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Abstract

In this study, we investigate the existence and multiplicity of solutions for a fractional discrete
p— Laplacian equation on Z, via the mountain pass lemma and Ekeland’s variational principle.
Under suitable hypotheses on functions V and f, we prove that this equation admits at least two
nonnegative and nontrivial homoclinic solutions when the real parameter A > 0 is large enough.
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1 Introduction and main result

In recent years, lots of researchers pay their attentions on the problem of the second order difference
equation
—Aru(j) + V(Hu(j) = f(j, u(j)) inZ (1.1)

where T > 0 is a real number, Z is the set of all integers, the function V : Z — [0, o), f : ZXR — R,
and —Aru(j) is the discrete Laplace operator, defined as

1
—aru(j) = (G + DT) = 2u(GT) + u((j - DT)],

for any u : Z — R. This equation can be regards as the discrete version of the famous Schrodinger
equation. In addition, homoclinic orbits play a very important role in studying the dynamics of
discrete Schrodinger equations. There are lots of literatures about second-order difference equations
and homoclinic orbits, we just collect some papers; see, for example, [1, 5, 12, 14, 18, 19, 23].
Especially, Agarwal, Perera and O’Regan in [1] considered the existence of solutions for second
order difference equations like (1.1) by using variational methods for the frist time.

On the other side, the fractional Laplacian and related problems are all hot topics in recent years,
the study of nonlocal problems has been received an increasing amount of attentions. For more
details on fractional Laplacian and fractional Sobolev Spaces, see [10]. Nonlocal fractional problems
appear in many fields, such as quantum mechanics, anomalous diffusion, finance, optimization and

*Corresponding author: yanglibo80@ 126.com.(L.B. Yang).
Co-authors: zuojiabin88 @ 163.com (J.B. Zuo); rafik.guefaifia@univ-tebessa.dz ( R. Guefaifia);tahahr.bouali @univ-
tebessa.dz (T. Bouali).
The work is supported by Natural Science Foundational of Huaiyin Institute of Technology(Grant/Award number:
20HGZ002)



game theory, see [2, 5] and the references therein. For more applications of fractional operators, we
referto [3, 4, 9, 13, 21, 23, 24, 27, 28] and the references therein.
Recently, Ciaurri et al. in [7] considered the following equation:

(—Ar)'u = f, (1.2)

where s € (0,1), (—A7)® = r( 5 fo @Tu(j) — u(j))-% 115 1s the discrete fractional Laplace operator,

I" denote the Gamma function, and let v(z, j) = €T u(j) , which is the solution of the problem as

follow:
atv(ta .]) = ATl’t(.])’ in ZT X (Oa OO)’
V(O’ .]) = l/l(_]), on ZT’

where Zy ={Tj: j € Z}.
By the Theorem 1.1 of [7], for any u € L,

(=ar)u() = ) W)= ut)K; (j = k),

keZ k]

|u(k)|
L = — K| Z (1+ |k|)l+2s

where

_&

and
4T(1/2 + 5) (k| — s)

VAlD(=s)|  T>T(kl+ 1+ s)

Kl (k) =

for any k € Z\{0} and K7 (0) = 0

Meanwhile, if u is bounded, An interesting result is that lim,_,;-(—A7)*u(j) = —A7u(j). In
particular, [7] stated that the solutions of the fractional Laplace equation (—A)'u = f in R can be
approximated by the solutions to equation (1.2).

In [26], Xiang and Zhang first inverstigated the equation

()

(=2 u(k) + V(k) [uk)| = Af(k, uk)), fork e Z
u(k) — 0, as |k| —» .

where s € (0,1),V:Z — (0, ), f: ZXR — R is a continuous function with respect to the second
variable and satisfies asymptotically linear growth at infinity. Under some suitable hypotheses, two
solutions were obtained by using variational principle.

Usually, the solutions of the continuous fractional Problems can be approximated by the solu-
tions of the discrete fractional Laplacian equations. For the nonlocality and singularity of discrete
fractional Laplace operator, numerical analysis is difficult for this type equations, see for example
[11] and the reference cited therein.

Motivated by the above literatures, in this paper, we investigate the existence of homoclinic
solutions of a class of difference equation driven by the fractional discrete p—Laplace operator on Z.
Precisely speaking, we study

{ (—ar)yu(k) + V(k) (k)P u(k) = Af(k, u(k)), fork € Z (1.4)

uk) — 0, as |k| — oo,



where 7" > 0 is a real number, s € (0, 1), 1 < p < oo, Z denote the set of whole integers, the potential
function V : Z — (0, oo) and the nonlinearity f : Z X R — R are continuous functions, and (—AT);,
is the fractional discrete p—Laplace operator, which is defined as

(o) = Y () = uGml>(u(j) — wm)K?,(j = m),

meZ,m#j

. k
for any j € Za ue ~£p,s’ LP,S = {I/l ZT - R' ZkGZ (1_*|,l|4k(|)2l+ps < OO}

Here,K , is the discrete kernel, satisfies the following expression:
there exist constants 0 < ¢, , < Cy, < oo such that

{ Tp.:/ll;lll)-ﬁ—p.y — (.]) - Tps|]|]+ps9 for any ] € Z\{ } (1.5)
K;p(0) =

When T = 1, we have

(—an,u(j) =2 Z Ju(j) = u(m)|P~2(u(j) — u(m)K ,(j = m) .

meZ,m# j

Meanwhile, when p = 2, the fractional discrete p—Laplace operator (—Ar)ju is consistence with the
usual fractional discrete laplace operator (—A7)°u, and when p = 2 and d = 1,then Eq. (1.4) reduces
to equation (x).

As usual, a function u : Z — R is a homoclinic solution of Eq. (1.4) if u(k) — 0 as |k| — oo.

Next, we give the hypotheses which will be used in this paper. we suppose that V : Z — (0, o)
1s a continuous function, fulfills

(V) For all k € Z, there exists a positive constant V; such that V(k) > V, > 0. And V(k) — oo as
k| — oo.

The continuous function f : Z X R — R, satisfies

(f) 11m L&D — 0 uniformly for all k € Z;

=1

(f2) For all T > 0, sup|F(-,t)| € £', where ' :== {u : Z — R| 2jez u(j)l < oo}, and F (k,1) =

|tI<T
1
|y flk, ) dr;
(f5) lim sup £&2 < 0 uniformly for all k € Z;

|t| >0
(fa) F(hg, by) > 0 for same hy € Z and by € R\{0}.
When 1 < g <2 < p < o0, a simple example of f, fulfilling (f;) — (f3) 1s

it < 1
ﬂhﬁ_{mW%JfM>L

Set

1b0l” (PCp Zonny s + V(o))
- PF (ho, bo) '

Theorem 1.1. If conditions (V) and (f1) — (f4) hold. Then for any A > A*, Eq. (1.4) has at least two

nontrivial and nonnegative homoclinic solutions.



To our best knowledge, Theorem 1.1 is the first result based on variational methods to study the
existence of solutions for fractional discrete p—Laplacian equation.

More precisely, in this paper, when positive constant A is big enough, we prove the existence of
two nontrivial nonnegative homoclinc solutions of Eq.(1.4) by using the mountain pass theorem and
Ekeland’s variational principle. However, at present, it is still an open problem for all A > 0, which
can be one of our further research directions.

The paper is organized as follows. In Sect. 2, we present a variational framework to Eq. (1.4)
and some preliminary results. In Sect. 3, by means of critical point theory, we obtain two distinct
nontrivial and nonnegative homoclinc solutions for Eq (1.4).

2 Variational setting and preliminaries

In this section, we first recall some basic definitions, which can be found in [8, 13, 26]. Then we
give the variational setting to Eq. (1.4) and discuss its properties. For any 1 < v < oo, £ is defined
as
C={u:7— R|Z lu(j)|’ < oo}
JjE€Z
with the norm

e = O (I

JEZ
Set
lltl|o == sup |u(j)| < oo.
JEZ
Define
" ={u:7Z - R:|ul|o < oo}
Then (¢, || - ||,) and (€%, || - ||l) are Banach spaces; see [8]. Clearly, ' C £2if 1 < v; < v, < oo.

From now on, we shortly denote by || - ||, the norm of ¢¥ for all v € [1, oo].
For interval I Cc R, we define

= fu: > R: Y (I < oo).
jel

Define
W={u:Z—>R: Y > julj) - u)lF Ky =K+ > V()P < o).

JEZ keZ JEZ
with the norm
1/p
ldlly = [[u]f:,p Yy V(j)|u(j)|f’) ,
JjEZ

where

1/p
[l = (Z D)) — ulP K, - m)) :

JEZ keZ



Lemma 2.1. : If u € {?, then [ul,), < co. Moreover there exists C(s, p) > 0, such that [ul,, < C||ul|,
forallu e (P,

Proof. : Letu € 7. Then

ul?, = > > () = uPKop(j = m)

JEZ keZ
p-1 lu( DI + |u(k)|?
< 270, ) Y = g
JEZ k=]
el u(O)” + lu®)” |M(J)| -1 |u(k + JNp
= 207G, |k|1+ps +2 C”’(Z Z |k|1+ps C”’(Z Z k|1 +Ps
k0 j=0 k#0 j=0 k%0
o WO + ol D o utk + P
= e, 2 Cop Oy o)+ Cop(Y > = e
k0 I#0 j=0 0
< 3.20" lcwz T 2 Or
k+0 JEZ
= " ) G,
JEZ
where 0 < C? =3-277'C,;, 3, s < oo. Therefore, the proof is complete. O
k0
Lemma 2.2. :The norm y
P
] := [Z vmmmv)
JEZ
is an equivalent norm of W. Moreover (W, || - |lw) is a Banach space.

Proof. : The proof is similar to [25], for completeness, we give its details. Using assumption (V)
and Lemma 2.1, we have

D V)P < Nulth, < C (P + > VDG

Jje€zZ JjEZ JEZ

<Cir Z VG + Y VDG

}GZ JEZ
=C ) VI,
JEZ
which leads to [lull = (X ez V()lu( HIP)V/P being an equivalent norm of W. Finally, we show that
(W, |l llw) 1s complete. Let {v,}, be a Cauchy sequence in W. Observe that

_1
llull, < Vi "llul

for all u € W. Then {v,}, is also a Cauchy sequence in ¢”. By the completeness of £7, there exists
u € ¢ such that u, — u in ¢*. Furthermore, Lemma 2.1 and assumption (V) imply that u, — u

strongly in W as n — oo. Thus, we conclude the proof. O

5



Moreover, we have the following compactness result:
Lemma 2.3. If condition (V) holds, then the embedding W — €' is compact for any p < v < oo.

Proof. The proof is similar to papers [13, 26].
First we show that the result holds for the case v = p. According to the assumption (V), we have

llull, < Vo_%llull for all u € W. Clearly, the embedding W — {” is continuous.

Next we prove that W — 7 is compact. For {u,}, C W, we assume that there exists D > 0 such
that ||u,||?, < D for all n € N. Since W is a reflexive Banach space, there exist a subsequence of {u},
still denoted by {u,}, and a function u € W such that u, — u in W. By assumption (V), for any € > 0,
there exists jo, € N such that for all | j| > jj

. 1+D
V() > .

Set I = [—ji, jo] and define

Wii=fu:l > R: > () = uoP K, =0+ > V)G < o).
Jjel j#kel Jjel
Observe that the dimension of Wj is finite. Then {u,}, is a bounded sequence in W, thanks to {u,},
is bounded in ¢7. Thus, up to a subsequence we may assume that, u, — u on I. Hence there exists
no € N such that for all n > ny

Dl = u(pIP <

‘= 1+D

Then, for all n > ny,
€ €
N N
Z en(J) = - < 1+C 1+C &
jEZ 171> jo

€
< — 1+l <6
< 1+C( + luallyy,)

Thus, we deduce that u,, — u in . Now we consider the case v > p. Note that

VDlun(j) = u(HI

lu(Plleo < (Z lu(j)|P)'P

JE€Z
for all u € ¢7. Then
Q)N =l (Z(' oy

£ Il

lullo (Z('”(”'y’)”v

£ lulls

= lulleo' ¥ (AN

JEZ
=g, 6
< lully Vel

= lull,

IA
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for all u € £P\{0}. Thus,

llull, < {luell,
for all u € £7. This inequality together with the result of the case v = p leads to the proof. O

In order to obtain some properties of energy functional associated with Eq. (1.4), the following
result is needed.

Lemma 2.4. Assume that U is a compact subset of W. Then for any € > 0 there is a jy € N such
that

l/p
> V<j>|u<j)|p] <e foranyueU.

11> Jjo

Proof. We prove it by contradiction, suppose that there exist e > 0 and a sequence {u,} € U such
that

[Z V()lup()HIP1? > € for all n € N.

Lj>n
Due to the compactness of U, passing to a subsequence we may assume that u, — u in W for some
u € U. Thus, there exists ny € N, such that [lu, —ul| < 5 for any n > ng, moreover, there exists j; € N
such that

i Appiie < €
[ V(I < 3.
/1> J1
Recall the classical Minkowski inequality:
[Z lx; +yil’| < [Z lx?| + Z |y,~|”] forallm € Z, x1...%,.y1...ym € R. (2.1)
i=1 i=1 i=1

By (2.1), we have

e < [ VDlu() = u(DI? < D VDI DI + 1 V(I

ljI>n lj>n ljI>n

€
< Nl —ull + 5

< €,

which is a contradiction. We get the proof. O
For each u € W, we define the associated energy functional with Eq. (1.4) as
L) =Y(W) - AJ(u),

where { 1
W) = = " () = umP Ky = m) + = > V(P
p JEZ meZ p JEZ
and

Jw) = " F(u(j) -

JEZ



Lemma 2.5. If V satisfies (V), then ¥ is well-defined, of class C'(W,R) and

W), vy = > " () = ulm)l"2(wj) = utm)()) = vm)K. ,(j = m)

JEZ meZ

+ ) VOGP u(v)

JEZ
forall u,v e W.

Proof. According to lemma 2.1, the functinal ¥ is well-defined on W. Fix u,v € W. We first prove
that

: u(j) + tv(j) — u(m) — tv(m)|” — u(j) — u@m)|” :
lim Ks, (] - m)
t—0* = n;Z p P
= Z Z () = u(m)|P~2(u(j) = u(m)(v(j) = vim)K, ,(j = m). 2.2)
JEZ meZ

Choose C > 0 such that ||u|lw, [|[v|]lw < C. For any € > 0O there exists &#; € N such that

D () - um)P K, - m)? < e (23)
Ljl>h Iml>h

for all 4 > h;. Indeed, for any 4 € N, we have

Cs,p2”_1z Z (|(PI” + [u(m)|”)

2 2 = uml K (= m) < . T
|jI>h |m|>h |jI>h Im|>h,m#j
P
< 2C, Y Y
ps
> lml>h.m=j = mi
< 2pcs,,<Z| |1W)Zl u(jP.
k#0 |jI>h

It follows from u € W that (2.3) holds.
For h € N, if |j| < h and |m| > 2h, then |j —m| > |m|—|j| > |m|—h > @ Thus, there exists i, € N
such that
O Gy - um)l’K, )7 < € (2.4)
|jI<h Im|>2h

for all 4 > h,. Fix h > max{h,.h,}. Clearly, there exists 7y € (0, 1) such that for all 0 < ¢ < #,, we get

|u(j)+1v(j)—u@m)—tvm)|P —|u(j)—u(m)”
Z|J|<2h Dimi<2n | )

~|u(j) = u(m)P2(u(j) = u(m)(j) = v(m)IK; ,(j = m)

< €.

Fix 0 <t < 1y. For j,m € Z, by the mean value theorem, we can choose 0 < 7;,, < # such that

(|u()) + 1v(j) = u(m) — tv(m)|” — |u(j) — u(m)|”)

P K, p,(j=m) = y(D=ym)" () =y(m)(v()=v(m)K.,(j—m),

(2.5)




where y(j) = u(j) + tj,v(j) . Clearly, y € W and |[y|lw < 2C. Observe that

1D D () = um)lP () = um)((j) = vom)K,.,|

[jI<hl m|>2h
< >0 D0 () = um) () — vom)IK.
|jI<h| m|>wh
<O DT G) - umlP K, )T QDT MG - vm)PK, )7 < Ce. (2.6)
[I<h|l m|>2h |jI<h| m|>2h

By Holder’s inequality and (2.3), (2.6),

|3 3 D+ ) o) = vl D e
JEZ meZ p

D D () = w2 (@) = wm)O () = )K= m)

JEZ meZ

IA

SDIPNDIPY

i<hlm>h  |jl>h lml<h

£ D 1 @p00) = y0m) = by () = wm)N)©()) = vm)IK, ,(j = m)

|jI>h \m|>h

Ce+ZZ+ZZ

|/I<hl m|>2h  |j|>2h| m|<h

£ 100 = Y0m) = dy(u() = wm)@()) = vm)IK,,(j = m)

> lml>h
< Ce,

IA

where ¢,(7) := |t|P~%7 for all T € R. Thus, (2.2) holds true.
An analogous argument gives

[l + vllP — ull”

fim ——"—— = ZZ: V()P u(ve) -
Thus, we get
F'w),v) = Z Z lu(j) = ulm)l"(w(j) = u(m)(v(j) = v(m)K; ,(j = m)
JEZ meZ
+ Z VDluHIP2u(v() -
JEZ

Therefore, ¥ is Gateaux differentiable in W. Finally, we prove that ¥ : W — W* is continuous. To
this aim, we assume that {u,}, is a sequence in W such that u,, = u in W as n — oco. By Lemma 2.4,
for any € > 0, there exists 4 € N such that

(D D lua(p) = u(m)"K (= m)'"? < e forall n € N
j1>h Im|>h

and

O > ) = um)lP K, p(j = m)'"? < e
[j1>h lm|>h



In addition, there exists ng € N such that

(D D 9 () = nm)) = p(u(j) — ulmK}Y (j = m)P)' " <
|/I<2h] m|<2h

for all n > ny, where p’ = p%l. For any v € W with |[v|ly < 1, and for any n > ng, by the Holder
inequality and a similar discussion to above, we deduce

| > D [9t() = w(m)) = $(u(j) = ulmN()) = vm)K, ,(j = m)|

JEZ meZ

< Q) D 1) = () = $u( ) = umNIK Y (= m)”) "

JEZ meZ

X D VG = v K, (= m)'

JEZ meZ
< Cée|llw.

Similarly, one can show that

IZ V)il 10, = lulP~2upv] < Cellvllw

kezZ

as n — oo. Thus,
IV (u,) =¥ )| = sup (¥ (u,) — V' (u), v}l — 0,

lvii<1

which means that ¥ is continuous. Consequently, we prove that ¥ € C'(W,R) . m|

Lemma 2.6. If conditions (V) and (f;) hold, then J € C'(W,R) with

J'@), vy =" G uGHVG)

JEZ
forallu,v e W.

Proof. By (f1), there exists 6 > 0 such that [f(j, )| < |tP~! for all JEZ, |t L6.

Integrating we have
p

t
\F(j, )| < M o a JEZIN<S 2.7)
p

forallu e W.
There exists & € N such that |u(k)| < ¢ for all j € Z, |j| > h, we obtain

D FGu(i) + D FG,u()

ljl<h /1>

1
2 IFGu+ = Dy

ljl<h l/1>h

1
2 IF G+ —0= D VG

|ji<h 0 |ji>h

D FGu()

JEZ

IA

IA
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thus J 1is well defined. Now, fix u, v € W. We show that

J -J
fim o LI S i, (2.8)

! JEZ

indeed, chose R > 0 such that ||u||,, , [v]|, < R . Let 6 > 0 be such that (2.7) holds and

o)
max {u(j), v(j)} < 3 forall j € Z,|j| > h.
For all € > 0, there exists 4 € N such that

€
V(j NP < ——.
2 VOWOI < e
LjI>h
Moreover, we can find 7 € (0, 1) such that

Z E(j, u()) + v(j) = F(j, u()))

- t
l/1<h

— FGuuHVG)| < §

Now fix 0 < 1 < t,. For all |j| > h, there exists 0 < #; < ¢ such that

F . . . —F " 7 . . . .
D END =MD~ £ uy + v,

We define w € W by w(j) = 0 for all |j| < h and w(j) = u(j) + t;v(j) for all |j| > h. Therefore,
(Wl < [lul| + |[v|] and [w(j)| < ¢ for all j € Z. Summarizing what proved above, we have

J(w +tv) — J(u) g € e e
t = D PG| < 5+ D IFGwWOI+ ) IFG (Vo)
JEZ |j1>h lj1>h
< § + ) WO O+ ) G )
ljI>h |jI>h
1 1 1
€ 1 ) q ) q ) q
< 3ty [Z w7+ (D] |u(1>|l’] [Z |V(])|p]
O\ Liji>h >k >h
€ 1 €
< —+—|eRy"+R| ———
3 VW [( ) ] 6Vy(2R)r!
< e
Hence, (2.8) holds. So J is Gateaux differentiable.
Next, similar to Lemma 2.5, we can prove that J € C'(W,R).
Combining Lemma 2.5 and Lemma 2.6, we know that I, € C'(W,R). i

Lemma 2.7. If conditions (V) and (f1) hold, 1 < g < p < oo, then a critical point of I, is a
homoclinic solution of Eq. (1.4) for all 1 > 0.

Proof. Letu € W be a critical point of 1, that is, I'(u) = 0. Then

D7D ) = wm)P () = wm)e() = vm)K (= m) + VG 2u()v()

JEZ meZ JEZ

X OWIATIIE) (2.9)

JEZ

11



for all v e W. For each k € Z, we define ¢, as

l,j=k
N =0.,; ;=
ex()) kj { 0, # k.
Obviously, e, € W. Choosing v = ¢; in (2.9), we get

P Z lu(k) — u(HIP> (k) — u(NKpk = j) + VIO ulk) = Af (k, u(k)) ,
=k

which means that # is a solution of (1.4). Furthermore, according to u € W and Lemma 2.3, we
can easily infer that u(k) — 0 as |k| — co. Hence u is a homoclinic solution of (1.4). ]

3 Proof of Theorem 1.1

In this section, we employ the general mountain pass lemma (see [22]) to prove our main result.
we first verify that the functional /, possesses the mountain pass geometry.

Lemma 3.1. If conditions (V) and (f,) — (f34) hold and
1
_ ol (PCop Sosny s + Vo))

PpF(ho, bo) ’
then the functional 7, fulfills the mountain pass geometry.

Proof. On the one hand, according to (f1), forany 0 < € < 1‘)/_3 there exists 6 > 0 such that

FGot) < St forall ff < §and j € Z.
p

Since [lullo < [lull,, we can find 0 < w < ol V(ho)% such that ||u||, < & for all u € W with ||u|| = w.
Here Ay and by come from assumption (f;). Then

) le? ,
L(uw) = Yu)—AJ(u) > — — Ae|u||
p
1 e
> (== =) lull”
r W
1 e
NP
> ( Vo)a)
> 0.

On the other hand, set e = byey,(j) and e, (j) = 1 if j = hg; e, (j) = 01if j # hy. Then |le|| =
bol”™ V(ho)? > w and

1 1
L) = = D, D el = el Kay(G=m)+ = D V(e =2 ), Fje())

JEZ m#j JEZ JEZ
[bol” .
= =(p ) IKyp(j = m) + V(ho)) = AF (ho, bo)
p m#hg
[bol” 1
< 2(pC, —— + V(ho)) — AF (ho, b
el ”’,,;hollho e+ Vo) = AF (o )
< 0
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for all
|b0| (pCSp Zm#ho |] |l+pv + V(ho))

PF(ho, bo)
Therefore, the functional 7, fulfills he mountain pass geometry. O

A>

Lemma 3.2. If conditions (V) and (f1) — (f3) hold, then for all A > 0, the functional I, fulfills the
(PS)c condition (see [13]) in W for all c € R.

Proof. Fix A > 0, we first show that I, is coercive on W, i.e. limy—c0la(u) = +00.
By condition (f3), for all € € (0O, ?), there exists 7 > 0 such that

F(j,t) <eltf’ forall jeZ and |t| > T.
Again by (f>), there exists # € ¢ such that
|F(j,t)] <6(j) forall jeZ and || <T.

For all u € W, we have

p
L) =P() = (1) > %—A D FGuGy =4 Y FGu(i) (3.1)

lu(HI<T lu(HI>T

[lull”
>7 — A6l — Aellully

Ae
>(= = ) |ull” - A16ll, ,
(p VO)IIMII 1161l

which implies that coerciveness is true.

Next we prove that I, fulfills (PS )c condition. Let {u,}, be a sequence in W such that 1,(u,) — ¢
and I’ (u,) — 01in W*. We know that {u,}, is bounded due to the coercivity of /. Thus, according
to Lemma 2.3, there exists a subsequence of{u,},, still denoted by {u,},, such that v, — u in W and
u, — uin €. Then

lim,, e (I3, — I (w), u, — u)) = 0. (3.2)

Similar to Lemma 2.6, it is obvious that

limy, .0 Z(f (s un()) = (s u(D)un(f) = u(j)) = 0

JEZ
Combining (3.2), we know that ||u,, — u|| — 0,1.e,u, > uin W. |

The proof of Theorem 1.1: By Lemmas 3.1-3.2 and mountain pass lemma, we have that for all

|b0| (pCSp Zm;th() \h |l+2r + V(h()))

A> ,
pF(hy, by)

there exists a sequence {u,}, C W such that

L(u,) = ¢, > 0and I}(u,) — 0,as n — oo,

13



where
¢, = infermaxo<<1 [ (y (7))
andI'={y € ([0,1],X): y(0) =1,y(1) =e}.

So there exists a subsequence of {u,}, (still denoted by {u,}, ) such that u, — ufll) strongly in W.
Furthermore, A(u(;)) =a > 0 and Ig(ugl)) = 0. Hence, Lemma 2.7 implies that u(ﬂl) is a homoclinic
solution of (1.4).

Next we prove that Eq (1.4) has another homoclinic solution. Choose w € R such that I;(e) <
w < 0, where e is given by Lemma 3.1. Set

M={ueW:Lu < w}.

It is clear that M # 0. It follows from (3.1) that M is a bounded subset in W.
Now we infer that /, is bounded below on M. If not, we suppose that there exists a sequence
{u,}, € M such that
lim, 0 (1) = —00. (3.3)

Since {u,}, is bounded, up to a subsequence, we have u, — u in W and u, — u in 7. Similar to
Lemma 2.6, we know that J is continuous in . We obtain that ¥’ is weakly lower semi-continuous
in W thanks to the convexity of V. Thus,

lim,,_inf Iy(u,) > (1) > —oco,
which contradicts (3.3). So we can define
C; = 1nf{I/1(u) ‘uc M} = lan I}(I/l).

Then ¢} < 0 for all A > 0. On basis of Lemma 3.1 and the Ekeland variational principle, applied in
M, there exists a sequence {u,}, such that

1
C; < Li(u,) < C; + Z 3.4)

and
||ee, — v

L) 2 Li(u,) - (3.5)

forallve M.

It is clear that {u,}, is a (PS )C; sequence for the functional 7,. Similar to Lemma 3.2, there exists

a subsequence of {u,}, (still denoted by {u,},) such that u, — uf) in W. So, we get a nontrivial

homoclinic solution ' of Eq. (1.4) fulfilling
Iﬂ(uf)) <w<0.
Furthermore, we have
Iﬂ(u(f)) = fw<0<a<c= I,l(u(;))

for all
1Bol” (PCp Sy e + V(o))

PF(ho, by)
Therefore, equation (1.4) has at least two nontrivial homoclinic solutions.

A>
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Finally, we show that all critical points of the functional I, are nonnegative. Let u € W\{0} be a
critical point of /. Then I’(u,) = 0 and u; — 0 as |k| — oco. Let u™ = max{u, 0} and u~ = max{-u, 0} .
We have (I(u,), —u~) = 0, due to I}(u,) = 0. It follows from f(k,) = 0 forall k € Z, ¢ < 0 that

D> () = um)P (= () + )K= m) + VP () =0,

JEZ meZ JEZ

which implies that

DD ) = ulm)P (= () + um (m)K.p(j = m) < 0.

JEZ meZ

We know that for all j,m € Z,

DD G = u mPK (= m) <0,

JEZ meZ

which means that u~(j) = u (m) for all j,m € Z. Thus, there exists C > 0 such that u~ (k) = C for
any k € Z. By virtue of u; — 0 and u™(k) < |u(k)|, we get that C = 0. Hence, we infer that u~ (k) = 0,
which ends the proof.
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