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1 Introduction

Since the first differential equation model proposed by Lotka [1] and Volterra [2],
numerous predator-prey models have been studied. The prototype predator-prey
model is of the form

e = J(N)N — (N, P)P,
dP (1)
d_T :Eg(N7P)P_:uP7

where N and P are population densities of prey and predator species respectively.
f(N) is the net growth rate of the prey in the absence of predators and g(N, P) is the
consumption rate of a predator to prey. The positive constants e and u represent the
conversion rate of the captured prey into the predator and the predator death rate
respectively. The behavioral characteristic of the predator species can be reflected
by the element g(N, P) called functional response or trophic function. Many scholars
have investigated population dynamics using different types of functional responses,
such as Holling type II [3], Holling type III [4, 5], Beddington-DeAngelis [6], ratio-
dependent [7, 8], Sigmoidal [5], Monod-Holdane [4, 9, 10] and the like. However,
concerning cooperative hunting in predator-prey models, there are few functional
responses. Taking into consideration how group of predators search, contact and
hunt a herd of prey, and making different biological assumptions, Cosner et al. [11]
presented the following functional response
CG()NP
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where C, h and ¢y are the amount of prey captured by a predator per encounter,
handling time per prey and the total encounter coefficient between the predator and
the prey respectively. They are all assumed to be positive. Combining the functional
response (2) and logistic prey growth rate, Ryu et al. [12] proposed the following
predator-prey model and studied it qualitatively
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They investigated the occurrence of saddle-node bifurcation, Hopf bifurcation and
Bogdanov-Takens bifurcation, and observed bi-stability behavior in the coexistence



and predator-free equilibrium points. Incorporating double Allee effect on the growth
function of the prey in system (3), Tiwari et. al [13] analyzed the dynamical behaviors
of the resulting system.

From the ecological point of view, harvesting of predator species had been given
much emphasis to control the predator species and prevent prey species from extinc-
tion. As a result, many scholars investigated the dynamic of predator-prey model
with a harvesting term in both the prey and predator growth equations, such as con-
stant harvesting [14, 15], proportional harvesting [16, 17, 18] and nonlinear harvesting
[19, 20, 21, 22, 23, 24, 25]. But all those only consider the comonly known functional
responses. Literatures on the effect of harvesting on the dynamics of predator-prey
interaction with the functional response (2) are very few in number. Recently, to
avoid the extreme phenomena leading to the eventual extinction of predators as a re-
sult of too weak cooperation of predators, Shang et al [26] added constant yield prey
harvesting H on system (3) and investigated the arrangement of renewable resources

dN N CeoNP
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They obtained different conditions for the existence and stability of equilibria, and
investigated repelling and attracting Bogdanov—Takens bifurcations by perturbing
two bifurcation parameters near the cusp point. However, continuous harvesting of
only prey species at a constant rate independent of density will result in insufficient
food for predators as a result of over-exploitation, then both species may be extinct
with elapse of time. Besides, for ecological balance and healthy economic develop-
ment, we should consider not only the harvesting of prey species but also predator
species. Proportional harvesting, which depends on the harvested density, is more
realistic than the constant harvesting. Therefore, we apply proportional harvesting
to system (3) to explore the dynamics of a predator-prey model with cooperative
hunting and combined proportional harvesting.

The paper is organized as follows. In Sec. 2, the mathematical model is for-
mulated. In Sec. 3, boundedness of solutions, the existence and types of equilibria
are discussed. In Sec. 4, local and global bifurcations around different equilibrium
points are studied. To illustrate the analytical results, numerical simulations are
carried out in Sec. 5. Finally, the conclusion is presented in Sec. 6.



2 The mathematical model

Incorporating combined harvesting, system (3) becomes

AN N CeoNP
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where ¢; (i = 1,2) and F are the catchability coefficients of prey and predator species
and harvesting effort respectively. Using the following scale
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we obtain the form )
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3 Boundedness, existence and types of equilibria

3.1 Boundedness
Lemma 3.1. All solutions of system (6) are bounded in Q = {(z,y) : x > 0,y > 0}.
Proof. Let (x(t),y(t)) be any solution of system (6) with non negative initial condi-
tion. Denote n(t) = z(t) + ﬂy(t), then
(2]
dn dr  oqdy
dt dt  agdt’
= 21— 2) — iz — “(ha + )y,
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«
= —hz— —(hy+ )y + 2z — 2>
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Let 6 = min{hy, ha + 7}, we have
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Q
= O+ —y)+1.
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Therefore, d_? + 0n < 1. Applying the theory of differential inequality, we obtain
—6t

1— 1
0<n(t) < +n(0)e™. Fort — 00,0 <7 < 7 This implies the solutions of

system (6) are bounded. O

3.2 Existence of equilibria

In this section, we discuss the existence of equilibria for system (6). It is clear that
0(0,0) and Ey(1—hy,0) (for hy < 1) are boundary equilibrium points (see Figure 1).
The interior equilibrium points are the intersection points of the following equations
in the first quadrant

oy
1+ a2y

=1—hy —uz, (7a)

v+ ho
U P (7b)

If vy > v + hg, the denominator of equation (7b) is positive. Substituting equation
(7b) in equation (7a), we get a polynomial equation

p(z) = Asx® + Aga® + Ay = 0, (8)

where Ag = (v + hg)?an, Ay = (1 = In)(hy + 7 — ag)az and Az = (a2 — 7 — ha)as.
It can be obtained that + = 0 and x = 5(1 — hy) are possible extreme points of the

polynomial equation (8). Then we have the following lemma.
Lemma 3.2. Suppose hqi < 1 and hy < ag — 7.

4
(i) If ar(y + ho)? > 2—7a2(1 — h1)*(ag — v — hy), then system (6) has no interior

equilibrium points (see Figure 2) ;

4
(i3) If ar1(y + ho)? = —ao(1 — hy)*(aa — v — hy), then system (6) has a unique

27
. ) o ) 2 3(y + he) )
interior equilibrium point E*(x*,y*) = E*| =(1—hy),

! P @) ( ( 2 2(1 = hi)(ag — v — he)

3
(see Figure 3);




4
(iii) If aq(y + he)?* < 2—7a2(1 — h1)*(ay — v — hy), then system (6) has two distinict

2
interior equilibrium points Ei(x1,y1) and Es(xa,ys), where 0 < x; < 5(1 —
hy) <z <1 (see Figure /).

Proof. 1t is clear that p”(z) = 6 A3z+2A,. Here p”(0) = —2as(1—hy)(ag—y—hs) <0
2
and p”(g(l —h1)) =2(1 = hy)(ae —v — ha)ay > 0, so the polynomial p(z) in (8) has

4
local maximum oy (y+hs)? and local minimum (y+hy)2a; — —ag(1—h1)*(ag—y—hs)

27
2
at r =0 and z = 5(1 — hy) respectively.

4
(i) If ay(y + ho)? > ﬁag(l — h1)*(cy — v — hy), the graph of the polynomial (8)

never crosses x-axis for z > 0 and system (6) has no interior equlibrium.

.. 4 2
(i) If ou(y + h2)2 = ﬁaz(l - hl)g(az — v — ha), p(§(1 — h1)) = 0 and the graph

of the polynomial p(z) touches x-axis only at = = 5(1 — hy). This means that
2
the system has a unique interior equilibrium point E*(z*,y*) = E* (—(1 —

3
3(7y + h2)
i) 2(1 = ha)(ag —v — hz))'

4 2
(iii) If ay(y+he)? < 2—7a2(1 — 1) (g — 7 — hy), p(g(l —hy)) <0, its graph crosses

x-axis at two points for # > 0 and system (6) has two distinct interior equlibria
Eq(z1,y1) and Es(z2,y2).

]

3.3 Types of equilibrium points

In this section, we discuss the local stability of equilibrium points. The Jacobian
matrix of system (6) at any equlibrium E(x,y) is given by

LB —9 o y? —a2y(2 + y)
T T A e (14 zy)?
J(E(z,y)) = 2 4 J
QoY Chy— arzy(2 + zy)
(14 xy)? (14 2y)?
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Figure 1: Phase portraits of boundary equlibria for system (6) at ay = 0.3, ag =
0.9, hy = 0.2,y = 0.03. (a) 0(0,0) is a stable node for hy = 1.3. (b) 0(0,0) is
unstable and Ey(1 — hy,0) is stable for Ay = 0.5.

In particular, the Jacobian matrices at two boundary equilibria are

—1+h 0 )

1—h 0 )andJ(Eo(l—th))_( 0 —hy — 5

sy = (1" 0

Lemma 3.3. The trivial equilibrium point O(0,0) is
(1) locally asymptotically stable if hy > 1;
(7i) unstable if hy <1 :
(1ii) nonhyperbolic if hy = 1.
Lemma 3.4. Ey(1 — hy,0) is always locally asymptotically stable.

The phase portrait is shown in Figure 1.

4
Lemma 3.5. Suppose oy (y+hy)? = 2—7a2(1 —h1)*(ag—y—hy). The unique interior

R . 2 3(h2 +’V) ) .
equilibrium point E*(x*,y*) = E*( =(1 — hq), 18

(ha +7v)(=1+ hy + 3hs + 37)
30&2

2
(1) saddle-node if g(—l +hi)+ho+v— £0;



Figure 2: Phase portraits of no interior equilibrium for system (6) under oy =
0.3, s = 0.9, hy = 0.8, hy = 0.2, v = 0.03.

2
(i1) a cusp point of codimension 2 if =(—1+ hy) + ha + 7

~(he )1+ +3he+3y) 0
30(2 e

The corresponding phase portraits are shown in Figure 3.

4
Proof. From Lemma 3.2(ii) if ay(y + he)? = Eag(l — h1)*(ay — v — hg), system (6)
has a unique interior equilibrium point E*(z*,y*). The Jacobian matrix of system
(6) at E*(x*,y*) is

(=14 h1)(h2 + v — 2a2) 4(=14 h1)3(ha + v — 202) (hg + 7 — a2)

% E\y 3as 27@2(h2 + 'Y)
J(E(y7)) = 9(ha + 7)? _(ha ) (h2 +v —a2)
40(2(—1 + h1)2 a9

2
The eigenvalues of J(E*(z*,y*)) are A\; = 0 and Ay = §<_1 + hy) + hy + v —

Ex(x*,y*) = E*| =(1-h
3@2 , SO, (:U Y ) 3( 1)72<1—h1)<a2—h2—’}/)
is nonhyperbolic. The stability can’t be determined by the technique of linearization.

Using the translation

2
$:U—|—§(1—h1),
3(ha +7)
2(1 — h1>(()é2 — hg — 7)7

8

y=uv+



we bring E*(z*,y*) to the origin and in a new coordinate of u and v, system (6)
becomes

U= a10U + a1V + a20u2 + aj1uv + CLO2U2 + O(|U, U|)37 (9)
v = b10U + b()lU + bgouz + b11UU + b02U2 + O(|U, U|>3,
where
e = — (—1+h1)(h2+7—2a2) o — 4(—1—|—h1)3(h2+’7—2O&2>(h2+"}/—062)
10 30&2 » ol 27<h2 + ")/)042 ’
_ (ha + ) (he + 7 — @) A1+ M)P(he +y —a)?
Q20 = — 1— 2 , A11 = 2 )
203 9(he +7v)03
o — — 8(—=1+ h1)*(he +v — a2)? _ 9(hy +7)?
"2 81(hy + )22 P T (=1 + )2
- (hg —+ ’Y)(hQ + Y — 062) - 27<h2 + 7)3
1701 = — 9 b20 - 3 .27
(6%)) 8(—1 + hl) (o5
~ 3(ha+ ) (he 4+ v — ap)? C2(=1+hy)(ha+ v — ay)?
bll - 9 b02 - .

(—1 + hl)a% 30(%

(ha +7)(—=1+ hy + 3hy + 37)

2
(i) If §<—1+h1)+h2+’7— # 0, A2 # 0 and there ex-

30(2
a
1 b—m
ists a smooth non-singular transformation. Let T = (vl vg) = alo 10 ,
ao1

using the translation (u,v)T = T(z,y)? and introduce a new time variable
T = (a1 + bo1)t, we get

& = cor? + cniry + cooy® + o |z, y])3, (10)
y =y -+ d20$2 + dumy + d02y2 —+ O(|$, y|)3,
where
o — 9(ha +7)(ha + v — az) 40
20 2(hy +7) (=1 + hy + 3hy + 37) — 200(—2 4 2h1 4+ 3ha + 37) ~
27(h2 + ’)/)2 ((hg + ’)/)(—1 + h1 + 3hs + 3’7) + 062(—1 + hy — 3hg — 3’7))
dao = —

£0
8ag(—1+ h1)3< — (ha +v)(=14 hy + 3h3 + 37) + a2(—2 + 2hy + 3ha + 37))



2
Therefore, according to Theorem 7.1 in [27] [Zhang et al., 1992, if §<_1 +

(ha +v)(=1 4 hy + 3hs + 37)
30&2

hy) 4+ ho 4+~ — # 0, the equilibrium E*(z*,y*) is

a saddle-node.

2 h —1+hy+3hy+3
(i) T (=1 + ) + Do + 7 — (2 + ) J?: 15 3ha 3y) 0, then Ay = 0.
(&%)
Making the following transformation
r=u,
y = biou + borv,
system (9) becomes
&=y + 7207” + mry + 02y” + o7, y/?), (1)
§ = s907” + s12y + s029” + 0|7, y/*),
where
o = — 2(ha + 7)(ha + 7 — az)’ = A+ — )
20 Oég(hg + Y= 2062) T hg + Y= 2042 '
Yoz = — 2(hs +7 — a2) ot — 6(ha +7)*(he +9 — az)?
. ho+7— 20 " az(hg + 7 — 2az)?
Gy — 12(h2+’7)(h2+7—062)3 Sy — 2(h2—|—7—042)2(h2+*y+2a2)
1n=- , S0z = — -

(ho + 7 — 20)? (ho + v — 20)?

According to the normal form given in [28], we obtain an equivalent system of
(11) as follows

{ozu : (12)

U = So0x” + (811 + 2720)y + o(|z, y|?),

4(h2 + ’7)(h2 + v — Odg)g(hg +v+ Ozg)
as(hg + v — 2a9)?

So the coefficients of the terms z® and zy in system (12) are non zero, by

Theorem 3 in [28], E* is a cusp of codimension 2.

where s9g < 0 and s17 + 27990 = — > 0.

2

]

4
Lemma 3.6. Let ay(y + hy)? < 2—7a2(1 — h1)*(ag — v — hs).

10
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Figure 3: Phase portraits of unique interior equilibrium for system (6). (a) E*(z*,y*)
is a saddle-node at a; = 0.243133, ay = 0.997862, hy = 0.5, ho = 0.04, v = 0.2.

(b) E*(z*,y*) is a cusp point at a; = 0.010537, as = 0.6, hy = 0.724167, hy =
0.0492072, = 0.2.

(1) Ei(x1,y1) is locally asymptotically stable if one of the following conditions hold.

. 4oy (hy +
(Zl) —1+h1+21)1:0 anda2<1—(1—2—|—h?))2>a2_h2_7;
h 2 2
(12) 14 hy + 20 < 0 and L2 (OT02T) g oy
QX7
(h1 +7)*(oq + apa?)

5 >1—h1—2$1+h2+’yand
(hQ + 7)2041 > 01233%(—1 + hy + 331)(042 — hy — "}/).

(ii) Es(xa,ys) is always saddle.

The corresponding phase portraits are shown in Figure 4.

4
Proof. From Lemma 3.2(iii), if oy (v + he)? < 2—7a2(1 —h1)*(ay — v — hy), system (6)
has two distinct interior equilibria F1(xq,y;) and Es(za,y2) which satisfy

2
O<x1<§(1—h1)<x2<1.

11
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Figure 4: Phase portraits of the two interior equilibria for system (6). (a) Ei(x1,y1)
is a stable focus and Fy(xq,ys2) is saddle at ag = 0.3, ag = 0.9, hy = 0.4, hy =
0.2, v = 0.03. (b) Ei(x1,y1) is an unstable focus and Fy(xs,ys) is saddle at ay =
007, Qg = 09, h1 = 05, hg = 03, Y= 0.02.

(i) The Jacobian matrix of system (6) at Ey(z1,31) is

Oél(hg + ’}/)2 Oél(hg + ’7)(]12 + Y= 20&2)

_ 247 2
J(Er(x1,y1)) = (hy + )2 _(h2+’7)(h2+7_0‘2)
apx? Qg

and its characteristic equation is A2 + A;\ + Ay = 0.

1-— h,l 2<h2 + ’)/)

il) f =1+h 201 =0 = —and y; = . Th
(i1) + hy + 224 , T1 5 and ¥ (L= h)(as — ha — ) en

doy(hy +7v) g —hy—7 day(hy +7)?
A = (h — dAg = —""""2>0.
1= (hat) (a%(—l + h1)? Qo anc 2o a3(—1+ hy)? =
4o (hy + )

It is clear that if > g — hy — 7y, then A; > 0. Therefore by

ag(—1+ hy)?
Routh-Hurwitz criteria Ey(x1,y;) is locally asymptotically stable.

(he + 7)2(041 + Oéﬂ%)
a3t

(12) If—1+h1+2$1 < 0, then Al = —1+h1+2$1—h2—’y+

(hs -+ ) ((hz )y — (4 — by — )(—1+ by + 2x1>a2x%)

a3t

and Ay = >

12



ha 4+ 7)*(1 + agx})
ajat
locally asymptotically stable.

0. A1>0if(

>1—hy — 2z, + hy + 7. El(.CEl,y1> is

(ha +7)*(oq + aga?)
a5r]
hay + v, and Ag > 0 if (hy + 7)%a1 > apx?(—1 + hy + x1) (g — hy — 7).

Therefore F1(x1,1,) is locally asymptotically stable.

(13) FOl“—1+h1—|—2LL’1>O,A1>Oif >1—hy — 2z +

2
(ii) From g(l — hy) < x9, we have —1 + hy 4+ 229 > 0. The characteristic equation

of the Jacobian matrix at Es(zq,y2) is
>\2+A1)\+A0:0,

(ho + 7)2(041 + 06255%)

where Ay = =14 hy + 225 — hg — v + and

a3a?
(ha +7) <(h2 +7)%a; — (ag — ha —7)(=1+ hy + 2x2)a2x§)
Ao = Y . Since (y+

4
ho)?ay < 2—70z2(1 — h1)*(ay — v — ha), Ay < 0. Therefore Ey(z,y2) is always
saddle.

4 Bifurcation analysis

4.1 Codimension one bifurcations

In this section, we investigate the existence of codimension one bifurcations at dif-
ferent equilibrium points with respect to different parameters.

Transcritical bifurcation

Theorem 4.1. If hy = h1¢ = 1, system (6) undergoes transcritical bifurcation at
0(0,0).

The proof is simple, so we omit it here.

13



Saddle-node bifurcation

ai(hy +7)°
(g — hy — )
v = 2as) + agxi(hy + v — az)? # 0, system (6) undergoes saddle-node bifurcation at
Ei(z1,51).

Theorem 4.2. If hy = bV =1 — 2z, +

and aq(hy + v)(ha +

ai(hs +7)°
Oé2$1<042 h2 )
v — ap)? # 0, one can get that the eigenvalues of the Jacobian matrix at Fi(x1, )
are Ay = 0 and

(he +7) (al(f@ +7)(ha + 7 — 202) + g (hy + v — 042)2)
Ay = 5 # 0. The corre-

O‘2$1(042 hy — )

Proof. If by =1 —2x; + and aq (ho +7)(ho +7 — 202) + azzi(he +

zi(he + v — )

d
h2+’Y a

sponding eigenvectors are v; = (i) and vy = (Cll>, where ¢ =

Oél(hg + Y — 20[2)

az(hy +7 —ag)
Let us derive the normal form on center manifold. Using the translation

d=—

T =u-+ 2,
h2+’7

I1(Oé2 — hy — V)7

y=v+

we bring Ej(z1,y;) to the origin and in a new coordinate of u and v, the Taylor
expansion of system (6) around the origin is

. 2 2 3 3
U =A10U + Gg1V + A0U” + a11UV + agaV” + azoU” + ag3v

+ asnu?v + appuv® 4 o(|u, v|)?,
v :blou + bOIU + b20u2 + b11UU + b02U2 + b30u3 + b031)3
+ boyuv + brpuv® + of|u, v|)*,

(13)

where
h 2 h h —2
aip = 1—h1-2.’l§'1——a1( 22—27) , (o1 = al( 2+7>( Z‘i"}/ OQ)’
Q7 a5
ay(hy +7)3 2001 (hy + ) (hy + v — a9)?
A
241 2T1
o Ot1$1(h2+7—042)3 o 3041(h2+7)2(h2+7—042)2
Qo2 = ag , A1 = OZ4I'2 )
2 221

14



_ay(he +9)* a1z (hy + v — ag)?

azg = W, Qp3 = 0/21
. Oq(hg + Y — 062)3(3]12 + 3’)/ — OéQ) o (hQ + 7)2
Ay = — 1 , b= — 5
o2 QT
 (he ) (he+7 — ag)  (haty)? ~ 2(hg + ) (he + v — ag)?
bor = — , bog = % 3 b1 = 5 )
z1(hy + 7 — ay)? (hy + v)* 23(he 4+ v — ag)*
bOQ - - P 7b30 - T3 4 b03 - - 3 )
Qs QX Qg
b 3(ha +7)*(ha + v — ay)? b (ha + 7 — @2)*(3ha + 37 — a)
21 — 3 2 ) 12 — 3 .
Aoy Qg

Let T = (v1 vg). Using the translation (u v)T =T (x y)T, system (13) becomes

T = 020902 +C119€y+co2y2+0(|$ay|)3; (14)
U = Ay + doox® + dinzy + do2y® + o(|z, y|)?,
where
z1(hy + 7 — ag)? (Oél(h2 +7)? + @i (g — hg — ’Y))
Cop = )
(hg + ’7) <Oél(h2 + ’Y)(hg + Y — 20(2) + 062.%‘%(]12 + Y — a2)2)
alha + — o) (g (= (ha 49+ aalhe 47 +.00)) = a4
dyy =

ag(hg -+ ’Y) (Oél<h2 + ")/)(hg + Y — 20é2> — OéQiL‘%(hz + Y — a2)2)

Here, we do not present other coefficients of system (14) for the complexity.
The local center manifold of system (14) near the origin is

d
y = —%f + o(z?).

On this one dimensional center manifold, system (14) is reduced into
& = coor® + o(2?).

Since cog # 0 for aq(hy +7)(hg + v — 2a2) + gzt (he +7 — ag)? # 0, then system (6)
undergoes saddle-node bifurcation at Ey(z1,y1). O

15



Similarly if we choose hs, a1 and aw as bifurcation parameters, system (6) also
undergoes saddle-node bifurcation at Ey(z1,y1).

o 4
Theorem 4.3. Ifh; =1+ % aras(ag — hy —v)(ha +7)

, system (6) under-

win

(alag(hg + 7 —az)?(he + 7)5)
goes saddle-node bifurcation at E*(x*,y*).

The proof is similar to the proof of Theorem 4.2, so we omit it here.

Hopf bifurcation

1—h
2 Y

Theorem 4.4. System (6) undergoes Hopf bifurcation at Ey(x1,y1) = (

2(he + )
(L= hi)(az —h2 —7)
—4ayy + ag(ay —¥)(=1 + hy)?

40&1 + 062(—1 + h1>2
Proof. The eigenvalues of the Jacobian matrix at Ey(zq,y;) is

T(hs) , /(T (h2))? — 4w?(ho)

> with respect to bifurcation parameter hy at he = hy =

Ao =

2 2 ’
4a1(h2 + 7) ho +v — s 4041(h2 + 7)3
where T'(hy) = (ha +7) (a%(—l ) -~ and w?(hy) = =1+ )

4 ) (=14 hy)?
If hy = b — a1y + ag(a —7) (=1 + )
40(1 + Oég(—l -+ h1)2
40610/21(—1 —+ h1)4
(4@1 + 062(—1 + h1)2)3 ‘
+iw(h}), where i is an imaginary unit and w(hj) > 0. To verify the transversal-

, then T'(h%) = 0 and w?(h3) =

The eigenvalues of system (6) at Ey(x1,y1) are Ao =

T
ity condition, let xy = M One can show that
d T'(h3)
_— gk = ————— — 1 .

Hence, system (6) undergoes Hopf bifurcation at F1(x1,y;). To determine genericity
conditions, we compute the first Lyapunov coefficient [1(0). Using the transformation
1— hl
2 )
2(hy +7)
(I —h)(ag —hy —7)’

16

rT=u-+

y=v+



we bring E(z1,y;) to the origin and the Taylor expansion of system (6) around the
origin is given by

. 2 2 3 3
U =M1l + M1V + MoU”™ + M1 UV + Mp2V” + M3V~ + M3V

2 2 4
+ moju”v + myguv” + o(|u, v|)*, (15)
: 2 2 3
V =N10U + No1V + Moo~ + N11UV + N2¥” + N3g¥

+ no3v® + no v + nppuv?® + o(|u, v|)?,

where
m _ 4041(h2 + ’7)2 P— Odl(hg —+ ’}/)(hg + Y= 2@2)
10 Oé%(—]. + h1)27 01 o 9
~dag(hy ) (kg + v — an)? _ 8ai(hg +7)°
mi = Mgy = —1 — g2
Oz%(—l—i—hl) a%(—l—l—hl)?’
m _ _Oél(—1+h1)<h2+’)/—062)3 N 12a1(h2+7)2(h2+7—a2)2
0 203 e ag(—1+ hy)? ’
al(hz + Y — a2)3(3h2 + 3’7 — Oég) 160z1(h2 + Oég)4
mia = — 1 , M3 = — 1 4
Qg (=1 + hy)
S Gt s hi)?(he +7 — az)* N (s 7)?
03 = 4@% ’ 10— 042(—1 —+ h1)2’
_ (hety—ag)(ha+7) ~ Aha ) (kg +y — ag)?
nor = — , N1 = — P )
(6] 052<—1 + hl)
. 8(h2 +")/)3 B (—1+h1)<h2 +')/—042>3
20 = ~—57 7 3 N3 02 = B )
(Pt = a9)*(3hy + 3y — )  12(ha 4+ )% (he + 7 — ap)?
ni2 = 3 y No1 = — 3 B )
o as(—=1+ hy)
16(hy + 7)* (=14 h1)?(ha +7 — a)*
n3o No3 = — .

as(—1+ hy)*’ 4o
Suppose U;+ iU, be the eigenvector corresponding to the eigenvalue A = iw , where Uy

w
and U, are real vectors. By simple calculation, we obtain U; = (711) and Uy = <§> ,
0

w
ay 4a3(—=1+ hy)? n —
where n - and s (Gor + on(—1 1 W )22 et p= (U, Us) ) 8 , an

17



using the transformation (u v)T =p (x y)T, we obtain the following normal form

& =wy + anry + ar”® + agpy’ + azr’

+ sy’ + anz’y + apzy® + O(|z, y|*),
= — wr + biyay + bogx? 4 boay? + bagz®

+ bosy” + b1’y + biazy® + O(|z, y[*),

(16)

where «;;, b;;(i, j = 1,2, 3) are coefficients of system (16) and we choose not to present
here. The first Lyapunov coefficient [; is computed using the formula in [2§]

0 2 o

h 5% {3(0430 + boz) + (12 + ba1) — ;(Oézobzo — Qo2boz) — %(0402 + bao)

b1y

+—(bo2 + bao) | -

w
Here due to complexity of [1(0), we cannot determine its sign or whether it vanishes.
Generally we have the following conclusions.

1. If I; < 0, the system undergoes supercritical Hopf bifurcation;

2. If I; > 0, the system undergoes subcritical Hopf bifurcation;

3. If I; = 0, the system undergoes degenerate Hopf bifurcation.

(ha +7)*(a1 + aai)
azri
ai(he+7)(2ae —hy —7) > aazi(an — ho —7)?, system (6) undergoes Hopf bifurcation

at Ey(z1,y1).

and

Theorem 4.5. If hy =h] =1—-2x;+hy + v —

Theorem 4.6. If oy = af = Oéz.f%( -1+

a2(2 - 2h1 + hQ + Y — 4131)

hy +
Hopf bifurcation at Ey(x1,y1).

Oég(l — h1 + h2 + v — 25(71))
5 and
(ha +7)

> (1 — hy + ho + v + 2x1), then system (6) undergoes

The proofs of Theorem 4.5 and 4.6 are similar to the proof of Theorem 4.4, so
we omit them here. Moreover, if we choice ay as bifurcation parameter, system (6)
also undergoes Hopf bifurcation at E(z1,y1).

18



4.2 Codimension two bifurcation
Bogdanov-Takens bifurcation

In this subsection, we investigate the existence of codimension two bifurcation. From
Lemma 3.2(ii) and Lemma 3.5, system (6) has a unique interior equilibrium E*(z*, y*)
which is a cusp point of codimension 2, for ay (v + hy)? = ﬁ&g(l —h1)*(ag — 7y — hy)

2 h —1+hy+3hy+3
andg(—1+h1)+h2+7—(2+7)( §a1+ 2+ 37)
2

theorem, choosing rational parameters, we illustrate the occurrence of Bogdanov-
Takens bifurcation at E*(z*, y*) under a small parameter perturbation.

= 0. In the following

Theorem 4.7. If as and hy are chosen as bifurcation parameters, system (6) un-
dergoes Bogdanov-Takens bifurcation of codimension 2 in a small neighborhood at
E* as (ag, he) varies near (agBT], h[QBT}), where (agBT], h[QBT]) is the threshold value of
bifurcation parameters satisfying

Det(J(E*))| gBT]’h[QBT]) =0 and TT(J(E*))|

BT]7h[2BT]) = 0.

(a2,h2)=(cx (a2,h2)=(ol

Proof. To derive the normal form of Bogdanov-Takens bifurcation for system (6),
and obtain the analytical expressions for saddle-node bifurcation, Hopf bifurcation
and homoclinic bifurcation curves in a small neighborhood of BT point, we consider
the following perturbed system

dx arzy?

—=zx(l—x2)— — hyz,

dt - 1+ azy (17)
dy _ (Oég ] + &)y’ oy — (h[BT] 4 &)y

dt 1+ 2y 2 2

where £ = (£, &) is a parameter vector in a small neighborhood of (0,0). Using the
translation

2
$:u+§(1 —hl),
y=uv-+ 3(h[23T} + 7)
2(1 — h) (@ — BT — )’

E* is brought to the origin and the Taylor expansion of the resulting system is

(18)

U = a1 + ag v + asu® + ajuv + agv® + Py(u,v,§),
U= boo + blou + b01U + b20u2 + blluv + b021)2 + Q1<U, v, 5),
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where Pj(u,v,£) and Qq(u,v,&) are high order smooth functions of (u,v) and the
coefficients depend smoothly on & and &,

- (1_h1)<h[BT]+,y 20 [BT]) . — 1 (h[BT]+,y)(h[BT]+,Y [BT])

L4 TP O 4 — 20N 4 = ofPT

Q = 9
" 27T + ) alPT!
ATy e 8L ) (B 4y — aw)?
11 — , W02 — — ’
9™+ 7) (5™ B1(h™ +7)2(05™")2
by~ SN )6 — o) 90 ) (0™ + )
2(—1+ h) (WY 4y — ol 4(=1+ hy) (a2

(RPT 4 ) (BTN —hPT — o 4 2¢)) — (WP + v)&) .
bOI _ + h[2 ] + vy — 627

(a2

270y )Mo 4 &) 3 4 ) (T — 0 (e 4 )

b20 - s, V11 —

8(—1 + hy)3 (a3
21+ m)(h"" + 9 — a0 + &)
3(ay’ "3 '

Making affine transformation

(=14 h)(ay )3

b =

T =u
Y = a1 + apv,
we get
&=y 4 r0x? + ro2y® + Pa(x, 9, ), (19)
U = So0 + S10T + So1y + S202% + S02y? + Q2(z,y, §),

where Py(z,y,£) and Q2(x,y,&) are high order smooth functions of (z,y) and the
coefficients depend smoothly on & and &

Glo(aozalo - CL01CL11) Qo2
o0 = 5 + a0, To2 = —-, Soo = Ao1boo, S10 = —a1obo1 + ao1bio,
apy apy
3 3
agaaiy + baoay, + apiaio <@10(b()2 — a11) + ap1(ax — bn))
So1 = aio+ b1, S20 = 5 )
Qp1
_ agaaio + ao1boz
Sp2 — 3 .
Qo1
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Under ¢ change of coordinates in a small neighborhood of (0, 0)

2

502 o

T1 =T — —T — Ty,
_ 2

Y1 =Y + T — Sp2Y,

system (19) becomes

T1 = Y1021 + Yo1y1 + 72035% +ynziyr + Ps(x1, y1, ), (20)
Y1 = Moo + Niox1 + No1y1 + 7]2013% + iy + Qs(x1, v1, ),

where P3(x1,y1,€) and Q3(x1,y1,&) are high order smooth functions of (z1,y;) and
the coefficients depend smoothly on & and &,
1
Y10 = — T02500, Yo1 = 1, Y11 = —T02(T02500 + So01), Y20 = —57’02 SooSo2 + 2810 |,

Moo =S00, 710 = —So00S02 + S10, Mo1 = So1, Th1 = 7’02(2 — So0S02 1 810);

1
N20 = — 720501 — 5802 Sp0S02 T S10 | + S20-

Again under ¢ change of coordinates in a small neighborhood of (0, 0)

Y11 o

U=z — —7,
2701

v=y (710711 ’720)962

= — - )

274, 7Yo1 !

system (20) can be transformed as

{ U = a10u+a01U+P4(U>U>§>v (21)

0 = Boo + Biou + Borv + Bagu® + Sriuv + Qa(u,v,§),

where Py(u,v,£) and Q4(u,v,&) are high order smooth functions of (u,v) and the
coefficients depend smoothly on & and &,

Y1011

Q10 =710, Qo1 = Yo1, Boo = Moo, Bio = Mo Lor = No1, P = _’Y— + 27920 + 111,
01
Yo1 (4710720 + Mo1 (711 — 2720)) + V10711 (01 — 2710)
Bao =20 + 52 )
Yo1
Let

T =u,
Yy = aiou + o1V + P4(U, v, 5)7
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then system (21) becomes

{ =y, (22)

U =co+ax+ ey + cza + cary + Qs(x,y,€),

where Qs5(x,y, &) is high order smooth function of (x,y) and the coefficients depend
smoothly on & and &,

co =o1P00, €1 = 1810 — @10P01, C2 = 10 + Bo1, €3 = ap1f — 1011,
¢y =P
Due to the complexity of the expression of ¢z, it is difficult to determine its sign.

Therefore, we consider the following two cases.
Case 1: If ¢35 > 0, for small & and &, we make the following transformation

Y
X=x Y=—" = \/cst.
€, \/0—37 T C3

System (22) turns into

X =Y,
. Co C1 Co 2 Cy (23)
Y=—4+—-"X+—""Y+ X"+ —XY + X,Y &),

ot & o Qs £)

where Q4(X, Y, £) is high order smooth function of (X, Y’) and the coefficients depend
smoothly on & and &. To annihilate the term X of the second equation for system
(23), taking

u:X—l—i,v:Y,
2C3

system (23) can be changed as

2

_ Ca C1C4 2 €4

o= (=2~ L)+ _ v+ ut+ UU+Q7U7U7§7
(Cs 40%) (\/ Cs 23y 03) Vs ( )

where Q7(u, v, €) is high order smooth functions of (u,v) and the coefficients depend

smoothly on & and &. Suppose that 511(&;,&) # 0 for small & and &, o # 0,
C3

N

(24)

using change of coordinates




we obtain the versal unfolding of perturbed system (17)

{ t=Y, (25)
Y= pa(&r, &) + po(&r, &)y + 2° + xy + Qs(w,y, &),

where )

4
Ml(fbfz) = (Co - i) & N2(§1>52) = <C2 - %) %7 (26)

deg ) 3 2¢3 ) c3

and Qg(z,y, &) is high order smooth functions of (x,y) and the coefficients depend
smoothly on & and &.
Case 2: If ¢35 < 0, following the similar steps of case 1, one can obtain the
versal unfold of the perturbed system (17) analogical to system (25). Therefore,
0
if |M\&:5Fo # 0, the parameter transformations (26) are homeomorphism

a(gla 52)
in a small neighborhood of the origin. By the result in [28], system (6) undergoes

Bogdanov-Takens bifurcation of codimension 2 in a small neighborhood of E* as
(&1,&) varies near the origin. The local expression of the bifurcation curves in a
small neighborhood of the origin are

1) saddle-node bifurcation curve

SN = {(&1,&) 1 11(61,&2) =0, pa(&r,&2) # 0

2) Hopf bifurcation curve

H = {(&,8) 1 pa(&1,62) = £/ (&1, 82), 11(61,62) < 0};
3) homoclinic bifurcation curve

HL = {(&,8) : p2(61,&) = ig —p (&, &), (&, &) < 0}

Besides, from the expression of c3 and ¢4, we have the following conclusions.

1. If c3e4 > 0, system (6) undergoes a repelling Bogdanov-Takens bifurcation of
codimension 2. Therefore, for some parameters, there exists an unstable limit
cycle and unstable homoclinic loop will occur for other parameter values.

2. If ¢3¢y < 0, system (6) undergoes an attracting Bogdanov-Takens bifurcation
of codimension 2. Therefore, for some parameter values, there exists a stable
limit cycle and stable homoclinic loop will occur for other parameter values.
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5 Numerical simulations

In this section, we provide numerical simulations to demonstrate the existence of
transcritical bifurcation, saddle-node bifurcation, Hopf bifurcation, homoclinic bi-
furcation and Bogdanov-Takens bifurcation. Bifurcation diagrams, phase portraits
and time series are presented under the following conditions

ay =0.5, g = 1.33578, hy = 0.2, v = 0.2. (27)
ay =0.078796, ap = 0.9, hy = 0.778082, v = 0.03. (28)

In the bifurcation diagrams, equilibrium is stable (unstable) on the solid (dashed)
line. The signs L, B, H and BT represent the saddle-node bifurcation point, trans-
critical bifurcation point, Hopf bifurcation point and Bogdanov-Takens bifurcation
point respectively.

Figure 5 shows transcritical bifurcation and saddle-node bifurcation diagrams

of system (6) with respect to the bifurcation parameter h; under condition (27).
In Figure 5(a) the trivial equilibrium O(0,0) is unstable and interior equilibrium
FE1(0.110959,
1.26736) is stable when hy < 1. On the other hand when h; crosses the vertical line
hy = hTC =1 to the right, i.e hy > 1 = hTC the trivial equilibrium O(0,0) be-
comes stable. At h; = hT¢ = 1, the trivial equilibrium and interior equilibrium
F1(0.110959, 1.26736) exchanges their stability, and system (6) undergoes trans-
critical bifurcation. Figure 5(b) displays saddle-node bifurcation diagram around
F1(0.503967,0.848173) with respect to hy for hy = h{N = 0.244047. System (6)
has a stable node and saddle point for h; < 0.244097. At hy = AN = 0.244097,
the stable node and saddle point collide, and disappeared for the parameter h; >
RN = 0.244097. Figure 6 presents saddle-node and Hopf bifurcation diagrams of
system (6) with respect to the bifurcation parameter hy at £;(0.147947,1.04083) and
F1(0.110953,1.26739) respectively under condition (28). If Hopf bifurcation curve
crosses the vertical line hy = 0.0809563 to the left, system (6) generates an unstable
equilibrium point and a stable limit cycle at hy = 0.075. The phase portrait and
the corresponding time diagram of Hopf bifurcation in Figure 6(b) are presented in
Figure 7(a) and Figure 7(b) respectively.

Figure 8 is Bogdanov-Takens bifurcation diagram around at £*(0.533333, 0.886239)
in ho — g parametric space for ay = 0.5, ,h; = 0.2, v = 0.2. The red line is Hopf
bifurcation curve and the blue line is fold bifurcation curve. Bogdanov-Takens bifur-
cation is the point of tangency of Hopf bifurcation curve and fold bifurcation curve.

The analytic result in Theorem 4.7 shows the existence of bifurcation curves in a
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() (b)

Figure 5: Bifurcation diagrams for system (6) with respect to the bifurcation parame-
ter hy under condition (27). (a) Transcritical bifurcation at O(0,0) for h; = hT¢ = 1.
(b) Saddle-node bifurcation at E;(0.503967,0.848173) for hy = h¥™N = 0.244047.

small neighborhood of the Bogdanov-Takens point which divide the parameter plane
into four sub-regions. For oy = 0.5, ,hy = 0.2, v = 0.2, the critical values of the
bifurcation parameters becomes aéBT] = 2.05441 and h[QBT] = 0.459376. For small
value of & and &, we have

p1 (€1, &) = — 7.08019&; + 22.0597&, + 3.42967 — 21.3674€,&, + 33.2871&3,

(&1, &) = — 2.04556€, + 4.04788¢, + 0.33109767 — 1.24408¢,&, + 0.662051£2,

and det(J)|e,—¢,—0 = —20.3795 # 0, where

O O

(s e
S

96 0&
Moreover,
c3 =0.671618 4 0.412693¢; — 0.26258&, — 0.0043378¢7 + 0.1765¢,&,
—0.507809&5 4 0(£%) > 0,
cy = — 2.3003 + 0.298929¢; — 0.9314&, + 0.172809¢7 — 0.66762€,&,
+0.402549€3 + 0(£%) < 0.
Therefore, system (6) undergoes attracting Bogdanov-Taken bifurcation of codimen-

sion 2. The local representations of the bifurcation curves up to second-order ap-
proximations are
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Figure 6: Bifurcation diagrams for system (6) with respect to the bifurcation param-
eter he under condition (28). (a) Saddle-node bifurcation at E;(0.147947,1.04083)
for hy = k5N = 0.0900955. (b) Hopf bifurcation at E;(0.110953,1.26739) for
he = h = 0.0809563.
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Figure 7: Phase portrait and corresponding time series for Figure 6(b) . (a) Phase
portrait of the stable limit cycle created by supercritical Hopf bifurcation. (b) Time
series of the stable limit cycle
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Figure &: Bogdanov-Takens bifurcation diagram of system (6)
E*(0.533333,0.886239) in hy — ay plane for oy = 0.5, ,hy = 0.2, v = 0.2.
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Figure 9: Attracting Bogdanov-Takens bifurcation diagram of system (17) in & —
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1) saddle-node bifurcation curve

SN = {(£&1,6) : —T.08019&, + 22.0597€, + 3.42062 — 21.3674€, &, + 33.2871€2 =
Oa H2 7é 0}7

2) Hopf bifurcation curve
H = {(&,&) : —7.08019&; +22.0597&, + 7.6133387 — 37.9278&1 &, +49.672485 =
07 H1 < 0}7

3) homoclinic bifurcation curve
HL = {(&, &) : —3.61234& +11.25498,+5.93382£7 —27.4621&, £+ 33.368585 =
0, < 0}

Figure 9 is the sketch of the bifurcation curves. The red curve, blue curve and black
curve represent the saddle-node bifurcation, Hopf bifurcation and homoclinic bifur-
cation curve respectively. These curves divide the neighborhood of the origin into
four regions. The phase portraits in each region are displayed in Figure 10. For
(&1,&) = (0,0), the unique interior equilibrium is a cusp of codimension 2 ( see
Figure 10(a)). In region I, there is no interior equilibrium (see Figure 10(b)), and
both species will tend to extinction for all initial values. There is a unique interior
equilibrium (a saddle-node) on the saddle-node bifurcation curve SN. Moving clock-
wise across the saddle-node SN curve into region II, a stable hyperbolic focus and a
hyperbolic saddle appear (see Figure 10(c)). There are two interior equilibria on the
Hopf bifurcation curve: a stable focus and a hyperbolic saddle. If the parameters
cross the Hopf bifurcation curve into region III, a stable limit cycle enclosing an un-
stable hyperbolic focus will appear through the supercritical Hopf bifurcation, and
hyperbolic saddle also exists (see Figure 10(d)). If the parameter leave region III
and lie on homoclinic bifurcation curve HL, a stable homoclinic loop enclosing an
unstable hyperbolic focus will occur through the homoclinic bifurcation (see Figure
10(e)). Finally, in region IV, an unstable hyperbolic focus and a saddle point appear
(see Figure 10(f)).
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(c) & = —0.3065 & & = —0.102. (d) & = —0.306 & & = —0.105.

Figure 10: Phase portraits of the perturbed system (17). (a) A cusp of codimension
2. (b) No interior equilibria in the region I. (c) Stable hyperbolic focus and saddle
point in the region II. (d) Unique and stable limit cycle enclosing unstable hyperbolic
focus and saddle point in the region III.
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(e) & = —0.306 & & = —0.1116 (F) & = —0.306 & & = —0.13.

Figure 10: Continued figures
(e) Stable homoclinic loop enclosing unstable hyperbolic focus F4(0.45543,1.008).
(f) Unstable hyperbolic focus and a saddle point in the region VI.
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6 Conclusion

In this paper, we studied the dynamics of a predator-prey model with Cosner type
functional response and combined harvesting. The analysis reveals that harvesting
of both the prey and the predator species play an important role in determining the
dynamics and bifurcations of the model. In comparison to the model with no or
constant prey harvesting, our model generates many novel dynamical behaviors. For
example, the trivial boundary equilibrium O(0,0), which was a hyperbolic saddle
in the original model (model with no harvesting) and did not exist in the constant
prey harvesting model, appears to be a locally asymptotically stable equilibrium in
our model. The point that occurred in the original model, a high consumption rate
caused the extinction of the predators, does not occur in the new model.

The model also exhibits different types of codimension one and codimension two
bifurcations including transcritical bifurcation, saddle-node bifurcation, Hopf bifur-
cation, homoclinic bifurcation and Bogdanov—Takens bifurcation. It presents steady-
state behavior, limit cycle, homoclinic loop, and the extinction of one or both species
in close proximity to the BT point. If the limit cycle collides with a saddle point, a
homoclinic loop is formed. In that case, the oscillation of population density of both
species becomes maximal, i.e., the system has the big limit cycle on the homoclinic
bifurcation line. On one side of the homoclinic bifurcation line, all species survive,
while on the other, one or both species may become extinct.
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