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1 | INTRODUCTION

The Leibniz product rule for derivatives

n
D'(f9x) =, <Z>(D”"‘f)(X) (D*g)(x) (1)
k=0

is a well known and useful formula. Its generalizations were going to various directions. So, its analog was considered in the
fractional calculus in [1]] and [2]]. Also, the positive integer and the fractional version were formulated in the g-calculus [3} 4} 5]].
The explicit formulas for the nth derivative of a quotient of two functions are less in usage and less known in comparison to
the product formula. But, they are very interesting in formulations and applications, see, for example [6, [7, 8}, 9]]. In this article,
we introduce the explicit formulas for the nth g-derivative of a quotient of two functions. Of course, they reduce to the classical
ones after passage to the limit as ¢ tends to 1. All presented formulas are stated for an arbitrary ¢ € R\ {1} and x € R (including
the case x = 0). But, it is worth noticing that all formulas are true in the case of complex functions of a complex variable as well.
The paper is organized as follows. We remind on the basics of g-calculus and g-differential calculus, and give some needed
well-known results in Section 2. We introduce two g-Leibniz quotient rules in Section 3. The first one is in a recurrent form
and it is the easiest one for derivation. The second one uses a recursively defined sequence of functions and can be proved by
induction. In Section 4, we set a suitable system of linear equations and derive a g-Leibniz quotient formula as a solution of the
system obtained by Cramer’s rule. In Section 5, we present the main result of the paper. We prove the fourth formula where the
nth g-derivative of u/v is given as a linear combination of nth g-derivatives of wk, k=0,1,...,n. Compared to the other rules,
this one has the most difficult proof, but it seems to be the most useful one. We also establish an algebra homomorphism from
the set of all g-differentiable functions to the set of lower triangular matrices. Finally, in Subsection 5.1, we apply the fourth rule

to the power function and obtain some interesting g-binomial identities.
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2 | BASICS OF 9-CALCULUS

In the theory of g-calculus (see for example [[10} [11} 112} [13]), for a parameter ¢ € R and an integer n € Z, we introduce a
g-integer [n], by

1-4"
, qF 1,
[n], =1 1—4 )
n, g=1
Note that
[—nl, = —q""[n],. forall ne Z, 3)

andif n > O then [n], = 1+g+¢*+---+¢"". It follows that for every n € Z, [n], = n when g — 1.If g > 0 then we can use the
definition (2) to define g-real for any real number. The g-analog of the Pochhammer symbol (g—shifted factorial) is defined by:
k-1

@ay=1, (@a=]](1-ad), a€R g#1 keN.
i=0

Forn,k € NU {0},0 < k < nand g # 1, the g-factorial and g-binomial coefficient are given by
[n],! = [n],ln =11, [1],,  [0],!=1,

Honrer,
k|, k)N - k!

respectively. It is easy to see that lim_,[n],! = n! and
. |n n
i, - () @

n] ! = (a: ), and [n] =[ " ] =%
¢ = A gy k|, ln=k|, = @ods D,

The g-binomial coefficient satisfies the recurrence relation

At bl

The g-derivative was introduced by Jackson [14] in 1908.

It holds

Definition 1. Let g € R\ {1}. The g-derivative of a function f : G — R ata point x € G, x # 0 is
S () — f(gx)
(I =g)x
if the expression on the right-hand side is defined. If 0 € G then the g-derivative of f at zero is defined by

(D, )0) = f'(0)

D,(f)(x) = (D, f)(x) =

provided that f/(0) exists.

We say that a function f* : G — R is g-differentiable at x € G if (D, f)(x) exists.
It is easy to see that if f is a differentiable function, then

}Ii_{rll(qu)(X) =(Df)(x) = f'(x).
Note that if f has g-derivative at zero then f is defined in some open interval containing zero.
Lemma 1. For any g-differentiable functions f,g : G — R and x € G, it is true
D, (af + pg) (x) = a(D, f)(x) + B(D,g)(x), forall a,p€R,
D,(fg)(x) = f(gx)(D,g)(x) + (D, f)(x)g(x)
= f(x)(D,g)(x) + (D, f)(x)g(gx),
f (D, /)X)g(x) = f(x)(D,8)(x)
D,[= )=
g g(x)g(gx)

, provided g(x)g(gx) # 0.
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The higher order g-derivatives of f at x # 0 are defined recursively by
D)%) =D, (D7) 0, neN, )

where (D2 ) = fx). If (D;’ f)(x) exists then we say that f is n times g-differentiable at x.
The formula for nth g-derivative at x = 0 was proved by Koekoek [15] in 1993. It is valid both for the real and complex
functions.

Lemma 2 ([13]). Let n be a positive integer, g # 1 and let £ be a function for which £ (0) exists. Then we have

nl,!
(D} f)(0) = lim(D f)(x) = %f@(m.
Remark 1. Tt follows that f is n times g-differentiable at x = 0 if and only if £ (0) exists. On the other hand, f is n times g-
differentiable at x # 0 if and only if f is defined on the set {g'x : i = 0,1, ...,n}. Because of that, we will assume throughout
the paper that the considered functions are defined on a g-geometric set G,. Recall, that for a given g # 1, a subset G, C R is
called g-geometric set if gx € G, whenever x € G,. For example, for g € (0,1) and fixed b > 0, any function f : (0,b] — R

is infinitely g-differentiable at every x € (0, b].
Remark 2. By (DZf)(qu) we mean (D;’f)(t) li=gtx-
The following expected result with nice proof was presented in 2002 by Ash et al. [16]].

Lemma 3 ([16]). If the ordinary nth derivative f’(x) exists then for every k € N, the nth g-derivative (DZ )(g*x) also exists
and

lim(D" f)(q*x) = f™(x).
=1 1

Proof. For x # 0, the proof follows along the same lines as the proof of Proposition 1 in [16]. Since lim,_, % = 1, from
Lemma 2] it follows that the result is valid for x = 0 as well. ‘ O
The analog of the well-known Leibniz product rule in the g-calculus is given in the next theorem.
Theorem 1. Letn € N, g # 1l andlet f, g : Gq — R be n times g-differentiable at x € Gq. Then
n _ o [ n—k k k
DI(f9)(x) = kZ:,) [k] (DI £)(g"x) (D¥g)(x). ©6)
= q

The formula (6 is known as the g-Leibniz product rule and it is valid both for real and complex functions. Its proof for x # 0
can be found in [4]]. The proof for x = 0 follows when we apply Lemma [2]to the case x # 0. It follows from Lemma [3and @)
that the formula (6) reduces to ordinary Leibniz product rule when g — 1.

3 | THE FIRST AND SECOND Q-LEIBNIZ QUOTIENT RULE

Let us denote by

h(x) = %

(7N
By the product g-Leibniz rule (6), we have

(DZu) (x) = DI (hv)(x) = (D) (x)0(x) + ;; [Z] (DI h)(¢“)(Dkv)().

q
Hence, we can directly prove the the first g-Leibniz quotient formula.

Theorem 2. Let g # 1 and letu,v : G, — R be n times g-differentiable functions at x € G . If v(g*x) #0,k € {0,1,...,n}

then
e 1 n - n n— u
D (;)(x): e <(un)(x)— 5 [kLDq K (;)(qu) (D’;U)(x)>. ®)

k=1



4 PREDRAG M. RAJKOVIC ET AL

When ¢ tends to 1, from Lemma and limit @, we obtain that

(1) (00 (1) (5) ™ o 0en)

k=1
For the second g-Leibniz quotient formula we need the following lemma.

Lemmad. Letqg # 1 and letv : G, — R be g-differentiable function at x € G,,. If

v, 0 =[Jo@x and w00 =]
Jj=0 j=1

then

(D,wo,) () = [n+ 1]y, ,(x) (Dypiv) (x). 9)
Proof. Let x # 0. Obviously,

Wo(ax) = w ,(x)v(g" ' x).
According to the definition of the g-derivative, we have
Wo.a(X) — WO,,(qx) x )v(x) — v(g""'x)
(1—g)x YT g
v(x) — v(g"x) (1 — g")x
(I-g*Hx (1-gx

=y ,(X) (D 0) (O)[n + 1],

Suppose now that x = 0. Using the rule for the derivative of a product of n + 1 functions, we have

(Dgwo,) () =

= Wl,n(x)

u/on(x> Z I] v« x)—(v(q X)),

j=0 0<i<n
i#j
so
4o @ =Y O 0) = OO qm ") O + 1
Elllo,n()—jzo 0)g’V'(0) U()U() =" (O (0)[n +1],.
The formula (@) now follows by the definition of g-derivative at zero. O

Lemma 5. Letg # l and letv : G, — R be n times g-differentiable function at x € G . If v(g’x) #0, j €{0,1,...,n}, then

. (1 o An)
D;(5) =D @ (10)
where
Ag) = 1,
4,0 = [y (Dy0)()A, (0 = (DyA, ) (v, n2 1. (a1

Proof. We will prove the equation (T0) by the mathematical induction on n. For n = 0 the equation is trivially satisfied. Suppose
that is true for n = k and let us prove it for n = k + 1. Let y , be as in LemmaEf} From the inductive hypothesis and the
rule for the g-derivative of the quotient given in Lemma(I] we have

(D, AW (x) = A (x)(D 1 )(x)
D’;“(%)(x): <( 1y k(x)> (1) ek 0.k k W)

Wo(x) Wox (W £ (gx)
By Lemmal] we obtain

Yo (X)
D <1) () = (<1 (D, AW (x) = Ag(x)k + 11, == (D v) (x)
B ok (XD (gx)
1)k(Dqu)(x)v(x) — A Ok + 11, (D) (x)

Vo kt1(X)

A1 ()

— (_ 1)k+l ,
Vo ss1(X)
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so the formula (I0) is true for n = k + 1. The proof is now complete. O

Lemma 6. Let k be a positive integer, ¢ # 1, and let /' : G, — R be a g-differentiable function. Then the following holds:

k=1

1

(D f) (0= o= 3 (Dyf) @)
kI, &

Proof. By definition of the g*-derivative, we have

k-1

_ W= f@) _ 1-q N f@x) ~ (@)
(Do) )= == = T JZO (1—q)x
1 k—l
== (¢'x).
k q /=0

O

Remark 3. Due to the previous lemma, we are able to avoid different basis of derivative in (TT). In that way, the numerator A, (x)
in formula (10) can be presented as

n—1

A,x)=A, (x) Z(qu)(qjx) = (D, A,_)(X)v(x), n>1. (12)

7=0
Theorem 3. Let g # 1 and letu, v : Gq — R be n times g-differentiable functions at x € Gq. If v(¢/x) #0,j € {0,1,...,n},
then the second g-Leibniz quotient rule holds:

‘ (x)
D (%) ()= Y (=1 [”] (D" *u)(g* )k— (13)
4(U> I;) k HJ Ou(qlx)

where A, (x) is given by (TT)), i.e. (I2).

Proof. According to (6), we can write

n

AGIEED) [ ] Dt - D (+) 0.

k=0
By the Lemma 5] we finish the proof. O

Returning to the classical mathematical analysis, according to Lemma [3]and identity ), we confirm the following formula.

Theorem 4. The Leibniz quotient rule can be written in the form
u ) Kkl n (n—k) Ak (X)
(4)" 0= Je0 (1) 255

where
Ay(x) =1, A (x) = k' (x) A (x) — v(x)A]_ (%), 1<k<n.

4 | THE THIRD QO-LEIBNIZ QUOTIENT RULE

The third g-Leibniz quotient formula is the most interesting one.

Theorem 5. Let g # 1 and letu,v : G, — R be n times g-differentiable functions at x € G . If v(g*x) # 0,k € {0,1,...,n},
then

(=1)"
D' (L) )= ———detW,,,, 14
q(v>(X) [T v(g*x) & W (1
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where W, is an (n + 1) X (n + 1) matrix defined by

(D u)(x), if j=1,
(Wl = [0 (07 o)a 20, if i+12)22,
q
0, if i+1<j,
i.e. the matrix W, looks like
[ w0 0 0 |
(D,u)(x) (D,v)(x) v(gx) 0
W = (D2u)(x) (D0)(x) [ﬂq(qu)(qX) 0

(D306 @) [[] (Do) = [ ] (Dy)a ')

Proof. Let h(x) = u(x)/v(x). By g-Leibniz rule (6) we have

k=0 k

D/ ()(x) = D (ho)(x) = Y. H (DI™*0)(q"x) (DXh)().
q

Considering this formula for r = 0,1,..

h(x), (D, h)(x), ..., (DZh)(x):

.,n, we get the left triangular system of n + 1 equations with unknowns

V(OR(x) = u(x),
(D,)()A() + v(gx)(D,h)(x) = (Du)(x),
= (15)

n—1
kzo [Z] (DZ_ku)(qu) (D:;h)(x) + U(q”x)(DZh)(x) = (DZM)(X)
= q

Let M, be the (n + 1) X (n + 1) matrix of this system. Its determinant is

det M, = H v(qu).
k=0

By the Cramer’s rule, we have

(D)) = S Mo
g = det M, ~

where M, is the (n + 1)th algebraic complement of M, i.e. M, is formed from the M, by replacing its last column with
T

u(x) (D))

(D;u)(x)] . Finally, if we move the columns in M, ,, such that its last column becomes the first one then
we obtain the matrix W, ,;, so the formula (T4) is proved. O

Taking ¢ — 1, and applying Lemma [3] and formula (), we obtain as a consequence the well-known formula for ordinary
derivative which is proved by Gerrish [7] in 1980. In fact, the proof of TheoremE]is based on the idea in [7]].

Theorem 6 ([7]). If functions u and v are n-times differentiable at x and v(x) # O then

(4)" 0= dem,,.,

v Un+l(x)
where - _
u(x) u(x) 0 0 0
u'(x) v (x) v(x) 0 0
" 1" AR
W, = u :(x) v (x) (l)u(x) 0 0

u(")( x)

WD) 1D (x) (") - (V) )
o) () ()" ()Y
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S | THE FOURTH Q-LEIBNIZ QUOTIENT RULE

In the year 1991 Leslie [6] provided the following nice formula for the nth derivative of the quotient:

n (n)
u\® 1 fn+1 (”Uk) (x)
(3) @‘mm§“”Q+J O o

In this section, we will generalize this formula in g-calculus. Compared to the previous formulas, it seems that this one is the
most efficient. To get a better insight, let us see what we get in the case of the first and the second g-derivative. According to the
product and the quotient g-derivative rules given in Lemma|[I] we can write

D, ( E) ) = (Dgu)(x)v(x) — u(x)(D,v)(x)
v

v(x)v(gx)

_ (D)(x)v(x) = [D,uo)(x) = (Du)(x)v(qx)]

- v(x)v(gx) ’
wherefrom

u 1
D, (£) ()= sy (00 + 00 (0,060 = D, )0
We find similarly that
2 u _ 1 2 _ 2 2,2
D2 (%)= FErrE | B2o(D2)x) = By, DEwo)) + By D2ue)(x)]

where

Byy = v(x)u(gx) + v(x)u(g’x) + vignv(@’x) = Y, (g X)),

0<i<j<2

By, = v(x) + v(gx) + v(g’x) = )’ v(g'x),

0<i<2
By, =1=) v(gx).
=)
We need the following lemma which may be of independent interest.

Lemma 7. Let g # 1 and x € G,. Let A be the set of all functions f* : G, — R which are n times g-differentiable at x € G,.
Forv € Alet M, = M (x) be the (n + 1) X (n + 1) matrix defined by

M ] . =47 a7

0, 1<i<j<n+1.

[l P70, 1<j<i<n+l,

Then the map v — M, is a homomorphism from the commutative algebra A to the commutative algebra of (n + 1) X (n + 1)
lower-triangular matrices. That is, the following hold for arbitrary u, v € A and ¢ € R:

) M, =M, +M,
(ii)) M,, =cM,,
(iii) M,, = M,M,=M,M,,

and consequently

(iv) M,,, = M", provided v(x) # 0,

) M, =MM;" = M;'M,, provided v(x) # 0.



8 | PREDRAG M. RAJKOVIC ET AL

Proof. The properties (i) and (ii) directly follow from the linearity of the map v — D’;v, k € NU {0}. We have

n+1 i
(MM,);,; = ) [M,],[M,],; = Z[M,,],;,,[MU]M
1

p= p=Jj

=2 [;,: 11] (D Pu)(@" ' x) [f: i] (Drv)(g' ™" x)
P=j q

q
i=j . .
=3 | D et [P T (oo
p+j-1 a Jj—1 I
p=0 q q

Like for the ordinary binomial coefficients, it is easy to show that

SRt e RN R

Now, applying the g-Leibniz product formula (6], we obtain

[M,M,],, = [i -1

i
b=J (i=)~ gt -1
j_l]qZ[ ) L(Dq 7Pu)(gP - ' X)(Dhu)(g" x)

p=0

1 _
B [; - 1] D;_J(UU)(CIJ_IX) =[M,];;
q

so the property (iii) follows. To prove the item (iv) notice that for the constant function1 : z - 1,z € Gq, we have (D’; H(z)=0
for every k € N and, of course, (D’;l)(z) = 1(z) = 1 for k = 0. Now, by the property (iii) and (I7) we see at once that
M,M,,, = M; = I where I is the identity matrix of order n + 1. It follows that M, ,, = M U‘l. The property (v) follows by (iii)

and (iv).
We need the following notation. Let F, = {0,1,2,...,n} and let
F,={SCF,:ISI=j}, 0<j<n+l,

that is, F,, ; is the collection of all subsets of F, with j elements.
We are now in a position to prove the fourth g-Leibniz quotient rule.

Theorem 7. Let g # 1 and letu,v : G, — R be n times g-differentiable functions at x € G . If v(g'x) #0,i € {0,1,...

then

n

n E — 1 _1\k n k
Dy <U>(x) = @ k§=0( B, D (uv®) (x),
where

By= Y []vldx). 0<k<n-1,

SEF, i i€S
B,,=1.
Remark 4. We can rewrite B, ; as
n—k
By= Y J]vdx  0<k<n-1,
0<i| <ip<-+-<i,_; <n j=1

B, =1.

O

Proof. Let’s first notice that ¥, , = {@}, so the given definition for B, ;, 0 < k < n — 1, is also valid for k = n. Furthermore,

note that the matrix M, from Lemma7]is the matrix of the system of linear equations

r

;)[’i] (D 0)(@" ) (Dy) () = (D), r=0,1,....n,
= q

with unknowns (D’;h)(x), k=0,1,...n, where h = u/v. The matrix form of this system is

M, X =L,

19)

(20)
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where X and L are (n+ 1) X 1 column vectors defined by [X],, = (D;‘lh)(x) and [L],, = (D;‘lu)(x), ie{1,2,...,n+1}.
For a fixed x € G, the characteristic polynomial of lower triangular matrix M, is

n+1 n+1
p(0) = det(M, —tD) = [T (1M, 1, = 1) = [] (v(@" 0 - 1)
i=1 i=1
Since v(¢'x) # 0,i € {0,1,...,n}, we conclude that the matrix M, is invertible. By the Cayley-Hamilton theorem, we know
that M, satisfies its characteristic polynomial equation, that is,

n

1 (v@1 - m,) =0 @1)

i=0
where I is the identity matrix of order n + 1 and 0 is the square null matrix of order n + 1. Each term in the expansion of the
product (Z1)) is of the form
(—=DF Mk H v (g'x)
ieS

where k € {0, 1,...,n+ 1} is the number of times we choose M, as a factor in the term and S € F,,,_,,, contains the positions
where we do not choose M, as a factor in the term. Of course, when k = n+ 1, the corresponding term reduces to (—1)"*! M ;’“ .
It follows that

n+1
0= Z Z (=) Hu (¢'x) M*
k=0 SE€F, 41 ies

n+1

—Hv(qx)l+2( ¥ Z 1_[1)(q"x)ML’Jc

SEF, p_iy1 IES
= H o(g' )T + Z(—l)"“ B, M. (22)
i=0 k=0
By Lemma we conclude by induction that M f = M, for every k € N. Therefore, multiplying 22)) by M U‘l we obtain

M~ = -1)*B, M, 23
‘ H, ov(qx) Z( VB nk @)

Now, from (20) and g-Leibniz product rule (6), it follows that

n+1

Db; (%) () = (X1 = M L],y = Z[Mu_l]nﬂ,p[L]p,l

—Z

2( l)k n,k [Muk]n+1p+1 L]p+11

p=0 zOU( ’x)
B A

- - k n k
“TI 0u<qx> 2( D B0

It is easy to see that

o)
=1 [y olex) ™ \n—k D (0 \k + 1

Now, from Lemma 3] it follows that g-Leibniz quotient rule (I8) reduces to the ordinary Leibniz quotient rule (I€) when g — 1.
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5.1 | Some interesting identities
Applying formula (I8) to some concrete functions, we can derive interesting g-binomial identities.
Suppose that g # 1,0, and let u(x) = 1 and v(x) = x™, x # 0, where m is an arbitrary integer. Since D, (x*) = [k],x*! we
have that
Di(x") = [kl [k = 1], - [k —=n+ 11, x",  keZ
Applying the identity (3), the left hand side of the formula becomes
=n"

qmn+(;)xm+n

L=D" <%>(x): DI(x™) = [m] [m + 11, - [m+n = 1],.

The right hand side of the formula (T8) is

e 5 3 Jlovrore
=09

SEF,,_, i€S

1 k mw(S) .m(n—k) km—n
= ( 1) q x [km] [km —1], - [km —n+ 1] x ,
q"C ) xmnl) Se;,mk ! ! !
where
w(S) =Y i.
ies
The following identity in a slightly different form is proved in Theorem 6.1, page 19, in [[11]:
2 =40 [”J.”] . 0<j<n+l. 24)
Sef‘ J q

Applying the identity (24) and equating the expressions for L and R, after arranging, we obtain the following identity which is
valid for every integers m and n > 1 and every real g # 0, 1:

1" O ml fm + 1], - [m+ n =11, = Y (=1 "D kml,[km — 11, - Tkm — n + 1], 25)
k=1

n+1
k+1] ,
q

If m > 1 then dividing both sides of (25) by [n],!, we get

_1y1,m=D() m+n-—1 _ < —_1yk,m(5h) km| [n+1
(-1)q [ ; ] ;(1” [nqk+1qm

q
where we assume that [ ] =0wheni<j.
Suppose now that m < 0and n > —m+ 1. Then L = 0, and by applying identity (3), we obtain:

_ _km(k;rl)n—km—l n+1
o=z [

Similarly, if m < O and 1 < n < —m then

n mn+(}) km( D) —km—1 n+1]
O[] = SR ]

When g — 1, we obtain the binomial identities from [6]].

6 | CONCLUSION

We have proved g-analogs of several results about high derivatives of a quotient of two functions which are mostly based on
related Leibniz product rule. Derived formulas include auxiliary functions which are recursively determined what reduces the
number of operations. In the last one this derivative is expressed as the linear combination of the same order g-derivatives of
product some functions. It is interesting that these conclusions can be used in proving the identities in the number theory and
combinatorics.
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