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[bookmark: OLE_LINK89][bookmark: OLE_LINK94]Abstract:
Molecular mechanisms and process kinetics of crystallizing concomitant polymorphs remain poorly understood. Solvent-mediated phase transformation is often mistaken as concomitant crystallization, mainly due to the two processes sharing similar kinetic profiles. Herein, we developed a population balance model to simulate a concomitant crystallization process of two polymorphs of tolfenamic acid (TFA). The kinetic modeling aims to better understand concomitant crystallization and help guide form selection of such a molecular system. Crystallization kinetics of ethanolic TFA solutions were uncovered from induction time measurements, as well as seeded and unseeded crystallization experiments. Both experimental and simulation results demonstrate that the stable form I crystallizes concomitantly with the metastable form II. The faster growing form II results in an intermediate decline in the kinetic profile of form I composition in crystallized samples, a characteristic feature of the concomitantly crystallized system. A four-quadrant scheme of attainable polymorph outcome was simulated under various crystallization conditions.
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1. Introduction
Crystallization is an efficient and economical unit operation extensively used to purify various chemicals in pharmaceutical, food, and fine chemical industries. More than 90% of active pharmaceutical ingredients (APIs) are manufactured as crystals.1 Besides the primary importance of chemical purity, the control of polymorphic purity in both batch and continuous crystallization processes is of increasing interest in recent years.2-4 Polymorphs of a compound differ in crystal structure, and are ubiquitous in both nature and industry. They generally exhibit distinct physicochemical properties including mechanical strength, stability, and solubility, which consequently affect the bioavailability and efficacy of the administrated drug.5,6 Therefore, the stringent control over polymorphic purity is particularly critical for the desired bioavailability and method of drug administration in the pharmaceutical industry.
[bookmark: _Hlk15832726][bookmark: OLE_LINK14]Most often, polymorphic mixtures are generated in batch or continuous operations7 due to either concomitant crystallization of two or more crystal forms, or to solvent-mediated transition from a metastable to a more stable form.8,9 These situations could significantly affect the purity and consistency of drug products and thus often requires careful process control in industry.10 Crystallization mechanisms of both concomitant crystallization and solvent-mediated phase transformation have been studied,9-11 but it is difficult to differentiate the two. Concomitant nucleation always precedes solvent-mediate phase transition, and the two scenarios bear similar crystallization kinetic profiles.12 
The purpose of this study was to identify kinetic differences between concomitant polymorphism and solvent-mediated phase transition. In particular, we utilized process modeling and simulation to bridge kinetic events, including nucleation and crystal growth, with a population balance equation (PBE) model. PBE models are widely used to simulate various crystallization processes, including solvent-mediated polymorphic transformation13-16 and chiral resolution by preferential crystallization.17,18 Both seeded and unseeded phase transformation processes of L-glutamic acid α-form to the stable β-form was described using a population balance model.14 This model was further integrated with a nonlinear model predictive control (NMPC) strategy for better robust crystallization control of the L-glutamic acid β-form.13 More recently, the kinetic model of solvent-mediated transformation processes was extended to a hypothetical dimorphic system by considering additional crystallization mechanisms.15 Accounting for the solvent-mediated polymorphic transformation of ortho-aminobenzoic acid, a PBE-based polymorphic control strategy was developed for production of the stable polymorph.16 Nonetheless, no PBE-based studies can be found in the literature to model the crystallization process of concomitant polymorphism. Herein, aided with experimental measurements of crystallization kinetics of a model system, we developed a PBE model to describe the kinetics of concomitant polymorphic crystallization, as well as solvent-mediated phase transition, to explore fundamental difference between the two processes. 
[bookmark: _Hlk15683616][bookmark: _Hlk15572194][bookmark: OLE_LINK49][bookmark: OLE_LINK50][bookmark: _Hlk710155]A PBE model is often solved numerically because of its complexity. Many solution techniques have been developed. One type of approach utilizes moments of the distribution such as method of moments19 and quadrature method of moments,20,21 which both aim for a quick and efficient solution. Another approach calculates the crystal size distribution directly with high resolution finite volume (HR-FV) method,22-24 finite element method,25,26 and method of characteristics.27 Herein, we first applied the method of moments for parameter estimation of concomitant polymorphic crystallization, then solved the PBE model with the HR-FV method to simulate temporal evolution of the crystal size distribution of the model system. In our previous studies, we identified the crystallization of tolfenamic acid (TFA) polymorphs I and II as being concomitant. The kinetic characteristics of its early stage of crystallization is drastically different from that of a solvent-mediated phase transformation system.12 
This article is organized as follows: the next section describes the theoretical basis of mathematical modeling and parameter estimation of the PBE model. It is followed by experimental procedures of kinetic parameter estimations of TFA polymorphic crystallization. The result section covers model parameter estimations and unique kinetic characteristics of concomitant crystallization of TFA. Finally, polymorphic control in unseeded batch crystallization is discussed and form selection was rationalized by the four-quadrant regimes of attainable polymorph crystallization (FQR-APC) scheme. The applicability of proposed design space of dimorphic crystallization with FQR-APC was further corroborated by both experimental data and statistical analysis using the receiver operator characteristic (ROC) curve.

2. Mathematical Model
2.1 Population balance modeling
To simplify the modeling of a polymorphic crystallization process in a well-mixed batch crystallizer, several assumptions were made. First, breakage and agglomeration of crystals were neglected. Second, the crystal nuclei were of negligible size.28,29 Third, according to the McCabe’s ∆L law,30 the rate of crystal growth was independent on crystal size. Last, secondary nucleation was also neglected. Thus, the population balance equations (PBEs) consider nucleation, crystal growth, and dissolution as follows:

	 (i= I, II)	
[bookmark: OLE_LINK1]I.C.: ni (0, Li) = n0,i (Li)=0 
where ni (t, Li) is the number density of particles of polymorph i (i.e., form I or form II of TFA) at time t and of size L. Gi is the growth rate, Ji is the rate of nucleation. L0,i is the size of nuclei, δ is the delta function, and n0,i (Li) is the number density at nuclei size L0,i. Because of mass balance, the concentration of solute, c, is described by the following equation:

		
I.C.: c(0) = c0
where kv,i and ρi are the volume shape factor and density of the polymorph i, respectively. Volume shape factors of TFA forms I and II were determined in this study to be 0.09 and 0.06 (Figure A4; see Materials and Experiments), and the densities determined as 1443.0 kg/m3 and 1454.0 kg/m3, respectively. c0 is the initial solute concentration. Solution supersaturation with regard to a particular polymorph is defined as 

		
where ci* is the solubility of polymorph i. 
2.2 Crystallization mechanisms and kinetics
The nucleation rate for polymorph i is described according to classical nucleation theory as:31

		
where kJ1,i is the pre-exponential kinetic factor of the nucleation of polymorph i. kJ2,i is the thermodynamic parameter, given by:31

		
where ai is the shape factor of polymorph i, vi is the molecular volume of the crystalline phase i, γeff,i is the effective interfacial energy of the crystal i, and k is the Boltzmann constant. In this study, a nucleation rate was estimated from induction time (tind) measurements by the empirical equation tind = (J V)-1, where V is the volume of solution, assuming the mononuclear nucleation mechanism.11 
The overall growth rate mechanism of crystals can be either through mass transfer or surface integration.32 The growth mechanisms of TFA forms I and II were unknown, thus de-supersaturation data was utilized to optimize and estimate the parameters for both surface integration-controlled growth mechanisms (such as birth and spread (B+S) and BCF models) and mass transfer(MT)-controlled growth mechanisms. The equations used to describe the B+S, BCF and MT mechanisms were cast as follows

		

		

		
where kg1,I, kg2,I,. kg3,I, kg4,I, kg5,I, kg6,I, kg7,I, kg8,I are respective growth kinetic parameters (for different growth models) of TFA form I. The growth rate of form II can be described by

		
where kg,II and gII are growth kinetic parameters of TFA form II.
Dissolution kinetics of the TFA metastable form (II) were also considered, described as a diffusion process and mass transfer limited:32

		
The mass transfer coefficient kd is calculated using the Sherwood correlation:32,33

		

where D is the diffusivity of solute, LII is the crystal size of form II,  is the average power input, and ʋ is the kinematic viscosity. A typical value of D of TFA in ethanol was chosen as 5.4×10-10 m2∙s-1, and ʋ as 1.4×10-6 m2∙s-1.34 The average power input describes the influence of crystallizer and is estimated by:

		
where Np is the power number, d is the impeller diameter, ns is the stirring rate, and V is crystallizer volume. 
[bookmark: OLE_LINK2][bookmark: OLE_LINK3]2.3 Numerical solution
The PBE and mass balance models combining all the above equations include partial differential equations (PDEs), ordinary differential equations (ODEs), and nonlinear algebraic equations that need to be solved simultaneously. The crystal size distribution is transformed into distribution of moments, which can then be solved by the method of moments (MOM),15,19 a routine and highly effective method for parameter estimations. The j-th order moment of crystal size distribution is defined as

		
Eq. (1) can be transformed to a set of ordinary differential equations:

		

	  (j = 1, 2, …)	
[bookmark: _Hlk8927359][bookmark: _Hlk8934525]As such, given the dissolution, nucleation, and growth parameters, Eqs. (2), (14) and (15) were solved numerically by the ode15s solver in MATLAB, yielding moment μj,i, solute concentration c, and polymorphic composition w. Note that JII is set to zero when SII is smaller than or equal to unity. To avoid the unrealistically infinite increasing of the third moment of stable form I during polymorphic transformation, the factor fII was introduced into Eqs (2) and (15) to model the dissolution of metastable form II as defined:15

		
where μ3,II is the third moment of metastable form II, and μ3,II(tA) is the value of μ3,II at the start of dissolution. 
To obtain the temporal evolution of crystal size distribution of both crystal forms, another numerical technique, high resolution finite-volume (HR-FV) method with the van Leer flux limiter, was employed. The HR-FV belongs to a class of discretized methods of the characteristic length axis reducing the PDEs into ODEs. It provides second-order accuracy when the solution is smooth and able to capture sharp front without oscillation.22,23 The HR-FV method used in this work combines the semi-discrete FV technique with the van Leer flux limiter.35 The computational domain of crystal size is discretized into N grid cells and the average value in each cell is defined as

	(i= I, II)	
where ∆Li is the cell width of polymorph i. With this definition, Eq. (1) reduces to a set of ODEs as follows:

		
The flux ni,j+1/2 at the cell boundary is approximated by interpolating the average neighboring cell values.

		
where the van Leer flux limiter function ϕ(rj+1/2) smooths the crystal size distribution:36

		
The smoothness can be quantified by the ratio of consecutive slopes.

		
At boundary cells, the flux is approximated as follows:

	for i=1, 	

	for i=N, 	
Additionally, the flux at the inlet is defined by boundary conditions:

	if i=0, 	
When dissolution is included in the population balance modeling, the above flux evaluations are defined accordingly:

	for i=0, 	

	for 1≤i≤N-1, 	

	for i=N-1, 	

	for i=N, 	

		
The ode23s solver in MATLAB to was used to solve these equations.
2.4 Parameter Estimations
The nucleation rate parameters of the polymorph II were estimated from induction time measurements at various supersaturation levels in the framework of classic nucleation theory. On the basis of three growth models and the seeded batch de-supersaturation experiments with form I seed crystals, the growth rate parameters of the polymorph I were estimated using a nonlinear optimization algorithm that minimizes the sum of squared residuals between experimental and simulated values of the supersaturations of polymorph I, as given by

		
Here, Ne is the number of measured variables, Nt is the number of observations for each variable k, Sexp is the experimental supersaturation with respect to the form I and Ssim represents the simulated value. 
The unknown parameters for the nucleation rate of polymorph I and the growth rate of polymorph II in Eqs. (2), (14) and (15) were then estimated using a nonlinear optimization algorithm that simultaneously minimizes the sum of squared residuals between the experimental and simulated solid phase compositions, and between the experimental and simulated solution concentration. 

		
The variables considered in the optimization problem are solid phase composition of form I (weight percent) and solute concentration.
The optimization problem was solved using fmincon optimizer with a sequential quadratic programming (SQP) algorithm in the MATLAB optimization tool. Several initial points of one order of magnitude were chosen and run to search the optimal fitted results. The estimated parameters are of stochastic property with probability distributions due to the random errors in the measurements.37 The distributions could be applied to determine hyperellipsoidal confidence region for the parameters by

		
where Ω represents the vector of kinetic parameters, VΩ is the covariance matrix of parameters, α is the confidence level, Np is the parameter number, and χNp2(α) is the chi-squared distribution function with Np degrees of freedom. The parameter covariance matrix VΩ can be computed by Monte Carlo or linearization simulations, but the latter method is often applied because as Monte Carlo computations are too time consuming.38 Thus the hyperellipsoid is often transformed into Wald confidence intervals39 for simplifications. These intervals could be approximated by

		
where t1-α/2,n-p denotes the 1-α/2 percentile in a t-distribution with (n-p) degrees of freedom, and se(Ωk) is the asymptotic standard error of the parameter estimate Ωk and given by the square root of diagonal element of covariance matrix40.

3. Materials and Experiment

3.1 Materials
[bookmark: OLE_LINK4][bookmark: OLE_LINK5]Tolfenamic acid (TFA) is a highly polymorphic compound.41-45 It has eight structurally solved conformational polymorphs41,46, but forms I and II are the most encountered. Form II is metastable and form I thermodynamically stable; both are enantiotropically related with a phase-transition temperature below 0 ℃.45 TFA (>97% purity) was purchased from TCI America (Portland, OR). Ethanol (≥99.9% purity) was purchased from Decon Laboratories, Inc. (King of Prussia, PA) and from Merck KGaA (Darmstadt, Germany) and was used as received. TFA form I was obtained by recrystallization from ethanol, and form II was crystallized either by rapid cooling or by seeding in low supersaturated ethanolic solutions at 25 ℃. 
3.2 In situ Characterization Techniques
Attenuated total reflection Fourier-transform infrared (ATR-FTIR) spectroscopy was employed to monitor the solute concentration and estimate the growth rate of polymorphs. In situ ATR-FTIR measurements were carried out on aReactIR-15 spectrometer (Mettler-Toledo, Switzerland) in conjunction with iC IR software, equipped with a 306 mm DiComp immersion probe and a diamond ATR crystal. Spectra were acquired with a resolution of 4 cm-1 and averaged over 128 scans. Calibration of the ATR-FTIR was performed at three different temperatures on the basis of Lambert-Beer law in which the sample concentration has a linear relationship with the transmittance of light. At least 7 solutions of known TFA concentration were prepared from undersaturation to supersaturation at a desired temperature, and the height of the carboxylic acid C-O stretching band at 1241 cm-1 to the two point baseline ranging from 1267 cm-1 to 1200 cm-1 in the IR spectra was used to construct the calibrated curve. The resultant calibrations at three temperatures can be found in Supplementary Material (Figures A1-A3). The solubilities of TFA polymorphs I and II redetermined by ATR-FTIR were summarized in Table A1.
Crystal size was monitored with an on-line sensor based on focused beam reflectance measurement (FBRM). It determines the chord length distribution (CLD) of a suspension. A FBRM G400 (Mettler-Toledo, Switzerland) was used to monitor the variations of CLD in the solid phase and confirm no significant nucleation over the course of seeded crystallization. This could be examined by monitoring a sudden increase in the small chord lengths of, for example, 1-10 μm14.
3.3 Off-line Characterization Techniques. 
[bookmark: OLE_LINK6][bookmark: OLE_LINK7]Morphologi G3 (Malvern Instruments Ltd., UK) was employed to measure the mean aspect ratio of TFA crystals (Figure A4). The volume shape factor was estimated by approximating rod-like crystals as cylinders. Malvern Mastersizer 3000 (Malvern Instruments Ltd., UK) was used to determine the particle size distribution of initial seeds of form I. Each particle size distribution was measured several times, covering at least 30,000 counted particles. Crystals of forms I and II were observed under a polarizing microscope (ZEISS Axio Examiner, Germany) and a scanning electron microscope (Hitachi TM3000, Japan), respectively.
[bookmark: OLE_LINK9][bookmark: OLE_LINK10]Raman spectroscopy was used to detect polymorphic compositions in the solid phase of crystallization experiments. Spectra were collected on a RamanScope II (Bruker, USA) equipped with a He-Ne laser at 785 nm and a thermoelectrically cooled CCD detector. At least 32 scans were acquired for each sample from 400 to 1800 cm-1 with a resolution of 2 cm-1.
3.4 Induction time measurement
Nucleation kinetics of TFA form II was estimated by measuring induction time from unseeded crystallization experiments. The measurement was carried out in a 100 mL crystallizer with an impeller stirring at 100 rpm. Supersaturated solutions at different levels were prepared by rapid cooling of saturated solutions. The induction time was determined by a turbidity probe (CrystalEYEs, H.E.L., UK). Relative turbidity data were collected every 20 s. A typical experimental procedure is shown in Figure A5.
3.5 Seeded crystallization experiments. 
Seeded batch crystallization experiments were performed to estimate the growth kinetics of the TFA form I at respective temperatures (i.e., 10, 25, and 37 °C). Two different sieve fractions were prepared to examine the influence of seed size on the growth kinetics. The size of seed crystals was measured by Malvern Mastersizer 3000 (Figure A6). The mass of seed crystals was chosen to be 30 wt% of solutes in solution. Inhibition of nucleation was also monitored by FBRM over the course of crystal growth. For each experiment, the supersaturated, clear solution was created by rapid cooling. Seeds were added to the supersaturated solution and the concentration over time was monitored by an ATR-FTIR probe. The evolution of particle size was in situ tracked by an FBRM probe.

4. Results and Discussion
The goal of this study was to quantify the respective kinetics of nucleation and crystal growth of two TFA polymorphs which could be formed concomitantly and to explore the crystallization space under various conditions. We firstly determined respective nucleation and crystal growth kinetics of two TFA polymorphs through a combination of crystallization experiment, on-line measurement, and population balance simulation. By identifying the rate parameters of nucleation and crystal growth kinetics via a PBE-based optimization strategy, the simulation models could reproduce experimental findings and enable simulations of nucleation and growth of the two polymorphs under different supersaturation conditions. Based on sensitive analyses of polymorphic composition, we proposed a four-quadrant regime of attainable polymorph crystallization (FQR-APC) with respective ratios of nucleation and crystal growth rates to correlate form selection space with nucleation and growth kinetics between the two crystal forms. The applicability of the proposed concomitant crystallization space was further tested by experimental data and thermotical models reported in the literature.
4.1 Determination of Crystallization Kinetics
4.1.1 Nucleation Kinetics of TFA Form II
[bookmark: _Hlk533285485][bookmark: _Hlk533287023]In order to integrate nucleation kinetics into population balance modeling, the nucleation parameters shown in Eqs. (4) and (5) were derived from induction time measurements of crystallization. Induction time was obtained by turbidity monitoring of a crystallization solution. As it was observed that TFA form II could crystallize without the presence of form I, only the nucleation kinetic parameters of form II were determined. The nucleation kinetics of form I was derived from modeling the concomitant crystallization experiments (see 4.1.3). It was observed that induction time decreased as supersaturation increased for all studied temperatures, while induction time significantly increased with decreasing temperature (Table A2). Additionally, standard deviations generally decreased with increasing supersaturation and temperature. Figure 1 shows plots of ln (J/Sln2S) versus 1/ln2S at two different temperatures. From the linear plot, the pre-exponential kinetic factor kJ1 and the thermodynamic parameter kJ2 can be derived from the intercept and the slope, respectively (Eq. (4)). The effective interfacial energy γeff can be further estimated from kJ2 by Eq. (5). Table 1 lists the estimated parameters at different temperatures of TFA form II in ethanol. kJ1 significantly increases with increasing temperature, consistent with the temperature-dependence of induction time. Conversely, kJ2 and γeff merely display temperature dependency.

[image: ]
Figure 1. Plot of ln (J/Sln2S) as a function of 1/ln2S for TFA polymorph II at 10 °C (black; R2 = 0.92) and 25 °C (red; R2 = 0.91) in ethanol.

Table 1. Estimated parameters kJ1, kJ2, and γeff of the nucleation rate for TFA polymorph II in ethanol.
	Temperature [℃]
	kJ1 [m−3∙s−1]
	kJ2 [-]
	γeff [mJ∙m−2]
	γeff, cal. [mJ∙m−2]a

	10
	(1.7 ± 0.2) ×102
	1.48 ± 0.21
	3.89
	17.1

	25
	(2.4 ± 0.5) ×103
	1.66 ± 0.23
	4.26
	16.5

	37b
	1.6 ×104
	1.6
	4.14
	16.0


a Values are calculated by theoretical expression of interfacial energy given by Mersmann 32; b Pre-exponential kinetic factor kJ1 is derived based on the Arrhenius expression; kJ2 and γeff are estimated from theoretical interfacial energy and the γeff value derived at 25℃. 

4.1.2 Crystal Growth Kinetics of Form I
Seeded crystallization experiments were performed to estimate the growth kinetics of TFA form I at different temperatures. Without seeding, nucleation kinetics could interfere with crystal growth measurements. In addition, we could only determine the growth kinetics of form I, because it is the most stable thermodynamic form. If form II is used in seeding, solvent-mediated phase transition would make it difficult to measure the growth kinetics of form II, which is intertwined with that of form I. In this study, the growth kinetics of form II was derived by simulating the concomitant crystallization (see 4.1.3). An optimal amount of form I seeds was determined to minimize secondary nucleation by monitoring the number of particles by FBRM that showed negligible changes over time, thereby implying the absence of nucleation (Figure A7). No significant breakage and agglomeration of particles were found during the experiments.
[bookmark: _Hlk532464541]Solution concentration of seeded crystallization was simulated by the PBE model (Eqs. (1) and (2)) that was integrated with respective growth kinetic models (MT, BCF, and B+S). The growth parameters of TFA form I were optimized by minimizing the residual difference between simulated and experimental supersaturation values (Eq. (30)). The mean residual describing the deviation of the simulated de-supersaturation curve from those individually measured is reported in Table 2. The overall mean residuals are 2.3 × 10-1, 7.4 × 10-2, and 7.9 × 10-3 respectively for the MT, BCF, and B+S mechanisms. The smallest residuals of B+S indicates that the growth mechanism fits the experimental data best (Figure 2). The growth kinetics by the B + S mechanism was further used to fit experimental data under different conditions (Figures 4c and 4d). The tight fitting suggests that the B+S model was able to capture the growth kinetics of TFA form I. Table 3 lists the optimization-derived growth parameters at the respective temperatures. The estimated constant kg1,I nearly remains constant, while kg3,I and kg2,I vary slightly with temperature without a clear trend. The overall growth rate was found greater at higher temperatures. In addition, two different sieve fractions of seeds were utilized, and the experimental profiles were closely fitted with simulated data with the same growth kinetic parameters (Figure A8), respectively. This suggests size-independent growth mechanism of form I. 

Table 2. Experimental Conditions of Seeded Crystallization Experiments and Corresponding Mean Residual Values Rm.a
	Run
	T [°C]
	Seed typeb
	SI
	Rm (MT)
	Rm (BCF)
	Rm (B+S)

	1
	25
	F1
	1.40
	6.8 x 10-1
	1.6 x 10-1
	2.1 x 10-2

	2
	25
	F1
	1.23
	1.9 x 10-1
	7.2 x 10-2
	4.7 x 10-3

	3
	25
	F2
	1.39
	4.5 x 10-2
	7.3 x 10-2
	6.7 x 10-3

	4
	25
	F2
	1.24
	9.7 x 10-2
	4.0 x 10-2
	1.6 x 10-3

	5
	10
	F1
	1.38
	2.7 x 10-1
	6.6 x 10-2
	1.0 x 10-2

	6
	10
	F1
	1.21
	4.0 x 10-2
	2.3 x 10-2
	6.5 x 10-3

	7
	37
	F1
	1.32
	4.9 x 10-1
	1.4 x 10-1
	9.9 x 10-3

	8
	37
	F1
	1.15
	6.5 x 10-2
	2.1 x 10-2
	2.7 x 10-3



a Each experiment was carried out at least once. 
b F1 and F2 are particles of different sizes (40 μm vs 164 μm; see Figure A6).

[image: ]
Figure 2. Seeded crystallization experiments for estimation of growth kinetics of TFA polymorph I. Evaluations of different growth models for initial supersaturation ratios S=1.40 (a) and S=1.20 (b) at 25 ºC. Seeded experiments for two initial supersaturation ratios fitted with (B+S) growth models at different temperatures: (c) 10 ºC and (d) 37 ºC.

Table 3. Optimized Parameters of (B+S) Growth Model of TFA Form I.
	Temperature [℃]
	kg1,I [m∙s-1]
	kg2,I [K]
	kg3,I [K2]
	R2 [-]

	10
	1.01 ± 0.30
	(5.01 ±0.20) x103
	(3.24 ±0.13) x104
	0.97

	25
	1.00 ± 0.15
	(4.73 ±0.09) x103
	(3.32±0.01) x104
	0.97

	37
	1.00 ± 0.10
	(4.87 ±0.12) x103
	(2.80 ±0.14) x104
	0.93



4.1.3 Concomitant Crystallization Kinetics
Concomitant polymorphism is observed regularly with TFA, where both forms I and II nucleate at the same time. In order to determine nucleation and crystal growth rate parameters of the other two respective forms, unseeded crystallization experiments were conducted and the crystallization kinetics of the two forms was measured. Figures 3a and 3b show the experimental setup and solution measurement of a TFA ethanol solution with an initial supersaturation of 1.95 at 25 ºC. Generally in our experiment, a clear solution of TFA was cooled from an elevated temperature at a maximum cooling rate (~3 ºC/min) until it reached the desired temperature and metastable zone (MSZ), causing nucleation to occur. Nucleation and growth consumed the solute approaching the solubility of form II (highlighted as phase A). The solute concentration, measured by UV spectroscopy, indeed displayed a rapid decrease (phase A in Figure 3b). The concentration of TFA was then maintained at the solubility of form II for a short period (phase B). Finally, the concentration dropped to the solubility line of form I (phase C).
[image: ]
[bookmark: _Hlk10667948]Figure 3. Schematic phase diagram (a), experimental and modeled time-resolved concentration and polymorph composition profiles (b), and Raman spectra collected at different time periods in (b) for crash cooling crystallization of TFA in ethanol with an initial supersaturation of 1.95 in ethanol at 25 ºC. Symbols: experimental data; Lines: simulation results. The figure also marks the solubility of the forms II and I (Figure 3b).

Collected crystal samples were analyzed by Raman spectroscopy and the polymorphic composition of a sample was determined by developing a standard curve of quantification based on known mixtures of forms I and II.12 Subsequently, the polymorph composition of the crystallization experiment shows that the first observed composition contained about 50% form I (right axis; Figure 3b). The composition of form I displays a rapid decrease in phase A, is maintained for a short duration in phase B, and eventually increases and reaches 100% in phase C. 
The profiles of solute concentration and polymorph composition in Figure 3b indicate that the decrease in concentration in phase A results from nucleation and growth of both polymorphs. The appearance and temporal change in their relative ratio of the two forms (Figure 3c) further suggest comparative rates of nucleation, and the subsequent composition decrease in form I indicates a higher growth rate of form II. In phase B, the nearly constant polymorph composition of 80% form II is commensurate with the solute concentration at the solubility of form II. After a short duration, no more solute molecules can be consumed by form II growth, leading to dissolution of form II and growth of form I (i.e., solvent-mediated phase transformation). Importantly, as indicated in our previous study,12 the intermediate decline in the form I composition during phase B is a characteristic feature of concomitant nucleation; a system with only solvent-mediated phase transformation (while both forms can be observed) demonstrates no such decline.
Concomitant crystallization was also observed at 10 ºC and 37 ºC. Similar phase diagram and time-resolved profiles of solute concentration and polymorphic composition were observed (Figure 4). Both forms nucleated and the growth of form II outpaced that of form I. Eventually form II re-dissolved because of its higher solubility and the solid composition of form I came back to unity. Nonetheless, the initial polymorph composition is similar (~50%) at both 25 ºC and 37 ºC but significantly smaller (~10%) at 10 ºC. The effect of temperature on each phase showed that as temperature increased, Phase A had faster concentration depletion, Phase B became shorter, and the solvent-mediated transformation in Phase C became faster. The characteristic decline of form I% can also be observed in these experiments. This is further corroborated by the PBE model (see section 4.2 below).
[image: ]
Figure 4. Schematic phase diagram and experimental and modeled time-resolved concentration and polymorph composition profiles for crash cooling crystallization of TFA in ethanol with an initial supersaturation of 1.95 in ethanol at 10 ºC (a, c) and 37 ºC (b, d). Symbols: experimental data; Lines: simulation results. The figure also marks the solubility of the forms II and I (Figure 4c and 4d).

Next, the crystallization kinetics of TFA was simulated by the population balance model described by Eqs. (1-6) and (9-16). The model assumed negligible secondary nucleation, agglomeration, and particle breakage. With the nucleation kinetics of form II and growth kinetics of form I determined respectively by the aforementioned induction time measurements and seeded crystal growth experiments, the nucleation kinetics of form I and growth kinetics of form II were derived by fitting simulated solute concentration and polymorphic composition values against experimental data (via the optimization Eq. (31)). The respective lines in in Figures. 5b, 6c and 6d represent simulated results, which closely fit the experimental data points as indicated by the residual errors of fitting that range from 1.0x10-1 to 4.4x10-1. The fitting process resulted in kinetic parameters of two forms (Table 4). The pre-exponential kinetic factor of form I (~108-1012) is significantly larger than that of form II (~102-104; Table 2). The interfacial energy of form I (4.0-4.5 mJ∙m−2) is larger than that of form II (3.9-4.3 mJ∙m−2). Accordingly, nucleation of form I is desired at high supersaturation (Eq. (4)). It is against Ostwald’s Rule of Stage which states a metastable form nucleates at high supersaturation. At a given supersaturation, the growth rate of form II is two orders of magnitude greater than that of form I.
Table 4. Parameters of Nucleation of TFA Form I and Growth of Form II Estimated by Fitting the PBE Model to the Experimental Data.
	Temperature [℃]
	kJ1,I [m-3∙s-1]
	kJ2,I [-]
	kg,II [m∙s-1]
	gII [-]

	10
	(9.8 ± 0.5) x108
	1.6 ± 0.1
	(9.24 ±0.60) x10-5
	1.00 ± 0.15

	25
	(9.0 ± 1.0) x109
	1.7 ± 0.3
	(1.03 ± 0.30) x10-4
	1.00 ± 0.06

	37
	(2.3 ± 0.8) x1012
	1.8 ± 0.3
	(1.50 ± 0.40) x10-4
	1.02 ±0.10



[bookmark: _Hlk12023160]With the determined nucleation and crystal growth kinetics of both forms I and II, we calculated nucleation and growth rates of the two forms as a function of supersaturation at 25 °C (Figure 5). The nucleation rate curves of forms I and II resemble a power law shape with form I always dominating over form II (Figure 5a). The relative difference becomes significantly reduced as supersaturation increases. On the other hand, the growth rate of form I is remarkably smaller than that of form II, and the relative difference becomes progressively enlarged with the increasing supersaturation (Figure 5b). The interplay between nucleation and growth can result in the two forms at certain supersaturation conditions. At low supersaturation, the growth rate of form II is orders of magnitude higher than that of form I, although the opposite is true for the nucleation rate. Note that the mass of a crystallized sample is nearly power three of particle size (and approximately growth rate) but is about linear to the amount of nucleated crystal nuclei (Eq. (15)), indicating that the polymorphic composition in a crystallized sample is mainly determined by the dominant growth rate among the forms. The obtained crystals from crash cooling experiments at low supersaturation are thus mainly form II. As the supersaturation ratio increases, the growth rate of form I rises, indicating concomitant polymorphism took place.
[image: ]
[bookmark: _Hlk533288428]Figure 5. Dependence of (a) the nucleation rates and the nucleation rate ratio, and (b) growth rates of TFA polymorphs I and II at 25 °C as a function of the supersaturation degree. The shaded region denotes the uncertainties of nucleation or growth rates.

4.2 PBE Simulation of Concomitant Crystallization of TFA
With the nucleation and growth kinetics determined of each TFA polymorph, a comprehensive description of crystallization and particle development was modeled. Figure 6 shows temporal evolutions of particle size distributions of form I and II, as well as the solute concentration and polymorphic composition of form I with an initial supersaturation of 1.95 at 25℃. Nucleation of both forms was considered. Apparently, the particle size of either form increases rapidly at the onset of concentration depletion, suggesting concomitant nucleation of the two forms. The particle number density of form I is 2~3 orders of magnitude larger than that of form II, but with a significantly narrower size distribution. This is owing to the greater nucleation rate but remarkably smaller growth rate of form I (Figure 5). Crystals of form II shift toward larger sizes and higher number densities over time, and at 30 mins the number density reaches the maximum. Conversely, the number and size distributions of form I increase gradually. As time progresses, the form II population starts to deplete due to the solvent-mediated phase transformation, concurrently leading to the domination of the form I population. The solution concentration during the phase transformation remains constant at the solubility of form II (Figure 6c), resulting from crystal growth of form I being the rate determining step of the transformation process.9 Importantly, the PBE simulation clearly demonstrated that the concomitant crystallization of the two forms results in the characteristic recession profile of form I%. No such decline would exist if the presence of the two polymorphs was a result of solvent-mediated phase transition.12
[image: ]
Figure 6. Temporal evolution of particle size distribution of population form II (a) and form I (b), as well as the depletion of solute concentration and polymorphic composition of form I (c) of concomitant crystallization of TFA from ethanolic solution.
[bookmark: _Hlk10642906]The effects of nucleation and growth kinetics of two polymorphs on the intermediate decline of TFA form I in the polymorphic composition were further studied. Two attributive parameters may be used to describe the recession, onset fraction w0, and depth of decline ∆wdec, as illustrated in Figure 7. w0 is the form I composition that can be experimentally determined at the earliest stage of crystallization (e.g., by turbidity probe in our case around 4~5 mins). ∆wdec is the largest decline in polymorph composition during the crystallization. The location of ∆wdec defines the boundary of two distinctive regimes. The left side is dominated by competing nucleation and growth of the two forms, whereas the right side is governed by dissolution of metastable form II and growth of the thermodynamically stable form I (i.e., solvent-mediated phase transformation).
[image: ]
[bookmark: _Hlk12028117]Figure 7. Schematic illustration of two attributive parameters, onset fraction w0 and depth of decline ∆wdec. The gray region is where nucleation occurs but cannot be experimentally detected.

[bookmark: _Hlk10660283]Appearance of the form I% recession is a result of competitive crystallization of form II and form I. The faster the nucleation of form I, the larger w0 becomes. On the other hand, the faster the growth of form II, the smaller the ∆wdec, resulting from crystallization mixtures of the two forms. Sensitivity analyses were conducted to explore the impact of the nucleation parameter of form I (kJ1,I (Eq.(4))) and growth parameter of form II (kg1,II (Eq. (6))) on ∆wdec (Figure 8), as the nucleation rate of form I and growth kinetics of form II are orders of magnitudes greater than the respective rates of another form. It is evident that kJ1,I positively determines the participation of form I and w0 (Figures 8a and 8b). Interestingly, as kJ1,I increases, ∆wdec becomes enlarged initially but then is reduced, due to the competing nucleation and growth of the two forms (Figure 8c). Moreover, the sensitivity analysis of kg1,II reveals that concomitant crystallization occurs at higher values of kg1,II (Figure 8d, e, f). Both w0 and wdec display a plateau until kg1,II is significantly larger. This suggests a critical value of kg1,II, only above which the concomitant polymorphism is experimentally feasible. 
[image: ]
Figure 8. Sensitivity analysis of two key crystallization parameters, nucleation kinetic parameter of form I kJ1,I and growth rate parameter of form II kg1,II. The temporal evolution curves of form I composition varying at different nucleation rate parameter of form I kJ1,I (a) and growth rate parameter of form II kg1,II (d). The onset fraction w0 and the depth of composition decline ∆wdec as a function of kJ1,I (b-c) and kg1,II (e-f). The lines in (b-c) and (e-f) are to guide the eye.

4.3 Form Selection Space of Concomitant Polymorphic Systems
To further understand the crystallization space of a concomitant polymorphic system such as TFA with regard to form selection and, particularly, occurrence of concomitant polymorphism, we extended the abovementioned sensitivity analyses by quantifying the polymorphic composition of TFA forms I and II under various crystallization conditions reflected by ratios of nucleation and crystal growth rates between the two forms. The simulation was purposed to find the underlying essential factors which determines the form section of a dimorphic crystallization system. It was done by modeling the polymorphic outcome of dimorphic crystallization in the wide range values of JI/JII and GII/GI. The polymorphic composition was characterized based on the values of ∆wdip and w0 of a simulation. The non-zero value of ∆wdec indicates concomitant crystallization of the two crystal forms. Concomitant polymorphism is also possible when ∆wdec=0 but 0 < w0 <100. Formation of a pure form is determined when ∆wdec=0 and w0 = 0 or 100. The simulation results are plotted in Figure 9.
[bookmark: OLE_LINK8][bookmark: OLE_LINK13]Figure 9 can be divided into four distinct regions, according to the values (>1 or <1) of the nucleation rate ratio JI/JII and growth rate ratio GII/GI. The proposed four-quadrant regimes of attainable polymorph crystallization (FQR-APC) were generated by simulating the values of ∆wdec and w0 based on various ratios of nucleation and crystal growth rates of two polymorphs. When form II shows faster nucleation and crystal growth than form I, corresponding to the first quadrant (FQR-APC I in Figure 9), form II is mostly formed and subjected to solvent-mediated phase transition. However, as the nucleation rate of form I starts to increase, concomitant crystallization also becomes likely. The concomitant region is extended to the second quadrant (FQR-APC II) in which form I overtakes form II on the nucleation. Significantly larger growth rates of form II seem to be a necessary condition for concomitant crystallization of TFA. Greater declines in form I% (∆wdec) can be seen in this quadrant with several local maxima of in the range of 101~104 and 106~108 of JI/JII and 10~100 and 300~900 of GII/GI. Concomitant polymorphism is also possible when form II shows faster nucleation but not crystal growth compared to form I (the third quadrant, FQR-APC III); the decline in form I% appears to be minimal in this region. Moreover, when form I overtakes form II on both nucleation and crystal growth (the fourth quadrant, FQR-APC IV), only pure form I is crystallized.
[image: ]
Figure 9. Four-quadrant regimes of attainable polymorph crystallization (FQR-APC) for a dimorphic crystallization system, for example TFA, classified according to the values of JI/JII and GII/GI. The blue color denotes the concomitant crystallization while the grey means pure forms, and the values of ∆wdec are represented by the colored contour lines. The polymorphic crystallization outcome is determined based on the values of both ∆wdec and w0. Crystallization outcome data for concomitant polymorphs (according to the values of JI/JII and GII/GI) of o-aminobenzoic acid (black □)10  and of gestodene (red ○; red hatch pattern with diagonal) 47, as well as of TFA at 25℃ and 37 ℃ of this study (black x).

The FQR-APC scheme may be applicable to other dimorphic systems. Concomitant crystallization of o-aminobenzoic acid (OABA) was reported in the literature where form I (stable form) could be generated with form II at intermediate supersaturations via antisolvent crystallization.10 Nucleation rate of form I was found nine-fold larger than that of form II, while the growth rate of form II was 1.4-fold greater, putting their system in the FQR-APC II in Figure 9 (square points). At a high supersaturation, both nucleation and growth rates of OABA form I were greater than those of form II (JI >JII and GI >GII) and only form I was obtained (FQR-APC IV). In another system reported, concomitant crystallization of enantiotropic polymorphs I and II of gestodene was found in a range of temperatures and supersaturations.47 Their JI >JII ranged from 4.0 to 6.0 and GI >GII from 1.1 to 1.8., as plotted as circles in FQR-APC II in Figure 9. At low supersaturations, only the stable form was obtained, and their crystallization conditions are plotted as the red hatched square in Figure 9 (FQR-APC IV). In other systems such as prasugrel hydrochloride48 and eflucimibe,11 concomitant crystallization was observed when the metastable form bore greater nucleation rates (JI/JII <1), which put them into FQR-APC I or III. The above cases suggest that construction of FQR-APC can be valuable in guiding polymorphic crystallization and form selection. While these studies did not report the polymorphic composition of crystallized samples as a function of crystallization process, it is very likely that the kinetic recession of form I% (or another form) could occur in these systems.

4.4 Predicative Potential of FQR-APC Scheme
The crystallization outcome of a dimorphic system is demonstrated in Figure 9 based on the relative relationships of both nucleation and crystal growth rates of the two polymorphic forms. Concomitant polymorphism is expected in FQR-APC regimes II and III; while a pure form occurs in IV and also likely in I. We will show below that the FQR-APC scheme is superior in predicting concomitant polymorphism of a dimorphic system.
Three different scenarios are considered. In the first, only the nucleation rates of both forms are considered but not their ratio. This covers any point in the four regimes in FQR-APC. In the second scenario, the nucleation rates are known, and their ratio is considered, for example, JI/JII >1. This puts a system in the second or fourth regime in FQR-APC. In the third scenario, both nucleation and crystal growth rates are known, and their ratios are considered, for example, JI/JII >1 and GII/GI >1 Such a system thus resides in the second regime in FQR-APC. As such, a receiver operator characteristic (ROC) curve is constructed based on three experimental systems including TFA reported in this study. A ROC curve plots a true positive prediction rate versus a false positive prediction rate for a binary classifier system. The experimental data of polymorphic crystallization outcomes in this study and those reported by Zhu et al.47 (Table A3) were employed as true predictive datapoints to construct the ROC curves, presented in Figure 10. The ROC curves from the first to the third scenario deviated from the diagonal line to the top-left region, indicating the increase in prediction performance. The overall performance of a ROC curve can be quantitively measured by the area under the curve (AUC, denoted as A in Figure 10). A value higher than 0.5 indicates that the model is better than a random selection (i.e., the diagonal line), and the value of 1.0 corresponds to perfect prediction. The AUC values of the first (JI/JII >0), the second (JI/JII >1), and the third scenario (JI/JII >1 and GII>GI) are 0.53, 0.70, and 1.00, respectively. Thus, by considering ratios of both nucleation and crystal growth rates in the third scenario predicts accurately the occurrence of concomitant crystallization of a dimorphic system, supporting the validity of FQR-APC scheme.
[image: ]
[bookmark: _Hlk22242370][bookmark: _Hlk22244752]Figure 10. ROC curves measure the prediction performance of concomitantly polymorphic crystallization based on the values of JI/JII >0 (black curve), JI/JII >1 (black curve), and JI/JII >1 with GII>GI (red curve). The data summarized in Table A3 are from experimental data in this study and those reported by Zhu et al.47

6. Conclusions
A fully descriptive population balance model implementing crystallization kinetics of a dimorphic system was developed for the first time to explore molecular and process mechanisms of concomitant crystallization. Crystallization kinetic parameters of ethanolic TFA solutions were estimated from induction time and crystallization process measurement. Crystal growth of TFA form I was found dominated by the birth and spread mechanism and the growth rate of form I is significantly lower than that of form II. Conversely, the nucleation rate of form I is remarkably greater (which is against Ostwald’s Rule of Stages). Population-balance modelling and simulation confirms the concurrent nucleation of the two crystalline forms. Competition in nucleation and crystal growth between the two forms results in the appearance of composition recession of form I, a unique feature of concomitant crystallization. Sensitivity analyses performed unveil that the degree of the intermediate decline in form I% depends on ratios of respective nucleation and growth rates between the two forms. Appearance of the composition recession was further found to be a sufficient but not a necessary indicator of concomitant polymorphic crystallization. By constructing four-quadrant regimes of attainable polymorph crystallization (FQR-APC), the polymorphic outcome of concomitant crystallization is established with relative nucleation and crystal growth rates, enabling form selection and prediction of concomitant kinetics. Applicability of FQR-APC was further demonstrated by reported experimental data and supported by receiver operator characteristic (ROC) curve. This study could lead to deeper understanding of concomitant polymorphism guide crystallization process development of organic and pharmaceutical polymorphs. 

Appendix A. Supplementary Material
[bookmark: _Hlk533590666]Concentration calibration curves constructed by in situ ATR-FTIR spectroscopy, solubility data of crystal forms I and II determined by ATR-FTIR, population of aspect ratios of TFA polymorphs I and II, experimental determination method of induction time, particle size distribution of crystal seeds, induction time data at different crystallization temperature and supersaturation levels, typical time-resolved FBRM data in seeded crystallization experiment, the size effects of seeds on crystal growth of TFA, and experimental data of ROC curves.
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