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Abstract

In this article, a two prey-one predator model in which prey and predator disperse simultaneously in a heterogeneous environment
with n patches is proposed and analyzed. We prove that the solution of the system is positive and uniformly ultimately bounded.
Meanwhile, we use the monotonic theory of spectral bounds to investigate the effect of the dispersal rate on population dynamics.
To be precise, we discuss the stability behaviour for the trivial equilibrium and semitrivial equilibrium as well as the uniform
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global Lyapunov function which applies the results from graph theory. Some numerical simulations are provided to show the

effectiveness of the theoretical results.



Complex Dynamical Analysis of Two Prey—One
Predator Model in a Patch Environment Utilizing
Spectral Bound

Min Zhang®, Xuenan Sun®*, Weipeng Zhang®
@ School of Mathematics and Statistics, Northeast Normal University, Changchun, Jilin 13002}

Abstract

In this article, a two prey-one predator model in which prey and predator disperse simul-
taneously in a heterogeneous environment with n patches is proposed and analyzed. We prove
that the solution of the system is positive and uniformly ultimately bounded. Meanwhile, we
use the monotonic theory of spectral bounds to investigate the effect of the dispersal rate on
population dynamics. To be precise, we discuss the stability behaviour for the trivial equilib-
rium and semitrivial equilibrium as well as the uniform persistence of the system. Furthermore,
we prove the global asymptotic stability of the positive equilibrium by constructing a global
Lyapunov function which applies the results from graph theory. Some numerical simulations

are provided to show the effectiveness of the theoretical results.
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1. Introduction

It is well known that the theoretical study of predator-prey systems in mathematical ecol-
ogy has a long history, starting with the innovative work on prey and predator species by
Lotka [6] in 1925 and Volterra [25] in 1926. Parrish and Saila [16] first proposed a simple
mathematical model of the two prey-one predator system which better reflects the diversity
of biological systems in nature. Much progress has ever been made in the study of the dy-
namics of three-dimensional models of two-prey and one-predator [9, 14], but the dispersal of
species between patches has been not considered in those models. Although dispersal makes
the models more complicated, there has been some progress in studying predator-prey models
of dispersal in heterogeneous environments. For example, some scholars have studied predator-
prey models with dispersal between two types of patches [5, 7, 17]. Certainly, others have
also studied predator-prey models for dispersal in heterogeneous environments with multiple

patches. Takeuchi [21] investigated the global dynamics of a single-species model of dispersal in
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heterogeneous environments with n patches. Shuai [8] developed the global dynamics of a two-
dimensional predator-prey model where only the prey dispersed in heterogeneous environments
with n patches. Since diffused predators play an important role in population regulation, Chen
et al. [2] studied the global dynamics of a two-dimensional predator-prey model in a hetero-
geneous environment with n patches, where both predator and prey disperse simultaneously.
Additionally, Lu et al. [12] used the basic reproduction number as a threshold value to establish
the global dynamics of a three-dimensional predator-prey model with age structure, where all
species disperse simultaneously in a heterogeneous environment with n patches.

Therefore, based on the above research results, we consider the following two prey-one
predator model with a general functional response in a heterogeneous environment with n

patches (n > 2):

( n

u; = T, (1 — ;(‘—1> — gi(w)w; + py Y (aiu; — ajiug), i=1,2,...,n,
3 J:l
vl = ropuy (1 — K”—;) — gi(vi)w; + py Y (a0 — ajivy), 1=1,2,...,n, (1.1)
j=1
wi = w; (¢ (9i(wi) + gi(vi)) — di) + puw - (aijw; — ajw;), =1,2,....n,

\ Jj=1

where u;, v; and w; denote the population density of the three species u, v and w in the ith
patch, respectively; ry;, ro;, K1;, Ko > 0 are the growth rate and carrying capacity of the prey
u and prey v in the ith patch, respectively; d;, ¢; is the mortality rate and conversion rate of the
predator w in the ith patch, respectively; the connectivity matrices A = (a;j)nx, describes the
dispersal pattern between patches for prey and predators, where a;; > 0, 7 # j, represents rate
of the prey and predators from patch j to patch ¢, and aj; = — >, 4 ij 18 the total movement
out from patch j of the prey and predators; pu., p», po => 0 represent the dispersal rates of
the three species u, v and w, respectively. Function g; represents the functional response of
predator in the ith patch and satisfies the following assumption.

(g) For 1 <i<n, g : Ry — R, is continuous and strictly increasing and ¢;(0) = 0. The
flowchart of dispersal is shown in Figure 1

In contrast to the general two-dimensional predator-prey model, there are few scholars who
research the two prey-one predator model, where both predator and prey disperse simultane-
ously in a heterogeneous environment with multiple patches. Due to the high dimensionality
of the population model and the existence of migration terms, it is difficult to prove the global
asymptotic stability of its equilibrium points. In this paper, based on the ideas of [2, 8], the
stability behavior of the equilibria of system (1.1) is discussed by using monotonicity theory of
spectral bounds and graph theory knoeledge. For trivial equilibrium and semi-trivial equilib-
rium, we obtain the threshold parameters with respect to the dispersal rate p to determine the
boundary between population persistence and extinction. Then the local asymptotic stability

of the semitrivial equilibrium is proven based on these threshold parameters. Next, we ex-



Jrhz'r;(l - K

u,

L

)

K

U, ¢.g(u,) Ww; g ) Vi
<—
Prey 1 Predator Prey 2
pua.g: pua_y p“,ay p“‘a_ﬂ p“a!ﬂ pran
. w , , V.
u] c_fg](u_,) J c,g,(v) J
Prey 1 Predator Prey 2

Ui d
1- j
(. Klj) 1/

Figure 1: Flowchart of the dispersal process between patch ¢ and j

plore the global asymptotic stability of the semitrivial equilibrium by the comparison principle
[18, 20] and the theory of asymptotically autonomous semiflows [22]. For most investigations
on the global asymptotic stability of positive equilibrium, it is a classical method to establish
a suitable Lyapunov function and utilize the LaSalle invariance principle [4, 11]. However, for
the population model with migration terms, we use the results of graph theory [8] to construct
the global Lyapunov function for large-scale coupled system from individual vertex system, and
then prove the global asymptotic stability of positive equilibrium.

The paper is structured as follows. In Section 2, we provide essential preliminary knowledge
to discuss the stability of equilibrium points. In Section 3, we demonstrate that the solution
of system (1.1) is positive and uniformly ultimately bounded. In Section 4, we discuss the
stable behavior of the trivial equilibrium and semitrivial equilibrium based on the monotonicity
theory of spectral bounds with respect to the dispersal rate. In Section 5, we prove the uniform
persistence of system (1.1) and the global asymptotic stability of the positive equilibrium. Some
numerical examples and simulation results are provided in Section 6. Finally, the research

results and relevant ecological explanations are summarized in Section 7.

2. Preliminaries

We shall briefly review the basic knowledge so as to facilitate the subsequent proofs.

Let A be an n x n matrix and let 0(A) be the set of eigenvalues of A. A is called non-
negative if a;; > 0 for all ¢, j = 1,2,...,n. Ais called essentially non-negative (Metzler matrix)
if a;; > 0 for all ¢ # j. A is called irreducible if there nonexistent a permutation matrix P such
that PAPT is the upper triangular matrix. Let s(A) be the spectral bound of A4, i.e.,

s(A) = max{Re\: X € 0(A)}.



Let us now give the definition with respect to the graph theory and the uniform persistence.
Definition 2.1. (Graph theory [8])

(1) A directed graph G = (V, E) contains a set V = {1,2,...,n} of vertices and a set E of

arcs (1, 7) leading from initial vertez i to terminal vertex j.

(11) A digraph G is strongly connected if for any pair of distinct vertices, there exists a directed

path from one to the other.

(111) A weighted digraph (G, A) is strongly connected if and only if the weight matriz A is

1rreducible.

Definition 2.2. [15] System (1.1) is said to be uniformly persistent if solution ((u;(t), vi(t),
w;(t)) of it with initial condition (u;(0), v;(0),w;(0)) € IntR3™ satisfies the following conditions:

(1) u;(t) >0, v;(t) >0, w;(t) >0, for ¥Vt > 0.
(1i) There exists € > 0 such that limy_, . inf (u;(t), v;(t), w;(t)) > €.
Next, we state one useful theorem about spectral monotonicity.

Theorem 2.1. [2] Let A = (a;j)nxn be an irreducible essentially nonnegative matriz and let

Q = diag(q;) be a real diagonal matriz. Then the following results hold:

(i) If s(A) <0, then s(pA+ Q) is strictly decreasing in p € (0,00). Moreover,
’1)1_1)1[1) s(pA+Q) = max {¢:} and plgﬁlo s(pA+ Q) = —oo.

(i1) If s(A) =0, then s(pA + Q) is strictly decreasing provided that @ is not a multiple of I.

Moreover,
n

lim s(pA+ Q) = max {g:} and  lim s(pA+Q) = ;%’Qia
where v; € (0,1) for each 1 < i < n is determined by A and satisfies Y . v; =1 (if A

has each row sum equaling zero, then v is a left positive eigenvector of A).

3. Uniform ultimate boundedness of positive solution

Throughout this section, we use the following notation. Let N,, = {1,2,... ,n}, (u(t),v(t),
w(t)) = (ui(t), ..., un(t),v1(t), ..., 0,(t), w1 (t),..., wy(t)) € RY, and Ay = (u(0),v(0),w(0)).
Moreover, we may assume that each component of Ag is nonnegative and the initial conditions

are as follows:
n

zn:ui(O) >0, Y vi(0)>0, zn:wi(O) > 0. (3.1)

i=1

4



System (1.1) with initial conditions A, satisfies the standard existence and uniqueness theorem
for ordinary differential equations [24]. Therefore, it follows that system (1.1) has a unique
solution (u(t),v(t), w(t)).

From biological point of view, positivity implies the survival of the populations and uni-
form ultimate boundedness of the solution means that none of the interacting population grow
abruptly for a long period of time. Therefore, it is necessary to illustrate that the solution of

system (1.1) is positive and uniformly ultimately bounded.

Theorem 3.1. For nonnegative initial conditions (3.1), system (1.1) has a unique positive

solution (u(t),v(t),w(t)) for all t > 0, and the solution is uniformly ultimately bounded.

Proof. We first prove that u;(t) > 0 for ¢ > 0 and i € N,,. For convenience, we rewrite the first

equation of system (1.1) as
up(t) = wi(t)pi(t) + q;(t), i=1,...,n, (3.2)

where

pi(t) = <m B Th;éft)) _ gz(uz(t))wz(t> — 0 Zaﬂ’

(3.3)

n

Gi(t) = pu Y _ aiju;(t).

j=1
Let I; = {i € N, | 4;(0) > 0} and I, = N,,\I;. Since >, u;(0) > 0, we can know that I; # (.
Consequently, there must exist ig € I, from equation (3.2) with i = iy, one can then derive

n

—+ puZaiojuj(t). (34)

u;O (t) = (t) [(Tlio B 7’11}?11: (t)> . Gig (Uio (t))wio (t) — D Z iy

Applying (3.4) and the constant variation formula, we get
t
1) = g O)e 00 4 [ (e Ptk (3.5)
0

Noting u;,(0) > 0, we can obtain that u,,(t) > 0 for ¢ > 0. If I = (), then the situation remains
the same as discussed above. Suppose now that I # ), which implies u;(0) = 0 for i # iy,

i € N,,. Similarly, by (3.2) and the constant variation formula, we derive

t
ui(t) = ui(o)efo pi(€)d¢ +/ ¢i(Q)e” ffpi(s)dsdg (3.6)
0

Obviously, with the initial condition wu;(0) = 0, we only need to consider the sign of ¢;(¢). Since



A = (a;;) is irreducible, it is clear that there exists iy € 5 such that a;,; # 0 for some j € I.
Therefore, ¢;,(t) > 0 for ¢t > 0. By substituting ¢ = 4; into equation (3.6), we can conclude
that u;, (t) > 0 for ¢t > 0. Let My = I U{i1} and My = L\{i1}. If My = (), then the situation
remains the same as discussed above. However, if My # (), we continue the process. After a
finite number of steps, it is easy to see u;(t) > 0 for ¢ > 0 and i € N,,. We can use the similar
way to obtain v;(t) > 0, w;(t) > 0 for t > 0 and i € N,,.

We next prove the uniform ultimate boundedness of the positive solution ((u(t), v(t), w(t)).
Denote u(t) = >, u;(t), then we have

S = 2o na) (1= 52) - g )t

i=1

F . 14

Let r1 = maxi<i<n {ri;}, r2 = maxj<i<, {rai}, ol mlﬂlgign{ﬁ
Then by the Cauchy-Schwartz inequality, we derive

n

du(t) -~ 714 2
< a1 — -
Q@ = ;1 1 (t) § Ky, u; (t)

i=1

< max {ryyu(t) — min {5} 3 u3(2)

s Lsisn Ky;® 4=
< bt - in (20050
= ryu(t) — ﬁ;—y

= ryu(t) (1 _ zgx ) |

Hence, lim; o supu(t) < nkiry/r is established. We can use the similar way to obtain
limy oo supv(t) < nkory/T. We further denote G(t) = Y (ciui(t) + civi(t) + wi(t)), and
let [ = maxlgign {262'7’17;7202'7”27;}, h = maxlgign {Ci}7 d = minlgz‘gn {Th’,T’Qi,di}. Then one can

obtain

dG(t) < i vi -
T :Z [cirh-ui (]. — K > + C;iT2;U; (1 — K. ) + CiPu Z(aijuj — ajiui)

Py 1i 2 o

+C; Py Z(aijvj — ajivi) - dzwz]

Jj=1

_2 {2027‘121@ + 261240 + Cipy nax {aij}u(t) + cipy nax {a”}v(t)]

n
- E [ciriiu; + ciraiv; + diw;]
i=1



< <l - Z hpu ax {aij}) u(t) + (l + Z hpy max {aij}> v(t) — dG(t).

Since limy_,o sup u(t) < nkyry/r and limy_,o supv(t) < nKsyre /T, we can conclude that for
arbitrary ¢ > 0, there exists 7' = T (¢) such that the solutions u(t) and v(t) satisfy u(t) <
nKyr1 /71 4+ € and v(t) < nKsyre /Ty + € for t > T. Hence, it is follows that

tlim sup G(t)
—00
o U4y hpumaxagjcn fai }) nBarrs + (L4 300, hpy maxi<jcn {aij}) nkorar
- dri T '
This completes the proof. O

Moreover, according to the above theorem, we can obtain the feasible domain of system
(1.1) as follows:

D= { (u(t), v(0), w(t) € RY | G(1)

(14200 hpumaxi<jen {aij }) nEriy + (14 200 hp, maxi<j<n {ai;}) nKarym }

< —
d?”ﬂ"g

Further, we also have the following theorem.

Theorem 3.2. For nonnegative initial conditions (3.1), system (1.1) is dissipative, that is,
there exists M > 0 such that each positive orbit (u(t),v(t),w(t)) eventually enters the set
I = {(u(t),v(t),w(t) e R | G(t) = >, (ciui(t) + civi(t) +wi(t)) < M} and T is a positive

invariant set with respect to system (1.1).

4. Trivial equilibrium and semitrivial equilibrium

In this section, we discuss the stability of the trivial equilibrium and semitrivial equilibrium.
We shall now start to prove the instability of the trivial equilibrium FEj using the mono-
tonicity of spectral bounds with respect to the dispersal rate. The following theorem describes

this result in detail.

Theorem 4.1. Let A be an irreducible matriz, and denote (o, o, ..., a,)T as the positive
eigenvector of A corresponding to eigenvalue 0 with Y o; = 1. Then for any p, > 0, p, > 0,
pw > 0, system (1.1) admits a trivial equilibrium Ey = (0,0,...,0). And Ey is unstable for any
Pw > 0.

Proof. Linearizing (1.1) at Ep, the local stability of Ey is decided by the following eigenvalue



problem:

/\¢z :le(bz_’_pu Z(al]¢j _ajz¢z)7 1= 1727"'7”7
=1
SN = rohi 4 pu D (aghy — azdy),  1=1,2,...,n, (4.1)
j=1
Ao = —dipi + pu 2(%% —azpi), 1=1,2,...,n,
\ J=

where (¢7 % SO) with ¢ = ((bl? ¢27 R 7¢H)T7 w = <¢17 7~p27 s 7wn)T and Y = (9017 P25 .- 7§0n)T is
an eigenvector of (4.1) corresponding to eigenvalue A. Hence, we know that the local stability

of Ey is determined by the sign of s(p, A+ diag(ry;)), s(p,A+ diag(re;)) and s(p,A — diag(d;)).
Since A = (a;j)nxn 1S an essential nonnegative matrix and » .  a;; = 0, —A is a Lapla-
cian matrix, it follows that the minimum eigenvalue of —A is 0. Therefore, we have s(A) =

max{ReA} = 0. By Theorem 2.1, we can get

0< Zaﬂ“u = lim s(p A + diag(r1;)) < s(p A + diag(ry;)),
pP—00

i=1
0< Zom“gi = lim s(p,A + diag(ry)) < s(p,A + diag(ry;)),
i ) < T X ) — g
s(pud — diag(d;)) < lim s(pyA — diag(d;)) = max {~d;} <0.

Clearly, Ej is unstable for any p,, > 0. This proof is complete. O

Next, based on the comparison principle [18, 20] and the theory of asymptotically au-
tonomous semiflows [22], we will prove the global asymptotic stability of the semitrivial equi-
librium F; by using new threshold parameters M and m in Theorem 4.2. Meanwhile, the

theorem also highlights the impact of dispersal rates on population dynamics of system (1.1).

Theorem 4.2. Let A be an irreducible matriz, and denote (o, o, ..., a,)T as the positive
eigenvector of A corresponding to eigenvalue 0 with Y, o; = 1. Then for any p, > 0, p, > 0,
pw >0, system (1.1) admits a semitrivial equilibrium Ey, = (u*,v*,0) and satisfies

n

TliU: (1 — ;g) + Pu E(OJ@]U; — ajiuf) = O, 1= 1,2, Lo, n,

. ) (4.2)
v .
TV <1 — K21> +po 2o (v —azvf) =0, i=1,2,...,n,
j=1
where u* = (uf,us, ..., uk), v = (vf,v3,...,0%), ul >0, v > 0. Let M = maxj<;<n{ci(g:(uf)+

gi(vf)) —di} and m =" oy (¢i(gi(uf) + gi(vf)) — di). Then the following results hold:

(i) If M <0, then the equilibrium E\ is globally asymptotically stable in R — {Ey} for all
pw > 0.

(ii) If m > 0, then the equilibrium E; is unstable for all p,, > 0.

8



(111) If m < 0 < M, then there exists a unique p} > 0 such that E; is globally asymptotically
stable in R — {Ey} for p, > pi, while Ey is unstable for 0 < p, < pk,.

Proof. To start with, we prove the local asymptotic stability of F;. Linearizing (1.1) at Fj,
the local asymptotic stability of E; is decided by the following eigenvalue problem:

( * . " .
)\QS’L = 7ﬁligbi (1 - i{i) - gz(uz)% + Pu Zl(a’ljgb] - ajl¢z)7 1= ]-7 27 L.y N,
]:
¥ * e .
Ay = T (1 - K2> — gi(v}) i + po Zl(aiﬂ/)j —ai),  i=1,2,....m, (4.3)
]:
Api = i [ci (9i(uf) + gi(v))) — di] + pu Zl(aijsoj —ajipi), 1=1,2,...,n,
\ j=

where (¢7 w: (10) with ¢ = ((bl: ¢27 s 7¢n>T7 1/1 = (77/}17 7vb27 T 7wn)T and Y = (9017 P25 .- 790n)T 18
an eigenvector of (4.3) corresponding to eigenvalue A. If ReA < 0 for any eigenvalue \ of (4.3),
then F is locally asymptotically stable; if (4.3) has an eigenvalue A such that ReA > 0, then

E; is unstable. If ¢ =0, then A is an eigenvalue of

Ao = T1,0; (1 — ?1)

+ Pu Zl(az‘j¢j —aj¢i), i=12,...,n,
]:
2uF n .
Ay = o1, (1 - K;) + P Z(aijwj — aﬂwi), i=1,2,...,n,
j=1

(4.4)

i.e., A is an eigenvalue of p, A + diag(r;(1 — 2uf/Ky;)) and p,A + diag(re(1 — 2v7/Ky;)). By
(4.2) and the Perron-Frobenius theorem [13], it follows that s(p,A+diag(r;;(1—uf/Ky;))) =0,
s(ppA + diag(re; (1 — vf/Ky;))) = 0. Consequently, we have

ReX < s(puA + diag(ri;(1 — 2u] /K1) < s(puA + diag(ri;(1 — uj /K1) =0, (4.5)
ReX < s(pyA + diag(re; (1 — 20f [ Ky;))) < s(peA + diag(ry;(1 — vf/Ky;))) = 0. '
If ¢ # 0, then X is an eigenvalue of

Mpi = @i [ei (g:(u) + gi(v])) = di] + pu Y (a0 — ajips), i =1,2,....m,
j=1

i.e., A is an eigenvalue of p,A + diag(c; (¢; (u}) + ¢; (vf)) — d;). Therefore, by Theorem 2.1,
we can easily know that the local asymptotic stability of F; is decided by the sign of s(p,A +
diag(c; (g:(u}) + ¢:(v})) — d;)). Then the results on the local asymptotic stability of E; in
(1) — (i4i) can be explained.

Further, we prove the global asymptotic stability of E; when s(p,A + diag(c;(g;(uf) +
g:(vF)) — d;)) < 0. Assume that (uy(0),u2(0),...,u,(0)) is nontrivial. Let @;(¢), 1 <i <n, be



the solution of

and 0;(t), 1 <i < n, be the solution of

n

A1 ~ s ~ ~ .

0F = 1o;0; (1 - K—;) + pp > (ai0; — az0;), i=1,2,...,n,
Jj=1

0;(0) = v;(0), i=1,2,...,n.

According to the comparison principle [18, 20], we have u;(t) < 4;(t), v;(t) < 0;(t) for all t > 0
and 1 < ¢ < n. Noting [2, Theorem 5.1], we conclude lim;_,o 4;(t) = u}, lim;o0 0;(t) = v,
thus it can be seen limy_,o, sup 4;(t) = uf, lim;_,o sup 0;(t) = v for 1 < ¢ < n. Choose g9 > 0
such that s(p,A + diag(c; (gi(uf + o) + gi(vf +€0)) — d;)) < 0. Then there exists 7' > 0 such
that u;(t) < uf + €9, v;(t) < vf +¢p for all t > T. By the third equation of system (1.1) and

the monotonicity of g;, we obtain

wh < w; (¢ (gi(uf +e0) + gi(vf + o)) — di) + puw 2 (aijw; — ajw;), t>T,i=1,2,... n,
j=1

wZ(T)SC’&z, t>T,i:1,2,...,n,

where (a1, o, ..., &,) is a positive principal eigenvector of p,A + diag(c;(g;(uf + o) + gi(vF +
£0)) — d;) corresponding with eigenvalue sq := s(pwA + diag(c; (g:(uf + €o) + gi(v} +€0)) — d;))
and C' > 0 is large. Again by the comparison principle [18, 20], we can derive w;(t) < w;(t) for

all t > T, where w; is the solution of

UAJ; = ’LZ)l (Ci (gz (U: + 50) + g; (U: + 50)) — dz) + Pw Z(aijzi)j — ajiﬁ)i), t Z T, 9 = 1, 2, .o, n,
j=1

Then, it is easy to solve that the solution of (4.6) is 1;(t) = Céa;e**® ") 1 < i < n. Since
sp < 0, we obtain that lim;_,,, w;(t) = 0, which implies lim;_,, w;(t) = 0. Finally, by the theory
of asymptotically autonomous semiflows [22], we have limy o u;(t) = u}, limy_, v;(t) = v},
1 <7 < n. Therefore, we can illustrate that E; is global asymptotically stable. This proof is
complete. O

5. Positive equilibrium

In this section, we discuss the existence and stability of the positive equilibrium.

To start with, we aim to obtain the conditions for the existence of the positive equilibrium

10



by proving the uniform persistence of system (1.1). To achieve this, we need to discuss the
stability of the trivial equilibrium E° = (0, 0), semitrivial equilibrium E" = (u*,0), E= (0,v*),
and positive equilibrium E = (u*,v*) of system (5.1). Similar to the proof of the stability of E,

and F4, as shown in Theorem 4.1 and Theorem 4.2 in Section 4, we utilize the monotonicity of
spectral bounds to analyze E°, E' and E. Tt follows that E°, E" and E are evidently unstable.
As shown in Lemma 5.1, we prove the global asymptotic stability of F = (u*,v*) by con-

structing the Lyapunov function.
. n .
’U/; = T1;U; <1 — Ku_;> + Pu E (aijuj — ajl-ui), 1 = 1, 2, oo,

J=1
n

117/; = T'9;VU; <1 — Ig—;) + Pu Z(aijvj — a]’i’l)l'), Z = 1, 2, o, n.
i j=1
Lemma 5.1. Assume that the following assumptions hold.
(i) Dispersal matriz A = (@ij)nxn 15 irreducible.
(i) There exists o > 0 such that p,a;ju} = 0;p,a;v;.

Then system (5.1) has a globally asymptotically stable positive equilibrium E in Ri”.

Proof. Clearly, system (5.1) has at least one positive equilibrium [1, 20]. Let F = (u*

(up,...,ul,vf, ... 08, ul, vf >0 for 1 <i <n, where u*, v* satisfy
n *
ur U
_ i E : J .
0—7“12' 1— +pu aij—*—aﬁ 5 z—l,...,n,
Ky = U;

vy = v; ,
0=ry <1_K2'> +p”2<aijv_jﬂ<_aji)’ 1=1,...,n.

)

Denote
U; V;
* * 1 * * 7
Di(ui,vi) =U; —U; — Uy ln$+vi—vi —; 1117.
7 )

(5.1)

%) =

(5.4)

It can be checked that V;(u;,v;) > 0 for all u;,v; > 0 and V(u;,v;) = 0 if and only if u; = u,

v; = v}. Using (5.2) and (5.3), we can get

Y v
Vi :u—z(ui —u;) + U—z(vi - ;)




U; u; * Ys v
o) o) (o)
i

*
Ky, = Goou wug oj\v; v v
- U Uu WU 1 (v v VUF
<puYogu | (BB oW )y L (BB
For convenience, we let
U U 1 v v
* i 7 7 1
dij = putijuy, Gi(ui,v)) = —— +In— — —(— +1In—),
u; ul o v ;]
* *
U U; U Vi U; ViU
Ry vy = 5= 20y L (D
uroooul o uy oj \v vi vy
Then this is straightforward:
n
Vilus,v) < digFyj(ug, ug, 03, 05), (5.5)
j=1

and since 1 —a + Ina < 0 for a > 0 with equality holding iff a = 1, one can obtain

U U} WU
Fii(ui, uj, vi,v5) =G5(us, v;) — Gy(uj,v;) + 1 — 2% + In 2
005, 1503) =G ) = g 13) + 1= L2 T 2
+i 1_Uj/Ui +lnvjvi (56)
oF U]’-‘vi vj’-‘vi

<Gi(u;,v;) — Gj(uz,vj).

Thus, V;, F;;, G; and d,; satisfy the assumptions in [8, Theorem 3.1]. Denote T; be the set
of all spanning trees 7 of (G, A), rooted at vertex i, and w(7) be the weight of 7. If we let
Ci = > er, w(T) is the cofactor of the i-th diagonal element in the Laplacian matrix of the
weighted digraph (G, A), then
V(ul, ey Up, Uy ... ,?)n> = Z CZ‘/;<UZ,’I]Z)
i=1

as defined in [8, Theorem 3.1] is a Lyapunov function for (5.1). Namely, V < 0 for all
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(Ut, ..., Up, V1, ..., 0,) € R

To show F is globally asymptotically stable, we examine the largest compact invariant set
of {(u,...,up,v1,...,0,) € R3 | V = 0}. Since (G, A) is strongly connected, that is, V = 0
implies that —ry;(u; — u})?/ Ky — rai(vi — v)?*/ Ko = 0 and d;; Fyj(ui, uj, v;,v;) = 0. Further,
from ry;, r9;, K74, and K; are positive constant, we have u; = u} and v; = v}. According to the
irreducibility of the matrix A, there exists an arc from j to ¢ in weight graph (G, A). Hence,
dijFij(ui, uj,v;,v;) = 0 indicates that u; = u; and v; = v;. Let | # k denote any vertex of
(G, A), then by the strong connectivity of (G, A), there exists a directed path p from [ to k.
Applying the relation w; = u; and v; = v; to each arc (j,7) of p, we can obtain that u; = uy
and v; = vg. As a consequence, V=0 implies u; = u} and v; = v} for all 7. This suggests that
the largest compact invariant subset of {(u1, ..., un, v1,...,0,) € R3" | V = 0} is the singleton
{FE}. By the LaSalle Invariance Principle [10], F is globally asymptotically stable in R?". The

proof is now complete. O

In the subsequent analysis, we utilize persistence theory [3, 19, 23, 26, 27] to establish the
uniform persistence of system (1.1). This enables us to deduce the existence of a positive

equilibrium for system (1.1). We present this significant result in the following theorem.

Theorem 5.1. If m > 0 and there exists o; > 0 such that pya;ju; = ojpya;;jvj, then system
(1.1) is uniformly persistent, that is, there exists € > 0 such that every solution ®,(Ay) =
(u(t),v(t), w(t)) with Ag = (u(0),v(0), w(0)) € RF" x IntR" satisfies

lim inf (w;(t)) >, i=1,...,n.

t—o00

Hence, system (1.1) has at least one positive equilibrium.

Proof. Let
X = {(uiav’iawi> | Uj 2 07 (& Z Oa W Z 0}7

on{wi>0, izl,...,n},
8)20:)(\)20

According to Lemma 3.1, it is easy to know that X is a positive invariant set and system (1.1)

is dissipative. Define
My = {Ao c 6X0 | q)t(AO) € 8X0, Vit > O}

We first claim that
My={Ap€e X |w(t)=0, Vt>0}.

Suppose on the contrary that there exists ¢y > 0 such that w(ty) > 0. We partition {1,2,...,n}
into two sets Z; and Zy, such that w;(ty) =0, Vi € Z1, and w;(tg) > 0, Vi € Zy. If Z; = (), it
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is not difficult to see that w;(t) > 0 for to <t <ty +¢e,Vi=1,2,...,n, given a enough small
g0 > 0. On the other hand, if Z; # (), then for Vi € Z;, we get

w;(to) = wi(to) (ci (gi (wi(to)) + gi (vi(to))) — di) + pu Z (aijw;(t) — azwi(to))

= pw Y _ aiw;(to).

JEZ>

Since A = (ay;) is irreducible, it is clearly that there exists iy € Z; such that a;,; # 0 for some
Jj € Zo, which implies that p,, ZjeZQ
enough small ¢ > 0 such that w;(t) > 0 for to < t < tg+¢, Vi € Z3 U Zy. According to the
above discussion, we can obtain that ®,(A4y) & 85(0 for ty < t < tg + ¢, which contradicts with
the definition of My, thus the above claim has been verified on Mjy.

We next prove that for some constant 7 > 0, the solution ®;(Ag) through A, satisfies

a;jw;(ty) > 0, i.e. w;(tg) > 0. Therefore, there exists a

lim sup max {w;(t)} > n. (5.7)

t—o00 1<i<n

Assume (5.7) is not true, then there must exist 7' > 0 such that

0 < max {w;(t)} <n, Vt>T.

1<i<n
Therefore, it is easy to see

dui .
dt

(
(
dvi (
(
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Consider the following auxiliary equation

n

dl_ti _ ai _ — —

C(lﬂl(T% o n(T)) = (un(T), ... ,un(Ti). 55
% =720 | 1= ;{);z> - gz(@)n + Pu ;(aijvj — aji@l-),

G(T),. .., 5,(T)) = (0,(T), ..., va(T)).

Applying comparison principle [18, 20], we have u(t) > u(t), v(t) > 0(t), YVt > T, where u(t) =
(T (t), ..., a4, ()T, 0(t) = (01(t),...,0,(t))T. By Lemma 5.1, we also have that (u*,v*)T(n)
is globally asymptotically stable for (5.8) and u*(0) = w*, v*(0) = v*. Then there exists a
sufficiently small § with 6 = (d1,...,d,)" € R and a sufficiently large 7 > 0, such that
u*(n) > u* — 6, v*(n) > v* =4, and it follows that u(t) > u*(n) > u* — 6, v(t) > v*(n) > v* =46
for all ¢t > T+ T7. Hence, we obtain

du()iit(t) = w;(t) (¢; (g; (wi(t)) + gi (vi(t))) — di) + pw Z (aijw;(t) — a;mw;(t))

> wi(t) (i (9 (ui = 0) + gi (v = 0)) — di) + pu Z (aiyw;(t) — ajawi(t)).

Consider the following auxiliary system:

= wilt) (e (gi (wi = 0) + gs (vi = 0)) = di) + pu Z (ayyw;(t) — azawi(t)) . (5.9)

Using the Perron-Frobeneius theory and mg > 0, it then follows that the matrix D has a positive
eigenvalue s(D) with a positive eigenvector, where D is p, A+diag(c;(g;(uf—0)+g;(vi—0))—d;).
Besides, denote @ = (o, ..., a,)T be a positive eigenvector corresponding to s(D), then the
solution of system (5.9) is given by kae*(™). Again, using the comparison principle [18, 20], we

can get

Then w;(t) — oo, i = 1,...,n, for t — oo, which results to a contradiction.

In the end, we will prove that system (1.1) is uniformly persistent in regard to (Xo, 9Xj).
Note that (u*,v*)" is globally asymptotically stable in R?"\{E°, E', E} when Puli U = PylifV7.
By the above discussion, we obtain that Ey, Ei, (u*,0,0) and (0,v*,0) are isolated invariant
subsets in X. At the same time, we have W*(Ey) N Xy = 0, W*(Ey) N Xy = 0, W* ((u*,0,0)) N
Xo = 0 and W* ((0,v*,0)) N Xo = 0. Here W5(E,), W5(Ey), W* ((u*,0,0)) and W* ((0,v*,0))
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are stable set of FEy, Ey, (u*,0,0) and (0,v*,0), respectively. It is obvious that every orbit in
My converges to one of four equilibria, which include (u*,0,0), (0,v*,0), Ey and E;. Moreover,
(u*,0,0), (0,0*,0), Ey and E; are acyclic in My. By [3], we can infer that system (1.1) is
uniformly persistent in regard to (Xy,dX,). According to [26], system (1.1) has at least one
positive equilibrium (u*,v*, w*) € X, with w* > 0. We further assert that u* # 0, v* #
0. Otherwise, if v* = v* = 0, by summing up the equilibrium equations for w, we have
o, —d;w* = 0. Consequently, w* = 0, which leads to a contradiction. This proof is complete.

O

We now focus on studying the global asymptotic stability of the positive equilibrium FEj
under the assumption of a linear functional response for system (1.1). This allows us to rewrite

the system (1.1) as follows:

( n

= 11U (1 - ;j;) — biuyw; + py Y (au; — ajivwg), i=1,2,...,n,
i =1
U; = T'9;V; (1 - Ig—;) — blvzw, + Pu Z(aijvj — CLjiUi), 7= 1, 2, o, n, (510)
T ]:1
w; = W; (cl(bzuz + bl'lh) — dz) + Pw Z(aijwj — ajl-wz-), 1= 1, 2, oo, n.
\ J=1

The result is shown in the following theorem.
Theorem 5.2. Assume that the following assumptions hold.
(1) Dispersal matric A = (aij)nxn 1S irreducible;
(i) m > 0;
(iii) There exists 01;, 09; > 0 such that PulijW; = O1jPyQijU] = cliagjpwaijw;‘;

where m is given in Theorem 4.2 and g;(u;) = byu;, gi(v;) = byv;. Then system (5.10) has a
globally asymptotically stable positive equilibrium FEy in T'.

Proof. By Theorem 5.1, we know that system (5.10) has at least one positive equilibrium. Let
Ey = (u*, v, w*) = (uj,...,ul, o5, ... 08 wi, .o wk), ul, of, wi > 0 for 1 < i < n, where u*,

s Yno s Ynos 70 Yo

v*, w* satisfy

* n u
O:TU <]-_ ;é;) —bzw;"—i—puZ(aUu—i—aﬂ) s Z:L,n, (511)

j=1 J

vy ] - vj :
0=ry (1 — Km») — byw; —i—pvz (aijv—i —aﬁ> , i=1,...,n, (5.12)

j=1 :

(2

Ozcz(b,uf%—bzvf)—dz—i-pwz(aw—i—aﬂ) y @':1,2,...,71. (513)
w
J=1
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Denote

U; v; 1 w;

_ * * 1 * * 1 * * 1
Vi(ws, v, w;) = wy —u —u;In— + v, —v] — v In— + —(w; —w] —w;In—). (5.14)

u; v G Wy

It can be checked that V;(u;, v;, w;) > 0 for all w;, v;,w; > 0 and V;(u;, v;, w;) = 0 if and only if
u; = ul, v; = vf, w; = w;. Using (5.11), (5.12) and (5.13). we can get

g — ) 22— 0]) + o s — )
(2 = U
=(u; — u}) [rh (1 e ) — byw; + pu Z (aw aﬂ)]
2 ]:1 1
% U; L U,
+ (Ui — Ui) [T’Qi (1 — K2z> — blwl + Pu Jz_; (aijv—z — ajz-)]
+ C—(wl — U)Z) [cl(bzuz + bﬂ)l) — dl —+ Pw Z (aijj — aﬁ-)]
(] jzl (]
U; u U uy
=(wi —u; i 1= —==) = biw; + pu g —ag | = (1= — biw;
(u; — ) [7"1 ( Ku) w; + p ; (CLJW aj) 1 ( Kh) + bjw;
—Pu Z (CLi]’—i — aji> + (UZ' — 'U;k) [7"22' (1 — K ) — blwz + Pu Z (aij—J — (Zji)
— Uu; 2 — Uy
Jj=1 j=1
ro; | 1 oF + bw; 2”: a'-v;k a;i || + 1(w- wy) z”: a2 q,
21 K% ) Pv p=i 1] ’U;k 7% ci 7 i Pw p= 1 W 71

2

Uu; u; . v v
:(uZ — u:) |:T‘1i (]. — K12> — T (1 — Kll):| + ('Ui - Uz') |:T'2i <]. - K2Z> — Ty (1 - KZ@):|
U;U

+ci(biui + bivi) — di — ci(biuj + bivy) + di — pu § (aijw_i - aji)]
w?
j=1

j=1 J e j=1 J
n
PN (W W wi
c T\ wr w W W
to=1 J i tyg
r r - U U UUT
17 2 21 2 J % J
=— (u; —ul)” — (v; — V) +puE aiu; || = — — — - +1
Kli Kgi - U u: U; W
j=1 J i J
1 v v v 1 W W Wi W
j i j J i J
+— == - i—i—l +— = - 1+1
o1 \V; U] V;V; o25 \W; w; w;w;
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For convenience, we let

dz‘j = puaiju;, Gi(ui,vi,wi) = —% + hl—* — —(— —In—) — —(— —1In —),

* * *
w; U UU 1 (v v, v 1 [w; w; wijw;
_ Uy i 3 U4 Jj i Y4 J i W5
Ej(uivujaviavjvwiij)_*_*_*'+1+‘<U*_*_‘+1>+<w__‘+1>‘
: 3 ¢ ¢

Then one can get
Vi (ws, v5, ;) < Zdz’jﬂj(“iaujvviyvjvwiawj); (5.15)
j=1

and since 1 —a +1Ina <0 for a > 0, we have

u;uy u;u;
i Ui 3 Wi
Fij(ui, ug, vi, 05w, w5) =Gi(ug, vi, wi) — Gy (uj, vj, w;) + 1 — —— +1n —
ujui ujuz-
1 VUF VUF 1 W;W; wW;W;
+—(1-ZE 21 ) + 1 — Ly (5.16)
01j ’UjUi Uj’Ui 02; ’Liji ’Liji

<G (ui, v, w;) — Gy (uj, v;, w;).

We have proven that V;, F};, G; and d;; satisfy the assumptions in [8, Theorem 3.1]. Therefore,

n
Vi(Upy ..oy Un, U1,y Uy Wy e, W) = ZCi‘/;(ui,vi,wi)

i=1

as defined in [8, Theorem 3.1] is a Lyapunov function for (5.10), where C; is the same as defined
in Lemma 5.1. Namely, V < 0 for all (uy, ..., U, v1,...,0p,W01,...,w,) €.

To show Es is globally asymptotically stable, we examine the largest compact invariant set
of {(u1,... Un,v1,..., Un,w1,...,w,) €| V =0} Through a discussion similar to Lemma
5.1, it is easy to see that V = 0 indicates that u; = ul, v; = v and w; = w; for all ¢. This implies
that the largest compact invariant subset of {(u1, ..., up, vy, ..., Vp, w1, ..., wy,) € T | V= 0}
is the singleton {Fy}. By the LaSalle Invariance Principle [10], E3 is globally asymptotically
stable in I'. This completes the proof. O]

6. Numerical simulations

In this section, we provide some numerical simulations to prove the effectiveness of the
theoretical results discussed in Sections 4 and 5. In order to make the simulation results more

intuitive, we may assume that the functional response in system (1.1) is linear, n = 2 and
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-1 1
(@ij)ox2 = ( > . Then system (1.1) can be simplified into the following form.

uy = U (1 > — biuqwy + pu(u2 — wr),

uh = T1aUs (1 — baugwy + pu(u1 — uz),

N|

’Ull = Tro1V1 (]_ ) - blvlwl + pv(vQ - Ul)?

(6.1)

*Iw 5|

Ué = T'99V2 1-— ) — b2v2w2 + ,Ov(Ul — UQ),
wi = wy (c1(biug + bivr) — dy) + pu(we — wy),

(ea(
= Wso (CQ(bQUg + bQUQ) d2) + Pw (U}l — wg).

\

Example 6.1. Let us take the parameter values as follows: r1; = 0.2, r15 = 0.1, ro1 = 0.1,
T99 = 015, Kll = 10, K12 = 11, KQl = 12, K22 = 13, bl = 01, b2 = 005, C1 = 002, Cy = 005,
di =0.1,dy =0.1, p, = 0.01, p, = 0.01, py, = 0.02.

Based on the above parameter values, the semitrivial equilibrium of system (6.1) is deter-
mined as F; ~ (10.04,10.91,12.09,12.94, 0, 0). By computing, we have that M ~ —0.0404 < 0.
Then condition (i) of Theorem 4.2 is satisfied. Analysis of Figure 2(a) and Figure 2(d) reveals
that maintaining the other parameter values constant, any positive value p, does not affect
the stable behavior of E;. In addition, as shown in Figure2(c) and Figure 2(f), we can see that
the solutions of system (6.1) all run to point £ for any initial value. Consequently, combined
with Figure 2(b), Figure 2(e), we can conclude that E; is globally asymptotically stable for all
puw > 0.
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Figure 2: Stable behavior and Phase portrait of F; with M < 0

Example 6.2. We take the parameter values as follows: r1; = 0.2, ri5 = 0.1, ro; = 0.1,
roo = 0.15, K11 = 10, K19 = 11, Ky =12, Ky =13, by =04, by = 0.1, ¢ = 0.1, ¢ = 0.2,
d; = 0.07, ds = 0.06, p, = 0.01, p, = 0.01, p, = 0.02.

By computations we get that m ~ 0.6161 > 0, then the condition (i) of Theorem 4.2
is satisfied. As shown in Figure 3(a) and Figure 3(b), we can find that any solution curve
of system (6.1) eventually runs towards E ~ (0.75,0.41,0.34,3.16,0.14,1.05) and away from
E; ~ (10.04,10.91,12.09,12.94, 0, 0). Hence, simulation results demonstrate that the semitriv-
ial equilibrium E; ~ (10.04,10.91, 12.09, 12.94, 0, 0) is unstable.

§1091,12.94,0)
(10.04, 12,09| 0)

(a) patch 1 (b) patch

Figure 3: Unstable behavior of E}
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Example 6.3. We set the parameters as: 111 = 0.2, 119 = 0.1, r91 = 0.1, 190 = 0.15, K77 = 10,
K12 = 11, KQl = 12, K22 = 13, bl = 01, b2 = 006, CcC1 = 002, Cy — 005, dl = 01, d2 = 005,
pw = 0.01, p, = 0.01.

Based on the parameter values in Example 6.3, we numerically simulate the stable behavior
of the semitrivial equilibrium F; as the dispersal rate p, varies. In Figure 4(a) and Figure
4(d), it is not difficult to observe that the three curves represented by wu, v and w tend to be
stable when p, > pf. This indicates that the values of (u,v,w) become stable around the
equilibrium point E; =~ (10.04,10.91,12.09,12.94,0,0). We may assume that p, = 1, then
m ~ —0.0171 < 0, M ~ 0.0216 > 0 satisfy the condition (i7i) of Theorem 4.2. The stable
behavior of E; and phase portrait are presented in the Figure 4(b), Figure 4(e), Figure 4(c)
and Figure 4(f), respectively. Hence, we can infer that F; is unstable for 0 < p,, < p%, while
E, is globally asymptotically stable for p,, > pj .
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Figure 4: Stable behavior and Phase portrait of F; with m <0 < M

Example 6.4. We set the parameter values as follows: r1; = 0.2, rio = 0.1, r9; = 0.1,
T92 = 015, Kll = 107 K12 == 11, K21 = 127 K22 = 13, bl = 04, bQ = 01, C1 = 015, Cy = 025,
d; = 0.05, ds = 0.02, p, =0.1, p, = 0.1, p, = 0.01.

It is easy to verify that m =~ 0.9334 > 0 and there exists o; > 0 such that pya;;uj ~
0;pvaijv;, then the conditions of Theorem 5.1 are satisfied. Thus we can illustrate the uniform

persistence of system (6.1) and the existence of its positive equilibrium Fy ~ (0.376, 0.388, 0.305,
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0.603,0.489,0.935), as shown in Figure 5(a) and Figure 5(b). In addition, we also find there
exists 0y, o9; > 0 such that Puliju; & 015PpQi V5 = %02j,0waijw;-‘. Hence, the conditions of
Theorem 5.2 are satisfied, which implies that E5 is globally asymptotically stable. The results

are shown in Figure 5(c) and Figure 5(d).
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Figure 5: The positive equilibrium F5 of system (6.1) and stable behavior of Ej

Next, we investigate the apparent competition relation between the prey uw and v by ob-
serving the population density of the prey and predator with respect to changes in the prey
growth rate.

Example 6.5. We may assume that vy = ri1 = 119, ro = o1 = T99, K11 = 5, K9 = §,

Ko =15, Koo =18, by =04, by = 0.1, ¢4 = 0.1, ¢ = 0.2, d; = 0.07, dy = 0.06, p, = 0.1,
pv =0.1, p, = 0.01.

Firstly, in Figure 6(a) and Figure 6(b), it is not difficult to observe that as the growth rate
r of one prey increases, corresponding to an increase in its population density, the population
density of the predator w also increases. This increase the risk of another prey being preyed
upon, causing a decrease in its population density. Therefore, it can be explained that there is
a negative interaction between the prey v and v with the predator w as the intermediary. This

indicates the presence of an apparent competition relationship between the prey u and v.
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Secondly, by rotating Figure 6(a) and Figure 6(b) at an angle, we obtain Figures 6(c) and
Figure 6(d). It can be observed that the appropriate growth rates r; and 7o can allow the prey

u, v and predator w to reach a coexistence state.
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Population density
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(=T -]

(d) patch 2

Figure 6: The apparent competition between prey u and v

7. Conclusion

In this paper, a three-dimensional model in which two prey and one predator disperse
simultaneously in a heterogeneous environment with multiple patches is proposed, and the
stability of its equilibrium points is extensively studied.

We prove theoretically the positivity and uniform ultimate boundedness of the solution of
system (1.1), and analyze the stability of the trivial equilibrium and semitrivial equilibrium by
using threshold values. Under certain parameters constraint, we obtain sufficient conditions
for the uniform persistence of the system, which shows that there exists at least one positive
equilibrium in the model. Furthermore, we prove the global asymptotic stability of the positive
equilibrium by constructing a global Lyapunov function and combining the method of graph
theory. To be precise, it has been seen that the diffusion rate affects the persistence and
extinction of the population, that is, the faster the diffusion rate, the worse the survival of the
population, which plays an important role in maintaining the ecological balance. In addition,
the two groups of prey in the model interact with each other through the shared predator,
leading to a likelihood competition between them. The numerical simulations verified the
validation of the theoretical results.

Certainly, our model can also be applied to various domains of epidemiological systems by
constructing different growth rates and multiple functional responses. This is a direction we

plan to explore in the future.

23



References

[1] N. P. Bhatia, G. P. Szegd, Dynamical systems: stability theory and applications, lecture
notes in math., Springer, 1967, 35.

[2] S. S. Chen, J. P. Shi, Z. S. Shuai, Y. X. Wu, Two novel proofs of spectral monotonicity
of perturbed essentially nonnegative matrices with applications in population dynamics,
SIAM J. Appl. Math., 2022, 82(2), 654-676.

[3] M. W. Hirsch, H. L. Smith, X. Q. Zhao, Chain transitivity, attractivity, and strong repellors
for semidy-namical systems, J. Dynam. Differential Equations, 2001, 13, 107-131.

[4] M. Tannelli, A. Pugliese, An introduction to mathematical population dynamics: along the

trail of volterra and lotka, springer, 2015, 79.

[5] Y. Kang, S. K. Sasmal, K. A. Messan, Two-patch prey-predator model with dispersal in
predators driven by the strength of predation, arXiv., 2015.

[6] A. J. Lotka, Elements of physical biology, J. Am. Stat. Assoc., 1925, 20(151), 452-456.

(7] Y. Kuang, Y. Takeuchi, Predator-prey dynamics in models of prey dispersal in two-patch
environments, Math. Biosci., 1994, 120, 77-98.

[8] M.Y. Li, Z. S. Shuai, Global-stability problem for coupled systems of differential equations
on networks, J. Differential Equations, 2010, 248, 1-20.

9] X. X. Liu, Q. D. Huang, Comparison and analysis of two forms of harvesting functions in

the two-prey and one-predator model, J. Inequal. Appl., 2019, 2019, 307.

[10] B. Ding, C. Ding, Recurrence and LaSalle invariance principle, systems and control letters,
2016, 93, 64-68.

[11] M. Lu, J. Huang, Global analysis in Bazykin’s model with Holling II functional response
and predator competition, J. Differential Equations, 2021, 280, 99-138.

[12] X. J. Lu, Y. M. Chen, S. Q. Liu, A stage-structured predator-prey model in a patchy
environment, Complexity, 2020, 1-13.

[13] C. Meyer, Matrix analysis and applied linear algebra, STAM, Philadelphia, PA, 2000.

[14] A. Mondal, A. K. Pal, G. P. Samanta, Complex dynamics of two prey-one predator model
together with fear effect and harvesting efforts in preys, Journal of Computational Math-

ematics and Data Science, 2023, 6.

[15] S. Pal, S. Majhi, S. Mandal, N. Pal, Role of Fear in a Predator-Prey Model with
Beddington-DeAngelis Functional Response, Zeitschrift fiir Naturforschung A, 2019, 74(7),
581-595.

[16] J. D. Parrish, S. B. Saila, Interspecific competition, predation and species diversity, J.

24



Theoret. Biol. 1970, 27(2), 207-220.

[17] S. Saha, G. P. Samanta, Influence of dispersal and strong Allee effect on a two-patch
predator—prey model, Int. J. Dynam., 2019, Control 7, 1321-1349.

[18] H. L. Smith, Monotone dynamical systems: An introduction to the theory of competitive

and cooperative systems, Amer. Math. Soc., 2008.

[19] H. L. Smith, H. R. Thieme, Dynamical systems and population persistence, Amer. Math.
Soc., 2010.

[20] H. L. Smith, P. E. Waltman, The theory of the chemostat: dynamics of microbial compe-
tition, Cambridge University Press, New York, 1995.

[21] Y. Takeuchi, Cooperative systems theory and global stability of diffusion models, Acta.
Appl. Math., 1989, 14(1-2), 49-57.

[22] H. R. Thieme, Convergence results and a Poincaré-Bendixson trichotomy for asymptoti-
cally autonomous differential equations, J. Math. Biol., 1992, 30, 755-763.

[23] H. R. Thieme, Persistence under relaxed point-dissipativity (with application to an en-
demic model), STAM J. Math. Anal., 1993, 24(2), 407-435.

[24] F. Verhulst, Henri Poincaré: impatient genius, Springer, 2012, 109-177.

[25] V. Volterra, Variazioni e uttauazionidelnumero d individual in species animals conviventi,

Mem. Acad. Lincei., 1926, 2, 3-31.

[26] X. Q. Zhao, Uniform persistence and periodic coexistence states in infinite-dimensional
periodic semiflows with applications, Can. Appl. Math. Q., 1995, 3(4), 473-495.

[27] X. Q. Zhao, Dynamical systems in population biology, CMS Books in Math. 16, Springer,
New York, 2003.

25



	Introduction
	Preliminaries
	Uniform ultimate boundedness of positive solution
	Trivial equilibrium and semitrivial equilibrium
	Positive equilibrium
	Numerical simulations
	Conclusion

