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1 | INTRODUCTION

Integral inequalities are a very necessary tool in the study of applied and pure mathematics. One of the integral inequalities
that many researchers have focused on significant attention is Ostrowski-type integral inequalities because it can be applied in
statistics, quadrature, stochastic, probability and optimization theory, integral operator theory, and information. The classical
integral inequality for the differentiable function is as follows:

Theorem 1. " Let ¢ : [ay,a,] — R be a differentiable function on (a,, a,) whose the derivative function ¢ : (a;,a,) - R is
bounded on (a;,a,) and ||¢'||, = sup |¢'(¥)| < co. Then

t€(a,,a,)
a +a, 2
i ==

1 1
- d <| = - @ — !
@(x) az—al/q’(’) <4+ @ —a) (ay = ap) |¢ ||
a;

for all x € [a;, a,].
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In recent years, many researchers have focused on the Ostrowski-type integral inequalities and their applications,
seeHHARBURRILELY "and the references cited therein for more details. Specifically, many researchers have worked on
the Ostrowski-type integral inequalities and their applications using quantum calculus, some results can be found
in @ IAISEILETSLOEN and the references cited therein.

Quantum calculus, also known as g-calculus, is the study of calculus without limits. The concept was revealed by renowned
mathematician Euler (1707-1783), who introduced the number in g-infinite series defined by Newton. Then, in 1910, Jack-
son”’ defined q,,-integrals and g, -derivatives on the interval (0, co) extending the concept of Euler. Later, in 1966, Al-Salam -
introduced fractional 4a, -integrals and fractional 4a, -derivatives. In g-calculus, we obtain g-analoques of mathematical objects
that can be recaptured by taking ¢ — 1. The topic of g-calculus has been received outstanding attention from many scientists
because it has numerous applications in various fields of physics and mathematics, for example, the theory of relativity, com-
binatorics, hypergeometric functions, orthogonal polynomials, mechanics, and number theory, see ™%~ 80AL8 and
the references cited therein for more details.

In 2013, Tariboon and Ntouyas™ presented the q,,-integrals and the g, -derivatives on finite intervals and addressed numer-
ous problems on g, -analogues of classical inequalities. Recently, in 2020, Bermudo et al. % presented g¢%-integrals and
q*®-derivatives on finite intervals and also proved their some basic properties. Currently, these topics of g-calculus have been
studied in various integral inequalities such as Hanh, Hermite-Hadamard, Hermite-Hadamard-like, Newton-type, Simpson-type,
Fejér-type, and Ostrowski-type integral inequalities, see 8480818253 and the references cited therein for more details.

The g-calculus generalization is called (p, g)-calculus, also known as post-quantum calculus. The (p, g)-calculus has two
independent parameters that are p-number and g-number. Apparently, the g-calculus cannot be directly obtained by substituting
q by ¢q/p in g-calculus, but it can be directly obtained by taking p = 1 in (p, g)-calculus. Then, the classical inequalities can be
gained by taking ¢ — 1. The concept of (p, q), -integrals and (p, ), -derivatives on the interval (0, co) was first presented by
Chakrabarti and Jagannathan™ in 1991. Later, the concept of (p, q)al—integrals and (p, q)al—derivatives on finite intervals was
presented by Tung, and Gov™"® in 2016. Recently, the concept of the (p, g)%-integrals and (p, g)*>-derivatives on the finite
intervals has been presented by Vivas-Cortez et al.™" in 2021. Currently, the topic of (p, g)-calculus has been received outstanding
attention from many scientists, some new results can be found in®*#2t-21.54,0569.05.06

In 2021, Ali et al.* introduced quantum Ostrowski-type integral inequalities for twice g-differentiable convex functions. By
taking g — 1, they obtain classical results on some Ostrowski-type integral inequalities for functions, whose second derivatives
are h-convex functions™. Inspired by the above mentioned reports, we establish some new post quantum Ostrowski-type integral
inequalities for twice (p, g)-differentiable convex functions to extend and generalize the results given in previous reports.

The rest of the paper is organized as follows: In Section [, we provide some basic knowledge and definitions of (p, g)-calculus.
In Section B, post quantum Ostrowski-type integral inequalities for twice (p, g)-differentiable convex functions are presented. In
Section @, we summarize our results.

and the references cited therein.

2 | PRELIMINARIES

In this section, we discuss some basic knowledge and definitions of (p, g)-calculus which will be used in our work. Throughout
this paper, we assume that 0 < g < p < 1 is constants and [a;,a,] C R is an interval with a; < a,. The (p, g)-number of # is
given by

pﬂ _ qu n—1 n—2 n—2 n—1
(nlyq = oy P +p" g+ +pg" "+ 4", neEN,
which is a generalization of the g-analogue or g-number of # such that

1—q" _ _
nly = 3= =1+a+—+d +4"', neN,

see™ for more details.

Definition 1. ***® For a continuous function ¢ : [a;,a,] — R, then the (p, q),,~derivative on [a;, a,] of function @ at 7 is

defined by

@ (pt+=pay)—o(q+1-qa)
(p—at—a)

o, Dpqwla)) = 1111}111 a, Dy q@(0). (1)

oD, 00) = , t#ay,
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The function ¢ is called (p, 9)q, -differentiable function on [a,, a,] if a, Dp @) exists for all € [ay, (a, — a;)/p + a,].
Note that if p = 1 and 0, D1,0®) = , D,o(1) in (@), then () reduces to

o) — @ (g1 + (1 = g)a,)
alDl](o(t): (l—q)(f—al) ! 5 t al,

o Dyolay) = lim , Dyp(r), @)

which is the well-known g, -derivative of function ¢ on [a,, a,], see™"** for more details.
Moreover, if a; = 0 and 0Dq(p(t) = quo(t) in (@), then () reduces to

() — (gt
(I —g)x

Dq(p(a]) = %1_1)1(} Dq(p(t)’

Dq(p(t): ) t?éa]»

which is the well-known g-derivative of function ¢ on [0, a,], also called ¢g-Jackson derivative, see™ for more details.
Example 1. Define function ¢ : [a;,a,] = R by (1) = > + C, where C is constant. Applying Definition [ for # # a,, we have

[(pt + (1 = p)a)? + C| - [(gt + (1 — )a;)> + C]

2 —
oD, P +C) =

P—-q9—a)
_(p+9f +2a1[1 = (p+ @) +ajl(p+ q) - 2]
- (t—ay)
_(p+ - a))? +2a,(t —a))
h (t—ay)

= [Z]M(t —a;)+2a,.

Definition 2. ** For a continuous function ¢ : [a,,a,] = R, then the (p, g)*-derivative on [a,, a,] of function ¢ at ¢ is defined

by
elqgt+(-qay) —@(pt+(1-pa
b, o= ) -0l D
’ (p—q)a,—1)
“D,,p(a)) = }ggz “D, o). 3)

The function ¢ is called (p, g)*-differentiable function on [a,, a,] if ©2D, ,¢(7) exists for all 7 € [a, — (a, — a) /b, a,].
Note that if p = 1 and “ZDlyq(p(t) = "Zqu)(t) in (3), then (3) reduces to
@ (g1 + (1 = ay) — (1)

.t
(I—=q)ay,—1)
“D,p(a)) = lim D, q(1),

K Dq(P(l) = a29

which is the well-known g%-derivative of function ¢ on [a,, a,], see ™ for more details.
Example 2. Define function ¢ : [a;,a,] = R by ¢(t) = t* + C, where C is constant. Applying Definition B for 7 # a,, we have
[(gt + (1 — @)a)* + C| = [(pt + (1 = p)ay)* + C]
P—q(a,—1)
—(p+ @ +2a5t[(p+ ) — 1]+ a5[2 — (p + 9)]
(ay—1)

—(p+ q)a, —1)* +2a5(a, — 1)

(‘12 —1)
=1[2],,(t — ay) + 2a,.

“p, (*+C)=
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Definition 3. * For a continuous function ¢ : [a,a,] = R, then the (p, q) -integral on [a,, a,] of function ¢ at ¢ is defined by

X

n n
/(pm dygt=(p- q)(x—aoi;)pﬂ+1 <p3+1x+(1—#)a1> @)
n=

a,

for x € [a;, a,].

The function ¢ is called (p, q)al—integrable function on [a,, a,] if /HT 0] aldmt exists for all t € [a;, a; + p(x — a))].
Example 3. Define function ¢ : [a;,a,] = R by @(t) = At + B, where A and B are constants. Applying Definition B, we have

a

a
/ P(1) 4 d, t = / (At+B) , d, t

a; a;

)7 n
_A(p q)(az—al)z '1+1 <W 2+ <1—1%> al>

+B(p - q)a, — a)) 2

r]+1

_ Aay — a))(a, — al(l p—4q))
(214

Definition 4. * For a continuous function ¢ : [a,,a,] — R, then the (p, ¢)*2-integral on [a,, a,] of function ¢ at 7 is defined by

+ B(a, — a)).

a4

" 1
/ @(t) “d, 1 = (p— q)(az—x)z n+1(p<p3+1x+<1—1%>a2> (&)

X

for x € [a;, a,].

The function ¢ is called (p, ¢)*2-integrable function on [a, a,] if fa ‘:2 @) “d, 1 exists for all 7 € [a, — p(a, — X), ay].
Example 4. Define function ¢ : [a;,a,] = R by ¢(t) = At + B, where A and B are constants. Applying Definition 8, we have

a

)
/ o(t) 2d, t = / (At+ B)“d, t

a a

q" q'
=A(p—q9)(a, — a)) 2 < it <pn+1 a + (1 - Pl > a2>

+B(p - q)(a, — a;) 2

11+1

_ Aay —ay)(a; — (12(1 P—q)

+ B(a, — ay).
2], 2
Lemma 1. ™ For « € R \ {—1}, the following inequality holds:
a, |
a (ay — al)a+
t— d, t= —">— 6
/ ( al) ay " p.q [a + l]p,q ©)

a

fort € [a,,a,].

Theorem 2. *° Let ¢,y : [a;,a,] = R be continuous functions and r > 1 with 1/s + 1/r = 1, then
1/r

a, a, 1/s a,
/ IO , d, . < / lp)° 4, d, 1 / @I 4 d, 0 7
a ay 4

fort € [a,,a,].
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3 | MAIN RESULTS

In this section, we give some new estimates of post quantum Ostrowski-type integral inequalities for twice (p, g)-differentiable

functions involving (p, q)al— and (p, g)*-integrals. Let J|, = [a, — p(a, — x), a,] and J, = [a, a; + p(x — a;)]. We start with the
following (p, g)-integral identities.

Theorem 3. If ¢ : [a;,a,] — R is a twice (p, g)-differentiable function such that * Diqqo and a) Dﬁq(p are continuous and
integrable functions on J; and J,, respectively. Then

1

1
(x —a))*(ay, — x)*| (a; = x) / tzalDiq(p(tx +(1=na) d, t+(x—ay) / 1 “zDiq(p(tx +(1=Day) d, t|= 2L, (x), (8)
0 0

where
Ly ()
(x—ay)(ay, — x) ) )
P T (x = ap)pqp(gx + (1 = g)ay) + (a = X)pge(gx + (1 = g)ay) = (x = a)(g@” + pg — pHepx + (1 = p)ay)
a Px+(1-pha,
2 2 [2]17,5] 2 a 2
—(ay = x)(q" + pq — p)e(px + (1 — p)a))| — (x—ay) o) “d, 1 + (a; — x) Q@) ,d, 1.
p3q3 1
Px+(1-pHa, a
Proof. Using Definition [, we have
o D7 ,0(ay + (1 =nay)
=, DM( a Dp’q(p(taz + (1 =1t)a)))
- ((p(ptaz + (1 = pta)) — p(gta, + (1 — qt)a1)>
apa (p—q)ay —apt
_ 1 [¢(p2ta2 +(1 = p*Na)) — p(pgta, + (1 — pgtia,) — p(pgta; + (1 — pia,) — p(g*ta, + (1 — ¢*1a;)
P —g)a, —a))t pt(p — q)a, — ay) qt(p — q)(a, — a;)

_ ap(p’tay + (1 = p*ay) — 21, ,0(pqta; + (1 = patiay) + pp(q’ta, + (1 — ¢°Nay)
par*(p — q)*(a, — a,)? '
Applying (8) and Definition B, we obtain
1
2 2
/t a Dp’qqo(tx + (1 =1ta)) th
0

()]

1
_ / qo(p*tx + (1 — p*ay) — [21,,0(pgtx + (1 — pgt)a,) + pe(g*tx + (1 — ¢*nay)

pa(p — @)*(x — a)? P

0

[so]
q" ) 4" 2 q"
Q(P—Q)(x—al)z;) ot ? (p Wx+ 1-p S ) @
}’]:
pa(p — )*(x — a)?
b qt1+l qn+l qn+1
[21,4(p — 9)(x — a;) 2:,) el Cmb il Ul S K
}’]:
p¢*(p— @*(x —a,)?
b qn+2 qn+2 qn+2
p(p—q)(x—al)zolm(p R 1= ot ) @
rl:

pg3(p — 9*(x — a;)?

+
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had n n
P - x—a) Z <p2%x+<l—p I%)m)

=0

p(p— 4)2(x —-ay)?
qn+1 2qn+1 2q;7+1
P[Z]pq(P q)(x_al)z 'I+2 < p’l+2x+ 1 - D pn+2 al
pq2(p - q)*(x—a))}

2 n+2
2q" 24
P(p- q)(x—al)z g < pn+3x+<1—p p,,+3>al>

+
pg*(p — @)*(x — a;)?
p2x+(l—p2)al
_ B, o0 L @ Hpa—p)elpx+ A —pa)  elqx+1-qa) (10)
P} (x —ap)? ot P — @)(x — ay)? (P = )(x —a)?
Using Definition [, we have
“D; (ta; +(1-nay)
=% D, ( “le’qgo(tal + (1 = t)a,))
_ap <(p(€1t01 + (1 —gq0b) — p(pta, + (1 - pt)a2)>
P (p—q@)ay —apt
_ 1 [(p(qztal +(1 = ¢’Nay) — p(pgta; + (1 — pgnay) — @(pgta, + (1 — pgtiay) — p(p*ta; + (1 — p*fay)
(p—a)a, —apt qt(p — q)(a; — a,) pi(p — @)a, — ay)
pco(qztal + (1 = ¢*t)ay) — 121, ,0(pgta; + (1 — pgt)a,) + qe(p*ta; + (1 — p t)az) an

pat*(p — q)*(ay — ay)?
Applying () and Definition B, we obtain
1

2 2
/t “ZDM(p(tx + (1 =0ay)d,, 1

0

1
/ po(g*1x + (1 — ¢*Nay) — [2],,0(pgtx + (1 = pgt)ay) + qe(P*tx + (1 — p*tay) t
p.q

) pa(p — @)*(ay — x)?

o= ate =0 3 000 (L (1207 ) )
P (p— q)2(az - x)}
20 =0 3 050 (e (105 ) )
pqz(p - @)*(ay — x)?
qa(p — ¢)(a, — x) Z g 0 < ZZ::?x + <1 —ij):j> 02)
p4(p — @)*(ay — x)?
w
P(p— g)(a, — x) 2 qz;(ﬂ <P2Z:—ix + (1 —sz,,ﬁ) “2>

pg*(p — q)*(ay — x)3

+
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o0
qn+1 ) q11+1 ) qn+1
mwpﬂ%@;ww@mﬂ+lpwz%
pg*(p — q)*(ay — x)*
o0
q" 2‘1"+2 2‘1"Jr2
9(p — 9)(a, —X)UZO ¥ <P Wx"‘ I-p e )@

pa(p — q)*(ay — x)3

a

+

_ 2, / o) %d 1+ (@ +pg = P)epx + (1 = pay)  @lgx + (1 = g)ay)
PPa*(a, — x)? e pa*(p — q)(a, — x)? (P = )ay = x)*

PPx+(1-pHa,

12)

By multiplying (IT) and (I2) by (x — a,)*(a, — x)*(a; — x) and (x — a,)?*(a, — x)*(x — a,), respectively, and adding the resultant
inequalities, we obtain the required identity (8). Therefore, the proof is completed. O

Remark 1. If p = 1 in (B), then we have the following identity:
1 1

(x —a))*(a, — x)*| (a; — x) / tzalD;(p(tx +(1=a)) dt+ (x —ay) / 1 GZD;(p(tx +(1=na) dyt| = 2L,(x),
0 0

where

. _(x—al)(az—x) )
2 L,(x) = Fo—a [(x = a)ae(gx + (1 = g)ay) + (a, — X)qp(gx + (1 — 9)a;) — (¢° + g — D(a, — a)e(x)]

121, 2 / a 2
- ? (x—ay) /(P(t) 2dt + (a; — x) /(P(f) adgt |

a

X

which appeared in®.

Theorem 4. Let ¢ : [a;,a,] = R be a twice (p, g)-differentiable function such that * Diq(p and a) Diq(p are continuous and
integrable functions on J; and J,, respectively. If | Diq(p| and |al Diq(p| are convex functions, then

[41,, — [3]
ZTLM(x)‘ < (x —ap)¥(ay — x)? [(x—al) <[4}M alDiq(p(x)] + W alDﬁ,q(p(al)D
[4],, — 3]
_ a, N2 p.q P4 | ay, 2
H%%%q%mhﬁﬁglwwﬂ (13)

Proof. Taking modulus of B, applying the convexity of | D[% q(pl and |, DZ q(pl, and by using Lemma [, we obtain

1

o D2 tx + (1 - t)al)| d, 1+ (a; - x)/,z
0

[ 1
gfLM(x)| < (x—a)*(ay, — x)*|(x —a)) / 12 “zDiﬂ(tx +(1—0b)| d, 1
| 0

o D2, 0G|+ =1

2
ale’q(p(al)|> d,

i 1
s(x—al)z(az—x)2 (x—al)'/t2 (t
| 0

1
+(a, —x)/t2 <t
0

a, D;’q(p(az)l ) dp,qt

“D2 p(x)| +(1 -1

! [41,, — 31,
=u—mﬂ%—mﬂu—w<m;ap;mw+7ﬁﬁm?ap;mw0
B 1 e (41 = Blog (4,
+ (ay DQ%ﬂ %ﬂmMTEEE: D2 w(a)| )|

which completes the proof. O
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Corollary 1. With the assumptions of Theorem B, if | Di,qqol and |a] Di,q(pl < M, then the following inequality holds:

M(x — a,)(a; — x(a, - a;) (14)

# L) <

(31,4
where M is constant.
Remark 2. If p = 1 in (I3)), then we have the following inequality:
1 7
ay <(x —a(a —P lix - 1| p? D?
EL,()| < (x—apiay - ») [(x “‘)<[4]q . q(p<x>|+[3]q[4]q o D29(a))|
3
a a a N2
+ (a —x)(— *Dip(x)| + *D;p(ar) )]
? (41,1 7 | 31,041, 1 9 2|

which appeared in™.

Remark 3. If p = 1 in (I4), then we have the following inequality:

M(x - al)z(a2 - x)z(az —-a)
31, :

which appeared in®. Moreover, if ¢ — 1 and x = (a, + a,)/2 in (I3), then we obtain the following inequality:

5)

“L,()| <

a

2
a+a, 1 M(a, — a1)2
- Ndt| < —= 17|
"’( 2 ) az—al/"’() <=

a

which appeared in® and it can be found in®.

Theorem 5. Let ¢ : [a;,a,] — R be a twice (p, g)-differentiable function on (a;, a,) such that “ZD[%q(p and alD[%q(p are
continuous and integrable functions on J; and J,, respectively. If |* Diq(p|’ and [, Di qq)|’ are convex functions for r > 1, then

o ;o [4l,, - 3] N
e <—2_21> _<LDZ b B X )
“ p’q(X)|_(x a2 <[3]p,q l(x “ (44 “ p’q(p(X) ’ [315.4[4 5 “ p’q(p(al)‘
r 4], —[3] N
_ a, N2 p.q p.q a, N2
“%x%wm 2500 + 5 %ﬂ%”>]' 1o

Proof. Applying Theorem B and the power mean inequality, we obtain
1

D2 tx + (1 - t)a1)| d, b+ (a, - x)/tz
0

[ 1
L,,00] < (= aPlay - xR =ap [ “ D2 plex+ (1 = Day)| dyy1
| 0

1 1-1/r 1 1/r
< (x—a)¥ay — 0| (x —ay) /12 d, 1 /ﬂ o D2 plx + (1 - t)a1)|r d, 1
0 0
X N VA 1/r
r
ay - %) / fd / 2| =02 olx + (1 = Day)| dt

0 0

Using Lemma [ and applying the convexity of |“2Diq(p|’ and |, D12J qq)|’, we have
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1 1-1/r 1 1/r
o (x)| < (x—a)ay — x| (x — a;) /t2d ¢ /ﬂ (t D> qo(x)|r+(1 -»| p? qo(al)'r) d i
a,pag = P4 a™pg a™pg P4
0 0
1 1-1/r 1 1/r
+(ay — X) / 2d, / 72 (r azDiq(p(x)' +(1-1) azDi‘q(p(a2)| ) dt
0 0
1-1/r 41 -3 1/r
1 1 r[41,, - 131, r
=(x-— al)2(a2 - x)2 (x—ay) <3—> < 1 alDi’q(p(x) e B oL alDZ,q(/’(al)'
(31,4 (41,4

(31,4041,
1-1/r _ 1/r
1 1 ro (4, =31, 2 r>
_ — %D s
+ (a, x)<[3],,,q> <[4]M + B 14, p,q(p(az)‘

which completes the proof. O

“D; o(x)

Remark 4. If p = 1 in (I8), then we have the following inequality:

1 1-1/r 1
Z?Lq(x)| <(x-— 01)2(‘12 - x)? <[3]p,q> l(x —ay) <@

1/r
a, N2 4
:D}p(a)| ) ] :

q3
31,141,

, 1/r
o D2o(ay)| )

2 r
o D20 +

q3
[31,14],

1
[4],

+ (4 = x) < @ qu)(x)|r +

which appeared in™.

Theorem 6. Let ¢ : [a;,a,] = R be a twice (p, g)-differentiable function such that Dﬁq(p and a) Df}q(p are continuous and
integrable functions on J; and J,, respectively. If |* Dﬁ q(p|’ and |, Dﬁ q(p|’ are convex functions for » > land 1/s+ 1/r =1,
then

2 r\1/r
o D20(a))|

o D2o| +(+a-1)
21,

1/s
; 1
%Ly (0| < (x = @)@y = %) <m> (x—ap)

5 r\1/r
“D2p(ay)|

“D2p(0| +(p+a-1)
21,

+(a, — x)

a7

Proof. Applying Theorem B and the Holders inequality, we have

o D2 (tx + (1 - t)a1)| d, b+ (a - x)/tz
0

“D? @tx+(1=1ay)| d, 1

1
ZfLM(x)’ < (x = ap)¥a, — x)* | (x — ay) / P
0
1

1/s 1 1/r
S (x _ al)Z(az _ x)z (x _ a]) /t2s dp’qt / a, Diq(p(tx + (1 - t)a1)| dp,qt
0 0
1 1/s 1 1/r
ay %) / 2 / =D p(tx + (1 = ay)| d,t

0 0

Using Lemma [ and applying the convexity of |“2D§q(p|’ and |, Di q(p|’, we obtain
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1 1/s 1 1/r

ZT Lp’q(x)| <(x- al)z(az —x)*| (x - a,) /tzs d, t / <t a a Di’qqo(a1)| > d, t
0

0

D2 (0| +(1=1)

1 1/s 1 1/r

+(ay — X) / 2d / (r “2D§’q(p(x)| +(1-1) azDi’q(p(az)' ) dt

0 0

) r\1/r
o D20(ay)|

o D290 +(p+a -1
2l,,

1/s
= (x=a) (e = x| (x a1)<[2s+1]p,q>

r\1/r

| 1/s GZDz(p(x)'r +(p+qg-1) azD;(P(az)
+ (ay — x) ( > ’
25 +1],, (2],,

which completes the proof. O

Remark 5. If p = 1 in (17), then we have the following inequality:

1 1/s
“L,00| < (x - ayYa, = 7 (—])
q

[2s +1
D2 (x)|r + D2 ( )r Ir 02D2 ( )r + azDZ ( )r 1r
) a 9P q|aqt,P\a T+ ) P q Ay
X[ (x—a a, — X ,
21, (21,

which appeared in®.

4 | CONCLUSIONS

In this work, we established a new (p, ¢)-integral identity using the second (p, Dy~ and (p, q)*2-derivatives. Then, we used this
result to derive some new post quantum Ostrowski-type integral inequalities for twice (p, g)-differentiable convex functions.
The main results in this study were proven to be generalizations of some previously proved results of quantum Ostrowski-type
integral inequalities for twice g-differentiable convex functions. Researchers can obtain similar inequalities in future works by
using (p, q)-fractional calculus.
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