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Abstract

Nonlinear partial differential equations with higher order dispersion terms play an important role in dynamics research. In

this paper, the fifth order KdV equation with high order dispersion term is studied and discussed. Firstly, the bilinear form

of the fifth order KdV equation with high order dispersion term is derived by Hirota bilinear form. Then, the combined test

function of the positive quartic function, quadratic function, exponential function and the interaction solution of the hyperbolic

function of the fifth order KdV equation with variable coefficients is constructed, and the resonance multi-soliton test function

of the equation is constructed by using the linear superposition principle.By means of mathematical symbol calculation, the

interaction solution between high-order Lump solution and periodic cross kink solution of the fifth order KdV equation with

variable coefficients and its resonance multi-solitons are solved.And by observing its corresponding graph analysis of its physical

phenomenon.
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Summary

Nonlinear partial differential equations with higher order dispersion terms play an
important role in dynamics research. In this paper, the fifth order KdV equation with
high order dispersion term is studied and discussed. Firstly, the bilinear form of the
fifth order KdV equation with high order dispersion term is derived by Hirota bilin-
ear form. Then, the combined test function of the positive quartic function, quadratic
function, exponential function and the interaction solution of the hyperbolic function
of the fifth order KdV equation with variable coefficients is constructed, and the res-
onance multi-soliton test function of the equation is constructed by using the linear
superposition principle.By means of mathematical symbol calculation, the interac-
tion solution between high-order Lump solution and periodic cross kink solution
of the fifth order KdV equation with variable coefficients and its resonance multi-
solitons are solved.And by observing its corresponding graph analysis of its physical
phenomenon.

KEYWORDS:
Higher order dispersion term, fifth-order KdV equation with variable coefficients, Hirota bilinear,
interaction solutions, resonant multisolitons

1 INTRODUCTION

Nonlinear partial differential equations (PDEs) have become very popular in natural science and social science, especially in
plasma physics[1], ocean dynamics, lattice dynamics and fluid dynamics, etc. The most famous of the KdV equations in PDEs
is the KdV equation So far, many scholars have done a lot of research on nonlinear constant coefficient and variable coefficient
KdV equation, and put forward a variety of effective methods. For example: Backlund transform method[2−3], Hirota bilinear
method[4−6], (G∕G′)-expansion method [7], linear superposition principle [8], Wronskian[9], Self similar transformation[10].
At the same time, it is found that the physical linearity described by each type of KdV equation is different. For example, in

reference[11], the propagation characteristics of isolated waves in the ocean are described, and the effects of dissipation term
and perturbation term contained in the KdV equation on the elastic collision of two isolated waves in the ocean are given.
In reference[12], unstable drift waves in plasma physics are described. In reference[13], the propagation of solitons in non-
uniform propagation media in quantum mechanics, nonlinear mechanics and other fields is described. In reference[14], isolated
waves with large amplitude in atmosphere and ocean are described. In reference[15], the propagation depth and width of small
amplitude surface waves in large channels and channels are slowly changed by simulation to keep vorticity not disappearing.
After more in-depth research on PDEs, scholars found that the coefficient of dissipation term of KdV equation with variable

†Study on generalized variable coefficient fifth-order KdV equation based on higher order dispersion term
0Abbreviations:Higher order dispersion term; fifth-order KdV equation with variable coefficients; Hirota bilinear; interaction solutions; resonant multisolitons



2 AUTHOR ONE ET AL

coefficient changes with time and space, and the equation with variable coefficient can better describe the physical phenomenon
and properties behind it. Therefore, in recent years, the study of KdV equation with variable coefficient also increases, and it
is found that the method used in the study of constant coefficient can also be used in the study of KdV equation with variable
coefficient, and some progress has been made. For example:[16]The author uses the Pfaffians form to express the multi-soliton
solution of the KdV equation with variable coefficients, and further analyzes the properties of the understood dynamics. [17]The
author constructs two sets of exact periodic and soliton solutions of the fifth order KdV equation with variable coefficients and
linear damping terms using the improved sine-cosine method. [18]The author first obtained the n-soliton solution of the KdV
equation with variable coefficients in (2+1) dimension by using the Bell polynomial method, and analyzed the effects of soliton
fission, fission and rear-end collision on the coefficients. Then the Backlund transformation of the equation was obtained, and
the periodic wave solution of the equation was obtained by using the Riemannian function method.
This paper mainly studies the generalized variable coefficient Kortewey-de Vries(KdV) equation with higher order dissipative

terms. The form of the generalized variable coefficient KdV equation is

ut + a(t)uux + b(t)uxxx + c(t)u2ux + d(t)uxu2x + e(t)uuxxx + f (t)uxxxxx + g(t)ux)−1x uy + ℎ(t)uxxy + k(t)uuy = 0. (1)

or

ut + a(t)uux + b(t)uxxx + c(t)u2ux + d(t)uxu2x + e(t)uuxxx + f (t)uxxxxx + g(t)uxv + ℎ(t)vxxx + k(t)uvx = 0,
uy = vx.

where u = u(x, y, t) in Eq.(1) is the function space of x, y, t. And a(t), c(t), d(t), e(t), g(t), k(t) are nonlinear term of time
t, b(t), ℎ(t) for linear dispersion of time t, f (t) for higher-order dispersion on time t. Eq.(1) tension waves on a gravitational
surface at a fluid interface, where surface tension, gravity, and fluid inertia are affected.
The amplitude, shape and velocity of the solitons correspond to the initial state one by one in elastic collision. While the

solitons interact with each other, one soliton can be split after collision, and two or more solitons can be split into inelastic
collision. The physical phenomenon of inelastic collision is called soliton fission, and conversely, it is called soliton fusion. The
variable coefficients of f (t) and l(t) in Eq.(1) can lead to fusion and fission of solitons.
In this paper, bilinear method and linear superposition principle are used to solve the generalized KdV equation with high

order dispersive term respectively, and the law of the high order dispersive term changing with time is studied. In the second
part, the bilinear form of the fifth order KdV equation with variable coefficients is obtained by Hirota bilinear method. In the
third part, the interaction solution of high-order Lump solution and periodic cross kink solution of the equation is obtained by
constructing positive quartic function, quadratic function and the combination of exponential function and hyperbolic function.
In the fourth part, the test function of the fifth order KdV equation with bilinear variable coefficients is constructed by means
of the principle of linear superposition. Mathematical software was used to carry out symbolic calculation, and several groups
of interaction solutions between high-order Lump solution and periodic cross kink solution and resonance multi-solitons were
obtained, complementing the research on the exact solution of generalized variable coefficient fifth-order KdV equation. Finally,
the conclusion is given in section 5.

2 FIFTH ORDER KDV EQUATIONWITH VARIABLE COEFFICIENTS

1. When c(t) = �, d(t) =  , e(t) = �, f (t) = �, a(t) = g(t) = ℎ(t) = k(t) = 0, Eq.(1) transforms into the generalized fifth order
KdV equation[19] with constant coefficients.

ut + �uxxxxx + �uuxxx + uxuxx + �u2ux = 0, (2)

Using ansatz and Jacobi elliptic function expansion method, the elliptic cosine wave solution of the equation is constructed.
2. When a(t) = b(t) = g(t) = ℎ(t) = k(t) = 0, Eq.(1) transforms into Variable coefficient sawada-kotera equation[20].

ut + f (t)u2ux + g(t)uxux2 + ℎ(t)uux3 + k(t)ux5 = 0, (3)

The auto-Backlund transform, soliton solution and random soliton solution are obtained by using Hermite transform in
Kondrativ distribution space.
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3. When k(t) = 4ℎ(t) = 2g(t), a(t) = 6b(t), c(t) = d(t) = e(t) = f (t) = 0, Eq.(1) is transformed into a generalized 2+1
dimensional equation[21]

ut − ℎ1(4uuy + 2ux)−1x uy + uxxy) − ℎ2(6uux + uxxx) = 0, (4)

The bilinear form, bilinear Backlund transformation, Lax pair and Darboux transformation are constructed by using binary
Bell polynomials. The equation is simplified into integrable equation, and the infinite conservation law of the equation is obtained
by using binary Bell polynomials.
In this part, the Hirota bilinear method is used to obtain the bilinear form of Eq.(1), and then the form of solution is constructed

to obtain the interaction solution of the equation. First use the transformation of related variables

u = 2(ln g)xx, (5)

Convert Eq.(1) to the bilinear equation as follows

BKdV (g) = (DxDt + b(t)D4
x + f (t)D

6
x + ℎ(t)D

3
xDy)g ⋅ g

= −gtgx + ggxt + 3b(t)g2xx − 4b(t)gxgxxx − 10f (t)g
2
xxx + b(t)ggxxxx + 15f (t)gxxgxxxx

−6f (t)gxgxxxxx + f (t)ggxxxxxx + ℎ(t)ggxxxy − 3ℎ(t)gxgxxy + 3ℎ(t)gxxgxy − ℎ(t)gxxxgy
= 0. (6)

where g = g(x, y, t), D-operator is defined by reference[22] :

Dm
xD

n
yD

k
t fg = (

)
)x

− )
)x′

)m( )
)y
− )
)y′

)n( )
)t
− )
)t′
)kf (x, y, t)g(x′, y′, t′)|x′=x,y′=y,t′=t.

3 INTERACTION SOLUTION BETWEEN HIGH-ORDER LUMP SOLUTION AND
PERIODIC CROSS KINK SOLUTION

In order to obtain the interaction solution between the high-order Lump solution and the periodic cross kinking solution of the
generalized KdV equation of the fifth order with variable coefficients, the following positive quartic function, quadratic function
and the test function of the combination of exponential function and hyperbolic function are assumed

g = e−p1�1 + k1ep1�2 + k2 cos(p2�2) + k3 cosh(�3) + k4 sinh(�4) + k5 sin(�5) + a21. (7)

where
�1 = a1x + a2y + a3(t) + a4,
�2 = a5x + a6y + a7(t) + a8,
�3 = a9x + a10y + a11(t) + a12,
�4 = a13x + a14y + a15(t) + a16,
�5 = a17x + a18y + a19(t) + a20,

where ai(2 ≤ i ≤ 21), kj(1 ≤ j ≤ 5) are constant. A set of algebraic equations about ai(1 ≤ i ≤ 21, and i ≠ 3, 7, 9, 11, 15, 19)
are obtained by substituting Eq.(7) into Eq.(1) and making the coefficients of x and y zero. By solving this set of overdetermined
equations, we can find the following sets of rich solutions.
Case 1:

{

a1 = 0, a3(t) = a3(t), a5 = 0, a9 = 0, a11(t) = ∫ t
a a

2
17a10ℎ(s) ds, a13 = 0, p1 = 0,

a15(t) = ∫ t
a a

2
17a14ℎ(s) ds, a19(t) = ∫ t

a 4a
2
17f (s) ds, k1 = 0, k2 = 0, f (t) = f (t), ℎ(t) = ℎ(t),

(8)

a2,a4,a6,a8,a10,a12,a14,a16,a18,k3,k4,k5,p2 are all constants. a17 is a constant that is not equal to zero, and the relation between
the dispersion term of Eq.(1) and the higher-order dispersion term is b(t) = 5a317f (t)−a18ℎ(t)

a17
. The exact solution of Eq.(1) can be

obtained by transformation (5).
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u1(x, y, t) =
Φ1
Ψ1

(9)

where
Φ1 = −2a217k5(sin(a19(t) + a17x + a18y + a20)(k4 sinh

(

a15(t) + a14y + a16
)

+
k3 cosh

(

a11(t) + a10y + a12
)

+ a21 + 1) + k5),
Ψ1 = 2k5 sin

(

a19(t) + a17x + a18y + a20
)

(k4 sinh
(

a15(t) + a14y + a16
)

+
k3 cosh(a11(t) + a10y + a12) + a21 + 1) + 2

(

a21 + 1
)

k4 sinh(a15(t) + a14y + a16) +
k23 cosh

(

a11(t) + a10y + a12
) 2 + k24 cosh

(

a15(t) + a14y + a16
) 2 +

(

a21 + 1
) 2

+2k3 cosh(a11(t) + a10y + a12)(k4 sinh
(

a15(t) + a14y + a16
)

+ a21 + 1) − k24 + k
2
5

−k25 cos
(

a19(t) + a17x + a18y + a20
) 2.

Case 2:
{

a1 = 0Ca, a3(t) = ∫ t
a a

2
17a2ℎ(s) ds, a5 = 0, a7(t) = a7(t), a9 = 0, a11(t) = ∫ t

a a
2
17a10ℎ(s) ds, a13 = 0,

a15(t) = ∫ t
a a

2
17a14ℎ(s) ds, a19(t) = ∫ t

a 4a
5
17f (s) ds, k1 = 0, k2 = 0, f (t) = f (t), ℎ(t) = ℎ(t),

(10)

a2,a4,a6,a8,a10,a12,a14,a16,a18,ki(3 ≤ i ≤ 5),p1,p2 are all constants. a17 is a constant that is not equal to zero, and the relation
between the dispersion term of Eq.(1) and the higher-order dispersion term is b(t) = 5a317f (t)−a18ℎ(t)

a17
. The exact solution of Eq.(1)

can be obtained by transformation (5).

u2(x, y, t) =
Φ2
Ψ2
, (11)

where
Φ2 = −2a217k5(sin(a19(t) + a17x + a18y + a20)(k4 sinh(a15(t) + a14y + a16) +

k3 cosh(a11(t) + a10y + a12) + a21) + e−p1(a3(t)+a2y+a4) sin(a19(t) + a17x + a18y + a20) + k5),
Ψ2 = e−p1(a3(t)+a2y+a4)(2k5 sin(a19(t) + a17x + a18y + a20) + 2k4 sinh(a15(t) + a14y + a16) +

2k3 cosh(a11(t) + a10y + a12) + 2a21) − k25 cos(a19(t) + a17x + a18y + a20)
2 +

sin(a19(t) + a17x + a18y + a20)(2k4k5 sinh(a15(t) + a14y + a16) + a221 − k
2
4 + k

2
5

+2k3k5 cosh(a11(t) + a10y + a12) + 2a21k5) + 2a21k4 sinh(a15(t) + a14y + a16) +
k23 cosh(a11(t) + a10y + a12)

2 + k24 cosh(a15(t) + a14y + a16)
2 + cosh(a11(t) + a10y + a12)

(2k4k3 sinh(a15(t) + a14y + a16) + 2a21k3) + e−2p1(a3(t)+a2y+a4).

Case 3:

{

a1 = 0, a3(t) = a3(t)a5 = 0, a7(t) = a7(t), a9 = 0, a11(t) = − ∫ t
a a

2
13a10ℎ(s) ds, k1 = 0, k2 = 0,

a15(t) = 4 ∫
t
a a

5
13f (s) ds, a17 = 0, a19(t) = − ∫ t

a a
2
13a18ℎ(s) ds, p1 = 0, f (t) = f (t), ℎ(t) = ℎ(t),

(12)

a2,a4,a6,a8,a10,a12,a13,a14,a16,a18,ki(3 ≤ i ≤ 5),p2 are all constants. a13 is a constant that is not equal to zero, and the relation
between the dispersion term of Eq.(1) and the higher-order dispersion term is b(t) = − 5a313f (t)+a14ℎ(t)

a13
. The exact solution of Eq.(1)

can be obtained by transformation (5).

u3(x, y, t) =
Φ3
Ψ3
, (13)

where
Φ3 = 2a213k4(k4 sinh

(

a15(t) + a13x + a14y + a16
) 2 − k4 cosh(a15(t) + a13x + a14y + a16)2 +

sinh(a15(t) + a13x + a14y + a16)(k5 sin(a19(t) + a18y + a20) + k3 cosh(a11(t) + a10y +
a12) + a21 + 1)),

Ψ3 = (k4 sinh(a15(t) + a13x + a14y + a16) + k5 sin(a19(t) + a18y + a20) +
k3 cosh(a11(t) + a10y + a12) + a21 + 1)2.
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Case 4:

{

a1 = 0, a3(t) = − ∫ t
a a

2
13a2ℎ(s) ds, a5 = 0, a9 = 0, a11(t) = − ∫ t

a a
2
13a10ℎ(s) ds, k1 = 0,

a15(t) = 4 ∫
t
a a

5
13f (s) ds, a17 = 0, a19(t) = − ∫ t

a a
2
13a18ℎ(s) ds, k2 = 0, f (t) = f (t), ℎ(t) = ℎ(t),

(14)

a2,a4,a6,a8,a10,a12,a13,a14,a16,a18,ki(3 ≤ i ≤ 5),p1,p2 are all constants. a13 is a constant that is not equal to zero, and the
relation between the dispersion term of Eq.(1) and the higher-order dispersion term is b(t) = − 5a313f (t)+a14ℎ(t)

a13
. The exact solution

of Eq.(1) can be obtained by transformation (5).

u4(x, y, t) =
Φ4
Ψ4
, (15)

where
Φ4 = 2a213k4(k4 sinh

(

a15(t) + a13x + a14y + a16
) 2 − k4 cosh

(

a15(t) + a13x + a14y + a16
) 2

+ sinh
(

a15(t) + a13x + a14y + a16
)

(k5 sin
(

a19(t) + a18y + a20
)

+ k3 cosh(a11(t) + a10y

+a12) + a21) + e−p1(a3(t)+a2y+a4) sinh
(

a15(t) + a13x + a14y + a16
)

),
Ψ4 = (k4 sinh

(

a15(t) + a13x + a14y + a16
)

+ k5 sin
(

a19(t) + a18y + a20
)

+

k3 cosh
(

a11(t) + a10y + a12
)

+ e−p1(a3(t)+a2y+a4) + a21)2.

Case 5:

{

a1 = 0, a3(t) = a3(t), a5 = 0, a7(t) = a7(t), a9 = 0, a10 = 0, a11(t) = 0, a14 =
a13a18
a17

, a15(t) = 0,
a19(t) = 0, k1 = 0, k2 = 0, p1 = 0, f (t) = 0, ℎ(t) = ℎ(t),

(16)

a2,a4,a6,a8,a12,a13,a16,a18,a20,a21,ki(3 ≤ i ≤ 5),p2 are all constants. a17 is not equal to zero for the constant, Eq.(1) the high
order dispersion is zero, the relationship between a linear dispersion b(t) = − a18ℎ(t)

a17
. The exact solution of Eq.(1) can be obtained

by transformation (5).

u5(x, y, t) =
Φ5
Ψ5
, (17)

where
Φ5 = −2a217k5

(

k3 cosh
(

a11(t) + a12
)

+ a21 + 1
)

sin
(

a19(t) + a17x + a18y + a20
)

−

2k4 sinh

(

a17a15(t) + a17
(

a13x + a16
)

+ a13a18y
a17

)

(
(

a217 − a
2
13
)

k5 sin(a19(t) + a17x +

a18y + a20) − a213(k3 cosh
(

a11(t) + a12
)

+ a21 + 1)) − 4a13a17k4k5 cos(a19(t)

2a217k
2
5 − 2a

2
13k

2
4 + a17x + a18y + a20) cosh(

a17a15(t) + a17
(

a13x + a16
)

+ a13a18y
a17

),

Ψ5 = +2k5
(

k3 cosh
(

a11(t) + a12
)

+ a21 + 1
)

sin
(

a19(t) + a17x + a18y + a20
)

+

2k4 sinh

(

a17a15(t) + a17
(

a13x + a16
)

+ a13a18y
a17

)

(k5 sin
(

a19(t) + a17x + a18y + a20
)

+

k3 cosh
(

a11(t) + a12
)

+ a21 + 1) + 2
(

a21 + 1
)

k3 cosh
(

a11(t) + a12
)

+
k23 cosh(a11(t) + a12)

2 + (a21 + 1)2 − k24 + k
2
5 − k

2
5 cos(a19(t) + a17x + a18y + a20)

2

+k24 cosh(
a17a15(t) + a17(a13x + a16) + a13a18y

a17
)2.

Case 6:

{

a1 = 0, a2 = 0, a3(t) = 0, a5 = 0, a7(t) = a7(t), a9 = 0, a10 = 0, a11(t) = 0,
a14 =

a13a18
a17

, a15(t) = 0, a19(t) = 0, k1 = 0, k2 = 0, f (t) = 0, ℎ(t) = ℎ(t),
(18)



6 AUTHOR ONE ET AL

a4, a6, a8, a12, a13, a16, a18, a20, a21, ki(3 ≤ i ≤ 5), p1,p2 are all constants. a17 is not equal to zero for the constant, Eq.(1)
the high order dispersion is zero, the relationship between a linear dispersion b(t) = − a18ℎ(t)

a17
. The exact solution of Eq.(1) can

be obtained by transformation (5).

u6(x, y, t) =
Φ6
Ψ6
, (19)

where
Φ6 = −2a217k5

(

k3 cosh
(

a11(t) + a12
)

+ e−p1(a3(t)+a4) + a21
)

sin
(

a19(t) + a17x + a18y + a20
)

+2k4 sinh

(

a17a15(t) + a17
(

a13x + a16
)

+ a13a18y
a17

)

(a213(k3 cosh(a11(t) + a12) +

e−p1(a3(t)+a4) + a21) + (a213 − a
2
17)k5 sin(a19(t) + a17x + a18y + a20)) − 4a13a17k4k5

cos
(

a19(t) + a17x + a18y + a20
)

cosh

(

a17a15(t) + a17
(

a13x + a16
)

+ a13a18y
a17

)

−2a217k
2
5 − 2a

2
13k

2
4,

Ψ6 = 2k5
(

k3 cosh
(

a11(t) + a12
)

+ e−p1(a3(t)+a4) + a21
)

sin
(

a19(t) + a17x + a18y + a20
)

+

2k4 sinh

(

a17a15(t) + a17
(

a13x + a16
)

+ a13a18y
a17

)

(k5 sin
(

a19(t) + a17x + a18y + a20
)

+k3 cosh(a11(t) + a12) + e−p1(a3(t)+a4) + a21) + e−p1(a3(t)+a4)(2k3 cosh(a11(t) + a12)
+2a21) − k25 cos(a19(t) + a17x + a18y + a20)

2 + 2a21k3 cosh(a11(t) + a12) +
k23 cosh(a11(t) + a12)

2 + e−2p1(a3(t)+a4) + a221 − k
2
4 + k

2
5

+k24 cosh(
a17a15(t) + a17(a13x + a16) + a13a18y

a17
)2.

Case 7:

{

a1 = 0, a3(t) = a3(t), a5 = 0, a7(t) = a7(t), a9 = 0, a11(t) = 0, a15(t) = 0,
a19(t) = 0, k1 = 0, k2 = 0, p1 = 0, f (t) = 0, ℎ(t) = 0, b(t) = 0,

(20)

a2, a4, a6, a8, a10, a12, a13, a14, a16, a18, a20, a21, ki(3 ≤ i ≤ 5), p2 are all constants. Both the dispersion term and the
higher-order dispersion term of Eq.(1) are zero. The exact solution of Eq.(1) can be obtained by transformation (5).

u7(x, y, t) =
Φ7
Ψ7
, (21)

where
Φ7 = −4a13a17k4k5 cos(a19(t) + a17x + a18y + a20) cosh(a15(t) + a13x + a14y + a16) −

2a217k5(k3 cosh(a11(t) + a10y + a12) + a21 + 1) sin(a19(t) + a17x + a18y + a20) − x
+a14y + a16) − 2k4 sinh(a15(t) + a13x + a14y + a16)(

(

a217 − a
2
13
)

k5 sin(a19(t) +
a17x + a18y + a20) − a213

(

k3 cosh
(

a11(t) + a10y + a12
)

+ a21 + 1
)

) − 2a217k
2
5 − 2a

2
13k

2
4,

Ψ7 = −k25 cos
(

a19(t) + a17x + a18y + a20
) 2 + k24 cosh

(

a15(t) + a13x + a14y + a16
) 2 +

2k5
(

k3 cosh
(

a11(t) + a10y + a12
)

+ a21 + 1
)

sin
(

a19(t) + a17x + a18y + a20
)

+
2k4 sinh

(

a15(t) + a13x + a14y + a16
)

(k5 sin
(

a19(t) + a17x + a18y + a20
)

+
k3 cosh(a11(t) + a10y + a12) + a21 + 1) + 2

(

a21 + 1
)

k3 cosh
(

a11(t) + a10y + a12
)

+k23 cosh
(

a11(t) + a10y + a12
) 2 +

(

a21 + 1
) 2 − k24 + k

2
5.

Case 8:

{

a1 = 0, a3(t) = a3(t), a5 = 0, a7(t) = a7(t), a9 = 0, a11(t) = 0,
a15(t) = 0, a19(t) = 0, k1 = 0, k2 = 0, f (t) = 0, ℎ(t) = 0, b(t) = 0,

(22)
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a2, a4, a6, a8, a10, a12, a13, a14, a16, a17, a18, a20, a21, ki(3 ≤ i ≤ 5), p1, p2 are all constants. Both the dispersion term and the
higher-order dispersion term of Eq.(1) are zero. The exact solution of Eq.(1) can be obtained by transformation (5).

u8(x, y, t) =
Φ8
Ψ8
, (23)

where
Φ8 = e−p1(a3(t)+a2y+a4)(2a213k4 sinh

(

a15(t) + a13x + a14y + a16
)

− 2a217k5 sin(a19(t)
+a17x + a18y + a20)) − 4a13a17k4k5 cos

(

a19(t) + a17x + a18y + a20
)

cosh(a15(t)
+a13x + a14y + a16) − 2a217k5

(

k3 cosh
(

a11(t) + a10y + a12
)

+ a21
)

sin(a19(t) +
a17x + a18y + a20) + 2k4 sinh(a15(t) + a13x + a14y + a16)(

(

a213 − a
2
17
)

k5 sin(a19(t) +
a17x + a18y + a20) + a213(k3 cosh

(

a11(t) + a10y + a12
)

+ a21)) − 2a217k
2
5 − 2a

2
13k

2
4,

Ψ8 = e−p1(a3(t)+a2y+a4)(2k5 sin
(

a19(t) + a17x + a18y + a20
)

+ 2k4 sinh(a15(t) + a13x
+a14y + a16) + 2k3 cosh

(

a11(t) + a10y + a12
)

+ 2a21) − k25 cos(a19(t) + a17x +
a18y + a20)2 + k24 cosh(a15(t) + a13x + a14y + a16)

2 + (2k3k5 cosh(a11(t) + a10y +
a12) + 2a21k5) sin

(

a19(t) + a17x + a18y + a20
)

+ sinh
(

a15(t) + a13x + a14y + a16
)

(

2k5k4 sin
(

a19(t) + a17x + a18y + a20
)

+ 2k3k4 cosh
(

a11(t) + a10y + a12
)

+ 2a21k4
)

+2a21k3 cosh
(

a11(t) + a10y + a12
)

+ k23 cosh
(

a11(t) + a10y + a12
) 2 + e−2p1(a3(t)+a2y+a4)

+a221 − k
2
4 + k

2
5.

Case 9:

{

a1 = 0, a3(t) = a3(t), a5 = 0, a7(t) = a7(t), a11(t) = 0, a13 = 0, a15(t) = a15(t),
a19(t) = 0, k1 = 0, k2 = 0, p1 = 0, f (t) = 0, ℎ(t) = 0, b(t) = 0,

(24)

a2, a4, a6, a8, a9, a10, a12, a14, a16, a17, a18, a20, a21, ki(3 ≤ i ≤ 5), p2 are all constants. Both the dispersion term and the
higher-order dispersion term of Eq.(1) are zero. The exact solution of Eq.(1) can be obtained by transformation (5).

u9(x, y, t) =
Φ9
Ψ9
, (25)

where
Φ9 = −2

(

a21 + 1
)

a217k5 sin
(

a19(t) + a17x + a18y + a20
)

− 4a9a17k3k5 cos(a19(t) + a17x
+a18y + a20) sinh

(

a11(t) + a9x + a10y + a12
)

+ 2k3 cosh
(

a11(t) + a9x + a10y + a12
)

((

a29 − a
2
17
)

k5 sin
(

a19(t) + a17x + a18y + a20
)

+
(

a21 + 1
)

a29
)

− 2a217k
2
5 + 2a

2
9k
2
3,

Ψ9 = 2
(

a21 + 1
)

k5 sin
(

a19(t) + a17x + a18y + a20
)

− k25 cos
(

a19(t) + a17x + a18y + a20
) 2

+k23 cosh
(

a11(t) + a9x + a10y + a12
) 2 + 2k3 cosh

(

a11(t) + a9x + a10y + a12
)

(

k5 sin
(

a19(t) + a17x + a18y + a20
)

+ a21 + 1
)

+
(

a21 + 1
) 2 + k25.

Case 10:

{

a1 = 0, a2 = 0, a3(t) = 0, a5 = 0, a10 =
a9a18
a17

, a11(t) = 0, a13 = 0,
a15(t) = a15(t), a19(t) = 0, k1 = 0, k2 = 0, k4 = 0, f (t) = 0, ℎ(t) = ℎ(t),

(26)

a4, a6, a8, a9, a12, a14, a16, a17, a18, a20, a21, k3, k5, p1, p2 are all constants. a17 is not equal to zero for the constant, Eq.(1)
the high order dispersion is zero, the relationship between a linear dispersion b(t) = − a18ℎ(t)

a17
. The exact solution of Eq.(1) can

be obtained by transformation (5).

u10(x, y, t) =
Φ10
Ψ10

, (27)

where
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Φ10 = −2a217k5
(

e−p1(a3(t)+a4) + a21
)

sin
(

a19(t) + a17x + a18y + a20
)

−

2k3 cosh

(

a17a11(t) + a17
(

a9x + a12
)

+ a9a18y
a17

)

(
(

a217 − a
2
9
)

k5 sin(a19(t) + a17x

+a18y + a20) − a29(e
−p1(a3(t)+a4) + a21)) − 4a9a17k3k5 cos

(

a19(t) + a17x + a18y + a20
)

sinh

(

a17a11(t) + a17
(

a9x + a12
)

+ a9a18y
a17

)

− 2a217k
2
5 + 2a

2
9k
2
3,

Ψ10 = 2k5
(

e−p1(a3(t)+a4) + a21
)

sin
(

a19(t) + a17x + a18y + a20
)

+

2k3 cosh

(

a17a11(t) + a17
(

a9x + a12
)

+ a9a18y
a17

)

(k5 sin
(

a19(t) + a17x + a18y + a20
)

+e−p1(a3(t)+a4) + a21) − k25 cos
(

a19(t) + a17x + a18y + a20
) 2 +

k23 cosh

(

a17a11(t) + a17
(

a9x + a12
)

+ a9a18y
a17

)

2 + 2a21e−p1(a3(t)+a4) + e−2p1(a3(t)+a4)

+a221 + k
2
5.

Case 11:

{

a1 = 0, a3(t) = a3(t), a5 = 0, a7(t) = a7(t), a10 =
a9a18
a17

, a11(t) = 0, a13 = 0,
a15(t) = a15(t), a19(t) = 0, k1 = 0, k2 = 0, k4 = 0, p1 = 0, f (t) = 0, ℎ(t) = ℎ(t),

(28)

a2, a4, a6, a8, a9, a12, a14, a16, a17, a18, a20, a21, k3, k5, p2 are all constants. a17 is not equal to zero for the constant, Eq.(1)
the high order dispersion is zero, the relationship between a linear dispersion b(t) = − a18ℎ(t)

a17
. The exact solution of Eq.(1) can

be obtained by transformation (5).

u11(x, y, t) =
Φ11
Ψ11

, (29)

where
Φ11 = −2

(

a21 + 1
)

a217k5 sin
(

a19(t) + a17x + a18y + a20
)

− 4a9a17k3k5 cos(a19(t) + a17x

+a18y + a20) sinh

(

a17a11(t) + a17
(

a9x + a12
)

+ a9a18y
a17

)

+

2k3 cosh

(

a17a11(t) + a17
(

a9x + a12
)

+ a9a18y
a17

)

(
(

a29 − a
2
17
)

k5 sin(a19(t) + a17x +

a18y + a20) +
(

a21 + 1
)

a29) − 2a
2
17k

2
5 + 2a

2
9k
2
3,

Ψ11 = 2
(

a21 + 1
)

k5 sin
(

a19(t) + a17x + a18y + a20
)

− k25 cos
(

a19(t) + a17x + a18y + a20
) 2

+k23 cosh

(

a17a11(t) + a17
(

a9x + a12
)

+ a9a18y
a17

)

2 +

2k3 cosh

(

a17a11(t) + a17
(

a9x + a12
)

+ a9a18y
a17

)

(k5 sin
(

a19(t) + a17x + a18y + a20
)

+a21 + 1) +
(

a21 + 1
) 2 + k25.

Case 12:

{

a1 = 0, a3(t) = − ∫ t
a a

2
9a2ℎ(s) ds, a5 = 0, a7(t) = a7(t), a11(t) = 4 ∫

t
a a

5
9f (s) ds, a13 = 0, a17 = 0,

a15(t) = a15(t), a19(t) = − ∫ t
a a

2
9a18ℎ(s) ds, k1 = 0, k2 = 0, k4 = 0, p1 = 0, f (t) = 0, ℎ(t) = ℎ(t),

(30)
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a2, a4, a6, a8, a10, a12, a14, a16, a18, a20, a21, k3, k5, p2 are all constants. a9 is a constant that is not equal to zero, and the
relation between the dispersion term of Eq.(1) and the higher-order dispersion term is b(t) = − 2a39f (t)+a10ℎ(t)

a9
. The exact solution

of Eq.(1) can be obtained by transformation (5).

u12(x, y, t) =
Φ12
Ψ12

, (31)

where
Φ12 = 2a29k3(

(

k5 sin
(

a19(t) + a18y + a20
)

+ a21
)

cosh
(

a11(t) + a9x + a10y + a12
)

+
e−p1(a3(t)+a2y+a4) cosh

(

a11(t) + a9x + a10y + a12
)

+ k3),

Ψ12 = e−p1(a3(t)+a2y+a4)(2k3 cosh(a11(t) + a9x + a10y + a12) + 2k5 sin(a19(t) + a18y
+a20) + 2a21) + k23 cosh

(

a11(t) + a9x + a10y + a12
) 2 + (2k5k3 sin

(

a19(t) + a18y + a20
)

+2a21k3) cosh
(

a11(t) + a9x + a10y + a12
)

+ 2a21k5 sin(a19(t) + a18y +

a20) − k25 cos
(

a19(t) + a18y + a20
) 2 + e−2p1(a3(t)+a2y+a4) + a221 + k

2
5.

Case 13:
{

a1 = 0, a3(t) = a3(t), a5 = 0, a7(t) = a7(t), a11(t) = 4 ∫
t
a a

5
9f (s) ds, a13 = 0, a15(t) = a15(t),

a17 = 0, a19(t) = − ∫ t
a a

2
9a18ℎ(s) ds, k1 = 0, k2 = 0, k4 = 0, p1 = 0, f (t) = 0, ℎ(t) = ℎ(t),

(32)

a2, a4, a6, a8, a10, a12, a14, a16, a18, a20, a21, k3, k5, p2 are all constants. a9 is a constant that is not equal to zero, and the
relation between the dispersion term of Eq.(1) and the higher-order dispersion term is b(t) = − 5a39f (t)+a10ℎ(t)

a9
. The exact solution

of Eq.(1) can be obtained by transformation (5).

u13(x, y, t) =
Φ13
Ψ13

, (33)

where
Φ13 = 2a29k3

((

k5 sin
(

a19(t) + a18y + a20
)

+ a21 + 1
)

cosh
(

a11(t) + a9x + a10y + a12
)

+ k3
)

,
Ψ13 = k23 cosh

(

a11(t) + a9x + a10y + a12
) 2 + 2k3

(

k5 sin
(

a19(t) + a18y + a20
)

+ a21 + 1
)

cosh
(

a11(t) + a9x + a10y + a12
)

+ 2
(

a21 + 1
)

k5 sin
(

a19(t) + a18y + a20
)

−
k25 cos

(

a19(t) + a18y + a20
) 2 +

(

a21 + 1
) 2 + k25.

Case 14:

⎧

⎪

⎨

⎪

⎩

a1 = 0, a3(t) = − ∫ t
a a

2
13a2ℎ(s) ds, a5 = 0, a7(t) = a7(t), a9 = 0, a11(t) = − ∫ t

a a
2
13a10ℎ(s) ds,

a13 = 0, a15(t) = 4 ∫
t
a a

5
13a2f (s) ds, a17 = 0, a19(t) = a19(t), k1 = 0, k2 = 0, k5 = 0,

f (t) = 0, ℎ(t) = ℎ(t),
(34)

a2, a4, a6, a8, a10, a12, a14, a16, a18, a20, a21, k3, k4, p1, p2 are all constants. a13 is a constant that is not equal to zero, and the
relation between the dispersion term of Eq.(1) and the higher-order dispersion term is b(t) = − 5a313f (t)+a14ℎ(t)

a13
. The exact solution

of Eq.(1) can be obtained by transformation (5).

u14(x, y, t) =
Φ14
Ψ14

, (35)

where
Φ14 = 2a213k4(

(

k3 cosh
(

a11(t) + a10y + a12
)

+ a21
)

sinh
(

a15(t) + a13x + a14y + a16
)

+
e−p1(a3(t)+a2y+a4) sinh

(

a15(t) + a13x + a14y + a16
)

− k4),
Ψ14 = (k4 sinh

(

a15(t) + a13x + a14y + a16
)

+ k3 cosh
(

a11(t) + a10y + a12
)

+

e−p1(a3(t)+a2y+a4) + a21)2.
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The above 14 groups of equations can be divided into three categories:
The first type of:u1(x, y, t), u2(x, y, t), u3(x, y, t), u4(x, y, t), u13(x, y, t) can obtain the relationship between the higher order

dispersion term and the linear dispersion term.
The second type ofThe higher order dispersion terms of u7(x, y, t), u8(x, y, t), u9(x, y, t) are zero, and the relation between

linear dispersion terms can be obtained.
The third type of:u5(x, y, t), u6(x, y, t), u10(x, y, t), u11(x, y, t), u12(x, y, t), u14(x, y, t) of high-order dispersion and linear

dispersion is zero.
According to the above three cases, the corresponding types of images are drawn by mathematical software for analysis.
When y = 10, y = −5, y = 0, y = 4, y = −10, the equation of the physical properties and dynamic structure, as shown in

Fig.1. The parameters of u1(x, y, t) are selected as the 3D image and contour map of a2 − 1, a3(t) = sin(t), a4 = −2.3, a9 = 1,
a10 = 1, a11 = t, a12 = 1, a14 = 2.3, a15(t) = cos(t), a16 = 1, a17 = 2.2, a18 = 1.5, a19(t) = sin(t), a20 = 1.3, a21 = −1.2.

(a) y=10 (b) y=4 (c) y=0 (d) y=-5 (f) y=-10

Fig.1 When y = 10, y = 4, y = 0, y = −5, y = −10, u1(x, y, t) interaction solution of three-dimensional and contour figures.

It can be observed from Fig.1 that when different parameter values are selected for spatial variable Y and time variable t, the
image is an unsmooth solitary spiky wave, and its maximum peaks are all equal. Fig.1(a) to Fig.2(c) Solitary wave behavior is
gradually moving in the direction of t → +∞, and the maximum wave peak is upward. This solitary wave behavior of plasma
is bright wave.
When y = 10, y = 4, y = −1, y = −5, y = −16, the equation of the physical properties and dynamic structure, as shown

in Fig.2. The parameters of u5(x, y, t) are selected as the 3D image and contour map of a3(t) = sin(t), a9 = 1.2, a10 = 1,
a11(t) = cos(t), a12 = 1, a17 = 0.5, a18 = −0.06, a19(t) = sin(t), a20 = 1, a21 = −1.5.

(a) y=10 (b) y=4 (c) y=0 (d) y=-5 (f) y=-16

Fig.2 When y = 10, y = 4, y = 0, y = −5, y = −16, u5(x, y, t) interaction solution of three-dimensional and contour figures.
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By observing the Fig.2 can be dynamic images were observed in x− t flat level, higher order Lump cross kink wave solutions
and periodic solutions of interaction force from strong to weak to strong, and solitary wave solution, are mutual inelastic collision
between amplitude and shape all happen very big change, peak shape isolated sharp wave tapering and reach maximum peak.

4 RESONANT MULTISOLITON SOLUTION

Finally, applying the principle of linear superposition, the bilinear generalized variable coefficient KdV equation is assumed to
have the following solution form

g =
N
∑

i=0
"iĝi =

N
∑

i=0
"i exp(%i). (36)

where ĝi = exp(%i) = exp(�ix + �iy + �it), 1 ≤ i ≤ N ,and �i, �i, �i are all constants.Substituting the above Eq.(36) into the
bilinear Eq.(6), using the bilinear equation identities, we can obtain

P (Dx, Dy, Dt) =
N
∑

i,j=1
"i"jP (�i − �j , �i − �j , �i − �j) exp(%i + %j). (37)

So we can draw the double linear equation solution of g if and only if P (�i − �j , �i − �j , �i − �j) exp(%i + %j) = 0.
According to the above linear superposition principle, the polynomial corresponding to bilinear Eq.(6) is

P (x, y, t) = xt + b(t)x4 + f (t)x6 + ℎ(t)x3y. (38)

Substituting Eq.(38) into Eq.(37), we get

(�i − �j)(�i − �j) + b(t)(�i − �j)4 + f (t)(�i − �j)6 + ℎ(t)(�i − �j)3(�i − �j) = 0. (39)

By simplifying Eq.(39), we will get the following sets of solutions. We choose two cases as examples:
Case 1: �i = �i,�i = −

b(t)
ℎ(t)
�i,�i = −f (t)�5i . The resonant multisolitons of Eq.(1) can be obtained by transformation (5)

u15(x, y, t) = 2

N
∑

i=1
�2i e

�ix−
b(t)�iy
ℎ(t)

−f (t)�5i t

N
∑

i=1
e�ix−

b(t)�iy
ℎ(t)

−f (t)�5i t
− 2

(
N
∑

i=1
�ie

�ix−
b(t)�iy
ℎ(t)

−f (t)�5i t)2

(
N
∑

i=1
e�ix−

b(t)�iy
ℎ(t)

−f (t)�5i t)2
(40)

In case 1, N=3,6, and y = −5, y = −2, y = 0, y = 2, y = 7 equation when the physical properties of structure and dynamics, as
shown in figure 3 and Fig.4, when u15(x, y, t) parameters selectionN = 3, f (t) = sin t, ℎ(t) = tan t, b(t) = t, �1 = −1.3, �3 = 1.1
andN = 6, f (t) = cos t, ℎ(t) = sin t, b(t) =, �1 = 1, �2 = 1.2, �3 = 1.1, �4 = 0.5, �5 = −0.25, �6 = 2.1 three-dimensional figure
and contour map.

(a) y=-5 (b) y=-2 (c) y=0 (d) y=2 (f) y=7
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Fig.3 WhenN = 3, y = −5, y = −2, y = 0, y = 2, y = 7, u15(x, y, t) interaction solution of three-dimensional and contour
figures.

WhenN = 3, 6, we can observe that the ratio of linear dispersion terms and the higher-order dispersion terms increase with
the increase of t → +∞. As can be seen from the contour diagram in Fig.3, the initial enlarged εW ε image gradually shrinks
and then gradually expands, and the isolated peak wave gradually increases and then decreases with the ratio of linear dispersion
terms and the transformation of higher-order dispersion terms. The dynamic behavior is always bright. It can be observed from
the contour line in Fig.4 that peak-like isolated sharp waves move slowly toward t→ +∞ with the increase of the ratio of linear
dispersion terms and the increase of higher-order dispersion terms, and elastic collision occurs. The amplitude and maximum
peak value of isolated waves remain unchanged.

(a) y=-5 (b) y=-2 (c) y=0 (d) y=2 (f) y=7

Fig.4 WhenN = 6, y = −5, y = −2, y = 0, y = 2, y = 7, u15(x, y, t) interaction solution of three-dimensional and contour
figures

Case 2:�i = �i, �i = (2−
f (t)
ℎ(t)
)�3i , �i = −(2+b(t))�

3
i .The resonant multisolitons of Eq.(1) can be obtained by transformation (5)

u16(x, y, t) = 2

N
∑

i=1
�2i e

�ix+2�3i y−
f (t)�3i y

ℎ(t)
−2�3i t−b(t)�

3
i t

N
∑

i=1
e�ix+2�

3
i y−

f (t)�3i y

ℎ(t)
−2�3i t−b(t)�

3
i t
− 2

(
N
∑

i=1
�ie

�ix+2�3i y−
f (t)�3i y

ℎ(t)
−2�3i t−b(t)�

3
i t)2

(
N
∑

i=1
e�ix+2�

3
i y−

f (t)�3i y

ℎ(t)
−2�3i t−b(t)�

3
i t)2

(41)

In case 2,N=2,3,6, and y = −5, y = −2, y = 0, y = 2, y = 7 equation when the physical properties of structure and dynamics,
as shown in Fig.5 and Fig.6, when u16(x, y, t) parameters selection N = 2, f (t) = cos t, ℎ(t) = sin t, b(t) = sin t, �1 = 0.25,
�2 = 1.8 and N = 3, f (t) = cos t, ℎ(t) = sin t, b(t) = cos t, �1 =

1
2
, �2 = −0.25, �3 = 1.3 and N = 6, f (t) = cos t, ℎ(t) = sin t,

b(t) = cos t, �1 =
1
2
, �2 = −0.25, �3 = 1.3, �4 = 0.5, �5 = −0.25, �6 = 2.1 three-dimensional figure and contour map.
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(a) y=-5 (b) y=-2 (c) y=0 (d) y=2 (f) y=7

Fig.5 WhenN = 2, y = −5, y = −2, y = 0, y = 2, y = 7, u16(x, y, t) interaction solution of three-dimensional and contour
figures.

(a) y=-5 (b) y=-2 (c) y=0 (d) y=2 (f) y=7

Fig.6 WhenN = 3, y = −5, y = −2, y = 0, y = 2, y = 7, u16(x, y, t) interaction solution of three-dimensional and contour
figures.

(a) y=-5 (b) y=-2 (c) y=0 (d) y=2 (f) y=7

Fig.7 WhenN = 6, y = −5, y = −2, y = 0, y = 2, y = 7, u16(x, y, t) interaction solution of three-dimensional and contour
figures.

When N = 2, 3, 6, we can observe that the ratio of linear dispersion terms and the higher-order dispersion terms decrease
with the increase of t → +∞. It can be observed from the contour diagram in Fig.5 and Fig.7 that the soliton gradually decreases
from the initial concentrated distribution to x-t with a fast speed. The peak isolated sharp wave also gradually decreases with the
ratio of linear dispersion terms and the transformation of higher-order dispersion terms, and inelastic collisions occur between
multiple solitons.
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5 CONCLUSION

In this paper, the interaction solutions and resonant multisolitons of the generalized variable coefficient KdV equation with
higher order dispersion terms are studied. Contain nonlinear partial differential equation of higher order dispersion in some
complicated cases play a very important role, this makes the study of this equation is very important, first of all, we through
the proper variable transformation makes five order variable coefficient KdV equations into linear equations, then structure
are four function, quadratic function, exponential function and hyperbolic function of interaction in the form of a solution,
Several kinds of interaction solutions of KdV equation with fifth order variable coefficients are obtained by using the constructed
auxiliary functions. In addition, we also solved the resonance multi-soliton solution of the equation through the principle of
linear superposition. When the values of N are different, the images formed are compared and analyzed. This paper further
improves the study of the fifth order KdV equation with variable coefficients.
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