909, t5, =
0.95928, t,1 = 0.8742, and t,o = 1.0094. Since di > do, A1d; > Asds, and t>(1(2d1 + tgodo > ta1dy,
using Table 3, we can derive the optimal decisions of the two retailers. The numerical results are
presented in Table 8, from which we see that the optimal threshold of the supplier is Qf = 168.674.

From Figures 9, 10 and 11, a relatively lower threshold (i.e., Qo < 164.662) is favoured by retailers,
but is not earthly use for the supplier. Moreover, a relatively high threshold (i.e., 164.662 < @y <
168.674) can increase the supplier’s profit, while reducing the profit of the retailer who faces the
smaller demand. However, a sufficiently high threshold (i.e., Qo > 168.674) substantially reduce all
supply chain agents’s profits, which is useless for the supply chain.

5. Conclusions

Trade credit linked to order quantity is crucial in supply chain finance, but it is seldom designed
within the framework of the cooperation mechanism between retailers. In our model, two retailers
can enjoy permissible delay in payment as long as their total order quantity meets the given thresh-
old. Although cooperation can bring more profits to retailers, neither of them would like to take on
more responsibility. We provided a mutually acceptable order-allocation scheme for retailers and
identify an optimal threshold for the supplier to maximize retailers’ total order quantity. Based on
this, we find that two retailers unanimously give priority to placing a total order with the supplier.
In addition, we uncovered that a sufficiently high threshold cannot interest retailers, while a lower
threshold may not effectively stimulate retailers facing identical demands or the retailer facing the
smaller demand.

No research is perfect, the paper has a few limitations. For example, the two retailers, as retail
agents of the same product, are assumed to sell the product at the recommended retail price. In
reality, any product is fully or partially substitutable in the market and the market demand each
retailer faces is therefore price dependent [39, 40]. The Bertrand competition between retailers
within the framework of the EOQ model is left for the future study [41].

References

[1] Goyal SK. Economic Order Quantity under Conditions of Permissible Delay in Payments. Journal of the Operational
Research Society 1985; 36(4):335-338.

[2] Aggarwal SP, Jaggi CK. Ordering policies of deteriorating items under permissible delay in payments. Journal of the
Operational Research Society 1995; 46(5):658-662.

[3] Teng JT. On the economic order quantity under conditions of permissible delay in payments. Journal of the Operational
Research Society 2002; 53(8):915-918.

[4] Chung KJ. A theorem on the determination of economic order quantity under conditions of permissible delay in payments.
Computers and Operations Research 1998; 25(1):49-52.

[5] Jaber MY, Osman IH. Coordinating a two-level supply chain with delay in payments and profit sharing. Computers &
Industrial Engineering 2006; 50(4):385-400.

[6] Arkan A, Hejazi SR. Coordinating orders in a two echelon supply chain with controllable lead time and ordering cost
using the credit period. Computers & Industrial Engineering 2012; 62(1):56-69.

12



Joint ordering policy for a conditional trade credit model

(7]
(8]
[l

[10]

(11]
(12]

(13]

[14]

[15]

[16]
(17]
(18]
(19]
[20]
21]
22]
23]
[24]
[25]

[26]

27]

28]

[29]
[30]
[31]

32]
33]

[34]
[35]

[36]

Esmaeili M, Aryanezhad MB, Zeephongsekul P. A game theory approach in seller-buyer supply chain. European Journal
of Operational Research 2009; 195(2):442-448.

Teng JT, Chang CT, Chern MS. Vendor-buyer inventory models with trade credit financing under both non-cooperative
and integrated environments. International Journal of Systems Science 2012; 43(11):2050-2061.

Zhou YW, Zhong Y, Li J. An uncooperative order model for items with trade credit, inventory-dependent demand and
limited displayed-shelf space. Furopean Journal of Operational Research 2012; 223(1):76-85.

Liao JJ, Huang KN, Chung KJ, Lin SD, Ting PS, Srivastava HM. Retailer’s optimal ordering policy in the EOQ model
with imperfect-quality items under limited storage capacity and permissible delay. Mathematical Methods in the Applied
Sciences 2018; 41(17):7624-7640.

Shin D, Mandeep M, Sarkar B. Effects of human errors and trade-credit financing in two-echelon supply chain models.
European J of Industrial Engineering 2018; 12:465-503. .

Banu A, Mondal SK. Analyzing an inventory model with two-level trade credit period including the effect of customers’
credit on the demand function using g-fuzzy number. Operational Research 2018; 200:1-29.

Tiwari S, Cardenas-Barrén LE, Goh M, Shaikh AA. Joint pricing and inventory model for deteriorating items with
expiration dates and partial backlogging under two-level partial trade credits in supply chain. International Journal of
Production Economics 2018; 200:16—-36.

Wu J, Teng JT, Skouri K. Optimal inventory policies for deteriorating items with trapezoidal-type demand patterns and
maximum lifetimes under upstream and downstream trade credits. Annals of Operations Research 2018; 264:459-476.
Srivastava HM, Chung KJ, Liao JJ, Lin SD, Chuang ST. Some modified mathematical analytic derivations of the annual
total relevant cost of the inventory model with two levels of trade credit in the supply chain system. Mathematical Methods
in the Applied Sciences 2019; 42(11):3967-3977.

Sarkar B, Dey B, Sarkar M, Hur S, Mandal B, Dhaka V. Optimal replenishment decision for retailer with variable demand
for deteriorating products under trade-credit policy. RAIRO-Operations Research 2019; .

Chung KJ, Liao JJ, Lin SD, Chuang ST, Srivastava H. Manufacturer’s optimal pricing and lot-sizing policies under
trade-credit financing. Mathematical Methods in the Applied Sciences 2020; 1-18. .

Chang CT, Ouyang LY, Teng JT. An EOQ model for deteriorating items under supplier credits linked to ordering quantity.
Applied Mathematical Modelling 2003; 27(12):983-996.

Chung KJ, Liao JJ. Lot-sizing decisions under trade credit depending on the ordering quantity. Computers and Operations
Research 2004; 31(6):909-928.

Chung KJ, Goyal SK, Huang YF. The optimal inventory policies under permissible delay in payments depending on the
ordering quantity. International Journal of Production Economics 2005; 95(2):203-213.

Huang YF. Economic order quantity under conditionally permissible delay in payments. Furopean Journal of Operational
Research 2007; 176(2):911-924.

Ouyang LY, Teng JT, Goyal SK, Yang CT. An economic order quantity model for deteriorating items with partially
permissible delay in payments linked to order quantity. European Journal of Operational Research 2009; 194(2):418-431.
Ting PS. Comments on the EOQ model for deteriorating items with conditional trade credit linked to order quantity in
the supply chain management. European Journal of Operational Research 2015; 246(1):108-118.

Zhong YG, Zhou YW. The model and algorithm for determining optimal ordering/trade-credit policy of supply chains.
Applied Mathematics and Computation 2012; 219(8):3809-3825.

Wang Y, Sun X, Meng F. On the conditional and partial trade credit policy with capital constraints: A Stackelberg model.
Applied Mathematical Modelling 2016; 40(1):1-18.

Taleizadeh AA, Lashgari M, Akram R, Heydari J. Imperfect economic production quantity model with upstream trade
credit periods linked to raw material order quantity and downstream trade credit periods. Applied Mathematical Modelling
2016; 40(19-20):8777—-8793.

Vandana, Sharma B. An EOQ model for retailers partial permissible delay in payment linked to order quantity with
shortages. Mathematics €& Computers in Simulation 2016; 125(7):99-112.

Rajan RS, Uthayakumar R. Comprehensive solution procedure for optimizing replenishment policies of instantaneous
deteriorating items with stock-dependent demand under partial trade credit linked to order quantity. International
Journal of System Assurance Engineering & Management 2017; 8(2):1343-1373.

Anand K, Aron R. Group-Buying On The Web: A Comparison Of Price Discovery Mechanisms. Management Science
2003; 49:1546-1562.

Chen J, Chen X, Song X. Comparison of the group-buying auction and the fixed pricing mechanism. Decision Support
Systems 2007; 43:445-459.

Chen X. Inventory Centralization Games with Price-Dependent Demand and Quantity Discount. Operations Research
2009; 57:1394-1406.

Chen RR, Roma P. Group Buying of Competing Retailers. Production & Operations Management 2011; 20(2):181-197.
Chen Y, Li X. Group Buying Commitment and Sellers’ Competitive Advances. Journal of Economics & Management
Strategy 2013; 22:164—183.

Hu B, Duenyas I, Beil DR. Does Pooling Purchases Lead to Higher Profits? Management Science 2013; 59(7):1576-1593.
Hsu V, Lai G, Niu B, Xiao W. Leader-Based Collective Bargaining: Cooperation Mechanism and Incentive Analysis.
Manufacturing & Service Operations Management 2016; 19:72-83.

Selten R. Reexamination of the perfectness concept for equilibrium points in extensive games. International Journal of

13



Joint ordering policy for a conditional trade credit model

37]
(38]

(39]
[40]

[41]

Game Theory 1975; 4(1):25-55.

Schelling TC. The Strategy of Conflict, 53—59. Cambridge: Harvard University Press, 1980; .

Broadbent TAA. The Great Art or the Rules of Algebra. By Girolamo Cardano. The Mathematical Gazette 1970;
54(387):69-70.

Choi TM, Ma C, Shen B, Sun Q. Optimal Pricing in Mass Customization Supply Chains with Risk-Averse Agents and
Retail Competition. Omega 2019; 88:150-161.

Xijao T, Choi T, Cheng TCE. Pricing and Benefit of Decentralization for Competing Supply Chains With Fixed Costs.
IEEE Transactions on Engineering Management 2018; 65(1):99-112.

Otake T, Min KJ. Inventory and pricing policies for a duopoly of substitute products, 102—110. Iowa State University
Digital Repository, 1998; .

14



Joint ordering policy for a conditional trade credit model

Tables

Table 1. Definitions of the notations for Property 1.

Notations Definitions Notations Definitions

i 2A; ‘. V2A;(\/htcly+/a(@—a)clp+a2pl.)
il /di(htclp) at \d; H

e \2A; o \/2Ai(\/h+(;1p7\/a(27a)c[p+a2ple)
i2 d; H ai \/EH

fri=1,2.

Table 2. Optimal order decisions of retailers when dy > da, A1dy > Asds, and t],d; + teads < ta1ds.

Range of Qo q7 q5 Retailer 1’s PM Retailer 2’s PM Joint ordering
Qo > ta1d1 tiid1 t5d2 Immediate payment Immediate payment N
ti,d1 + ta2de < Qo < ta1dy Qo t5,da Delayed payment Immediate payment N
ti,d1 +t55da < Qo < tigd1 +ta2da  ti,d1 Qo —ti,di Delayed payment Delayed payment Y
Qo < tiyd1 +155da ti,d1  t5odo Delayed payment Delayed payment Y

i qf =tid1, ¢35 = t5d2, PM=Payment method, Y=Yes, N=No.

Table 3. Optimal order decisions of retailers when either dy > da, A1dy > Aads, and tiod1 + taads 2 taids,

or di > do and A1dy < Aads.

*

*

Range of Qo q3 a5 Retailer 1’s PM Retailer 2’s PM Joint ordering
Qo > tiod1 + ta2da ti,d1 t3do Immediate payment Immediate payment N
tiod1 +t55d2 < Qo < tigdy +taada  tiod1 Qo —tj,di Delayed payment Delayed payment Y
Qo < t]yd1 +155d2 tiodr  t5,do Delayed payment Delayed payment Y

Table 4. Optimal order decisions

of retailers when dy < dy and t5,da + ta1d1 < teada.

*

*

Range of Qo qi a5 Retailer 1’'s PM Retailer 2’s PM Joint ordering
Qo > tgado t1d1 t5,d2  Immediate payment Immediate payment N
t39d2 +ta1d1 < Qo < tazds t1,d1 Qo Immediate payment  Delayed payment N
t5odo +t15d1 < Qo < t55d2 + ta1dy Qo — t3od2  ti,d2  Delayed payment Delayed payment Y
Qo < t35d2 +t]ody tiod1 t3,d2  Delayed payment Delayed payment Y

Table 5. Optimal order decisions

of retailers when dy < dy and t5,da + ta1d1 = teada.

*

*

Range of Qo q7 a5 Retailer 1’s PM Retailer 2’s PM Joint ordering
Qo > t3oda +ta1dy t1d1 t5,d2  Immediate payment Immediate payment N
t5,do +t15d1 < Qo < t55da +ta1d1 Qo —ti9d2  ti,d2  Delayed payment Delayed payment Y
Qo < th5do +t7od1 tiod1 t3od2  Delayed payment Delayed payment Y

Table 6. Nash equilibria in the static game when d; = dy = d.

Range of Qo

Nash equilibria

Retailer 1’s PM

Retailer 2’s PM

Joint ordering

QO > (tal + ta2)d
QO = (tal + taQ)d

(t71,t51)
(11, ¢51)

(tal ) ta2)

(ta2 +t]1)d < Qo < (ta1 + ta2)d

(t1s +155)d < Qo < (ta2 +1t7;)d
0< Qo < (t5+tiy)d

(11, 51)
(Qo/d — t,t), with t € [a, b]
(Qo/d —t,t), with t € [a,b]
(515 132)

Immediate payment
Immediate payment
Delayed payment
Immediate payment
Delayed payment
Delayed payment
Delayed payment

Immediate payment
Immediate payment
Delayed payment
Immediate payment
Delayed payment
Delayed payment
Delayed payment

KKK Z<2z2Z
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Table 7. Optimal order decisions of the two retailers when d; = dy = d.

Range of Qo qi a5 Retailer 1’s PM Retailer 2’s PM Joint ordering
Qo > (ta1 + ta2)d t3,d t5,d Immediate payment Immediate payment N
(t35 +t55)d < Qo < (ta1 +ta2)d Qo —tg(Qo)d tg(Qo)d Delayed payment Delayed payment Y
0< Qo < (ty +1t5y)d tiod t5od Delayed payment Delayed payment Y

Table 8. Numerical result on Example 1.

Qo q a5 fi(a}) f2(g3) F(Qo) Overall profit ~ Payment method Joint ordering
<164.661 87.919 76.742 18.446 7.6604 65.8536 91.96 Delayed payment Y
164.662 87.919 76.743 18.446 7.6604 65.8536 91.96 Delayed payment Y
165.1 87.919 77.181 18.446 7.6603 65.854 91.96 Delayed payment Y
165.7 87.919 77.781 18.446 7.6597 65.8546 91.96 Delayed payment Y
166.3 87.919 78.381 18.446 7.6585 65.8552 91.96 Delayed payment Y
166.9 87.919 78.981 18.446 7.657 65.8558 91.959 Delayed payment Y
167.5 87.919 79.581 18.446 7.6549 65.8564 91.957 Delayed payment Y
168.1 87.919 80.181 18.446 7.6524 65.8569 91.955 Delayed payment Y
168.674 87.919 80.755 18.446 7.6496 65.8574 91.953 Delayed payment Y
>168.675  83.32 72.727 17.918 7.2 65.691 90.809 Immediate payment N
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Figure legends.

Figure 1. Total amount of interest earned and payable.

Figure 2. Sub-functions f;;(¢;) and fi2(¢;), with ¢ = 1, 2.

Figure 3. The maximizer of the mean profit function f;(¢;), with ¢ = 1, 2.
Figure 4. The best response functions of Retailer 1 and Retailer 2.
Figure 5. The intersection of t11 and tas.

Figure 6. The intersection of t11 and fo1.

Figure 7. The intersection of t12 and tag when di > da.

Figure 8. The intersection of 512 and t~22 when d; = ds.

Figure 9. The effect of Qg on the supplier’s mean profit.

Figure 10. The effect of 9 on Retailer 1’s mean profit.

Figure 11. The effect of ()9 on Retailer 2’s mean profit.
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